
HEZT CAPACITY OF He'

next-nearest-neighbor as well as nearest-neighbor inter-
actions. The ratio of the force constants for these inter-
actions y/a is related in the model to the compressibility
and 80. If we ignore the fact that we are dealing with a
hexagonal crystal and calculate this ratio from the
present values of x and 80, it varies between —0.10 to
—0.15 depending on the density. It is obvious from the
figure that the Debye 0 varies much more strongly with
temperature than either the other inert gases or the
Leighton model with y/a —0.1. A comparison with
bcc He' and hcp and bcc He' will be made in another
paper but we remark here that the relative temperature

dependence of e in these other forms of solid helium is
only very slightly diferent from that in hcp He'.
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The principle of compensation of dangerous diagrams has previously been the only general criterion for
determining the coefFicients in the Bogoliubov canonical transformation to quasiparticles. In this paper
it j,s shown that the criterion of maximum overlap of the true ground state with the BCS ground state gives
the same condition for determining the coef5cients. The criterion of diagonalizing the quadratic part of
the reaction operator, which is a generalization of the Brillouin-Brueckner condition, is also equivalent to
the above crj,teria. Finally these criteria are evaluated from the standpoint of "least labor for the most
accuracy. "

I. INTRODUCTIOÃ

HE problem of treating correlations in many-body
systems is always dificult, but one of the most

elegant methods is the canonical transformation to
quasiparticles introduced by Bogoliubov eighteen years
ago. The method was first used by Bogoliubov' in
treating boson systems, ' and it was successful in obtain-
ing the phonon spectrum. Essentially the same idea was
used over a decade later by Bogoliubov' and inde-
pendently by Valatin' for fermion systems with attrac-
tive interactions to explain superconductivity. In this
case the canonical-transformation method gave the
energy gap4 which was required.

In order to specify the quasiparticles completely,
Bogoliubov' ' postulated the principle of compensation

*The work reported in this paper has been sponsored in part by
the King Gustaf VI Adolf's 70-years Fund for Swedish Culture,
Knut and Alice %allenberg's Foundation, and in part by the
Aerospace Research Laboratories, OAR, through the European
Ofhce of Aerospace Research (OAR}, U. S. Air Force.' N. N. Bogoliubov, J. Phys. {U.S.S.R.) 11, 23 (1947).' N. N. Bogoliubov, Zh. Eksperim. i Teor. Fiz. 34, 58 (1958)
LEnglish transl. : Soviet Phys. —JETP 7, 41 (1958)j; Nuovo
Cimento 7, 843 (1958); Usp. Fiz. Nauk 67, 549 (1959} I English
transl. : Soviet Phys. —Usp. 2, 236 (1959)j.' J. G. Valatin, Nuovo Cimento 7, 843 {1958)~

4 See, e.g., D. H. Douglass, Jr., and L.M. Falicov, in Progress in
I.om Temperature Physics, edited by C. J. Gorter (North-Holland
Publishing Company, Amsterdam, 1964), Vol. 4, Chap. III.

'N. N. Bogoliubov, V. V. Tolmachev, and D. V. Shirkov, A

of dangerous diagrams (PCDD) which determined the
coefficients in the canonical transformation. A quasi-
particle (QP) annihilation operator for fermion systems
is defined as'

a'y=usag+v ra (1.1)

where uf and af~ are the annihilation and creation opera-
tors respectively for a fermion with momentum kf and
spin o z and (1)= (h&,o&). They satisfy the usual fermion
anticommutation relations. In order for the QP to be
fermions also, the coefIicients must satisfy the relations

uP+vP=1,

The princip/e of compensation of dangerous diagrams
states that the sum of all diagrams leading from the
vacuum to the two QP state is zero. This condition
gives an equation from vrhich uf and vf can be obtained.
The justification for postulating the PCDD is that
divergences can be removed from the perturbation ex-
pansion of the ground-state energy. '

In his 1947 paper, Bogoliubov' used only the condi-
tion of diagonalizing the quadratic part of the Hamil-

Xetv 3fethod in the Theory of Superconductivity (Academy of
Sciences Press, Moscow, 1958) LEnglish transl. : (Consultants
Bureau, New York, 1959)j; Fortschr. Physik 6, 605 (19SS}.
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tonian which is the PCDD in lowest order. The PCDD
was not enunciated until his work on superconduc-
tivity. ' For over seven years the PCDD has stood as the
general criterion for choosing the coefFicients in the
canonical transformation. The best method for choosing
the coefficients in the transformation of Eq. (1.1) de-
termines the best quasiparticle. The reason that the
PCDD has stood so long as the only general criterion is
that the second and higher order corrections to it were
long considered negligible. ' Henley and Wilets' recently
showed that the second and higher order corrections are
indeed important in the theory of nuclear matter and
give results that cannot be obtained from the lowest
order term by using perturbation theory. Thus, it is of
interest to investigate the foundations of the PCDD to
see whether it is firmly established. In order to be more

specific, only fermion systems will be considered, but the
sa,me ideas can be applied to boson systems as well.

In this paper it will be shown that maximizing the
overlap of the exact ground-state vector with the BCS
ground-state vector gives exactly the PCDD. Thus, the
requirement that the BCS ground state be as close as
possible to the true ground state can be taken as the
criterion for the best QP. This criterion certainly has a
more physically intuitive basis than the mathematical
and abstruse PCDD to which it is equivalent. Another
criterion for the best QP that is also equivalent to the
PCDD is that the quadratic part of the reaction oper-
ator be diagonal. The motivation for this work was a
paper by Kutzelnigg and Smith' on the foundations of
the independent-particle model, where they review
many criteria for the best single-particle orbitals. '

The next section gives a review of the PCDD and
states it in a precise mathematical form. In Sec. III it
will be shown that this form is equivalent to saying that
the quadratic part of the reaction operator is diagonal.
The equivalence of the PCDD with the maximum
overlap of the true ground-state vector and the BCS
state vector will be demonstrated in Sec. IU. The
criteria will be shown to be compatible with the least-
labor criterion in Sec. V.

II. THE PRINCIPLE OF COMPENSATION
OF DANGEROUS DIAGRAMS

Bogoliubov erst postulated the principle of compen-
sation of dangerous diagrams to remove divergent terms
in the perturbation theory of the ground-state energy. "
However, just because these divergent terms are re-

6 V. V. Tolmachev and S. V. Tiablikov, Zh. Kksperim. i Teor.
Fiz. 34, 66 (1958) LKnglish transl. : Soviet Phys. —JKTP 7, 46
(1958)j.' K. M. Henley and L. Wilets, Phys. Rev. 133, 81118 (1964);
Phys. Rev. Letters 11, 326 (1963).I wish to thank the authors for
sending me copies of their work prior to publication.

'W. Kutzelnigg and V. H. Smith, Jr. , Quantum Chemistry
Group, Uppsala, Sweden, Report No. 130, 1964 (unpublished);
J. Chem. Phys. 41, 896 (1964).

'For another point of view on the PCDD see D. H. Kobe,
Quantum Chemistry Group, Uppsala, Sweden, Report No. 137,
1964 (unpublished).

FIG. 1. A dangerous contribution
to the ground-state energy.

moved does not mean that the perturbation expansion
will necessarily converge, or that some other terms
might not diverge. The reasons for postulating the
PCDD will now be reviewed.

When the usual Hamiltonian for a system of fermions
with two-body interactions is transformed to QP by
using Eq. (1.1) the result is'o

H= Q Hp,
j+kM, 2,4

(2.1)

and j, h=0, 1, 2, 3, and 4. The terms in Eq. (2.1) have
the form

a,nd vanishes if

eR(
~

0a"oaot~gp)=0, (2.6)

since h02 is real."This is the condition that Boboliubov' '
has called compensating the dangerous diagrams, and
gives an equation from which Ng, and vI, can be de-
termined.

In order to see that the second term on the right in
Eq. (2.4) can cause divergences, consider the contribu-
tion to the ground-state energy shown in Fig. 1. The
contribution from Fig. 1 is

Ihpo(k, —k) )'
gp' ———2 P

2hu(k, k)

= —(2pr) ' dkF(k), (2.7)

'0 See, e.g. , D. H. Kobe and %.B.Cheston, Ann. Phys. (N. Y.)
20, 279 (1962}."J.Bardeen, L. N. Cooper, and J.R. SchridFer, Phys. Rev. 108,
1175 (1957}.

1' It also vanishes if h02=0, but this is the PCDD in lowest order
which has been shown to be inadequate (see Ref. 7).

»p(1, 2, ,j+h)1... j+I
Xaitaot. .a,'a;+i . a,+o, (2.2)

where the coefficients h;I, are given in Appendix A of
Kobe and Cheston. '

The true ground state will be called ~0) and the state
of no QP, i.e., the QP vacuum state, which is the same
as the BCS"ground state, will be called

~
4 p). The true

ground-state energy 80 can be determined from the
Schrodinger equation

Hio)= apso), (2.3)

by taking the inner product with the BCS ground state,
using intermediate normalization (0

~ 4 p) = 1 which gives

&p=Hoo+Re(@oIH~I0)+Re(@p~Hp4~0). (2.4)

The second term on the right is

Re(@o
~
Hop ) 0)=Re P o hop(h, h)(po —

~
aoa o~ 0), —(2.5)
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where unit volume is assumed. Since the coeScients up
and vo are real and satisfy Eq. (1.2), we have the
restrictions

0&my&i,
(2.8)

The integrand in Eq. (2.7) is"

L2(N'v) goo+ (No —vo )Aoj
F(k) =

L~ (&v) aiba+ oo (&a vk') j—
(2 9)

which, of course, can be chosen to be zero. If, however,
the conditions

LMioo+Mol Aal 1'
F(k))

L2IAkl+ooj
(2.11)

if Ikl is sufliciently large. Since oo h' and assuming
that M4& Idol &Moh', then ho' diverges like h' for
large values of k."The divergences would be even faster
if

I
Ao

I
)Moh'. Therefore it is best to choose the

coefficients No and vo such that F(k) =0, which means
hoo(k, —k) =—0.

However, Fig. 1 is just one term in the more general
diagram shown in Fig. 2. This more general class of
diagrams has a contribution which is of the same form
as Eq. (2.7), but oo and Ao must be replaced with
dressed values ~~ and AI, in one of the h2p functions, and
the analysis of the last paragraph is still valid. Figure 2
is the set of graphs corresponding to Eq. (2.5) for the
ground-state energy.

III. DIAGOHALIZING THE QUADRATIC PART
OF THE REACTION OPERATOR

The reaction operalor t (or f matrix) describes the
scattering of particles via a potential V. It is, so to
speak, the "dressed" interaction or a pseudopotential
which takes into account an infinite number of inter-
actions, since it is obtained from the Lippmann-
Schwinger equation"

2&2I (uv)oI &M~ for all k

1&uo'—vo') Mo for
I kl sufficiently large, (2.10)

where the M's are constants, are satisfied, then

where
+p +pp++ll p

(3.3)

and V is the rest of Eq. (2.1).The operator To is defined

symbolically as

Tp
1—Iyo)(go I

&p—&p
(3.4)

I o)= IVI &o). (3.6)

The wave operator can be shown to be related to the
reaction operator I, by"

(3.7)

Equation (3.5) can be written with the help of Eq. (3.4)

«(yoli2'oor&~u o'lyo)=0 (3.8)

since Tp is acting directly on an eigenstate of IIO. Using
Eqs. (3.6) and (3.7) we obtain

and is defined more precisely by Lowdin. "
The reaction operator is in general a many-particle

operator. Because of the complicated nature of V in
terms of QP, t has an even more complicated nature. In
order to specify the QP precisely, i.e., determine the
coef5cients in the canonical transformation, the quad-
ratic part of t can be diagonalized. This condition gives

«(yo l~~-ot
I yo) =0 (3 5)

which can be called the Brillouin-Brueckner-Bogoliubov
(BBB)condition. It is the natural generalization to QP
to the Brillouin-Brueckner condition which says that
singly excited configurations do not contribute to the
reaction operator. "Since a singly excited configuration
is the creation of a particle-hole pair, and since a QP is
part particle and part hole, the two-QP state is a
generalization of the singly excited configuration.

It has been shown that the Brillouin-Brueckner con-
dition can be taken as a basis for the single-particle
model, and is essentially equivalent to other criteria for
the exact-self-consistent-field approach. The BBBcon-
dition will be shown now to be equivalent to the
PCDD. First it will be necessary to define a eave
operator W such that it transforms the BCS ground
state into the exact ground state

f= V+VTy (3.1) «(0I 2 o'I4o)=0, (3.9)

IJ=Hp+V, (3.2)

FIG. 2. A class of dangerous con-
tributions to the ground-state
energy.

0 2

"See Ref. 10 for the terms h~0 and hII.
"This disagrees with a statement made in Ref. 7."B.A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950).

In this context the Hamiltonian of Eq. (2.1) has been
broken into two parts

which is exactly the same as Eq. (2.6). Thus the BBB
condition is a necessary and suflicient condition for the
PCDD. Equation (3.9) shows that the BBB condition
is equivalent to eliminating two QP states from the
exact ground state.

P. O. Lowdin, J. Math. Phys. 3, 1171 (1962)."L.Brillouin LActualities Sci. et Ind. No. 71 (1933);No. 159
(1934)j said that (/singly exei&dl VI~0)=0. See also C. Moiler
and M. S. Plesset, Phys. Rev. 46, 618 (1934). When generalized
so that V ~ t, it is called the Brillouin-Brueckner condition
(Ref. 16). See also R. K. Nesbet, Phys. Rev. 109, 1632 (1958).
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IV. MAXIMIZING THE OVERLAP

By far the best criterion for the best Bogoliubov QP
is that of maximum overlap of the true ground state
with the BCS ground state because it has a more direct
physical meaning than the previous two criteria. Ke can
choose the coeQicients in the canonical transformation
such that the bare QP vacuum or BCS ground state

~ gp) is as close as possible to the true ground state
~
0) in

Hilbert space, i.e.,

jJ / cpp&
—

f 0)/f =minimum. (4.1)

If the norm of the diGerence between the two states is a
minimum, then the overlap between the two states is a
maximum

X=Re(0 I gp) =maximum. (4 2)

This criterion seems to be better than the previous two,
since it is not dependent on the behavior of a perturba-
tion expansion or on a rather arbitrary criterion of
simplicity. However, Eq. (4.2) will lead back to the
PCDD. The maximum overlap criterion for the inde-
pendent-particle model was first proposed by Brenig. "

The BCS ground state or QP vacuum state ~pp) is
defined as the state of no quasiparticles, so for all k

ap [4p) =0.
1he state vector that satisfies this condition is' "

(4.3)

leap&=II(N~+p o'o-~')
I vac&, (4.4)

where
~
vac) is the state of no particles, and the operator

u;ta;t creates a Cooper pair of particles with equal and
opposite momenta and spin. The product in Eq. (4.4) is
just over half the total number of states, i.e., (k;),&0,
and ~Pp) is normalized to unity.

The coefricients Np and vI, in the canonical trans-
formation of Eq. (1.1) satisfy the conditions in Eq. (1.2).
In order to maximize the overlap treating u~ and v~ as
independent, it is necessary to introduce the Lagrangian
multipliers Ag, and maximize the function

I'= Re(0
~
yp)+Q;A, (NP+ pP —1) .

However, if the operator Lg„defined as

(4.6)

is introduced then the same result is obtained regardless
of whether it is applied to X or Y.'

If the operator I.p is applied to Eq. (4.2) then the
result must be zero

Z= fMg(A) f'Mp(h), — (5 1)

where f is the strength of the interaction, 6 is the gap
obtained from setting Fig. 1 equal to zero, and the
function I& for sufFiciently small gaps is

Ig(h) =cg ln(b/b, ), (5.2)

where c~ and b are constants. For the sake of illustration,
I2 will be assumed to have the same form as Ii, but this
is not necessarily a good assumption" and is not really
necessary for the argument.

If the coeKcients are obtained by setting Fig. 1 equal
to zero, the gap 6 is given by the solution to the
equation obtained from only the first-order term in
Eq. 5.1 5=fhIg(h), (5.3)

which is the same as Eq. (2.6) for the PCDD. This
criterion gives a great deal of insight into the meaning
of a previously abstruse principle, since it is natural to
choose the QP such that the unperturbed ground state
is the best approximation to the true ground state. The
perturbation corrections to

~
pp) would then of course be

smallest.

V. LEAST LABOR

For the single-particle model' the criterion of "least
labor for the most accuracy" was suggested in a remark
by Dalgarno. "Although this criterion is not well defined
or specific, it can be used to judge the criteria which have
been previously proposed. The condition that the dia-
gram of Fig. 1 vanish identically certainly gives a simple
equation that is the same as the PCDD in first order.
It also corresponds to minimizing the unperturbed
ground-state energy. ' Since this condition gives the
simplest equation for the coefBcients, it could be chosen.
Then the corrections to all the other properties could be
calculated from perturbation theory. However, if higher
order corrections to the energy gap in Fermi systems are
calculated from the QP self-energy" by perturbation
theory using the first-order coefficients, Henley and
Kilets' have shown that the results will not be in
agreement with the self-consistent solution for the
energy gap based on the PCDD because the equations
are nonlinear, non-Fredholm integral equations. But it
is no more work to solve the equations obtained from
the PCDD at least partly in a self-consistent way than
it is to use perturbation theory.

In order to illustrate this point, the equations of
Henley and filets' will be considered. If the second-
order correction to the energy gap is calculated from the
self-energy, the dressed energy gap E is"

I.p Re(0~ Pp) =0. (4 ~)
which has the BCS solution

Re(0iaptn ptigo)=0,
xs K. grenig Nug. Phys. 4 363 {1957).

(4.8)

Substituting Eq. (4.4) into Eq. (4.7) and performing the
diGerentiation gives

6= b exp{—1/fc~) . (5 4)

"A. Dalgarno, Rev. Mod. Phys. 35, 490 (1963).
D. H. Kobe, Ann. Phys. (N. Y.) 28, 400 (1964)."D. H. Kobe, Quantum Chemistry Group, Uppsala, Sweden,

Report No. 144, 1965 (unpublished); Ann. Phys. (¹Y.) (to be
published).
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rK= fhI)(5) f AI2(—r1), (5.6)

which is the equation to be solved self-consistently.
Now the 5 can be cancelled from Eq. (5.6), which is the
main part of the self-consistent calculation. Solving the
resultant equation self-consistently gives

&sc= 5 exp( —c2/c~'[1 —fc2/c& j), (5.7)

which does not reduce to Eq. (5.5) as f goes to zero.
This point vras emphasized by Henley and Wilets. ~

If the second term is much less than the first term in
Eq. (5.6), i.e., if fc2/c~((1, then perturbation theory can
be applied to Eq. (5.6) after the E has been cancelled.
The equation to be solved is then

1=fIg(E) —f'I2(d, ), (5.8)

which has the self-consistent-perturbation-theory so-
lution

AscpT ——6 exp f —(c2/cg') [1+fcm/c&j), (5.9)

which can be obtained from Eq. (5.7) in the case
fcm/c~(&1. Therefore, perturbation theory is valid after
the self-consistent cancellation has taken place, which
Henley and Wilets~ do not mention.

The point which we want to make here, however, is
that there is no more labor in solving Eq. (5.8) than
there is in solving Eq. (5.1) even in the case where the
function I~ is complicated and does not have the same
form as I~. The cancellation of Z is the main part of the
self-consistent solution, and cannot be done in Eq. (5.1).
Of course, to obtain Eq. (5.6) second-order corrections
must be calculated for both the self-energy~ and the
PCDD, whereas, to obtain Eq. (5.1), only second-order
corrections to the self-energy need be calculated. Since
the form of Eq. (5.9) cannot be obtained by higher order

'g Henley and filets inadvertently leave out the gap on the
right side in their Eq. (4.1}of the first part of Ref. 7.

Equation (5.4) can be substituted into Eq. (5.1) to give
the gap obtained from perturbation theory~

Epr ——6[1—(fey)cg/cP j, (5.5)

which is the solution to the problem using the coeffi-
cients obtained from the "simplest" criterion that
Fig. 1 vanish.

However, if the PCDD is used to second order to
determine the coeKcients, and the self-energy is also
calculated to second order, then Eq. (5.1) for the energy
gap becomes"

perturbation corrections to Eq. (5.5), it is essential to
use the PCDD or other criteria equivalent to it to
obtain meaningful results. This is no disadvantage,
however, since the criteria proposed here are compatible
with the criterion of least labor.

VI. CONCLUSION

In this paper the question as to the best choice of the
coeScients in the Bogoliubov canonical transformation
to quasiparticles has been considered. Several different
criteria have been proposed and/or analyzed to de-
termine the "best" QP. They are:

(1) The principle of compensation of dangerous dia-
grams formulated by Bogoliubov, 25 which removes
divergences from the perturbation expansion of the
ground state. For the last seven years this criterion has
been the only general criterion. "
(2) The quadratic part of the reaction operator can be
diagonalized. This criterion is a generalization of the
Brillouin-Brueckner condition. "'~
(3) The QP vacuum state or BCS ground state can be
chosen to have maximum overlap with the true ground-
state vector.
(4) The criterion of "least labor for the most accuracy"
is compatible with the criteria above.

It has been shown that criteria (2) and (3) are equiva-
lent to criterion (1).

The criterion of maximum overlap of the true ground
state with the BCS ground state has much more physical
significance than the other criteria, since it means that
the BCS ground state should be as close as possible to
the true ground state. It therefore gives some real
insight into the foundations of the canonical trans-
formation method.
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