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A bound-state correction is suggested for the Thomson-Gryzinski impulse approximation. Also, it is
noted that Slater s rules yield estimates of kinetic-energy expectation values which are more accurate than
those used in previous applications of tbis approximation. These corrections are important for neutral
atoms with outer electrons in a p state and for all negative ions. Comparison is made with experiment and
previous theoretical results.

I. INTRODUCTION

HK impulse approximation of Thomson' with the
modihcations of Gryzinski allowing for the mo-

tion of the bound electrons has provided simple analytic
expressions for atomic ionization and excitation cross
sections which prove to be more accurate at inter-
mediate energies than the results of much more compli-
cated calculations. ' The essential assumption of this
approximation is that the nucleus has negligible eGect
on the energy exchange between the bound and scat-
tered particles during the collision, i.e., that the collision
may be treated as a simple two-body Coulomb collision
as far as the energy exchange is concerned. This approxi-
mation in its purest form has been considered by
Stabler'; Gryzinski has made an additional approxima-
tion which in some sense takes into account the fact
that the target electron is bound and improves agree-
ment with experiment at intermediate energies. It has
been noted that, the classical and quantum Coulomb
cross sections being identical, the use of classical
language by these authors does not imply a classical
approximation. 4

The impulse approximation yields poor results at
threshold where exchange and. polarization eGects are
important and at high energies where the bound state
of the scatterer evidently enhances the cross section.
Comparison with experiment" s has demonstrated that
Gryzinski s ionization cross sections agree with experi-
ment to within about 25%%u~ over energies ranging from
a few electron volts above threshold to about 1000 eV
with neon as a notable exception. Previous calculations
which indicated poor results for the alkali atoms~ over-
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looked the importance of autoionization and inner-shell

ionization in the heavy alkalis.
Gryzinski' has recently discussed exchange correc-

tions, and by means of unphysical velocity distributions
for the bound electrons, obtained the correct high-

energy dependence without significantly altering the
results of intermediate energies.

This paper will deal with the occasional failure at
intermediate energies. A simple modilcation of Gry-
sinski's cross sections will be proposed to allow for the
bound nature of the target electron at intermediate
energies and Slater's rules' will be used to estimate the
expectation value of the kinetic energy of the bound
electron in contrast to many previous applications where

the kinetic energy has been assumed to be equal to the
ionization potential. These corrections are important
for neutral atoms whose outer electrons are in a p state
and are particularly important for detachment from
negative ions.

II. THE IMPULSE APPROXIMATION

Following Gryzinski, ' ve have for the change in

energy of particle 2 in a two-electron Coulomb collision,

El E2+2X (E~E2)'" sine cosa

where

X= (m V'/2e') s,

El and E2 are the particle energies, s is the impact
parameter, tI is the angle between the velocity vectors,
e is the aximuthal angle between the plane of v~ and v2

and the plane in which the collision occurs in the center-
of-mass frame, and V is the relative velocity.

If we designate the colliding electron as particle 2
and the bound electron as particle 1, the cross section

g M. Gryzinski, Phys. Rev. 138, A336 (1965).
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p. 369.

764



MOD IF ICATIONS OF THE IMPULSE APPROXI MAT ION

for ionization is given by'

~.(E2) = &(Ei)dEi

they would seem to provide a better approach to the
kinetic energy than the ionization potential. Briefly,
the kinetic energy of an electron in atomic state (n, l)
is approximately

V "d~2 —'
X d cos8 — sds, (2)

p dQ n—1 ~1

Eg (Z,fg/ n*)'R„,

X dcos8
(Eg+Em —2EgEg cos8)'I'

2EgE2 sin'8 (E2E))
X — . (3)~3 ~2

The remaining integrations have been performed ex-
actly by Stabler. ' In order to expedite the 8 integration,
Gryzinski' replaced the (Ez+E&—2E&E& cos8)"' factor
in the denominator by (Ej+Em)"' yielding approximate
results which are actually slightly more complicated
than Stabler's exact results, but give better agreement
with experiment. The exact theory yields large cross
sections. Gryzinski's approximation yields

R„ '2 1 (Eg+U..=4~o, —— [E2 U]3/2
U 3 E2E1'~2&E1+E2

where U is the ionization potential. The function A (Eq)
is the kinetic-energy distribution of the bound electron
which throughout the remainder of this paper will be
taken to be b(E~—E~) where Er is the expectation value
of the kinetic energy. The s integration yields

xe4
~r(E~) = d

~
~2~

E 1/2

Z,ff Z p p 1V(g,X)—0.35[1V(n,t)—1)
g=1 XM

n—2

+8~,0(0.15 P iV(n 1—, X)—0.35X(n, )+1)

+0.058„,0[)V (n, l)—1]}

+8~,~(0.15 P X(n—1, X)—0.35K(n, 1—1)}, (6)

Z is the nuclear charge, b, ,~ is the Kroneker delta sym-
bol, X(p,X) is the number of electrons with quantum
numbers n=g and l=X, and n* takes on the values
1, 2, 3, 3.7, 4, and 4.2 corresponding to actual quantum
numbers n equal to 1, 2, 3, 4, 5, and 6, respectively.

Applying Eq. (6) to the outer electrons of neutral
atoms, one discovers that the ratio of the kinetic energy
to the ionization potential exceeds two for all atoms
with outer electrons in a p state, increases with the
number of p-state electrons involved, and obtains a
value of order Ave for the inert gases. Thus the ioniza-
tion potential is a poor approximation for the kinetic
energy of these atoms. The values of E~/U for the nega-
tive ions H, C, 0, F, S, Cl, 8„,and I, are 9.6,
25.3, 40.6, 22.1, 19.0, 13.1, 14.8, and 13.9, respectively.

In Fig. 1, (or/4xao')(U/R„)s, based on Eq. (4), is
plotted as a function of E~/U for various values of

E '- E2
O.g =4n.ap'—

U&E2& U+Eg,
(4)

~G Ug(—)
omao Ry

[-',Eg+ U] [UEg+ U']
X U+Er&E2,

E2 E22

0.2

where up is the Bohr radius and E„ is a Rydberg
(13.6 eV).

III. THE KINETIC ENERGY

All theories based on the impulse approximation,
Eq. (2), require the expectation value of the kinetic
energy of the bound electron. In previous applications,
with the exception of helium chere one may directly
invoke the virial theorem, the kinetic energy was as-
sumed to be equal to the ionization potential. Slatere
has suggested a simple set of rules for estimating this
kinetic energy. Since Slater's rules have provided good
estimates of the total energy of atomic con6gurations,

O. I
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FIG. 1. Effect of the bound-state kinetic energy on the shape of
the ionization-cross-section curve. EI is the bound-state energy, E2
is the energy of the bombarding particle, U is the ionization
potential, and 0 g is the ionization cross section.
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IV. BOUND-STATE CORRECTIONS

One obvious correction to the simple two-body-
collision approximation is to decrease the contribution
of collisions which occur in times large compared to the
period of the bound electron in a manner reminiscent
of the Bohr energy loss formula. "

Classical concepts will be used to obtain estimates of
such a correction. One should only count collisions for
which

S 8

V (2Eg/rn)'~'

where s is the impact parameter, V is the relative
velocity, and u is the shell radius. Estimates of u may
be obtained from Hartree-Foch calculations when avail-
able; or, one may use Slater's rules

a n*'ao/Z, n ——n*uo(E„/Eg)'I'. (g)

Thus, a condition

is required, where

X=—(Ey+E2—2(ErE2)'" cose)$(e') '

(9)

n* (Eg+Eg—2 (EgE2)'~' cos8)'~'
X =

2g 1/2

In order to impose this condition correctly, one should

Eq/U. Although the value of the maximum is essentially
independent of E~/U, it becomes broader and its posi-
tion is displaced to higher energies as Eq/U increases.
The maximum occurs approximately at

E,/U= ', +0.6-8(E,/U), 1(EQU(5
E2/v=~+0. 52(E,/U, 5(Egv.

cut off the integration over impact parameter in Eq.
(2); however, the resulting loss of symmetry compli-
cates the 8 and AE2 integration considerably. In order
to obtain estimates of the nature of the corrections, we
shall integrate over all impact parameters and consider
the effect of condition (9) on the 8 and

~
DER

~

integrations.
Since we are interested in corrections at intermediate

energies, Eq. (1) will be considered in the region
E2~Ej+U, where

(10)

A rough plot of AE2 versus X is given in Fig. 2.
Inspection of Eqs. (2) and (3) reveals that major

contributions to the cross section come from collisions
with AE2~ —U and, other things being equal, collisions
with large impact parameters.

When the collision parameters are such that

X ((1,
the contributions to the cross section must be dis-
counted simply because most of the collisions with
~AE2~ &U are forbidden. It would be desirable to
impose such a reduction by introducing a cutoG in the
8 integration; but, once again, the integration becomes
dificult. Gryzinski's ansatz prior to the 8 integration is
certainly a correction in the direction required; but it
is difficult to see a priori that it is equivalent to such a
cutoff. Nevertheless, using the success of the resulting
cross section for many atoms as justification, we shall
accept his ansatz.

The point of this section is that even when X &1 a
further correction may be required by inequality (9).
A large contribution to the cross section occurs for P

in the region designated as XU in Fig. 2; for in this re-
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Fn. 2. Typical variation of the energy exchanged as a function
of impact parameter.

~
hE& is the energy exchanged and

'A=—~(mV~/e'}s, where V is the relative velocity and s is the
impact parameter.

"E. Fermi, Nuclear Physics (University of Chicago Press,
Chicago, 1949), Chap. II, p. 27.

IO

KRI V

FIG. 3. Ionization cross section of Ne, (V=21.6 eV). 0.0 is the
uncorrected cross section with EI=U and 0y is the corrected
impulse approximation with E& estimated by Slater's rules. Plus
signs denote experiment.
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gion we have both
~
AEo~~U and a large impact pa-

rameter. If X &) p, the contribution of this region must
be discounted; that is to say if

ro*(2Er+ U)'"

2R„'I'Ej

is substituted into Eq. (10) and the resulting DEo is
less than —U,

1.0

5.0

AEo(X„)=——~ (—U, (13)

then a further bound-state correction should be applied
to the cross section. This correction could be approxi-
mated by changing the lower limit of integration of
~DEo~ from U to hE . Since this correction is only
important in atoms for which E&))U, this is equivalent
to replacing the factor 1/U' in expression (4) by
1/hE '. This suggests that Gryzinski's cross section for
intermediate energies should be replaced by

E„'2 1 (Ej+U
~r =4«o' ——

I LEo—Uj"'
lV 3 E2Eg'" kEg+E2

Uc E,&U+E„
(14)

t'R„' Eo '" -', Eg+ U UEr+ U'
~r =4«o'~—

k W El+E2 — E2 E2

2.0—

1.0

IO

Kg/U

I r

IOO

FIG. 5. Ionization cross section of Q (U=13.6 eV). o g is the
uncorrected cross section with E1=U and 0I is the corrected
impulse approximation with E1 estimated by Slater's rules. Plus
signs denote experiment.

where
U+Ej.&E2, V. APPLICATION

W= U, U&aE„,
U&aE .

These cross sections should only be reliable forE& &)hE„.

3.0

The only atom considered previously for which
AE & U is neon which was a notable exception to the
success of the previous theory. Experimental data
exist for nitrogen and oxygen for which hE &U. In
argon, b,E & U, so the results of Sec. IV are not perti-
nent; however, the kinetic-energy considerations of
Sec. III should be important. In Figs. 3, 4, 5, and 6,

5.0

2
ma+

2.0 4.0—
R

7F'Oo

5.0

2.0

I.O

0
l IO

Ep/ 0
IOO

I

IOO

VEG. 4. Ionization cross section of N (U= 14.5 eV). a.g is the
uncorrected cross section with El ——U and ay is the corrected
impulse approximation with E1 estimated by Slater's rules. Plus
signs denote experiment.

FrG. 6. Ionization cross section of Ar (U=15.8 eV). erg is the
uncorrected cross section with E1=U and cry is the corrected
impulse approximation with E& estimated by Slater s rules. Plus
signs denote experiment.
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detachment cross section of Cl using the Born approxi-
mation. A comparison is made in Fig. 7. A check at high
energies, where the Bethe-Born approximation" should
be valid, indicates that they omitted a factor of 6 for
the number of p electrons so that six times their cross
section has been used.

The only other negative ion for which calculations
have been made is H . In this case, the quantity ~
is not only larger than the ionization potential, but is
also larger than the kinetic energy of the bound electron,
indicating that even at intermediate energies much of
the contribution for the cross section comes from colli-
sions with collision times larger than the period of the
bound electron; hence, the impulse approximation seems
a very poor one for this ion.

VI. CONCLUSION

FIG. 7. Ionization cross section of Cl {U=3.8 eV). az is the
uncorrected cross section with E~ = U, rI is the corrected impulse
approximation with E& estimated by Slater's rules, and az is the
Born approximation.

we have compared the cross sections in Eq. (14) to
those of Gryzinski without the above corrections and
experiment" '3 for Ne, N, 0, and Ar, respectively.
Since the impact theory outlined above predicts the
probability of ionizing the given electron regardless of
subsequent ionization performed by the colliding par-
ticle, comparisons have been made to total ionization
cross sections. Ionization of the s shell is signihcant in
0 and N.

The above corrections are particularly important for
negative ions. Massey and Smith'4 have calculated the

"P. T. Smith, Phys. Rev. 36, 1293 (1930).
"A. C. H. Smith, E. Caplinger, R. H. Neynaber, E. W. Rothe,

and S. M. Trujillo, Phys. Rev. 127, 1647 (1962)."W. L. Fite and R. T. Brackman, Phys. Rev. 113,815 (1959).
"H. S. W. Massey and R. A. Smith, Proc. Roy. Soc. (London)

A155, 472 (1936).

Although the success of the cross section given by Eq.
(14) over a wide range of energies indicates their useful-
ness as semiempirical expressions, it should not over-
shadow the crudeness of the corrections involved. %e
have accepted Gryzinski's ansatz with only slight
justidcation and the additional correction derived in
Sec. IV was based on arguments applicable to the im-
rnediate vicinity of the maximum cross section. The
success over a wide energy range seems fortuitous;
however, this success emphasizes the desirability of
applying similar bound-state corrections to the impulse
approximation in a more systematic fashion.

The need for Slater's rules for estimating kinetic
energies seems clearly established.

ACKNOWLEDGMENTS

It is a pleasure to thank Dr. Robert C. Stabler for
many helpful discussions and Dr. Wolfgang Zernik for
many useful comments on the manuscript.
"N. F.Mott and H. S.W. Massey, Theory of Atomic Collisions

(Oxford University Press, London, 1949), 2nd ed. , Chap. 11, p.
247.


