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X rays incoherently scattered by electrons at angles of a few degrees transfer energies to them which
amount to only a few eV. If the electrons have binding energies of the same order of magnitude, interesting
effects are expected which will change the usual form of the Compton spectrum. Theoretical considerations
show that in the case of a conductor the spectrum starts from the position of the primary line with the form
of a straight line and continues as an inverse parabola. In the case of an insulator the spectrum will show an
abrupt limit on the side towards the primary radiation, The energy transfer corresponding to the edge is
equal to the energy gap. The present paper describes experiments which allow the determination of the
energy gap of LiD by this method. Cu EP rays scattered by polycrystalline LiD at 18' were analyzed in a
spectrometer employing a Soller slit and a (2243) quartz crystal as an analyzer. At this scattering angle the
intense diffraction peaks are avoided so that the spectrum of the scattered radiation consists only of thermal
diffuse scattering and Compton scattering. By comparing it with the spectrum produced in copper by
fluorescence, the two components were separated. The experiment was then repeated with metallic lithium,
in which the Compton component starts exactly at the wavelength of the primary radiation. The two Cornp-
ton pro61es show a shift which is put equal to the energy gap. The resulting value is 5.4&0.8 eV.

1. INTRODUCTION

X the Cornpton eGect, energy is transferred to the
.. electron with which the photon interacts. In the
case of x rays scattered at angles of a few degrees, the
energy transfer will amount to only a few eV. With
such small values interesting eBects are expected if the
electron is a valence electron because its binding energy
is of comparable magnitude. These eGects consist in a
change of the usual form of the Compton spectrum
and allow, to some extent, the investigation of the
state of the electrons involved in the scattering. We
give here a short description of the results of the
relevant theories and experiments.

A. Form of the Compton Spectrum

Let us consider the Compton spectrum in the ideal-
ized case of a strictly monochromatic primary radia-
tion. If the scattering occurs at a certain angle y from
a free, stationary electron, the energy transferred to
the electron is uniquely determined and the resulting
spectrum is a line shifted towards longer wavelengths.
We will call this energy shift O', . If the electron is in
a bound state, the energy transfer for a given scattering
angle is not uniquely determined but may take various
values with the result that the Compton line is broad-
ened to a band. The profile of this Compton band
depends on the type of binding of the electron. We will
consider mainly weak. binding.

(a) Electron bound to a free atom If we consider . an
electron in a certain initial state, each different quantity
of energy transferred will bring it to a diferent final
state. In the present case the states can be either
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bound states or, for larger energy transfers, ionized
states. The resulting spectrum o(p, W) will consist of
a number of lines and a band (Fig. I). The lines are
due to transitions to a final state which is also bound.
They have been predicted for a long time and, lately,
experimentally verified. ' The band is produced by
scattering processes in which the transition occurs to
a final state in which the electron is free. It will have
an abrupt limit towards the side of small energy
transfers at a position at which the energy transfer lV
is equal to the binding energy A of the electron in the
initial state. This limit, although observable, '3 has not
been experimentally verified yet but may be the cause
of the abrupt change of the background intensity seen
in the scattering spectrum of graphite. 4 It has also
been shown that the maximum of the intensity of the
Compton band occurs5 within a few percent of 5 =5",.

(b) Electron in the valence band of a conductor. In a
conductor all weakly bound electrons are in the un-
filled valence band and the resulting Compton spec-
trum is an inverse parabola. ' The parabola is sym-
metrical around 5', and reaches up to a point 5
which can be calculated from the momentum of the
electrons at the Fermi surface. However, in scattering
events involving small energy transfers, not all elec-
trons can participate because, for many of them, the
final state is occupied. The number of electrons con-
tributing to the Compton scattering has been calcu-
lated for the case of a valence band in which the
electrons behave as a free-electron gas."The spectrum

' K. Das Gupta, Phys. Rev. 128, 2181 (1962).' A. Sommerfeld, Ann. Physik 29, 715 (1937).
3 M/. Franz, Ann. Physik 29, 721 (1937).
4 H. A. Kirkpatrick and J. %. M. Dumond, Phys. Rev. 54,

802 (1938).' P. A. Ross and H. A. Kirkpatrick, Phys. Rev. 46, 668 (1934).
J. W. M. DuMond, Rev. Mod. Phys. 5, 1 (1933).
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Fro. 1. Compton spectrum of an electron bound to a free atom.

and will become equal to zero when O'=E, where E,
is the energy gap.

Hence the spectrum should show a limit at 5'; =E,.
If the conduction band does not overlap the higher
bands, the spectrum should show also a limit towards
large energy shifts at W =E,+E.+E„where E„
and E, are the widths of the valence band and con-
duction band, respectively (Fig. 3). No shift of the
boundaries should occur with changing scattering
angle. The low-energy limit 8'; has been detected in
the case of diamond. "The ordinate o (e,W) for a given
value of S' will depend on the densities of all pairs of
states (i.e., initial and final) that are compatible with
the energy shift TV. No calculation of the form of the
Compton band for insulators exists. It is expected' that
in the case of both conductors and insulators, if the
conduction band overlaps higher bands, the Compton

in this case has been calculated' " to have the form of
an inverse parabola with a linear start (Fig. 2). The
linear part reaches the parabola at

Wo= (2E'/ntc') L(c/E) pr sin(p/2) —sin'(y/2) j,
where E is the energy of the primary photon and pr is the
Fermi momentum. Theoretical calculations show that the
Coulomb correlation between the electrons should de-
form the profile" described previously. Recent measure-
ments" on metallic Li seem to coincide better with
the profile of Fig. 2 than with the deformed profile.

(c) Etectrons in the valence band of an insulator. As
in the case of a conductor, not all electrons in the
valence band of an insulator can participate in the
scattering act. If we consider diminishing energy trans-
fers, the number of electrons participating will decrease
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FIG. 3. Schematic Compton spectrum of valence
electrons of an insulator.

spectrum will extend beyond the value mentioned for
lV and will show a structure corresponding to the
"Kronig structure" in x-ray absorption.
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9 A. Nicolitsas (unpublished)."Y.Ohmura and N. Matsudaira, J. Phys. Soc. Japan 19, 1355

(1964}."A. Theodossiou and P, Vosnides (unpublished).

I IG. 2. Compton spectrum of valence electrons of a conductor.

B. Spectrum of the Total Di8use Scattering

The radiation scattered on a crystalline body con-
tains three components:

(a) The coherently scattered radiation with a spec-
trum identical to that of the primary radiation. Be-
cause of interference this component is intense only in
certain directions in which it gives sharp maxima, and
is zero in all other directions.

(b) The thermal diffuse scattering (TDS) which for
all practical purposes has the same spectrum as the
primary radiation. Because of interference it shows
maxima in the same directions as (a), but the scattering
also extends over all directions.

~ K. Alexopoulos and G. Brogren, Arkiv. Fysik 6, 213 (1953).
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(c) The Compton scattering which is incoherent and.

does not give any interference eGects. By avoiding the
scattering angles for which the maxima appear, only
the last two components are obtained.

In the above consideration, the primary radiation
was assumed to be monochromatic. In reality the
spectrum of the primary radiation consists of a general
background on which a spectral line with a natural
width of a few eV is superposed.
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C. Pzesent Expemnental Method

In the present paper an attempt is made to obtain
experimentally the energy gap E, of the insulator LiD
(lithium deuteride) by determining the short-wave-
length limit of the Compton band. The choice of a
hydrogen compound was indicated because of its small
absorption. LiD was preferred to LiH because it was
obtainable in a pure form (99% versus 95%). Cu EjS
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I'n. S. Pro6le of the radiation scattered on Lio.

lithium the Compton spectrum starts at the position
of the primary line (see Fig. 2) so that the shift of the
limits of the two curves should correspond to the
desired energy gap.
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FIG. 4. Pro6le of the primary radiation.

rays were scattered from a very pure specimen of poly-
crystalline LiD" at an angle of 18'. Under these con-
ditions the Compton radiation and TDS overlap. We
have already noted that TDS and the primary radia-
tion have practically the same spectrum. Hence a
dummy experiment has to be devised which will allow
the subtraction of the primary from the total spectrum.
The Compton spectrum, thus obtained, is distorted
beca.use the primary radiation is not strictly mono-
chromatic and because of profile errors introduced by
the spectrometer. The experimental curve should hence
be corrected by convolution techniques before its limit
towards small energy shifts can be determined. Instead
of this the energy gap was determined by comparing
the uncorrected curve for LiD with a similar curve
for metallic lithium taken with the same primary
spectrum and with the same profile errors. In metallic

2. EXPERIMENTS AND RESULTS

A copper x-ray tube (24 mA, 40 kV, both stabilized)
irradiated a slab of scatterer covered with a 5-p Mylar
foil from a distance of 10 cm. The scattered radiation
entered a Soller system (length 25 cm, 100 channels of
100-y width) and left with a divergence of 46 mdeg.
The scattered radiation was analyzed on a Philips
diffractometer with a finely ground (2243) quartz
crystal and a Geiger counter. At each setting of the
diGractometer a preset number of counts was measured.
After recording the time, the di8ractometer was turned
to a new setting. The scattering angle between con-
secutive measurements diGered by 0.02'. The recording
of the time and the setting to the new position were
automatic. The scattering experiments were carried
out with the Cu EPline. This line, a'lthough less
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"Courtesy of P. Pretzel, Los Alamos Scienti6c Laboratory of
the University of California.

FIG. 6. Comparison of primary radiation and
radiation scattered on Lio.
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Fro. 7. Com. Comparison of primary (i.e., TDS) and
Compton radiation for LID.
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FIG. 9. Com. Comparison of primary radiation and
radiation scattered on Li.
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region of the left Rank of the curve where, according to
theory, the Compton component will not yet have
developed an important intensity. The existence of a
region free of Compton scattering can be investigated
by calculating the ratio of the ordinates of Figs. 4 and 5
after subtracting the continuous backgrounds. We found

by this method that, in e6ect, the ratio was constant
on a considerable region of the left Rank. Sy using this
constant value as a scale factor, Pigs. 4 and 5 can be
plotted together (Fig. 6). They show good fit on the
left side of the picture and a Compton component on
the right. On Fig. 7 the two components have been
drawn separately. The Compton spectrum shows a
rather well-de6ned limit on the side of the short wave-
lengths. Figures 8, 9, and 10 represent the correspond-
ing results for metallic lithium. We notice that, also in
this case, the Compton component shows a well-

defined limit (Fig. 10), but it is shifted towards shorter
wavelengths than in Fig. 7 by 0.065'. The difference

between the two limits gives an energy gap of 5.4 eV.
The error is evaluated to ~0.8 eV. The curves of the
Compton component in Pigs. 7 and 10 cannot be com-

pared directly with any theoretical curve of the Comp-
ton spectrum because, as mentioned, they are distorted.
We notice that their general forms are similar but
their widths diRer by 15%.As the distorting eRects are
the same in both cases, we conclude that the Compton
profile of Lin is wider than that of Li.

The e6ects of distortion can be evaluated in an
approximate way, by the method proposed by Lord
Rayleigh. "The deconvolution will give a sharper cuto6,
a steeper and more rectilinear Rank on the left side, a
sharper maximum and minor changes of the form on
the right side. The general form, however, will not
change much.

"J.W. Strutt, 3rd Baron Rayleigh, Scientific Papers (Cambridge
University Press, New York, 1899), Vol. I, p. 135.
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Optical-absorption line shapes arising from interaction of the electronic states of impurities with the vi-
brational modes of the crystal are considered. It is shown that this line shape may be expressed as an E-fold
convolution integral, where each element of the convolution is the line shape due to a single vibrational mode
of the ground state of the system. Two types of vibrational modes, linear and quadratic, are considered in
detail in both the semiclassical approximation and quantum mechanically. It is shown that the semi-
classica1 approximation, although often of use for linear interactions, has limited validity for quadratic
modes. Formal methods are developed for performing the convolution integral to obtain the line shape due
to a number of vibrational modes. Explicit numerical examples are presented.

I. INTRODUCTION
' PREVIOUS work on the inRuence of lattice vibra-

tions on impurity absorption bands has centered
largely on the simplest possible model of the lattice-
impurity interaction, i.e., a linear interaction. Such a
model was first considered by Muto, ' Huang and Rhys, '
and Pekar. ' Their calculations were extended and
formalized in an elegant paper by Lax' and later by
O'Rourke. ' This model has been successful in explaining

~ Work supported in part by the National Science Foundation.
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Princeton University, Princeton, New Jersey.' T. Muto, Progr. Theoret. Phys. (Kyoto) 4, 181 (1949).' K. Huang and A. Rhys, Proc. Roy. Soc. (I.ondon) A204, 406
(1950).

the general features of the absorption line shape for
several impurity centers.

For many impurity centers of interest, this simple
model will not be wholly adequate. In particular, if the
impurity site is a center of inversion, the linear inter-
action will vanish by symmetry for half of the vibra-
tional modes (those of odd parity); and, for these
modes, a quadratic interaction will dominate. Previ-
ously, such modes have been considered only in the so-
called semiclassical approximation or in perturbation
theory. In this work, the 6rst thorough quantum treat-
ment of line shapes due to quadratic modes is presented.
The complications of quadratic modes are such that the

' S. Pekar, Zh. Eksperim. i Teor. Fiz. 20, 510 (1950); Uspekhi
Fiz. Nauk 50, 193 {1953).

4 M. Lax, J. Chem. Phys. 20, 1752 {1952).' R. C. O' Rourke, Phys. Rev. 91, 265 (1953).


