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such partial stopping powers in hydrogen gas and the
contributions of charge-changing collisions to the total
stopping losses. '' ""Unfortunately, the technique used
in these studies probably cannot be applied to solid
absorbers. It would be of interest to see if diBerences
persist between gas and solid absorbers with similar
chemical binding at higher velocities where charge
exchange eGects are supposedly negligible.

It is unfortunate that low-energy alpha-particle data
are even more scant than those for protons. More
information is required to determine whether cross
sections for gases are greater than those for solids also
in the case of helium ions for energies somewhat above
the maximum in the stopping-cross-section curve. In
addition, a comparison of results on gases and solids
with similar chemical binding should be worthwhile.

Table V illustrates the complex situation in regard to

"S.K. Allison, J. Cuevas, and M. Garcia-Munoz, Phys. Rev.
127, 792 {1962).

~ M. N. Huberman, Phys. Rev. 127, 799 {1962).

proton stopping in hydrocarbons. It is evident that a
considerable amount of additional data would be
required for any hope to gain an understanding of the
details. Increased precision of measurements is highly
desirable since the efI'ects of physical state and other
difterences are not large. The situation is even worse
for stopping with respect to helium beams because
there are fewer empirical data.
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The presence of the quartic term, in addition to the usual quadratic term, in the spin-wave dispersion
relation has been established to within 3 j0 accuracy by spin-wave resonance experiments in a number of
Permalloy films. High-precision measurements at 70 Gc/sec permitted observation of spin wavelengths as
short as 225 X. The coefficient of the quartic term, which involves the fourth moment of the exchange inter-
action, leads to a long-range interaction &p» =120 r~, where r j, is the nearest-neighbor distance; this is in
good agreement with the range determined previously from spin-wave interaction measurements on a
similar sample. Since the films are predominantly polycrystalline, anisotropy in the exchange could not be
distinguished. &p'& determined from the coefficient of the TI term in the magnetization, measured by
ferromagnetic resonance in the same type of sample, is su~&&er by a factor of about five. However, with such
a long range, the validity of the usual expansion of the spin-wave energy to describe the magnetization is
doubtful.

INTRODUCTION

HE basic result of spin-wave resonance experi-
ments in magnetic 6lms has been the determina-

tion of the ferromagnetic exchange constant. ' However,
improvements in experimental techniques have made
possible measurements of second order exchange eGects,
such as the determination of spin-wave interactions, '
that are of great importance to the theory of magnetism.
The present experiment is concerned with a second re-
finement of spin-wave theory in a metal, namely, the
establishment of the existence of the quartic term in the

*Operated with support from the U. S. Air Force.' Z. Frait, Phys. Status Soli 2, 1417 {1962).
~ R. Weber and P. E. Tannenwald, J. Phys. Chem. Solids 24,

1357 {1963).

spin-wave dispersion relation

where u and b are constants to be determined. This form
is a special case of the general dispersion relation from
spin-wave theory of a ferromagnet for small k numbers,

where 8~ is the energy of a noninteracting spin wave of
wave vector k, S is the spin per atom, and J„is the ex-
change integral between spins separated by distance r.
As will be discussed in detail, the magnitude of b de-
pends on the direction of spin-wave propagation with
respect to the crystallographic axes in a single crystal,
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or is an appropriate average of the anisotropic quartic
term in a polycrystal. An indication of the magnitude of
the quartic term has already been seen from pyro-
magnetic-magnetization measurements in nickeP and
Permalloy, 4 in which, in addition to the usual Bloch T'~'

term, a T'~' term fits the data better than a T' itinerant-
model term. The presence of a T'/' term in the mag-
netization is the consequence of a k4 term in the disper-
sion relation. The present experiment, in which the
dispersion relation is measured directly in Permalloy
films, is su6iciently accurate to allow a self-consistent
determination of coeKcients u and b as well as the
exponents of the k-vector terms in Eq. (1).The ratio of
coefficients of the quartic term to quadratic term, b/u,
leads to an effective long-range interaction (p'), in terms
of the ratio of fourth moment to second moment of the
exchange interaction range', i.e.,

This simple proportionality can be expressed only for a
completely random polycrystalline sample; in the gen-
eral case, it will depend on the direction of spin wave
propagation and crystal structure, and the summations
will involve different weightings of the J, s.

This same ratio P„J,r'/P „J,r' appears in the coeK-
cient of temperature variation of the exchange inter-
action measured in a previous spin-wave resonance
experiment on a similar Permalloy sample. ' Since the
results of the two experiments are in good agreement, it
might appea. r that the Heisenberg-Bloch-Dyson local-
ized spin model —upon which the interpretation of the
spin wave interaction experiment rests—is applicable
in the case of Permalloy. However, this may be too
strong a conclusion, since the spin-wave-interaction ex-
pression with which comparison is made is but the first
term in a series expansion. In addition, to determine
whether other interactions simulate a temperature de-
pendence of the range factor in the dispersion relation,
the present experiment, which was carried out at room
temperature, will be extended to low temperatures.

Finally, previous measurements of the temperature
dependence of the saturation magnetization of Permalloy
films by ferromagnetic resonance' have been analyzed in
detail and have been found to lead to an effective (p')
which is a factor of 6ve smaller than the (p') determined
from the quartic term in the spin-wave dispersion rela-
tion. There are both points of agreement and disagree-
ment with the pyromagnetic magnetization measure-
ments of the IBM group, as will be taken up in detail in
the Discussion. However, both results indicate that the

I B.E. Argyle, S. H. Charap, and E. W. Pugh, Phys. Rev. 132',
2051 (1963).

4 B.E. Argyle and S. H. Charap, J. Appl. Phys. 35, 802 (1964).«%. Marshall, Proceedings Eighth Inta'national Confer~a o~
Lme TanperAure I'hypos, Iondoe I%62 (Buttervrorths Scienti6c
Publications, Ltd. , London, 1963).

~ F. KeBer and R. Loudon, J. Appl. Phys. 32'8, 25 (1961).

T'~' coefficient in the magnetization in Permalloy is
much smaller than would be expected on the basis of the
observed quartic term in the dispersion relation. Neither
the dispersion relation nor the magnetization tempera-
ture variation depends on the Heisenberg model for an
interpretation, but only on spin-wave theory, so that a
basic anomaly could be present. On the other hand, it
may be that interactions not accounted for in the
statistical treatment of the magnetization give rise to a
T'/' dependence which is effective in reducing the
coeScient of the observed T'I' term.

EXPERIMENTAL CONSIDERATIONS

To observe the quartic term in the spin-wave dis-
persion relation, spin waves of large wave number must
be excited. An upper limit is set for obtainable k num-
bers by the extent of the magnetic-field interval bounded
by the demagnetizing 6eld and the field for resonance of
the uniform mode. Since the latter varies directly as
the microwave frequency, it is evidently necessary to
turn to high frequencies.

To determine accurately the exponent of the "quartic"
term and its coe%cient a high density of resolvable
resonance peaks within the large allowed magnetic 6eld
interval is desirable. Since the separation between
adjacent peaks varies as the reciprocal of the square of
the film thickness, as thick 6lms as are compatible with
the electromagnetic situation should be used.

Permalloys of varying compositions (55 Ni —45 Fe to
78 Ni —22 Fe) were vacuum evaporated (=5X10 ' mm
Hg) to thicknesses of 2000 A to 7000 A onto heated
(=200'C) glass substrates. The compositions were ob-
tained by spectrophotometric analyses of the actual
samples used. The thickness range was based on a
compromise between the desire for a high density of
peaks and the limitations imposed by skin-depth con-
siderations in the microwave region.

Standard microwave-cavity techniques were extended
to 4 mm (70 Gc/sec), and phase-sensitive detection
methods were incorporated into the system, presenting
the derivative of the absorbed microwave power to be
recorded as a function of the swept dc magnetic field
supplied by a 22-in. Varian electromagnet. To obtain a
recorded spin-wave spectrum, the dc field was swept at
approximately 500 Oe per minute. The signal to the
lock-in detector was derived from modulating the dc
magnetic field at 100 cps with an amplitude correspond. -
ing to a few percent of the linewidth. The precise loca-
tion of each peak was determined by adjusting the dc
6eld to fall exactly on the peak and measuring the 6eld
by nuclear magnetic resonance. The magnetic field could
be measured to &0.5 Oe, and the peaks could generally
be found to within ~5 Oe.

The measurements were carried out at room tempera-
ture. Magnetic film samples were selected on the basis
that the saturation magnetization and the g factors be
very close to their bulk values and that they exhibit a
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FIG. 1. Derivative trace of spin-
wave resonance (SWR) absorption
spectrum at 71.7 Gc/sec in a 78-22
Permalloy film of 51SO A thickness.
The large absorption near 26 koe is
due to a paramagnetic impurity in the
glass substrate.
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large number of well-resolved spin-wave peaks over a
wide magnetic-field interval.

ANALYSIS AND RESULTS

The expression for the discrete standing wave modes
that can be excited by a uniform microwave magnetic
field in a thin film is given by the boundary condition
k= (s/L) p, where k is the spin wave vector, L is the film
thickness, and p is an odd integer, combined with the
ferromagnetic resonance condition including the spin-
wave contribution, c0/y=H —4sM+(2A/M)k', where
H is the dc magnetic held, 4n.M is the saturation mag-
netization, y is the gyromagnetic ratio, and A is the
exchange stiffness constant. Thus the magnetic 6eld
spacing H between the p=0 mode and the pth mode at
constant cd may be written as H=ugP. If the quartic
spin-wave term is included, we have H =ap' pp', where-
+ and P are constants directly related to the original e
and b of Eq. (1).

Figure 1 shows the derivative of the absorption spec-
trum for a 78—22 Permalloy film of thickness L=5150
+50 A, with the appropriate numbering scheme for the
allowed odd modes. Owing to the presence of appreciable
eddy-current damping of the lower order modes and the
broad main (p=0) resonance linewidth, the p=1 and
p=3 modes were not resolved. The first observable
spin-wave resonance peak, labeled p=5, and the next

few peaks fall on the tail of the uniform-mode resonance.
The resulting distortion of the line shape would make it
di6icult to determine their positions precisely. However,
since these peaks were used for counting purposes only
(i.e., in determining the numbering scheme), this slight
inaccuracy is of no importance in quantitative con-
siderations of the higher order terms in the dispersion
relation. The higher-order peaks suGered little distor-
tion, and their positions were taken to be the midpoints
of their excursions about the base line. The large peak,
between p=31 and p=35 is the derivative of the ab-
sorption due to a paramagnetic impurity present in the
glass substrate. Similar spectra were obtained for a
6850-A thick 63—37 Permalloy film and for a 4050-A
thick 55—45 Permalloy 61m which were used in this
experiment. The even-mode peaks were clearly dis-
cernible over most of the spectrum of the 63-37 sample,
which was the thickest film. For each of the three fl&~s,
the wavelength of the highest order resolvable spin-
wave peak was close to 225 A at a separation of ap-
proximately 15 kOe from the uniform-precession peak.

As is well known, the uniform-resonance peak in a
semi-infinite conducting medium undergoes two shifts
when compared with an insulator whose dimensions are
small with respect to the rf wavelength: an "exchange
shift" due to the rf field gradient producing an eR'ective
torque acting on the spins; and an electromagnetic
shift" due to the complex behavior of the electromag-
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netic propagation vector as one passes through ferro-
magnetic resonance (this latter shift is even more
pronounced in insulators). As a matter of fact, before
the advent of spin-wave resonance the exchange shift in
a ferromagnetic metal~ was used to obtain the Landau
exchange sti6ness constant A. The existence of propa-
gation eBects in ferromagnetic resonance has been
realized since the early experiments: %hen the sample
is not small compared with an electromagnetic wave-
length, they give rise to such phenomena as the size
eGect, wall effect, and dimensional resonances. %hat
applies to the present discussion is that electromagnetic
propagation efI'ects lead to maximum power absorption,
not at the peak of the p" line (imaginary component of
the permeability), but at a shifted value corresponding
to an equivalent permeability combination of p" and p,

'
(the dispersive component of the permeability). ' In
principle, these effects can be calculated precisely, but
in practice uncertain factors such as film conductivity,

' G. T. Rado and J.R. %eertman, Phys. Rev. 94, 1386 (1954).
8 See, e.g., M. H. Seavey and P. E.Tannenwald, Lincoln Labo-

ratory, M.I.T., Technical Report No. 143, 1957 (unpublished).

microwave cavity and film geometry, the amount of
Bloch-Bloembergen phenomenological damping admix-
ture, and the applicability of a plane, semi-infinite
medium model only allow for a qualitative estimate.
However, in the following method the unshifted main
resonance is determined from the spin-wave resonance
peaks themselves. It can be shown that the first few
spin-wave peaks also undergo similar, but small, shifts
if they fall on the tail of the main resonance"', however,
such shifts become totally negligible after a few peaks.
Now, the exchange forces determine the magnetic-field
separation of the spin-wave peaks from the unshifted
main resonance. Kith these facts in mind, then, the
position of the unshifted main resonance peak may be
determined by a linear plot of the magnetic field for
resonance for a particular spin-wave peak versus the
square of the associated mode number, i.e., 8=co/y
+4m.M—op . Such a construction is informative. First
of all, as is clear from I'ig. 2, the lower-order peaks follow

' P. Pincus, Phys. Rev. 118, 658 (1960)."M. H. Seavey, Jr., Lincoln Laboratory, M.I.T., Technical
Report No. 239, 1961 (unpublished).
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Twaxz I. Measured parameters and experimental results of three
Permalloy +~s.

Compo-
sition I. (A}

78-22 5150
63-37 6850
55—45 4050

+50 A

4n.M (Oe)

10 490a30
14 300+30
14 950%50

AX10 e

g {«g/cm) 0&/& '
2.09 0.91~0.03 120~15
2.13 1.11~0.02 125&10
2.14 1.20~0.05 170+45

&0.02

a quadratic dispersion law. Even the lowest-order peaks
are very nearly quadratic. The slope of each line is the
coeilicient, a, of p for that particular film; this allows the
exchange stiffness constant A to be calculated once the
saturation magnetization AM is determined. The inter-
cept of each line yields the value of the magnetic 6eld
H, at 71.7 Gc/sec for resonance for the unshifted uni-
form precessional mode. It was not possible to determine
the resonance 6eld H&& for the unshifted uniform mode
in the parallel configuration because no spin-wave
resonance spectra were observable for the three 6lms in
this particular geometry. Therefore, the measured par-
allel fields were adjusted by the same number of
oersteds (=100 Oe) that the perpendicular fields were
shifted by the exchange and electromagnetic effects.
Only the g factor and 4m' were affected at all by this
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FIG. 3. Quadratic plus quartic region of QVR spectrum. The
deviations froxn quadratic behavior become quite pronounced at
the highest p numbers (~300 Oe}.

approximation, and only by about 0.5%. From the H„
and B&& data, 4aM and the g factor were calculated; and
A was determined from the optically measured 61m
thickness and the above-mentioned slope 0,. These re-
sults are presented in the 6rst 6ve columns of Table I.

To obtain a comprehensive view of the experimental
data in terms of the variables in the dispersion relation,
a log-log plot was made of the separation in magnetic
field between the unshifted uniform resonance peak and
a particular spin-wave resonance peak, H—=II&—H„,
versus the p-number of the spin-wave peak. Figure 3
exhibits a quadratic region and a region which deviates
from quadratic behavior for the high p numbers (i.e.,
for large k values). The direction of curvature indicates
that a term must be subtracted from the simple quad-
ratic dispersion relation. Even though the e6'ect appears
to be small, for the highest p numbers realized here, the
effect is at least 300 Oe for each 61m, or one and a half
orders of magnitude larger than the total experimental
uncertainty.

The data for the 63—37 61m were computer-pro-
grammed for a least-squares fit to the function H=ap
—Pp*, with x, a, and P to be determined. This film was
selected because of the high density of spin-wave reso-
nance peaks measured over a large magnetic field
interval (29 odd peaks over approximately 15 kOe).
Since the dispersion was purely quadratic within the
precision of the measurements for the lower p values,
the range of the mode number p was restricted to the
interval p=23 to p=61. The results were x=4.01,
a=4.12 Oe, and P=3.51&(10-' Oe. The maximum
deviation between the computed values and the experi-
mental values was 6.6 Oe over the whole range of p.

goshen the experimental errors in measuring the loca-
tion of each spin-wave peak and in locating the uniform
mode are accounted for, the results must be modified to
be @=4.0&0.1, a=4.12+0.02 Oe, and /=3.5&0.2
X10 'Oe.

The data for the remaining two 6lms were treated
graphically. The power law was quartic in each case,
vrith the precision decreasing with decreasing 6]m
thickness. The primary reason for this is that the den-
sity of spin-wave peaks per dc magnetic 6eld interval is
less the thinner the 61m. Figure 4 shows graphically the
quartic contribution to the spin-wave dispersion relation
for each film. The coeKcient of the fourth power term P
was determined by 6tting lines of slope 4.0 to the data.

The explicit relationship between the experimental
coeKcients a and P in H =ap' —Pp' and the moments of
the exchange interaction is as follows: From the dis-
persion relation, the ratio of the quartic to quadratic
term is

(1/24)P(k r)'J, ck'P J,r' 'cP J,r
l 1

(1/2)g(k r)2J 4 O'P J,rm EL g J,rm
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where

Here rI", denotes the components of r in the crystallite in
the direction of k, and the brackets indicate that an
appropriate average is to be taken. Hence

The value of c evidently depends on the nature of the
6lm and the geometry of the experiment,

It may be remarked that the deviations reported by
Frait" at 36 Gc/sec in the spin-wave resonance spec-
trum of a 64-34 (nominal) Permailoy film for the higher

p numbers can most likely be attributed to onset of the
quartic term rather than the suggested magnon-phonon
interaction.

DISCUSSI03% OP RESULTS

Dispersion Relation

As stated earlier, the dispersion relation for small 4
numbers is

"Z. Frait, Phys. Status Solidi 3, K408 (1963).



R. WEBER AND P. E. TANNENWALD

-1 1
e)=2S —Q(k r)'J,——P(k r)'J,+.. .

2r 24~

The spatial average of P„(kr)'J„canbe readily carried
out and yields —',k' P„J„r'.Because of the appearance of
anisotropy, P, (k r)'J, cannot be summed in closed
form and be expressed in terms of a fourth moment of
J, except for random polycrystalline averaging, in
which case the sum becomes isk4 P„J„r4.For the mo-
ment, however, let us write the dispersion relation as

ek=2SPk' Q J,r' (c/24)k—' Q J r'j=—k[ak' —bk'j

besides verifying the T'~' dependence at low tem-
peratures, gave for the efI'ective long-range factor
Q, J,r'/rP Q„J,r'=112. in This result agrees rather
well with (p')/rP= 120 for the 78—22 Permalloy sample
determined in Sec. u assuming polycrystal average.

c. From Temperature Dependence of Magnetization

The temperature dependence of the saturation mag-
netization, in the spin-wave description, contains the
well-known Bloch T"' law plus a T'~' term which arises
from retaining the k4 term in the spin-wave dispersion
relation. The detailed expression is

in order to compare it with the experimental results.
Since the data accurately 6t the relation co=uk' —bk4

(even to the extent of determining the exponent in the
k' term), the spin-wave dispersion relation is seen to be
verified at room temperature in a metal, under condi-
tions of selective excitation of speci6c spin wave vectors.
The next higher order term, that is one involving k',
would not be detectable since the shortest wavelengths
excited in this experiment are of the order of 225 A.

Long-Range Interactions Results

a. From Dispersion Relation

From the experimentally determined values for e and
P, we find values for the long-range factor (p')/rP
= (P, J„r4)//(ri2 Q„J„r'),where ri is the nearest-neigh-
bor distance. Our films are predominantly polycrystal-
line; for this case c=-'„asmentioned before. Values for
the long-range factor (p')/rP for the three different films
are given in the last column of Table I, assuming com-
plete polycrystallinity.

In order to evaluate (Q„J„r&')/Q„J„r'in the general
case, the strength of the exchange integral J„between
neighbors, next-nearest neighbors, etc., must be known.
There obviously exists no simple and unique way for
doing this, but the large ratio of the fourth to second
moment of the exchange interactions is clearly a mani-
festation of long-range exchange. For the case of
nearest-neighbor interaction only, Q„J,r'/P„J„r're-
duces to ri2 and the long-range factor (p')/ri' reduces to
unity.

b. From Spin Wave Inter-actions

Another manifestation of long-range interactions has
been found in an experiment which measures spin-wave
interactions. ' The theoretically expected temperature
variation of the exchange integral J is given by'

J,r
3kT

J(T)=Jo 1— i(5/2) (3)
iYS Q J„r'AS Q J„r'

This type of measurement was carried out in a very
similar material (81—19 nominal Permalloy film) and,

M, M(T) —f (3/2) 3kT
+ f (&/2)

Mp XS 4mS Q J,r' 4XS

3kT
X + . (4)

Q J,r' 4rSQ J,r'

The coefficient of the T'~' term in Eq. (4) is identical
with the coefficient of the T"' term in Eq. (3) except for
the numerical factor 4. The important point in com-
paring the two expressions is that even though their
physical origin is diff'erent (spin-wave excitations les,ding
to a reduction in saturation magnetization versus spin-
wave interactions), both involve the same ratio of fourth
to second moment of the exchange interactions,
P, J„r'/Q„J„r',as a result of the same type of aver-
aging occurring in the derivation. Consequently, com-
parison would provide an important check on the
consistency of the model for a metal.

The temperature dependence data of the saturation
magnetization of an 81—19 Permalloy film, measured by
ferromagnetic resonance, of Ref. 2 has been analyzed in
detail. Previously these data had only been used to
evaluate the exchange integral J from the coeQicient of
the T /' term. The T'/' term alone described the mag-
netization well only up to 80'K. If now, in addition,
4 [MvMv(T) j CT'I' is plotted vers—us T on log-log
paper, a well-defined, unique slope of 2.5+0.1 results up
to approximately 155'K (see inset of Fig. 5). A least-
squares computer fit of the data to the function
kr[Mp —M(T) j=CT'i +ET"' yielded an excellent fit
up to 150'K; that is, the calculated points deviated no
more than experimental error (&5 oe) from the meas-
ured points. The resulting fit is shown in Fig. 5. In-
clusion of T'" in the 6tting reduced the previously
computed coefficient of the T" term by 19%, bringing
the corresponding calculated values of exchange parame-
ter D, or exchange integral J(D=2SJa at O'K) into
complete agreement with D or J measured from spin-

~ This value is twice the number reported in Ref. 2 because of an
erroneous use of the cube edge instead of nearest-neighbor distance
in the equation in paragraph 4.3 of Ref. 2.
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wave resonance on the same sample in Ref. 2.'3 The
results are J=280k from the Bloch law and J=277k
from spin-wave resonance. As a check, computer calcu-
lations over successively larger temperature intervals,
beginning at 30'K, were made, and gave the same result.

The quantity of primary interest in this discussion,
however, is the computed value of E=3.02X10 4 Oe
deg '~', which leads to an efI'ective long-range inter-
action factor P, J,r /rP P„j,r =25.

Discussion of Long-Range Interactions

'Mte see thus that the dispersion relation results and
spin-wave interaction measurements on the same type
sample agree within experimental error (neglecting
possible anisotropy in the exchange). The interprets, tion
of spin-wave interactions is based on a Heisenberg
model. 6 On the other hand, the effective long-range
determined from magnetization measurements on the
same sample is smaller by a factor of five than the value
expected from the k' term in the dispersion relation,
even though the connection between the dispersion

"It can be readily shown that a T4 term need not be considered,
inasmuch as its contribution to the decline of the saturation
magnetization is negligible up to 150'K, even if experimental long-
range were included in its coe%cient.

relation and the magnetization law only involves a
statistical treatment of spin-wave excitations. The same

type of discrepancy, of roughly the same order of mag-
nitude, was already pointed. out for nickel, 3 where
pyromagnetic magnetization measurements were com-
pared with spin-wave interaction data from neutron
diGraction. In Permalloy, however, the IBM mag-
netization data4 gave for the coefFicient of the T'" term
the value 0.15&10 ' deg 5~' compared with our value of
F/4s. 3f0=2.7X10 ' deg '" for the 78—22 film. This is
clearly an experimental disagreement, and not one of
theory.

In considering the discrepancy of the effective range
determined from magnetization measurements up to
150'K, it must be remembered that the simple spin-
wave interaction picture was shown experimentally to
break down at about 80'K, at which temperature the
T'~' magnetization term plays a very small role. I'ur-
thermore, since the coeScients of the terms in the dis-
persion relation increase as some power of (p'), terms
higher than the k' term may make significant contribu-
tions to the energy for relatively small k-values, severely
restricting the usefulness of the expansion of the energy
in powers of O'. In fact, given the present range, the
k"- and k' terms would become equal at about 40 A.
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Similarly, the magnetization expression becomes invalid
at about 30'K. (The equivalent temperature of the spin
waves excited in this experiment is about 2'K.) Thus
comparison with the magnetization expression must be
questioned since the validity of the spin-wave energy
expansion becomes doubtful. This ~i%culty could ulti-
mately be circumvented with numerical substitution of
the measured dispersion relation into the Bose-Einstein
function.

It may also be that modes of excitation other than
those measured through the dispersion relation —per-
haps due to polarized conduction electrons —contribute
a cancelling T'" term to the magnetization.

Measurement of the spin-wave dispersion relation
inherently involves more detail concerning exchange
interactions than can be provided by magnetization or
spin-wave interactions measurements. Consequently,
three new factors must be considered in some detail: the
crystal structure of the 61m samples, the appropriate
averaging process, and a model for the range dependence
of the J„'s.

It seems clear that the polycrystalline averaging ap-
proach would be justi6ed, provided the 61m consisted of
randomly oriented crystallites and the average crystal-
lite size is much smaller than the spin wavelength. This,
in fact, is not the case. The microcrystal size distribution
runs up to 1000 A, with the average size being of the
order of 200 A. Magnetic 61ms are frequently known to
be partially oriented, that is, to have a preferred "aber"
axis normal to the 61m surface and a random orientation
about this axis. X-ray diffraction analysis of our films
does indeed show a partial [111]6ber axis, but quanti-
tative measurements as to the fraction of crystallites
that are oriented remain to be carried out. For the
complete [111]aber axis case, and spin-wave propaga-
tion along this direction, c P„J„r'becomes (8/3)r~4[Jr

+J'2+16J3+ .] compared with (12/5)r~'[J~+2Jg
+16J&+ ] for the polycrystalline case. Evidently,
quantitative comparison of the two expressions can only
be made if some range dependence of the J„'s—possibly
anisotropic —can be postulated. One possible model
involves the Ruderman-Kittel type of long-range inter-
action with an anisotropic Fermi surface. ' For nearest
neighbors only, the coeKcient c which is 5 in the
polycrystalline case, becomes 2/9 in the [111]case.

CONCLUSION

From the work that has been performed, it is clear
that (1) the range of exchange interaction between spins
is substantially greater than nearest-neighbor distance
over a range of Permalloy compositions, (2) there is
good agreement between the range found in the present
work and the range determined from spin-wave inter-
action measurements, and (3) the saturation mag-
netization of Permalloy may be described by the usual
Bloch term plus a T'~' term up to 150'K, the shorter
range indicating that the coefBcient of the T'I' term
may be determined to some extent by other than spin-
wave modes of excitation in the metal.
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