
Gf jonrnal of experimental and theoretical physics established by E I.. Nichols in 1899

SECOND SERIES~ VOL 140, No. 2A 18 OCTOBER 1965

Higher Partial Waves in Positron-Hydrogen Scattering*ff.

CHEKA J. KLEINMAN, ) YUKAP HAHN, AND LARRY SPRUCE

Physics Department, %em Fork University, Washington Square, Peur Fork, Pew York

{Received 17 May 1965)

The minimum-principle (MP) formulation of scattering theory is applied to the study of the scattering of
positrons by atomic hydrogen for a number of incident energies between 0 and 6.8 eV, the threshold for
pickup. Rigorous lower bounds, q~ (MP) and y~ {MP),are obtained on the p-wave (L=1) and d-wave (L=2)
phase shifts, » and &2. %e method requires the exact numerical solution of the scattering wave function
and of the Green s function of the static (one-body) equation, and the orthogonalization of the trial func-
tion (N t to the ground-state wave function; at that stage the method proceeds as in a standard variational
calculation. (%& includes contributions from hydrogenic states with angular momenta l&=0,1,2, and 3 for
L=1, and l~ =0,1, and 2 for L=2; the associated radial functions contain arbitrary variational parameters,
as do the radial functions associated with the positron. Contributions from each /~ to the total gz, (MP),
and the effects of the coupling of difkrent l~, are studied, and extrapolation estimates of gl. and q2 are ob-
tained. The rigorous (variational) bounds and the estimates based on extrapolation are compared with
close-coupling and other previous estimates and, at very low energies, with predictions based on long-range
polarization effects.

1. INTRODUCTION L&1, we will not therefore be concerned with E'=0
since the quantity that plays the role of the scattering
length is known exactly.

For E'&0, the form of the MP is somewhat more
complicated, ' but it has been applied' to e+H L=O
scattering for 0&E'&6.8 eV, where the upper limit is
the threshold for pickup. The present paper is an

application of the MP to the L=1 and L=2 scattering
of positrons by atomic hydrogen.

' 'T is relatively simple to apply the zero-energy form
~ ~ of the minimum principle (MP) or variational bound
formalism of scattering theory' to the determination of
the (L=O) scattering length A for the (zero-energy)
scattering of positrons by atomic hydrogen. "The de-
termination of A for e H gives us not only the L=O
scattering at the incident energy E'=0 but also the
scattering for very small E', for the next two terms in
the expansion kuo cotg are known exuctLy if one knows
A and the electric-dipole polarizability n& of the H
atom. Furthermore, the LeuChng terms in the expansion
of tang for L&1 follow from a knowledge of n1.'*6 For

2. PROCEDURE FOR CALCULATING WITH
THE IMPROVED MINIMUM PRINCIPLE

In this section we use the improved minimum prin-
ciple7 for single-channel scattering to formulate a
method for obtaining a variational lower bound on the
phase shift sip, for an arbitrary total angular momentum

L. Although the formulation is given for e+H scattering
it is also applicable, with modifications which are re-
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Agency under Contract Nonr-285(49), NR 012-109, and NASA
under contract No. NSG 699.
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quired to account for the eQ'ects of the Pauli principle, to
e H scattering.

We are interested in energies too low for positronium
formation and therefore a fortiori too low for excitation
of the hydrogen atom. Virtual positronium formation'
and virtual excitation" can nevertheless play significant
roles in the description of the H atom during the course
of the scattering. It is however somewhat difIicult to
take both e8ects into account and some decision has to
be made as to which e6ect will be concentrated on. The
decision is not simply a matter of which effect is more
important but depends upon the ease with which the
calculation can be performed. Ke will now examine this
point.

The coordinates of the electron and positron are
denoted by r& and r&, respectively, where

r,= (r;,8,,q,)= (r;,r";)= (r,,Q;), i= 1, 2, (2.1a)

or almost equivalently,

rt, ro, 8», and. 3 Eulerian angles, (2.1b)

where 8~2 is the angle between r~ and r2. Another possible
set of coordinates is

rz, rz, r», and 3 Eulerian angles. (2.2)

The latter set of coordinates has the advantage that it
takes into account correlation in position which involves
contributions from states with high /~ values, but we
preferred the set given by (2.1) for three reasons.

(1) We require a trial function @kg which is or-
thogonal to the hydrogen ground state, and it is simpler
to choose such trial functions if one uses the set given
by (2.1).

(2) For a total angular momentum L=O, the trial
function will be independent of the Eulerian angles, and
the set given by (2.1b) reduces to rz, ro, and 8», while
the set given by (2.2) reduces to rt, ro and r». The
Hamiltonian H is somewhat more complicated for the
latter set and the orthogonalization condition is more
dificult to satisfy, but the calculation is manageable.
However, for L&0 the Hamiltonian and orthogonaliza-
tion become very much more complicated for the coordi-
nate set given by (2.2) and the calculation may be too
cumbersome to handle. " (It should be noted that a
calculation using a Kohn variational scheme similar to
the one described in Ref. 3 is being applied" to the e+H
and s H scattering problem for L= 1.)

(3) With the set (2.2) it is easier to include the ground
and excited states of positronium, while with the set
(2.1) it is possible to study the effect of inclusion of each
excited state of the target in the trial function (%g. The
latter provides us with a useful check on our program
for it enables us to compare our results with those

Rto(rt) = 2ao ofoo-"'~,

with ap the Bohr radius. 'gzpz is defined by

(2.6)

Jzgggo (Qgo)= P Cgggo(L, M; rggzg™o)
SKI g $ssQ

X &gg~, (Qz) I'g, ~(Qo), (2 7)

where the Cg, g, (L,M; gggz, gggo) are the Clebsch-Gordan
coefncients. Iz (ro), which is regular at the origin and
subject to the boundary condition

gzz (ro) -+ —kroLsingtz Nz, (kro)

—cosgtz" jz, (kro)g/sin(gtz —8), (2.8)

(where jz and goz, are spherical Bessel and spherical
Neumann functions, respectively) is a solution to the
one-particle equation

do//droo+L(L+1)/r—to+ Izpp(ro) —ko]ogzp(ro) =0, (2.9)

where

Vpp(ro) = (2/ap) (1/ap+1/ro) exp(—2ro/ap) . (2.10)

(ko/2ggg)Vpp(ro) is the static potential. Thus, the de-
termination of the static approximation phase shift g~
is a simple matter with the use of a computer. In terms
of the projection operator Q=1 P, the operator R—
appearing in (2.3) is defmed by

obtained from a close-coupling approximation calcu-
lation.

The starting point of our formulation is the MP, with
the subtraction terms deleted, for a total angular mo-
mentum L and a total angular momentum projection
M, which is given by

(kk'/2rgg) Lcot (gt z—8)—
cot(gizmo

—8)j
&2(Puz~, PHQ%'zg)+(Qez QgPe —E]Q+zg). (2 3)

We have dropped the index M on the wave functions
since the scattering is independent of the orientation of
the system in space. For notational convenience, the
index L will also often be deleted. g and g are the exact
and the static phase shifts, respectively, and. the
normalization constant 8 satisles 0&8&x. 4 is de6ned
by koko/2grg=E'=E Erp w—here Ezp is the ground-
state energy of the target. ~~ is the exact static ap-
pro»nation scattering wave function given by

=Rtp(rt)gz (ro) 'gzoz, (Q»)/ro, (2.4)

where the projection operator P is given by

Rlp(rl) QLOL)(Rlo(rl) gzoz (2 5)

and where 8~0 is the radial part of the ground-state
wave function of the hydrogen atom given by

'0 S. Geltman, Phys. Rev. 119, 1283 (1960};K. Smith, R. P.
McEachran, and P. A. Fraser, ibid. 125, 553 (1962).' C. L. Pekeris, B. Schi6, and H. Lifson, Phys. Rev. Q6, 1057
(1962).

'

gg R. L. Armotead and C. Schwartz (private communication).

K(E,8)—=3C—=Q H+HP PH Q
P (E H)P—

Q[H+HGz~H jQ, (2.11)—
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where the Hamiltonian H is given by TAsz.E I. Values for the labeling index y for the possible sets of
values of l1 and lg for the limited range of values of /1 considered.

and where the static Green's function GL,~ is constructed
from the regular and irregular solution of Eq. (2.9) and
is given by

G (rl t'0 Q12' r1 r0 Q12 ) =+10(rl) gL LO(Q1 )2~10( lr)

X ('Jjroz, (Qu')g(rq, ri'), (2.13)
where

2m
g(r2, r2')= — [N.«(r2&)N;„«(rm&) —cot(g —0)

kh'

The second term in (2.14) is included to make it
asymptotically proportional to sin(kr2 —2Lx+e) as is
required, and I„,"and I;„„aresubject to the bound-
ary conditions that g,s rm —+ 00

N, «(rm) ~ kr2[—nr, (kryo)

—cot(gr. )jr, (krm)] singr. , (2.15a)

L=2

one must choose the radial function ~„(r|)to be orthogo-
nal to +10. 'The b~ and d„are nonlinear parameters.

The 1/ri~ term is expanded in terms of Legendre
polynominals as

1/ri~= P (r&"/r&"+')Pq(P&. 82) =P S&Pq, (2.18)

where r( and r& are the smaller and larger, respectively,
of ri and rm, and since 1/ri~ does not couple states of
diferent L or 3f, one has the requirements,

I;„., (r,)~ —kr,[j,(kr, )
cot(gr~—)nr, (kr2)] singr~. (2.15b)

( 1)4+»= ( 1)4'+»'

(2) (—1)"+"'+"=1, i=1 or 2

(2.19)

(2.20)
Before giving the form of the trial function we note

that for L&0 and for l~&0, where li is the orbital angu-
lar momentum of the atomic electron, more than one
value of l2 is allowed by the usual vector additions,
subject to parity and other selection rules, to combine
with /i to give L. In Table I we designate a pair of values
of /j, l& by p. We take a trial function of the following
form

Q%')(ri, Qi, rm, Q2)

=P c,~;,(r|r.,)X;,(r2r.,)

and
(3) f,+X&l,'& il,—Xi, i=1 or 2, (2.21)

where li, l2, and li', li' refer to the initial state and to the
final state, respectively. The total angular momentum L
is restricted by

lg+4&L& ilg —lmi. (2.22)

The integrals occurring in the Mp involve the fq
de6ned by

f~= fi(fl)f2)fl )f2 i L)—= +jr»»~)Pi'gr. i;» ™);(2.23)

X'gr, », »(Qu)/("i"2ao'")=p ~~~» (2.16) the f„are tabulated by percival and Seatonn for all
transitions for which l&&2, l&'&2. Explicitly, we have"

where the summation over i indicates that for any 6xed
L, i can vary from one up to some arbitrary value which
can depend on y, and where in the latter sum we let the
index p stand for both indices i and y. The c~ are the
linear variational parameters, while

co„(xg)= xg "+' exp( —b„xg)
—[8(1+b~o) 3]x|exp( —x|)80» (2.17a)

and

fx(lg)l2, lg')l2', L)
= (—1)»+»(2K+1) 'C»i, (X,O; 0,0)C»» (X,O; 0,0)

X[(2lg+ 1)(2l2+ 1)(2l|'+1)(2l2'+ 1)]"~

XW(l|,l2,l|',la', L,X) . (2.24)

An extensive tabulation of the C's and of the Racah
coefBcients, the 8"s, is given by Rotenberg et a/. "The
'tie»» are orthonormal, and as a consequence we have

x~(xm) =xr»+' exp( —d„xm), (2.17b)
fo(4,4,4',O'; L) =&»» &i,» (2.25)

where x,=r;/ao and where 80i, is the Kronecker delta.
The distinction between f|——0 and l&P0 is a consequence
of the fact that for 1&+0 the requirement that the trial
function Q+& be orthogonal to 810 is automatically ac-
complished by the presence of the 'gr. ig», while for /i ——0

3 I. C. Percival and M. J. Seaton, Proc. Cambridge Phil. Soc.
53, 655 (1957).

"M. Rotenberg, R. Bivins, N. Metropolis, and J. K. Wooten,
Jr., The 3—j md 6—j Symbols (The Technology Press, Massa-
chusetts Institute of Technology, Cambridge, Massachusetts,
1959).
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into account this subtraction" (or any finite number of
subtractions). To avoid this, one can conveniently
choose any 8 outside the range given above. If, for
example, 8 is chosen as

(2.34)

the inequality given by Eq. (2.32) reduces to the simple
form

(2.35)

The fi, also satisfy the symmetry relation

fi (llpl2)ii )l2 i L) =fi(ll &l2 )ll)in' L)

and the relationship

fg(li, lg,0)L; L) =0 if lip X.

(2.26)

(2.27)

Fro. 1. An illustration of the spurious jump in b,p when 8 is
chosen to lie between gp and g. For an explanation of this illustra-
tion see the discussion following Eq. (2.32).

where 6=hy i +„&.The above choice of 8 was motivated
by the estimate that p is smaller than —',s+ p~.

The illustration of the spurious jump when 8 is chosen
to lie between g~ and q is shown in Fig. 1.. For kap ——0.3
and I.= 1, q&~= —0.00555. To simplify the calculation
we set b;~= bj.~= 0.5 and allow d;~= d~~ to assume values
from 0.05 through 6.0. With b~~=0.5 and dj~=0.2 the
best value of the phase shift is obtained as gi(MP)
=0.00168, and if 8 is chosen as 8= —0.004 the jump in b,

occurs when

Using PHQ= P(—e'/ri2)Q and introducing 0.62 &dye(0. 64. (2.36)

and
le„—= (Pki~, Q( e /r—»]P%' ) (2mao/k') (2.28)

Kr ~= (%'ii,QL—H —E+ (e'/r»)G (e'/r»)]~i, )
X (2moo/k'), (2 29)

Equation (2.3) can be written as

kaoLcot(g —8)—cot(gp —8)]&2c N+c Kc, (2.30)

where c and N are vectors and K is a real symmetric
matrix whose order is equal to the number of trial
functions, with the possible values of the index p, which

comprises the indices y and i, having been given some
definite ordering. The elements of c, the linear varia-
tional parameters, are determined for a given choice of
the nonlinear parameters by minimizing the r.h.s. of
Eq. (2.30). One immediately finds

(2.31)
so that

kaofcot(gr, —8)—cot(gr, ~—8)]&—N K 'N=—he. (2.32)

Note that hy is independent of the normalization of
the trial function, since Q%'&„enters quadratically in the
numerator and in the denominator of hy.

Before giving the form of the integrals we discuss
brieQy the normalization constant 8. If 8 is chosen to be
such that

(2.33)

then one has in principle one subtraction term on the
right-hand side of Eq. (2.32), since the bound on p,
which equals q~ when Q%', =0, will increase as more
terms are included in the trial function Pk&, thus
causing a sudden jump of cot(q —8) when r1=8. This
spurious subtraction should not be confused with one
due to the presence of a bound state. In practice a
suKciently accurate wave function could easily take

However, when 8 is chosen outside the bound (2.33), say
g= ~x+gl, and the above calculation is repeated, no
such jump occurs; see Fig. 2. It should be mentioned
that it is essential to have only one term in the trial
function in order to see the jump.

This jump is not indicative of a real bound state; it is
rather a spurious bound sta, te of K(E,8) introduced by
the particular choice of 8= —0.004 for this particular
problem. It should be emphasized that whether one
uses this latter value of 8 or uses 8=-,'w+qiP, the value
of gi(MP) in both cases converges to the true value of

g~ as the trial function is improved. Thus, one may
choose any convenient 8 in a particular problem for
kup& 0.

While in our problem we artifically introduced one
"bound state" of 3C(E,8), in a variational calculation"
one has an infinite number of eigenstates of H. It has

4 se-I
h

2.0.

l .6

l.2

0.8 .

I

0.2 0.4 0.6 0.8 I.O I.2

FiOure 2

FIG. 2. A study of b, when 8 is chosen outside the range qp to g.
There is now no jump.

'~ T. Ohmura, Phys. Rev. 124, 130 (1961);L. Spruch, in Jec-
tures in Theoretic/ I'hysf', cs, Boulder, 1961, edited by %. E.
Brittin, %. B. Downs, and J. Downs (Interscience Publishers,
Inc. , New York, 1962), Vol. 4, p. 185.

"C.Schwartz, Ann. Phys. (N. Y.) 16, 36 (1961).
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TABLE II.The phase shifts in various approximations for I.= 1 and I=2. The B.S. and F.Mc results represent numerical solutions of
the coupled equations by Burke and Smith, and by Fraser and McEachran b respectively; slightly different numerical procedures were
used. The minimum principle (MP) results are in all cases either equal to or below the exact results and are generally rather close to
them. The results labeled with an "all" preceding the state were obtained by using trial functions of the form given by Eqs. (2.i7a) and
(2.17b) in Eq. (2.16), and should be compared with the values immediately above them which were obtained by using exact hydrogenic
wave functions in Eq. (2.16) ~ The differences between these results are by no means negligible and show the inadequacy of the close-
coupling approximation in the present problem. The dash on top of the numbers indicates the numbers in which there exists an un-
certainty, and the numbers in parentheses give the uncertainty in the last digits.

States

1s
is+2p

1s+all p
1s+3d

1s+all d
1s+4f

1s+all f
1s+2p+3d

Method

B.S.'
F.Mc'
MP
MP
F.Mc
MP
MP
MP
MP
F.Mc
MP

F.Mc
MP
MP
F.Mc
MP

is+all p
is+3d

is+all d
1s+2p+3d F.Mc

MP
MP2 1s+all p+all d

1 1s+all p+all d
1 1s+2p+3d+4f MP
1 is+all p+all 2+all f MP

2 1s
2 is+2p

kap=0 1

—0.00023
0.00465
0 00462c
0.00458

—0.000198—0.000198

0.00472
0.00468(5}

—0.00000
0 00084'
0.00082

1.26X10 '
1.25X10 6

0.000862
0.000844 (10}

kap ——0.2
—0.00176

0.01328
0.01325
0.01316

—0.00161—0.00161

—0.00002
0.00331
0.00324

kap —-0.3
—0.00555

0.01995
0.01993
0.01984
0.04103—0.00526—0.00526—0.00134—0.00555—0.00464
0.02093
0.02082 (5)
0.05099
0.02120
0.05446

—0.00014
0.00698
0.00693
0.01081—6.7~X 10—e

—6.75X10 '
0.00040
0.00720
0.00716(2)
0.01180

kap ——0.4
—0.01200

0.02161
0.02159
0.02146

—0.01161—0.01161

0.02294
0.02280(5}

—0.00051
0.01114
0.01106

—0.000371—0.000371

0.01160
0.01150(2)

kap=0. 5

—0.02102
0.01768
0.01765
0.01761
0.06281—0.02060—0.02060—0.01122—0.02102—0.01869
0.01912
0.01882(5}
0.08809
0.0200
0.09796

—0.00134
0.01504
0.01498
0.02589—0.00113—0.00113
0.00109
0.01571
0.01545 (2)
0.03124

kap= 0.6
—0.03215

0.00904
0.00900
0.00868

kap=0. 7

—0.04478—0.00283—0.00289—0.00314

—0.04441—0.04441

—0.00282 —0.00507
0.01806 0.01991
0.01782 0.01963

& See Ref. 17. b See Ref. 18. e This result is an estimate obtained from the Is+2p+3d result of F.Mc.

been shown by Schwartz" in the course of a variational
calculation of elastic e H scattering for kao) 0 and I.=O
that as one increases the number of terms in the trial
function, the "stationary" value of the phase shift does
not converge smoothly, but may on occasion turn out to
be grossly inaccurate, though normally, by proper
interpretation of the calculations no difficulties will
arise. However, with the MP it is possible to avoid this
phenomenon altogether by eliminating the part of the
continuous spectrum below E, and have the phase shift
monotonically approach the true value.

Using Eqs. (2.4), (2.16), (2.18), and (2.27), X„as
defined by Eq. (2.28) can be written as

1Vp= (—1/ap'I')P f (bid, l Op, L; L) drp xp(xp)u (rp)

X drb rqa&„(xq)Sb, R»(rq), (2.37)

where as before x,=r;/ap. E~p as defined by Eq. (2.29)
can be written as

Kb, ~p= (Q@rp,f e/r»]~bp—)(2map/tb'),

and

(2.40)

drl pp (xl)pp (xl) dr2 ~ (x2)

X[ ( t, tp)r+p/ erpE]~p(xp)

2m
+ drp x„(xp)xp(xp) drb pp, (xg)

h'

XLt(l„r,)—e'/r~]ppp(x, ), (2.4 )

t(l;,r;) = ( tb'/2m)fd'/d— rP l, (l;+1)/r P—],
i=1 or 2. (2.43)

K&,„,may also be written as

lt. ,.p= (&~& L(~/r»)G'(~/r»)]M~ p)

X (2ma p/tgP) . (2 41)

Using (2.25), E,,„p can be written as

v here
K„q K, ,~q+Kp ~,+K, „„ (2.38)

It. b, pp= ( 1/ap)p fb(ly lp, ly lp', L) dr it„(x&)xp(x )

Z. , „p= (~,„,l (a'/2m) (—V,py V„')
—e'(1/rb —1/rp) —E]Q%'gp)(2map/lg'), (2.39)

X dr&~„(xg)Sb~„(x,). ( 44)
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Using Eqs. (2.13) and (2.27), Z„pp may be written as

E.,„=(e'/ap) Q fi, (li, lp, O,L; L)f 1,'(l 1', lp', 0, L; L)

X drprpxp(xp) drlpiy(xi)~iirl+10(rl)

X d&p &2 x (xp ) drl rl +10(&1)

XS4'00, (xi')g(rp, rp'), (2.45)

where g(rp, rp') is defined by (2.14).

3. RESULTS OF THE CALCULATION

A. Close-Coupling Approximation

If the total wave function is expanded in eigenstates
of the hydrogen atom and if only a few low-lying states
are retained, the exact phase shifts are available from
various close-coupling approximation (C.C.A.) calcula-
tions. "' In order to check our program and also to
obtain an indication of how easily the MP can reproduce
the known results, we obtained bounds on the phase
shifts for a few cases for which we have a single excited
state of the hydrogen atom with principal quantum
number rl, and orbital angular momentum l~= n —1. In
particular, we obtained bounds on the 1sj2p, is+3d,
and is+4f phase shifts for L= 1 and on the is+2p and
'1s+3d phase shifts for L= 2. These states can be handled
by our trial function (2.16) by simply setting b~=pi ',
for each y that corresponds to a definite l~, in the trial
function (2.16).

The form (2.16) cannot as it stands handle eigenstates
with npli+1, since these contain polynominals in xi
with more than one term.

As shown in Table II the agreement between the
is+2p phase shift obtained with the MP and the
C.C.A. results of Burke and Smith, and of Fraser and
McEachran is satisfactory in spite of the fact that no
attempt was made to search for a better set of nonlinear
parameters. The perfect agreement between the MP
1s+3d phase shifts and the phase shifts available from
the C.C.A. for L= 1 and L= 2 provides a further check
on the code. The agreement for is+ 2p+3d is also good.
An important point to note here is that the phase shifts
obtained with the MP are consistently either the same
as or lower than and rather close to the values derived
from the C.C.A. , as expected. For the is+4f and is+2p
+3d+4f phase shifts we do not have close-coupling
results to make a comparison. The results in Table II
labeled with an "all" preceding the state (e.g. , is+all p,
is+ all d, etc.) were obtained by using trial functions of
the form given by Eqs. (2.17a) and (2.17b) in Eq.
(2.16), and should be compared with the values im-

"P. G. Burke and K. Smith (private communication)."P. g. Fraser and g.. P. McEachran (private communication).

Now jr.(kr) does not reach its maximum until r =L/k,
i.e., r= 10Lao for ka0=0. 1, and even in the presence of
the 1/r4 factor there will be significant contributions
from large r. As L increases, not only does the contribu-
tion from large r play a significant role, but the contri-
bution from small r decreases due to the r~' dependence
of krj r, (kr). It was found. ' that the contribution from
r=40ap to r=60ap is 0.6 and 10.2% of the total phase
shift for L=i and L=2, respectively, for ka0=0. 1.
From a physical point of view the necessity of having to
integrate out further for L& 1 and ka0=0. 1 is due to the
effect of the centrifugal barrier. The repulsive nature of
this barrier increases with L, and for small kao the
probability of the incident particle coming close to the
scattering center is small so that one has to go out far in
the integration to obtain the phase shift.

B. Threshold Energy Dependence of Phase Shifts

For scattering of charged particles by neutral polar-
izable systems, the usual form of effective range theory
is not correct. 4 For L& 1 even the usual k'~' threshold
energy dependence of signer is not correct. One has
instead

tanplr, =prL(2L+3) (2L+1)(2L—1)ap] 'aik'+
L& 1, (3.2)

where the correction is of order k' for L= 1 and of higher
order for L&1.Since the electric polarizability n& of the
hydrogen atom is given by e&=4.5ao', we have

tanplr, ——J(L) (kap)p, (3.3)

mediately above them (e.g. , is+2p, is+3d, etc.) which
were obtained by using exact hydrogenic wave functions
in Eq. (2.16). The differences between these results are
by no means negligible and show the inadequacy of the
C.C.A. in the present problem.

It is w'orth noting that while for kao&0. 1 the con-
vergence of pl(MP) occurred when the integration of N~
and E,,„p was carried out to 30ap, (EC, , „p and IC 0 ~ p are
integrated analytically out to infinity) it was necessary
to integrate out to 60ao and 80ao for L= 1 and for L= 2,
respectively, for ka0=0.1. In the C.C.A. calculations, '"
it was found necessary to retain the contribution to the
phase shift up to r=60ao for L=i and L=2, for
ka0=0. 1, while for kao&0. 1 it was sufBcient to retain
contributions only up to r=40ao. However, this phe-
nomenon did not occur for L=O either in the MP
calculations' or in the C.C.A. calculations. "This points
out that the major contribution to the phase shift for
ka0=0. 1 comes from the long range contribution. This
can be calculated after we have gone over to an equiva-
lent one-body problem with a long-range 1/r' potential
in the Born approximation. In this approximation we
have

k tanqi, (Born) = — $krj r, (kr)]'( ai/r')dr. —(3.1)



TABLE III. Comparison between is+all P phase shifts obtained
with the MP, and those obtained from Eqs. (3.3) and (3.4), the
Born approximation for the long-range polarization potential
which becomes exact as kap ~ 0.

0.2J

O.I6

long
L=i

long
I=2

MP
L=2

O.I2
q, (S;MP1

q, (2; MPl

0.05
0.10

0.0020 0.0024
0.0075 0.0094

0.00031
0.0012

0.000338
0.00135

008 .

, (i; MPl

where P e kao

, (O;MPlJ(1)=0.942, J(2)=0.135, J(3)=0.045,
and J(4)=0.020. (3.4)

FIG. 3. The L= 1 phase shift, in radians, in various approxima-
tions, versus kap. qI is the static approximation result. gI(l1', MP),
the L =1 phase shift in the approximation in which the virtually
excited hydrogenic states are restricted to angular momenta up
to and including l1, is a rigorous lower bound on q1, the true L= 1
phase shift. jI is our (still crude) estimate of g1. It includes cor-
rections to account for the inaccuracy of the trial function for the
values of ll(0, 1, 2, and 3) that were included and estimates of
the contribution from lI)3.

The values for the phase shifts for ka0=0.05 and 0.1
obtained with (3.3) and (3.4) are compared in Table III
with the values obtained with the MP. As expected, the
agreement between the MP and the expressions (3.3)
and (3.4) become better as one goes to lower kuo and to
higher I.. It is seen from Table III that the values for
the phase shifts obtained with the MP are lower than
the values obtained with the expressions (3.3) and (3.4),
which is probably due to the choice of the particular
form of the trial function given by (2.16) which does not
easily take into account long-range effects since the
individual terms do not have the correct asymptotic
form.

as l~ becomes larger because the long-range forces as-
sociated with that l~ then fall ofT faster and barrier
eGects for di8erent l&'s may also contribute to the
disagreement between the two ratios. In general, one
expects that the agreement between the calculated and
predicted ratios would improve as kao decreases, as L
becomes larger, and as l& becomes smaller. It may be
worth noting that the ratios are expected to be more
reliable than Eq. (3.2), since there will probably be some
cancellation of errors and the ratios therefore serve as a
much more stringent test on the code and on the
powers of the MP.

C. The Ratio of Virtual Excitations

As seenfrom Table I, to each 6('», Lthe superscriptlq
indicates the I& term contribution to d, in (2.35) without
coupling to other l~ values) for /q) 0 and 1.)0, there
corresponds more than one A~ [the subscript y indicates
the y term contribution to 6 in (2.35)].The theoretical
ratios obtained in Appendix A and the ratios obtained
with the MP are given in Table IV. As seen from this
table the difference between the values obtained from
the MP and the theoretical predictions is a function of
both the energy and the l& in question. Since the theory
applies only to low scattering energies the dependence
of the agreement between the theoretical ratios and the
ratios obtained with the MP on the scattering energy is
reasonable. Short-range forces become more important

D. Rigorous Bound

For the limited form of the trial function (2.16)
chosen, there occur two nonlinear parameters b„and d~

TABLE V. The rigorous lower bounds pL, (l&,' MP) on pz, in the
approximation in which the virtually excited hydrogenic states are
restricted to angular momenta up to and including l1. The last
column represents our best estimate j obtained by extrapolation,
of the exact phase shift y. The phase shifts are given in units of
10~ rad. The number in parentheses gives the uncertainty in the
last digit.

TABLE IV. Comparison of the ratios of the contributions to
5«» due to virtual excitation with L and l1 fixed and l~ taking on
its different possible values, as obtained from the long-range
approximation, Eqs. (A13) and (A14), and from the MP at very
low energies. The agreement should improve as kap decreases and
as L increases.

Rigorous lower bounds

l1 ——0 l1 ——2 l1 ——3kap L

0.86( 1)
3.2 (1)
6.6 (4)

11 (1)
14 (1)
17 (2)

(2)

0.743 0.805 0.823
2.370 2.764 2.892
4.128 5.124 5.475
5.555 7.341 8.008
6.403 8.939 9.938
6.700 9.876 11.162
6.833 10.350 11.890

—0.021—0.163—0.512—1.100—1.918—2.917—4.035

o.i
0.2 1
0.3 1
0.4 1
0.5 1
0.6 1
0.7 1

Ratios of contributions
Long range MP

kap=o kap=0. 05
MP

kap =0.1

1 1 0, 2 o.13(o)
1.4 (1)
4.6 (5)

io (1)

—0.000 0.121 0.123—0.013 1.081 1.181—0.126 2.742 3.134—0.471 4.240 5.700

1:1.93 1:1.86 0.1 2
0.3 2
0.5 2
0.7 2

2 1 1, 3 1:1.5 1:1.45 1:1.43
2 2 0, 2, 4 1:1.43:2.57 1:1.40:2.43 1:1.37:2.29
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0.098

0.084 ~

0.070

0.056
q,g; MP1

q, li; MP)

fore one obtains a good representation of Q%'~. However,
before extrapolating to higher /j. 's one must Grst obtain
the magnitude of error in qr, (l~, MP) for each l~ due to
the incorrectness of Q%'&. It should be stressed that it is
completely misleading to extrapolate to higher /&'s be-
fore correcting Q4'~ for the l~'s included in Q% ~. The
crude estimate of g is designated by g and is given in
Table V and in Figs. 3 and 4. (For further details see

Appendix 3 of Ref. 8.)

0.0
-0.007-

FI9UP ~ 4

g (0 MP)
— o

F. Partial and Total Cross Sections

The partial and total cross sections are given in terms
of the phase shifts by

FIG. 4. The L= 2 phase shift, in radians, in various approxima-
tions, versus ka0. See caption for Fig. 3. (The values of II con-
sidered in the trial function were 0, 1, and 2.}g2P and q2{0;MP)
are indistinguishable on the graph.

or, = (@jr/0') (2L+1) sin'gr„ (3.5)

(3.6)

E. Error Estimation for /~&2, 3 and Extrapolation
to Higher /~'s

Our choice of coordinates simplifies the problem of
satisfying the orthogonality requirement, but it has the
drawback that gl. (l~, MP) as a function of /~ does not
converge very rapidly. Many l& states are required be-

TABLE VI. The partial cross sections oo, o1, o.2, and o3
in units of m-ao'.

0.1
0.2
0,3
0.4
0.5
0.6
0.7

&0'

9.000
3.497
1.239
0.360
0.062
0.001
0.002

0.077
0.307
0.581
0.843
0.901
0.941
0.847

0.002

0.044

0.169

0.368

o'3

0.001
0.002
0.005
0.009
0.014
0.021
0.028

& Obtained from Schwartz's phase shifts. (See Ref. 3.)
b Obtained from the phase shifts q of Table V.
& The values for o& were obtained from Eqs. (3.3) and (3.4).

for each linear parameter c„.These nonlinear parameters
were searched for by trying out diQ'erent sets which
were obtained by systematic variation of a particular b

and d, and choosing that set which gives the largest
value of the phase shif t. As additional trial functions are
introduced the old parameters are kept fixed while the
new parameters are varied, and then the new parameters
are kept fixed while the old parameters are researched.

Using these b's and d's and the c's as determined from
Eq. (2.31) we obtained the values for y~(l~, MP) and

qm(l~, MP) given in Table V and in Figs. 3 and 4. These
phase shifts, the main results of the present paper, are
rigorous lorn er bounds on the phase shifts for the artificial
problems in which the hydrogen atom can only be
virtually excited to states with a maximum value of /&

and also on the true phase shift involving (virtual)
excitation to all l~ states.

It is very dificult to extrapolate to crL for L)2 from a
knowledge of o-L for L=0, 1, and 2, especially when these
are not all that accurate, but the indications are that
~I. for L)2 will be quite small (Table VI). The differ-
ential cross sections a(0) would of course be more
sensitive to the contributions from higher L, but we
will not consider a(e).

VVe might note that as one goes to higher L the range
of k over which Eq. (3.2) will be accurate will increase,
since the long-range contribution to fTL vanishes for k

small as k', while the short-range contribution to 0.L

vanishes for k small as k4L. It must be remembered,
however, that the long-range contribution to 0.L van-
ishes for large L as 1/L8.

4. SUMMARY AND DISCUSSION

Rigorous lower bounds on g~ and g2 as well as esti-
mates of these phase shifts (gq and gm) which include
various corrections are given in Table V and also in
Figs. 3 and 4 for L= 1 and L= 2, respectively. As dis-
cussed in Ref. 8 the estimation was a difIIcult task and at
best only a crude one. However, the fact that the esti-
mated values with the MP for L=0 and the presumably
reliable results of Schwartz are in close agreement
suggests that our treatment of higher angular momenta
using (2.16) is fairly reliable.

The present study clarifies several interesting aspects
of the applicability of the MP as well as of the e+H

scattering problem. As found in the case of zero-incident
energy, ' the eGect of the target distortion during the
collision is very important, presumably due to the
virtual formation of positronium. This manifests itself
through the extremely slow convergence in l&. Because
of this slow convergence in lj, and furthermore because
of the slow convergence in n()l~) as indicated in
Table II, the C.C.A. will in the present problem be
relatively ineffective, except as a preliminary orienta-
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tion. Moreover, the convergence in /& should be carefully
studied.

The contribution from the state lr = 1 to rl (l~ ', MP), as
seen from Table V, is by far the most important one, as
expected, since the induced dipole potential which
varies as 1/r4 is the leading term in the efFective long-
range interaction. This table also points out, in agree-
ment with the prediction of Ref. 4, that the relative
importance of the lj state is energy-dependent. The
contribution from the i~=1 state is about 90% of the
total for L= 1 and even higher for L= 2 for kap= 0.1 but.
drops to about 50% for kao=0. 7.

It is seen from Table VI that in order to obtain an
estimate of the total cross section it is necessary to have
the phase shifts for at least L= 1 and L= 2.

The MP gives a bound on 6, and a bound on q is
obtained by solving (2.35) for g. The fractional error in q
is related to the fractional error in 6 by

(4.1)

with
6= —koo tan(rig(MP) —

rig )

6= —kuo tan (g, (F.Mc)—g~"),

(4.2)

(4.3)

one Gnds that for both kup=0. 2 and kup=0. 7 the 5
value thus obtained differs by less than 1%. This ex-

ample illustrates the statement made in the preceding
paragraph.

The e+H problem represents a rather unfavorable
case. It should be much easier to obtain a reasonably
accurate estimate of g in the e H problem, since g is
rather close to g~. However, in the e H problem one is
beset by initial difhculties, of formulation and of the
calculation of the various static quantities, which have
their origin in the Pauli principle. "~

We now compare our values for the phase shifts with
those estimated by difFerent methods. ' "Estimates for
the phase shift for L= 1 have been obtained by Temkin'
and by Bransden. " There does not appear in the
literature, to the best of our knowledge, any estimate of
the phase shifts for L=2 for us to be able to compare
with our 6nal results.

'8'Note added in proof. As expected, the e B calculations do
give much more accurate results for a given number of parameters
than do the e+H calculations. Results obtained by Aronson,
Henry, Kleinman, Hahn, and Spruch (to be published) agree with
those of Schwartz' to four significant figures.' A. Temkin, Proc. Phys. Soc. (London) ASO, 1297 (1962).

'o 3. H. Sransden, Proc. Phys. Soc. (London) 79, 190 (1962).

If
) q ()) ( g (

one may therefore obtain a large error in q
even if the error in 6 is small.

For example, if one compares the values of g~(MP)
with qq(F. Mc) for kuo=0. 2 given in Table II, one finds
that the former value difFers from the latter by less
than 1%, while if the comparison is made for kao =0.7,
the difference is nearly 8%. However, if one compares
the value of 6 obtained from

O.I8'-

O.I5 .

O.I2-

0.03.

0.0 0.2 0.4 0.6 =kao

Bransden, who uses a perturbation method and allows
for the effect of the ground state of virtual positronium
in his function, obtains values for the phase shifts for
L=0 which are ofF by a factor of 2 and 3, and even have
the wrong sign as compared with the best known values
obtained with the MP' and by Schwartz, s as shown in
Table VII, who also allows for the effect of virtual
positronium in his trial function. This indicates that at
least for L=O Bransden's method is somewhat unre-
liable, unless one assumes that the disagreement is due
to the fact that Bransden did not use higher positronium
states in his perturbation method. The nonadiabatic
method used by Temkin is roughly analogous to our
inclusion in the trial function of l~ ——0 and lj ——1. It is
seen from Table VIII and Fig. 5 that the phase shifts
with the nonadiabatic method for L= 1 are much smaller
than the results obtained with the MP. Since the phase
shifts obtained with the MP are rigorous lower bounds
on the true phase shift the nonadiabatic method does
not seem to give useful results, unless one assumes that
the disagreement is due to the fact that the latter
method did not include a sufhcient number of linear
parameters. The phase shifts obtained by Bransden for
L=1 are much higher than those obtained by Temkin,
but for kup ——0.2 it is lower than our rigorous lower

TABLE VIl. Estimates of the I=0 phase shift obtained varia-
tionally (Var.), by extrapolation of the minimum principle (MP)
results, and by perturbation (Pert. ) theory.

kap

0.1
0.2
0.3
0.4
Q.S
0.6
0.7

Var. '
0.151
0.188
0.168
0.120
0.062
0.007—O.QS4

Mpb

0.182(11)

0.119(13)

0.009(12)

Pert. '
0.044
0.057
0.022—0.051—0.144—0.236—0.299

a See Ref. 3. b See Ref. 8. See Ref. 20.

Filoore 5

FIG. 5. » in radians, in various approximations, including the
nonadiabatic approximation of Ref. 19,»(NA), and the perturba-
tion approximation of Ref. 20, »(Pert. ). » (1; MP) and p& are
defined in the caption for Fig. 3. »(NA) includes only l&=0 and
II ——1 contributions and should therefore be compared with
»(1;MP). »(Pert. ) should be compared with yI.
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TABLE VIII. Estimates of p& in various approximations. The
second and third columns represent the all s+all p phase shift as
calculated by the nonadiabatic (NA) approach and by the MP.
The last three columns are estimates of the full I.= 1 phase shift g~
as calculated by perturbation (Pert. ) theory, variationally (Var.),
and from the MP. The numbers in parentheses give the uncer-
tainty in the last digits.

kap

0.1
0.2
0.3
0.4
0.5
0.6
0.7

all s+all p
NA' MPb

0.002 0.004
0.009 0.024
0.018 0.041
0.028 0.056
0.037 0.064
0.046 0.067
0.053 0.068

Full phase
Pert. ' Var. d

0.016

0.104

0.167

0.009(1)
0.033(1)
0.065(1)
0.102 (1)
0.132{1)
0.156{2)
0.178(3)

shift
'g1

0.009(0)
0.032 (1}
0.066{4)
0.106(8)
0.137{12)
0.168(17)
0.186(20)

a See Ref. 19.
b Present rigorous lower bounds.
o See Ref. 20.
d See Ref. 12.
e Estimate based on present rigorous lower bounds.

bounds and is therefore wrong. Bransden's values can be
expected to be more reliable for higher energies and for
higher values of L, since perturbation theory is then
more trustworthy. In particular, since he includes a
positronium wave-function component in his trial func-
tion, his results might be expected to be reliable for
I = 1 and even more so for L= 2 for energies near the
pickup threshold, and his results for kuo ——0.4 and 0.6
are in fact very close to our estimated values. (See
Fig. 5 and Table VIII.)

The very recent L=i calculation by Armstead"
is based on Schwartz's modification of the Kohn varia-
tional scheme and gives results for the phase shift after
regions of good convergence have been obtained which
are ra, ther close to our results as shown in Table UIII.

We have used the MP to calculate the phase shifts for
the single channel e+H scattering for higher partial
waves. The purpose has been not merely to obtain ac-
curate results, but to study the validity as well as the
applicability of the principle. From this study we have
reached the following general conclusions:

(1) The MP is very helpful in evaluating the results
obtained by various approximation methods, especially
when the results obtained with them lie below the
rigorous lower bounds.

(2) We have found no anomalies and infinities"
occurring in kao cot(q~ —0), contrary to the usual varia-
tional principles of the Kohn, Hulthen, or Schwinger
type. The value of kao cot(gl, —8) converges, as the trial
function is improved, monotonzcally, and thus enables
us, for example, to search for better parameters.

(3) For this particular problem, the expansion of the
function in terms of eigenfunctions of the total angular
momenta does not converge very rapidly and it is very
difficult to obtain better than perhaps 5/z accuracy
with the form of the trial function given by (2.16) when

only up to 60 linear parameters are used. It should be
stressed that the poor accuracy is not the fault of the

method but is due to the particular expansion we used
for convenience of numerical calculation.

(4) It would be extremely desirable to have a method
that would enable one to calculate the opposite bound, "
even if only crudely, so that one gets a rough idea of
how far the lower bound is from the true value. This is,
of course, true for the bound-state problem as well.

(5) There are various possibilities for eliminating the
need for obtaining G" explicitly. The progress that has
been made along these lines, and the associated advan-
tages and disadvantages, are reviewed briefly in Ref. 8.
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APPENDIX A: THE RATIOS OF THE CONTM-
BUTIONS OF DIFFERENT VIRTUAL

EXCITATION 8
For the low-energy scattering of a positron by a H

atom —more generally, of a charged particle by a
neutral polarizable system with zero-orbital angular
momentum —the H atom will be virtually excited and
will thereby acquire various multipole moments. We
will be concerned here with the long-range sects of
these induced multipole moments. The most significant
effect will be that due to the virtually excited p states
of the atom (tq ——1), which give rise to an induced dipole
moment. The p states can be excited because the
interaction with the uniform component of the electric
field generated by the positron contains a cos8 factor,
The uniform component and therefore the amplitude of
the p-state excitation is proportional to 1/rm'-. Since the
potential of a point charge in the Geld of a dipole falls off
as 1/rP, we obtain as is well known a long-range inter-
action which is proportional to —aq/rm', where aq is the
electric dipole polarizability of the H atom. In precisely
the same way, the excitation of electronic d states by the
inhomogeneous Geld generated by the positron will be
found to fall off as —a2/rP, where am is the electric-
quadrupole polarizability of the H atom. We will always
be concerned only with the leading term.

The electron and the positron have initial angular
momentum values of 0 and L, respectively. During the

~ L. Spruch, in Ninth Yugoslav Meeting of Physicists on the
Few Nucleon Problem, Hercegnovi, July 1964, Yugoslavian
Atomic Energy Commission, edited by M. Cerineo (to be pub-
lished); R. Sugar and R. Blankenbecler, Phys. Rev. 136, B472
(1964); Y. Hahn, Phys. Rev. 139, B212 (1965).
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interaction, while exciting the electron to a state of
angular momentum /1, the positron will itself be excited
to a state of angular momentum /2. For fixed values of L
and of /4 there are E(/(, L) values of /o, where

I(I (lg,L)=I.+1 for /g& L
= /1+1 for /1& L. (A1)

For the long-range effects under consideration, the
quantity 6 which is the primary concern of the present
article ca.n be decomposed as

t( (la)

l 1~1

where 6"» represents the contribution due to virtual
excitation of electron states of angular momentum /1.

(s states only arise due to short-range e/fects, since
1/ro —1/r(o has no long range /(=0 component. ) t((('"
can in turn be decomposed into X(/(, L) components
associated with the different possible values of /2. Our
objective here is to calculate the ratios of these 1V(/(, L)
contributions. Aside from its intrinsic theoretical in-
terest, these ratios will serve as a partial check on our
Mp computation for L&0.

The point is that phase shifts behave as ql. ~ k'~+' for
short-range potentials, as ql. ~k' for potentials which
behave asymptotically as 1/r', and as (tl, ~k' for po-
tentials which behave asymptotically as 1/r'. For suffi-

ciently low energies, therefore, there are values of L, /1,

and /~ for which short-range effects are irrelevant. This
is never the case for L=0. For L& 1, the /1

——1 contribu-
tion dominates and can be predicted from a knowledge
of o1, even more reliably, since errors will probably tend
to cancel, and without a knowledge of 0.1, we can predict
the ratio of the /( 1, /o ——L—1 t——o the /( ——1, /o ——L+1
contribution. If we restrict ourselves to L&2, the /1 ——1
contribution must of course continue to dominate, but
now even the /1 ——2 contribution has a lower energy
dependence than, and is therefore dominant over, the
short-range effects. Thus, even though the contribution
is smaller than that from /1 ——1, we can for L& 2 predict
the /1 ——2 contribution from a knowledge of e2, and more
reliably and without a knowledge of n&, we can predict
the ratio of the /1= 2, /2 ——L—2 to the /1= 2, /~ ——L to the
/~=2, /o=L+2 contributions.

The ratio of virtual excitations will be obtained from
an analysis of the expression~

%'e are interested in those contributions in the inte-
gral in (A4) which come from very large values of ro.
Since the term containing PP(E—H)P] ' is a potential
term which vanishes for large separation as 1/ro', and
thus gives contributions to the optical potential which
vanish as 1/ro', we neglect it in the following considera-
tion; then (A4) may be approximated for present
purposes by

6= (2rnao/t(') (~,PHQ[Q(E —H)Q]—'QH~ ). (A5)

While the inverse operator given in (AS) is perfectly
well defined, it is not yet in a useful form. Using the
standard relation 1/A = 1/B+ (1/B) (B—A) (1/A),

LQ(E-H)Q]-
=LQ(Ero —Hr)Q] '+LQ(Ero —Hr)Q] '

XQ(T+/' —E')QM(E —H)Q]-
=LQ(Ero —Hr)Q] '+LQ(Ero —Hr)Q] '

XQ(T+/' —E')QLQ(Ero —&r)Q] '+
=Goo+Gio+, (A6)

and note that the asymptotic contribution to (A5) in-
volving the G1 term has been shown"" to fall off
faster for any /1 than the Go~ term contribution. Since
for each /1 we are only interested in the leading term in
the interaction potential a.t large r2, we can write

LQ(E—H)Q] '

= LQ(Ero —Hr)Q] '

= P' (,&.(, (r()g~(, (.(&)o))
n, $1, L2

XLEro —Er.]-'g4(, (r()'Jji(», (f/(o) I (A )

I/sing (A7), Eq. (A5) may be written in the case for
which the dominant contribution comes from large r2 as

6=2e P' (Ero—Er„] 'I(X,n, /(, /o)I*(v, n, /(, /o)

X Lul. (ro)]'ro ~ " 'dro, (Ag)

where the prime indicates that n= 1, X=1, and v= 1 are
excluded, where

I(X,n, /(, /o) =f),(/(, /o, O,L;L) Ezo(r()r("+ R„(,(r()dr(,

6= (2mao/tt') (P(I r,PH(N ),
where P4'r is given by (2.4) and (% is given by'

(A2) and where f), is defined by Eq. (2.23). If we use Eqs.
(2.23), (2.26), and (2.27), 6 may be written as

Q%'=(Q(E—H—HP[P(E—H)P] 'PH)Q] 'QH2% .
(A3)

Substituting (A3) into (A2) we have

tt = (2ntao/h') (E+r PHQ[Q(E H-
—HPLP(E —H)P) 'PH)Q] (QHP(I r). (A4)

(A9)

~ M. H. Mittleman and K. M. Watson, Phys. Rev. 113, 198
(1959); M. H. Mittleman, B. A. Lipmann, and K. M. Watson,
Phys. Rev. 116,920 (1959);M. H. Mittleman, Ann. Phys. (N. Y.)
14, 94 (196i).

~ C. J. Kleinman, V. Hahn, and L. Spruch (to be published).
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where

(ur, p)'rp —"~'drp, (A10)

where

A~"&= —2+I fi, (O,L,/g, lp, L I'ag,

APSE&D~ g: MAT~). ELEMEATS FOR L=1

some details of the calculatio
'lib td Fo

1 d 1 f l =0trial function inc u es va

index y=y(lq, lp, 1). Thus we have

= —e' Q' R~p(rr)r& "+PR„4(r~)dr&0!l1= —8

X(Erp Er )—', (A11)

6

Q% « ——P P c;»Q4;„
i

(81)

l L values of l2 contribute e to 6('»
b t that does not matter

d d t fl Th
is not known, u a

nt anal sis since it is in epen
h tth dili t 1essence of the argum

' t ramentist at era '

her the positron ]umps in
l d h

'
hssible values of 2 an eanother of its possib e

etel b a knowe ge o1 d f the variousdetermi e co piete y y

d d ol- I t'n1 an n2 a
el .polariza i y ob lit f the atom, respective y.

%'e 6nd for l1——1 and L&0,

i indicates that, for each value of y,
more than one set of values o an
considered and where

(82)x x Q%' j» = (d j» (xi)x g» (xp) g i» ~

x iven by (2.17a) and (2.17b), re-
n i we have to calculate 7N'sspectively. Thus for any i we ave o

d b (2 37), there appearIn all of the N's, define y
integrals of the type

LIIf, (o, I.. .1 I—1;I.)I
Z(m, n, b; x) =

Ke have

dx' x(/x))" (x'"/x)) exp( —bx') . (83)

+ I f, (0, L, 1, L+1;L) I'j (ur.p)Pr dr, Z(m, n, b; x)

(bx) "+" (bx) "+" '(n+m)! 1
— x " +~

1—exp( —x
$n+m+I gal

3(2L+1) 3(2L+1)
bx x"(n—m —1)

+ + +1
I

x
exp( —bx)

X I ur. ~(r.)]'rp 'dr, (A12)

l =L 1 to lp=L+1—contribu-so that the ratios of the l2 ——L— o 2=
tion to 6(" is given by

&'&=L:L+1, for LQO. (A13)~l I—1 ~ ~l ~1

Ke also have, for l1——2, andd L&1

L 2 L 2; L) I
'+

I fp(O, L,2,L;—L I'6&"=—apI I fp(0, L,

+ +—+1 I. (84)( —m —1)! (n —m —2) ~ 1

If we define U~(s) as

85)U s = —2P f4(l l rOp, L;L)Z(m, n, b;s),

Eq. (2.37) may be written as

+ I fp(0, L, 2, L+2; L) I'g (us~)srp Pdrp

from which we obtain the ratios

apÃ~= dsx~(s)uP(s) U„(s) .

Equation 2 39) can be written as

(86)

nd the results obtained with theThe theoretical results and the res
d a reement as shown in a eMP are in quite good ag

f the 6 's correspon 'ng odi to a givenSince the ratios of e
t of al, in the actua c1 calculation wed('» are independent o QlIy

'

f th target withuse for convenience sing gle ei enstates o e
lowest n values, i.e., n= 1=l 1.

where

b;» (88).=d jd and 8,», ;»=,»D;~,,~=

E uation B7 does not hold for E,, ;o;pE uation o, because of the
2.17a) assumes for y=0.special form Eq. . a a.

. —(2l&+3)g . . —(2l1+3), , ;„,,= (2l +2)!(2l,+2)!D;„,,„' 8,„,;
+)~~l,-O"' ~l,-2""~l,-4"'= 7:&:

L&'».r»/(ii+1) 3+—b'»br» &)—
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In Eq. (2.40) there appear integrals of the form

I(m, pi, B; s,D) = dxp xp' exp( —Dxp) dxi xi"

Thus, the prescription to calculate E;~ and K, ;», in-
volves the U,~, Ke present the matrix elements for
y=0 and 1 only.

kg=0, l2 ——i
X exp( —Bxi) (x& /x)~+') (89)

such integrals can be evaluated by writing I as

I= (B+D) " p!tJ(m, e,B;s,D)+J(m, s,D; pt,B)], (810)

where
(s—m —1)!

J(m, N, B; s,D) =

*——i (n+s 1——t)! B+D
x P

(s m —1 —t)!—D

Using (810) Ep, „p can be written as

IC p „,= —2 P fg(li, lp, li', lg', I.)I( ). (811)

Using Eq. (85) E, , „,as given by Eq. (2.41) can be
written as

U p(s) =4aiZ(0 2 2; s)—4Z(0, 2 A;p,' s) .
&'o,o=2 4!D,o,o ,'{[B,o;o ,

' &—(AioA, o) '$
X(-,'D, , o, +od,A, —

o @) B—;o,o ',(B,o&o ,
b;—ob;o)

+8(A;pA, p) ')+2a j'(0,2,A, p, 4,D,p, ,p)

+2ajI(0,2,A'o;4 Dio, ~ o) 2a';a—,I(0,2,2;4,D i,poi)

—2I(0,2,B;p,&'p,
' 4,D 'p, ~p)+E, ''pip.

l =i l =0

U, i(s) = —-', Z(1,3,A;i, s) .
X;p, i= -', [aiI (1,3)A,i., 3)D;p, ,i)

—I( 1P, B, ,p;i) 3, D, o, , )i] +Imp, ' oui.

Ii iljl 2'4 Dil, il Biljl (D, iljl+d, ildjl
—

p Bii, ;i+b'ib, i—6)
2I(0/4)Biljl! 2$,Diljl)+I, t ilpjl I

where Z, I, and K, , ;»p are defined by (84), (810), and
by (812), respectively, and where

( hap )Ep, imp

ds x;„(s)U;, (s) ds' U;, (s') X;,(s')

A,„=b;,+1, A, ,=b, ,+1,
+'=8A o 3, a;=8A, {) ',

h = —1+(kao)'.

(813)

X [ptreg (s&)ptirrep (s))

—cot(it p —8)N...~(s)u;„„~(s')$ . (812)

The values of the b;~ and of the d;~ used for each y, and
the matrix elements for 1&y&6 for L= 1 and 0&y&5
for L=2 are given in the thesis and will be supplied
upon request.


