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An experiment to measure the effective mass m,* of positrons in metals is discussed. We take advantage
of the fact that there is a sharp break in the angular-correlation curve of the annihilation v rays at the Fermi
momentum, The experiment then consists in a study of the temperature dependence of the angular-correla-
tion curve, to find how this break disappears with rise of temperature.

N this paper, we shall present a detailed analysis
of the temperature dependence of the angular-
correlation curve of the v rays due to positron annihila-
tion in metals. This study resulted in a proposal to
measure the effective mass of the positron in metals.
The experimental analysis has been successfully carried
out by Professor A. T. Stewart,! who finds, in sodium,
the effective mass of the positron m.*=(1.92£0.3)m,
where m is the electronic effective mass in sodium.
Theoretically, one expects an effective mass larger
than unity, since the positron will occupy the lowest
band, and all the energy denominators in the second-
order perturbation theory are negative. This argument
is completely analogous to one used to explain the
effective mass in lithium, in contrast to other alkali
metals, being larger than unity. The value of the effec-
tive mass m* appears to have been first estimated by
Dresselhaus? to be close to unity. Otherwise no attempt
to calculate the effective mass from first principles has
been made.

1. OPERATIONAL DEFINITION OF THE
EFFECTIVE MASS

In some of his early experiments, Stewart? tried to
take into account the effect of the momentum of the
positron in analyzing his data on the angular correla-
tion in metals, in solid as well as liquid phase. His pro-
cedure is easily adapted to provide an operational
definition of the effective mass, m*. Throughout our
previous work, we have assumed that the positrons be-
come thermalized in the solid and come to equilibrium
at the same temperature as the solid itself. This is
based on the detailed calculation of Lee-Whiting* on
the thermalization time of positrons, which is found to
be appreciably shorter than the lifetime, even at fairly
low temperatures. Since the annihilation rate is prac-
tically velocity independent, the final distribution for
low concentration of positrons can be taken to be a

* Supported in part by National Science Foundation.
(119({)\5')’1‘. Stewart and J. B. Shand, Bull. Am. Phys. Soc. 10, 21

2 G. Dresselhaus, J. Phys. Chem. Solids 1, 14 (1956).

3A. T. Stewart, J. H. Kusmiss, and R. H. March, Phys. Rev.
132, 495 (1963).

4 G. E. Lee-Whiting, Proc. Roy. Soc. A212, 362 (1952); Phys.
Rev. 97, 1557 (1955).

Maxwellian characteristic of the temperature 7" of the
solid:

g(p)=[1/(2mm*kpT)*"*] exp[ —p*/2m*ksT]. (1.1)

kg is the Boltzmann’s constant. This equation defines
the effective mass m,*. A similar definition is implicit
in Stewart’s work.

We have demonstrated in the previous paper? that for
simple normal metals the angular correlation curve will
manifest a sharp break at the Fermi momentum in the
limit of zero temperature. At nonzero temperature, when
the diffuseness of the Fermi surface due to electronic
momenta is still negligible, the finite momentum of the
positron will cause the intensity of the y rays to rise at
the Fermi momentum, above that expected at zero
temperature. The rate of rise will be shown below to be
proportional to 7'/% and is quite different from that due
to other effects, such as mean free path or thermal ex-
pansion which will be proportional to T or higher
powers of 7.

The order of magnitude of this effect is expected to be
a few percent of the intensity at the center, and with
the precision now available, it is easily measurable.
However, the effect due purely to positrons is also
accompanied by several other effects mentioned above
and will have to be disentangled carefully.

We shall give below general theoretical formulas based
entirely on the free-electron model. The work of the pre-
vious paper shows that it is not unjustified for normal
metals. We analyze later the mean-free-path effect,
thermal expansion, and finite resolution of the instru-
ment. Studying the suitable conditions of the experi-
ment, we discuss finally the relative merits of the metals
available for study.

II. TEMPERATURE EFFECT OF POSITRON
MOMENTUM

To calculate the probability that the y rays have a
momentum K, in the Z direction, we first fold the mo-
mentum distribution of the electron, given by the usual
Fermi function, with the distribution of the positron
(1.1); this gives the probability P(K) of total mo-
mentum K, and then integrating over K,, K, we get

§ C.K. Majumdar, preceding paper, Phys. Rev. 140, A227 (1965).
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for P(K.):

) F 1 dpdpdp.  exp[—(K—p)¥/2m *ksT
P(K,)=>\//dK:dK,,/// padpydp p[— (K—p)*/2m,*ks ]‘ 2
J o Qem*epT)?  exp[(Ep—w)/ksT]+1
u is the Fermi energy. \ is a constant depending on experimental conditions, source strength for instance.

Let us assume that we have a spherical Fermi surface. The energy surfaces are also spherical, so that £,=p*/2m,
m being the electronic effective mass. Since the integrals in (2.1) are obviously convergent, we can change the order
of integrations. First we perform the integrations over K., K, and then over p., p, by introducing cylindrical
polar coordinates. This gives the exact formula:

P(K.)=N(2nkpT)" / dp. exp[— (K.— p.)*/2m *ksT] ln[1+exp(—L— Pz )] 2.2)

ksT 2mksT

2
m ¥

To eliminate the constant A, we will always compare the intensities at two points. The obvious choices are K,=0
and K,=*kp. At K,=0, the geometry of the apparatus is well defined, and high precision is possible, while at kr
the effect due to positron momenta will be maximum. For temperatures low compared with the Fermi temperature
Tr of the electrons, we get

P(K,=0)=Mrkp[1—3(m*/m)-(T/Tr)]+---,
M (mmkpT)3/?

P(K.=kp)=NerQum*kpT) 12— i\am *ksT4+—
12 my >z e

P(kr) 1 /m*T\V* 1Tm* 1 /m*TN\32 w312 m \V2y T \3?
=_( ) 4 + ( > +-..—(—_—) <_) + o ' (2.3)
PO) w2\ mTp 4 Tem 272\ mTp 24 \m * Tk

and

A similar calculation on an ellipsoidal Fermi surface, described in Appendix A, gives

P(ke) 1 (m*T\VE Am*T 1 (m¥TNY2 wii2f omg \12g T\
=_( ) 4 lr ) +—(_) (_—-) + o (2‘4)
PO) 7\mTe)  4meTe 20\ mTr 24 \m*) \T;

ms is the effective mass in the Z direction. For metals, 7/7Tr~1/50 to 1/100. Hence the intensity at the Fermi
momentum will be 5 to 109, of that at the center.
III. EXTRANEOUS EFFECTS

We shall now estimate the effect of finite mean free path and thermal expansion on the observed correlation
curve. To study the first, we consider the momentum distribution of the free-electron gas in the presence of static
impurities. This is given by (see Appendix B)

° do 1 r'(K,w)
nx=/ - . 3.1)
—weft1 T (w—ex+ﬂ)2+r2(K,w)

The observed y-ray curve will be

” ” ®  duw I'(K,w)
Py(K.)=\ / / dK AK jng =\ / f dK dK, f . (3.2)
/2 / —o 81 (0= et T*(Kw)]

We know the mean-free-path effect will be maximum at w=0 which corresponds to the Fermi energy, and I'(K,0)
has a maximum at kr. Hence we shall put I'(K,w)=T'(kr,0) and treat it as a number only. This probably over-
estimates the mean-free-path effect. This gives

1 722
PI(KZ)=)\[2mr(kp,0)+27rkaT In{ l-l-expli;“(#‘-[\ ):H ] :
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TasLE I. Mean free paths calculated from Eq. (3.5) and

conductivity.
T°K 2(35) (cm) lcond (Cm)
200 17.4X1078 (K) 260X%1078 (320°K)
400 12.4X10°8 (Ca) 86X1078 (750°K)
900 8.2X1078 (Na) 220X 1078 (370°K)
1600 6.2X1078 (Li) 75X1078 (450°K)

Pi(kp)=2mAT(kp,0)+ 2rmNesT In2

P1(0)=Arkp*+2mAT (kr,0). (3:3)

Introducing a mean free path / and the Fermi velocity
ur of the electron, we get

Pl(kF)/Pl(O) = hup/TkBTpl“l- (mT/Tp) In2. (34)

This mean free path is different from that measured via
conductivity and is expected to be slightly smaller.
Equating the term involving the mean free path to the
leading term in Eq. (2.3), one obtains

I=4(2/mm*kpT)'2. (3.5)

Assuming m.* to be one, the values of [ are given in
Table 1. The conductivity mean free path can be cal-
culated from

lcond= 9.79X 10_250'732 cm,

where the conductivity ¢ is in electrostatic units and 7,
is the usual dimensionless parameter characterizing
metals. These values of leona are also given in Table I
for some materials of interest. For good conductors, the
conductivity mean free paths are 10 to 15 times larger
than that calculated from (3.5), and it is expected that
the relevant mean free path is also appreciably larger.
Hence the effect is smaller than the positron effect at
the temperatures of interest. It is also clear that this
mean-free-path effect is, at most, directly proportional
to temperature. Thus the entire effect is in higher powers
of temperature, as compared with the positron effect.

The effect of thermal expansion is much larger, but
can be quantitatively accounted for, by knowing the
thermal expansion coefficient for the material, provided
the Fermi surface maintains its shape. For this we re-
quire the Fermi surface be spherical. In that case, the
volume expansion of the material, assumed isotropic,
will simply cause the Fermi momentum to decrease.
In the angular-correlation curve, the intensity at the
center will increase. This can be calculated, as the area
under the curve is just proportional to the number of
positrons injected into the system, which is assumed
constant. The area under the curve is 2kkr, where % is
the central maximum.

At temperature T, the Fermi momentum is

T
kr(T) =kp(0)—kp(0)/ o(T")dT’,
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(a is the linear expansion coefficient). Since kkp= con-
stant, the change in the central maximum, é%, is

oh okp T
——— / o(T)dT'.
ho ke0) Jo

Hence

T
h(T)=h(0)+1(0) / o(T")dT". (3.6)
0

As the Fermi surface maintains its shape, the parabola
at temperature 7 is represented by

Py(K.)=W(T){1—[K.*/kr(T)*]}. 3.7

Since the thermal expansion coefficient is experimentally
measurable, we can determine the form Pi(K.) from
(3.7) and find the necessary correction. It is seen easily
that at the true Fermi momentum for 0°K there is no
correction at all. However, since we always compare the
intensity at kr with that at the center, the rise at the
center will contribute a diminution in the ratio

{h(O)/h(O)l:l—}-/oT a(T’)dT’:”—I
=— / Ta(T’)dT’. (3.8)

Collecting all the terms up to order 7/T# from (2.3),
(3.4), and (3.8), we obtain the complete theoretical
expression

P(kp') 1 (m+*T)”2 lm.,.*T
PO) w2\ mTs 4 mTe

hug  mT r
+—In2— [ oT)dT’. (3.9)
WkBTpl TF 0

At temperatures below the Debye temperature, the last
term will be small, and the mean-free-path effect will
also decrease as thermal fluctuations die out. Around
the Debye temperature one expects to see an almost
pure T'/2 behavior.

The major complication in the experiment is due to, as
always, finite resolution. If the resolution functions were
perfectly known, it would be possible to eliminate its
effect, at least in principle, by the following procedure:

Let I(K) denote the observed curve and Iy(K) that
in the limit of perfect resolution. Clearly,

1()= / RE=pL(p)p,  (3.10)

where the kernel R(K—p) is due to finite resolution;
this is approximately Gaussian in form. The formal
solution to (3.10) is

I(K) 1/‘” 1) cosgKd (3.11)
oK)=~ —— COS , .
mJo R(Q) n
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where 1(q), R(q) are the Fourier transforms:

w-()"
wo-()"

Since the experimental curves and the resolution func-
tion are well behaved, the transforms obviously exist.

Unfortunately, such a procedure is not warranted be-
cause of imprecise knowledge of resolution. As a conse-
quence, one may encounter a number of difficulties.
First, the true Fermi momentum used in (3.9) will not
be exactly known, even from low-temperature data.
This is not very serious, and one can always determine
kr by other experimental methods to better than one
percent accuracy. Secondly, the thermal-expansion cor-
rection becomes somewhat uncertain. Let us recall that
the effect at the Fermi momentum of 0°K vanished.
However, quite close to it, at the Fermi momentum of
the temperature of the experiment, the correction has a
maximum. Because of finite resolution one should con-
sider this carefully. Of course, thermal expansion has a
different temperature dependence and is important only
at high temperature. Also the terms linear in T have dif-
ferent signs and will tend to cancel each other. It is im-
perative to select out the T/2 behavior.

The experimental data can be represented by the
formula

0

I(p) cosqpap,

0

R(p) cosqpdp.

P(ky)/P(0)=A=c+aT2+bT.  (3.12)

The constant comes from finite resolution. If one now
plots A/T'/? against 7%/, one will get a curve that will
be a straight line above and around the Debye tempera-
ture. At very low temperature, owing to finite resolu-
tion, the curve will wander off to infinity; but the inter-
cept of the straight line when extrapolated to 7=0°K
will give the effective mass m..*.

IV. CHOICE OF THE METAL

It is quite clear that the metal should satisfy the fol-
lowing requirements:

(1) To avoid complications in thermal expansion the
Fermi surface should be nearly spherical.

(ii) It should have high Ty/Tr and ®p/T, in order
to maximize the positron effect, and minimize the
thermal-expansion problem (the melting point is de-
noted by 7'»r and the Debye temperature by ®p). The
difference (T y— Op) should be appreciable so that one
gets enough experimental points for drawing the
straight line of Eq. (3.12).

(iii) It should be a good conductor, even at high
temperature, and fulfill the requirements of Table I.

The first requirement restricts us to “‘simple” metals.
In Table II, we present the relevant parameters 7/ »
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TasBLE II. Melting point T, Debye temperature ®p, and Fermi
temperature Tz of materials available for m,* experiment.

Fermi Melting Tr  Debye
temperature point —— temperature
Metal 7, Tr (°K) Tu (°K) Ty Op (°K) Op/Tr

Li  3.27 5.49X10¢ 459 120 363 0.62X1072
Na 3.97 3.70%10* 371 100 150 0.41X1072
K 495 2.39x10* 337 7 100 0.42X1072
Rb 530 2.09X10* 312 67 58 0.28X 107
Cs 5.71 1.80X10* 301 60 42 0.23X1072
Be 1.86 1.69X10° 1557 109 1160 0.68X1072
Mg 2.65 8.34X10* 923 90 290 0.35X1072
Ca 3.25 5.54X10* 1124 49 230 0.42X1072
Sr 3.55 4.64X10* 1044 44 171 0.37X1072
Ba 3.71 4.26X10* 1123 38 113 0.27X1072
Ra 392 3.81X10* 1233 31 oo oee

Al 208 1.35X108 932 145 390 0.29X1072
Ga 2.19 1.22X10° 303 405 125 0.10X1072
In 241 1.01X108 429 235 106 0.11X1072
T1 248 9.50X10* 577 165 100 0.11X102
Si  2.00 1.47X105(?) 1687 87 650 0.44X 1072
Ge 208 1.35X105(?) 1233 110 290 0.21X1072
Sn 221 1.20X10% 505 238 260 0.22X107
Pb 230 1.11X10° 600 185 88 0.08X1072
Cu 2.67 8.22X10* 1356 61 330 0.40X1072
Ag 301 6.45X10* 1234 52 213 0.33X1072
Au 3.01 6.48X10* 1336 49 170 0.26X102
Zn 230 1.11X105 692 160 250 0.23X1072
Cd 2.59 8.72x10¢ 594 147 172 0.20X1072
Hg 270 8.03X10¢ 234 343 80 0.10X1072

and Op/Tr for most simple metals; we regard all elec-
trons outside the closed atomic shell as free, so that
alkali metals are monovalent, aluminium is trivalent,
and lead is quadrivalent. The smooth variation of r,,
Tr/Tu, and Op/Tr in each column of the periodic
table is indeed remarkable.

As mentioned previously, Stewart! has carried out
the experiment on sodium. Looking at Table IT, we con-
clude that other suitable materials are potassium,
lithium, and calcium. Calcium has an extremely favor-
able Tr/T =49, but it has a phase transition (fcc to
bec) at 740°K, and at that temperature Tr/Ti=73,
about the same as in potassium. We would like to point
out several facts which may be of some consequence in
experiments with these metals.

The Fermi surface of potassium is known to be al-
most spherical,® as in sodium, and it is a good con-
ductor. However, it is a very soft metal, and the Fermi
surface is easily distorted under stress. It is highly re-
active and difficult to work with. The thermal expan-
sion coefficient appears not to have been investigated
thoroughly; but extensive specific-heat data exist,” and
one can get therelevant information by using Griineisen’s
law, the one known point around room temperature for
expansion coefficient serving as reference point. Re-
cently, there have also been suggestions that the ground
state of potassium has strong pair correlations.®? It

¢ M. H. Cohen and V. Heine, Advan. Phys. 7, 395 (1958).

" L. M. Roberts, Proc. Phys. Soc. 70, 744 (1957); C. A. Krier,
R. S. Craig, and W. E. Wallace, J. Phys. Chem. 61, 522 (1957).
(1; 6% H. Cohen and J. C. Phillips, Phys. Rev. Letters 12, 662

YA W. Overhauser, Phys. Rev. Letters 13, 190 (1964).
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may be pointed out, however, that in both the theories
of Cohen and Phillips® and of Overhauser® the dis-
continuity in momentum distribution persists, and thus
a Fermi surface exists, though it may be shifted in cer-
tain crystal directions in the Overhauser case. This
means, according to our previous paper, that a sharp
break will be found in the angular-correlation curve and
the experiment for m* is feasible.

Calcium has a lower expansion coefficient and its
conductivity and expansion coefficient are known. The
Fermi surface has been constructed theoretically by
W. Harrison!?; and although it follows the free-electron
sphere fairly well, there are contacts with zone bounda-
ries in several directions. Its free-electron character
cannot therefore be said to be ideal.

Lithium has anisotropies in the Fermi surface, in
particular the question of contact with the zone bound-
ary in the (110) direction has not yet been completely
cleared up experimentally. The difference (7% — Op) is
also very short, although ®p/TF is comfortably high.

It would be quite interesting to extend the positron
effective-mass measurements to these materials. Of

)
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course, a major theoretical problem that remains to be
solved is a calculation of m* from first principles.
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APPENDIX A

We shall here outline the calculation of Eq. (2.4) for
ellipsoidal energy surfaces. The Fermi surface is de-
scribed by

K.Y/ 2m+K 2/ 2my+ K 2/ 2ms=u, (A1)
where p is the Fermi energy. The observed momentum

distribution, when the z axis of observation coincides
with the third principal axis of the Fermi surface, is

exp[ —(K—p)*/2m*ksT]

P(K.)= / dK .dK, / dp

We perform the K., K, integrations first and introduce reduced coordinates

p1=pz/(2m1)'12,
We get, after carrying out the py, p integrations,
dwksTmimoms;

m+* —0

P(Kz)=<

o pr . (A2)
onsnar |l (24 22)
2m1 27712 27}13
p2=1pu/(Cm2)'1?,  py=1p./(2ms)' 2. (A3)

1/2 %
) / dps expl—[K.— (2me)' 95T/ 2m *ksT} In[1+exp{(u—ps?)/EsT) ). (AQ)

This formula is exact. For further evaluation, we have to proceed numerically or make approximations.

Special Cases
i. K.,=0. We have

Q0

Ak Tmymomsa\ 112 3p
P(0>=(————) IR
my* — my*kp

For low temperatures, u>>kz7T" and

In{1+exp[(u— ps2)/kpT }>(u—ps?)/ksT .

m32

u— ps’
]ln[l—*—exp( ):I .
T ksT

(AS)

(A6)

The error comes mostly from near u~~p;?, but the Gaussian factor multiplying the logarithm makes the error
negligible. Putting u=#%3Tr, where T is the Fermi temperature,

P(O)=21r(m1m2)”2#[1—%(m+*/m3)(T/TF):|-

(A7)

1. K,=kr. We define the Fermi momentum along the Z axis by

kr®/2ms=p.

10 W. Harrison, Phys. Rev. 131, 2433 (1963).

(A8)



A 242 CHANCHAL K. MAJUMDAR

By an obvious transformation, we write (A4) as

41rk13 Tm1m2m3 1/2
o ()

my —

)

max? 1
dx exp(— ) ln[ 1+exp[— (x2+ 2xp.”2):|} . (A9)
m+*kBT kBT

When « is positive, the logarithmic term and the Gaussian both go to zero very fast, and we shall only need an
asymptotic evaluation of that part. For negative «, the logarithmic term has a maximum at |x|~u!/? and we can

evaluate it as above.

1 (4kaTmlm2m3>”2/‘ | ( e )1 ll+ [ e llz)]]d
Sy (P ——— exp| — n exp| — x X x
m+* —o0 m+*k3T kBT
™

LR\ 12 m*
2(41I'M1M2kBTp)”2<—‘——) ——'kBT(m17n2)”2———. (AIO)
ms 2 ms

For positive x, we have

0

dwkgTmimams\ /? max? 1
I,= (——-———) / exp(— >lnll+exp[—— (x2+2xp‘/2)]}dx. (A11)
m+* 0 k T

M+*k T B

For low temperatures, we can make an expansion:

n
exp[-——-——(x2+ 2axut! 2)]

1 ) B
ln{ 1+exp[——(x2+2xy1’2)]‘ =y (=) . (A12)
kBT n=1 n
Now
* max? n
I,.=/ dx expl:— ————(x2+2xy”2):|
0 M+*k3T kBT

( my*kgT )”2 [ nium* ]E § ( aiinati > (A13)
=(———) exp rfc .
m3+nm+* kBT(m3+nm+*) [kBT(M3+nM+*)]U2

Taking the error function,!

Erfc(x)= f e Cdi=3xte 1 W_y 1(x?) (A14)

(e /x).

Wi.m(Z) is the Whittaker function, and the last line is obtained by using the known asymptotic formula for
Wi m(Z).1! So for small T,

1= (1/2n)-(kgT/u'?), (A15)
and
L I, kT = (—)""1 kgT
2 (=)t—= =—3-£(2) (A16)
n=1 n 2#1/2 n=1 n2 2#1/2
=n2%pT/24u'2.
¢(Z) is the Reimann Zeta function of argument Z.!! Thus
41rkBTm1mam3 1z WszT
- my* 24,112
Collecting (A10) and (A17), we get
my¥\V2 my* Ak Tmimems\ /2 w2kpT
P(kp)=(4rmxmzksTu>”2(~) — kT (myms)e——+ ( it 3) iy (A18)
ms3 2 ms3 m+* 24[11/2

1 E. T. Whittaker and G. N. Watson, Modern Analysis (Cambridge University Press, New York, 1958).
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We now calculate the ratio

1m *T

P(0)

Plkr) 1 (nu*f[‘)'/“—’

w2 m;;TF

To get the result for the spherical energy surface, we
have to put mi=me=mz=m.

APPENDIX B

In this Appendix we calculate the momentum dis-
tribution of electrons in the presence of static impurities.
A detailed discussion of this problem is found in the
papers of S. F. Edwards and J. S. Langer.!? We shall
give a short summary of the calculation.

We consider a gas of independent electrons inside
which there is a small concentration of randomly dis-
tributed impurities, assumed fixed in their positions.
The Hamiltonian of the system is

H=Y ablbet > v(@)p(@)betqg'bx.  (B1)
k k,q,¢%0
Here
€&k=ex—U,
v(q)=(1/Q) [ e~ Ty(x)dx, (B2)

2(x—R;) being the potential due to scattering center at
R, and supposed to be central, so that v(q) depends on

)
<¢-a—[—zp>6(p, p;i—1)= 6(!—!’)6p.p'+>:q vW@p(@)Gp—aq,p’; 1—1).

Take the Fourier transform

1 0
G(p,p';1=1) :2—/ G(p,p'; w)eie=t7,
TJ -0

and define

G(pw)=1/(w—%).

G(p,p’; 0)=G°(p,w)dp p+G°(pw) 2 v(q)p(q)G(p—q, p’; w).

Hence (B6) gives

ANNIHILATION OF POSITRONS
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”l+*]‘ 3/2 7r3/2 ms 1/2 7‘ 3/2
SIS e
4 mng 211'”2 mng 24 M+* TF
the magnitude of q only. p(q) is defined by
pla)=2 e~iaRs, (B3)

where the sum is performed over all the impurity posi-
tions R, in some configuration. We shall average over
different configurations later. In (B1), we have neglected
effects of spin of electrons or impurities altogether, an
assumption evidently valid for impurities without strong
magnetic interaction.

The problem now is to calculate the single-particle
Green’s function of the electrons. For a particular con-
figuration of impurities, the system is not homogeneous
and the Green’s function will not be diagonal in mo-
mentum space. We therefore start by considering the
Green’s function of the form!?

Gk K t—t)=(—i(Tteb’(1))).  (B4)

One can similarly define a retarded and an advanced
Green’s function:

Go(k, K'; t—=1) = (—0)8(t—1"){{bx(t) b (1) }),
Ga(k, K'; t—1")=0(t—1"){{bx(1),bi"(¢)}) .

All three of them satisfy the same equation of motion:

(B3)

(B6)

(B7)

(B8)

(B9)

Following Edwards,!? we try to obtain a simple perturbation solution for (B9) when the concentration of impurities

is low. By iteration,

G(p,p'; @) = G°(p,w)dp pr+GO(p,w) 2 2(q)p(q)G°(P—q; @)dp—q.pr

+G°(p,w)2 v(a1)p(q)G(P— a1, )2 2(42)p(q2)G°(P— A1~ Q25 @)dp—q1—gp pr+- - - (B10)

We shall now average over the configuration of the impurities. The averaging process was discussed in detail by
Kohn and Luttinger!* and is explained in the article of Edwards. This restores momentum conservation in the

12§, F. Edwards, Phil. Mag. 3, 1020 (1958); J. S. Langer, Phys. Rev. 120, 714 (1960).
13D, N. Zubarer, Usp. Fiz. Nauk 71, 71 (1960) [English transl.: Soviet Phys.—Usp. 3, 320 (1960)].
14W, Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957).
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propagator as the medium becomes homogeneous. We have
(Gp,p'; @) =G(pw)bp.p,
(o(q))=0,
(p(q)p(g2))= V:6(q1tq2), (B11)
(p(qu)p(q2)p(@3))= N :(q1+q2+qs)
(p(q1)p(q2)p(qs)p(ae) ) = N:8(qi+qe+qs+qo)+ N2 2@ 8(qi+q2)d(qs+q4),

and so on. Z® implies a sum over similar sets of two & functions obtained by selecting two momenta out of the
four. NV, is the total number of impurities present per unit volume. The first two equations in (B11) simply state
that the average effect of random scatterers is zero. The third when substituted in (B10) gives the effects of the
scattering on the impurities, added up one by one. The fourth and higher equations of (B11) contain the effects of
multiple scattering on a single impurity, successive scattering on different impurity centers, and other complicated
processes. When the concentration is low and the probability of overlap of the spheres of influence of the impurity
centers small, we can simply consider the sequence of scatterings on different impurities and neglect the other
terms:

G(p)w) =G°(p1w)+G°(p7w)[A7i Z Iv(q) ‘ 2G°(p—(l: w)]Go(p)w)
+G°(p,w)(f\“v,~ Z lv(ql) ] 2G°(p“‘(h, w))Go(p)w)(IVi Z I 'U(qz) I 2G°(P_Q2, w))Go(pyw)+ e

1 1

GO (pw)—Z(pw) w—&—2(pw)
where

(B12)

2(pw)=N: 2 |v(q)|*G°(p—q; w)

=N 2 v(p—a)|°G°(q; w). (B13)

In the low-concentration limit, the entire effect is thus gies and can be absorbed in the electronic effective

proportional to the number of impurities present. Let mass.

us decompose 2 into real and imaginary parts: The spectral function can now be written down from
(B12). By definition, it is

—iA(pw)=lim [G(p, w+ie)~G(p, 0—ie)], (B17)
A(p,w)=N; 3 [v(p—q)|*P/(w—&), (B15) €0
! with w real; and so
A(pw)=2I(pw)/[(w—e+u)*+T*pw)], (B18)

where we have absorbed A in the effective mass.
The momentum distribution is then given by!5

Z(p, wtie)=A(p,w)Fil(pw), (B14)

I(p,w) =[N/ (27)*]

X / |o(p—a)|*8(w—z)dq. (B16)

I'(p,w) represents the scattering probability of an elec- N / i‘f Apw)
tron from the impurities in the first Born approximation. ? o 21 ePo1
Actually one can sum up all the multiple scatterings
from the same impurity and consider a 7 matrix re- 1 /’ ® P 1 I'(p,w)

lacing the potential in (B16), so that I' represents the =" o1 .
Erue total scgttering probability of an electrrz))n fromthe " °7% e t1 (0 etu)*+I(pw)
impurities. A(p,w) simply shifts the unperturbed ener- 15 P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).
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