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Tt is shown that a light wave of the high intensity obtainable from lasers produces a sufficiently strong non-
linear polarization on a reflecting metal surface to result in an observable amount of second harmonic
generation. The analysis is based upon a self-consistent set of Maxwell’s equations and the classical Boltz-
mann equation, respectively, for the electromagnetic fields and the distribution function of the conduction
electrons. The conduction electrons are considered to be completely free except for a potential barrier at the
metal surface, and the equations are solved for the fields varying with the frequency w of the incident wave,
and also for the fields varying with the frequency 2w in the approximation where the surface barrier can be
taken as a step potential. The effect of the incident light wave is treated as a perturbation to the motion of
the electrons and the frequency w is assumed to be less than half the plasma frequency w, so that neither the
fundamental nor the second harmonic wave can lead to plasma resonance. The part of the polarization
varying as e~%¢¢ which is quadratic in the incident field is found to have the form

P, (NL) =¢1(E1XH1) +ﬁE1diVE1,

where E; and H; are, respectively, the electric and magnetic fields varying as e~»* and where the magnitudes
of the coefficients & and g have been determined. Since div E, differs from zero only near the surface of the
metal, the second term in P; (NL) can be considered as a surface contribution in contrast to the volume
contribution of the first term. It is shown that these two terms give rise to comparable effects of second
harmonic generation. The ratio of the average energy flux reflected with frequency 2w from the surface to
the incident flux is found to be of the order of magnitude (¢|Eine | /mcwp)?, where Eiq is the amplitude of the
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incident electric vector.

1. INTRODUCTION

IN recent years light beams of very high intensity
have become available. These beams induce a non-
linear polarization and produce second harmonic waves
in the interior or at the surface of the medium. The
observations® of the optical harmonics have been, how-
ever, limited to insulators and semiconductors and no
experimental work has yet been reported on the second
harmonic generation at a metal surface. Except for
thin foils there is no transmission of waves through a
metal in the visible and lower frequency region and one
has to observe the harmonics in the reflected beam.
Also, it is more difficult to perform this type of experi-
ment on metals because of excessive heating of the sur-
face by the laser beam. Nevertheless, the order of magni-
tude of the nonlinear polarizability is such that with
proper precautions one should be able to detect the
doubling of frequency in the light reflected from a metal
surface. In fact, we will describe an experiment being
carried out at Stanford in this direction in the last
section of this paper.

A classical calculation by Kronig and Boukema? and a
quantum-mechanical calculation by Cheng and Miller?
have been published for the nonlinear conductivity
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tensor of a free-electron gas. They obtained identical
results in the limit where the Fermi velocity v; of the
metal electron is small compared to the velocity of
light ¢ and where the energy of the photon quanta #w is
small compared to the rest energy mc? of the electrons.
Both of these calculations do not take the boundary
effects into account. On the other hand, the surface of
the metal plays an important role in the reflection of
light and it will be shown in the following treatment of
the problem that it is, in an essential manner, deter-
mined by the existence of the surface, We will show in
the following classical calculation that the component
of the nonlinear polarization varying as e 2%¢ has the
form

Pg(NL)=a(E1 XH1)+BE1 diVEl, (1.1)

where E; and H; are the components of the electric
and magnetic fields, respectively, varying as e~ This
form satisfies the general symmetry requirements dis-
cussed by Adler.* The first term in Eq. (1.1) is identical
with the results of the earlier calculations.?:? The second
term is a new term which is nonzero only near the sur-
face but which affects the nature of second harmonic
waves even away from the surface and must be taken
into account.

In this paper we consider a semi-infinite metal filling
the half-space %, 0, so that the x,— x5 plane is the sur-
face involved in the reflection of light of (circular)
frequency w. Here x3, %, and x5 mean x, y, and z com-
ponents, respectively, of the coordinate vector x. We
use in this work potentials rather than fields E and H,
in the gauge where the time-dependent part of the
scalar potential is taken to be zero. We first assume a

4 E. Adler, Phys. Rev. 134, A728 (1964).
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general form of the vector potential A and of the time-
independent scalar potential ® and try to find the solu-
tion of the classical many-body problem given by the
Boltzmann equation for the electrons in the metal in
the presence of these unknown potentials. In the ab-
sence of the external light wave, the electrons in the
metal are considered to be free except for a barrier po-
tential at the surface. The solution of the Boltzmann
equation gives the distribution function f(x;,v;,), where
f(x,v5,t)dPxd% represents the number of electrons at
time ¢ in the six-dimensional volume element d®d%
of the coordinate x and velocity v space.* From this
function the expression for the current density con-
taining the assumed form of the potentials can be cal-
culated. Since this expression enters into Maxwell’s
equations for A, a set of self-consistent differential
equations for the vector potential is thus obtained. In
Sec. 2 we will derive this set of differential equations.
The time between collisions of an electron in a metal
at room temperature, e.g., in silver, is of the order 104
sec and longer at lower temperatures, while the period
2m/w of a light wave in the optical frequency region is
of the order 1075 sec. Thus, the period of the light wave
can reasonably well be considered to be short compared
to the time between collisions of an electron, and it is
permissible to neglect such collisions in calculating the
potentials varying with optical frequencies. In the
microwave region, where 2r/w is long compared to
the collision time, it is necessary to retain the col-
lision term in the Boltzmann equation. Reuter and
Sondheimer® have calculated the part of the field
varying with the incident frequency « in the microwave
region by taking a simple form for the collision term.
With the above assumption in the optical region
about the collision term, the general solution for the
time-varying components of f is found in Sec. 3 by
solving the Boltzmann equation. This solution is ap-
proximated to the limit where the distance d, within
which the surface barrier potential varies, can be con-
sidered to be small compared to vs/w. It is shown in
Appendix I that this is equivalent to taking a step
potential at 2;=0. Two more distinct simplifications
occur in this problem. The first is due to the fact that
the amplitude of the incident light wave can be assumed
to be sufficiently small so that it can be treated by a
perturbation method and the other is due to the small-
ness of the Fermi velocity 2y compared to the velocity
of light ¢. With these approximations we solve for the

4 Recently it was pointed out by Professor Bloembergen and
Professor Shen at the Puerto Rico Conference on the Physics of
Quantum Electronics (unpublished) that the nonlinear polariza-
bility of silver ion core at the surface should also be considered.
Like our surface term this was shown to give a cos*® dependence
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potential varying with frequency w in Sec. 4. Denoting
the plasma frequency by w,, it is found that, for w<w,
and x>>v;/w, the solution inside the metal is damped
at all angles of incidence, exactly as given by Fresnel
formulas,”-® The solution for 219/ differs apprecia-
bly from Fresnel formulas, especially for the component
of the vector potential that is normal to the surface.

In Sec. 5 a solution for the potential varying with
frequency 2w is found that is correct outside the metal
and for #>v;/w inside the metal. In Sec. 6 we derive
the expressions for @ and 8 of Eq. (1.1) and discuss our
results,

2. SELF-CONSISTENT DIFFERENTIAL
EQUATIONS

Let us assume that a metal slab occupies the half-
space #1220 and that after the time {=—o0, a light
wave of frequency w has started to act. Choosing a
convenient gauge the incident light wave is represented
by a vanishing scalar potential and by a vector potential

cosf  sinf

Aie=D, exP[iw(—x1—~——xz)]e"""’ t4cc., (2.1)

c c

where the Cartesian components of D, are given by
D= (4, sind,4, cos,4,). (2.2)

Here, and later in the text, the symbol c.c. means the
complex-conjugate term corresponding to the first
term on the right. To emphasize the fact that, at time
{=—c0, the metal is not interacting with the light
wave we may imagine that w has an arbitrarily small
positive imaginary part in the first term of Eq. (2.1).

By penetrating into the metal the light wave will
interact with the electrons and ions in the metal, which
in turn will produce a field as a result of their induced
motion. Thus, a self-consistent field will be set up inside
and outside the metal. In the gauge where the time-
dependent part of the scalar potential is zero, let this
field be represented by a vector potential Atand a time-
independent scalar potential &, where the electric
and magnetic fields are, respectively, given by

10A
=————V®, 2.3)
c ot
and
H,;=Vv xA. (2.4)

Since there is no zero-frequency component in
the incident light wave, the deviation of the time-
independent part of the scalar potential &, from the
undisturbed value is expected to be at most of second
order in D;. Maxwell’s equations satisfied by A and

7J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book
Company, Inc., New York, 1941), Chap. IX.
8 L. I."Schiff and L. H. Thomas, Phys. Rev. 47, 860 (1935).
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Py, are
9 104; dAp\ 1.0%4y br -
—(—————)+— =—Ji  (23)
6xj 6xk ax,- 62 6!2 [
and i
1094, 9%,
—_— =4mp, (2.6)
¢ 0! 9x;  O0x.0Xk

where J and p are the current and charge densities, re-
spectively. In Egs. (2.5) and (2.6), j and % represent
different Cartesian components, each taking the values
1, 2, or 3 corresponding to the x, y, and z components,
respectively, and here as well as later in the text, re-
peated indices imply summations over those indices. In
our formulation of the problem, the motion of the ions
due to their large mass, as well as their polarization,
are neglected and their presence is taken into account
only in as far as it causes a neutralizing positive charge
density, assumed to be static and uniform. Thus, in
terms of the distribution function f(x;,2;,t) for the elec-
trons the components of the current density are given by

Tp= —e/dsv Vi (25,05,0) 2.7

and the charge density is given by

p= —-'6/d3‘ll f(xj)vj;t>+en’ (28)

~ where # is the unperturbed density of the electrons and
en is the charge density of the ions.

The distribution function f(x;,2;,) satisfies the Boltz-
mann equation

0 i} 14U of F;a J
f}v f_1avar, —f=<l) , (2.9
coll

I
at Jax,- m dxy dvy m dv; \Ji
where .
e (")A] e aAk (9/1, 6(170
F,~=———~——vk< ——)-{-e—— (2.10)
¢ 0t ¢ \Odx; Oxp ox;

is the force due to the vector potential A and the scalar
potential ®,. In Eq. (2.9), U(xy) is the surface-barrier
potential that will be approximated later on by a step
potential at x;=0, and (9f/¢)con is the collision term
for the electrons. As explained in Sec. 1, we will neglect
this collision term in the calculation of the potentials in
the optical frequency region. '

Equations (2.5)-(2.10) form a set of self-consistent
differential equations for A, ®o, and f. This set of equa-
tions must be solved with the conditions that, for
{— — oo, the distribution function f approaches f9, the
unperturbed equilibrium distribution function for the
electrons, and that the incoming wave in the solution
for A for ;<0 is represented by Egs. (2.1) and (2.2).
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3. SOLUTION OF THE BOLTZMANN
EQUATION

When the collision term of the Boltzmann equation
(2.9) is neglected, it becomes

of df 14U af F;of
= (3.1)
ot 9x; m dxy 9y m dv;
Let
I=220 fo(wsv)e et (3.2)
and
Fj:Zq qu(xj,vj)e—iqwt’ (3'3)

where ¢ assumes all positive and negative integer
values including zero and where, because of the reality
conditions, the complex conjugates f,* and F;,* must
be such that
i =f- 3.4)
and
qu*':Ffr—Q' (3-5)
The expansion of the electromagnetic force F in
Eq. (3.3) is implied by a corresponding expansion of the
vector potential A of the form

Aj=2_ ¢ ajq(aj0;)e 99 (3.6)
with
@jq" = @jy—q.

3.7,

Because of the dependence on x of the incident wave
of Eq. (2.1), f4 Fj, and aj, can be assumed to be
given by

_ sinf
o Fratiexp( ~igsm). G
c
Then, from Eq. (3.1), one obtains
. af, 14U aJ,
- 'qufq+v1——~— —_—= Kq(xl,xg,xg,'v,-) 5 (39)
ax1 m dx1 (92)1
where
we= gw(1+4 (v;/c) sinb) (3.10)
and
1 0fe-»
Koy=——2 Fjy (3.11)
m v,

In the Appendix I of this paper, it is shown that we
can replace the surface barrier potential U (x;) by a step
potential at x;=0, provided that

wd/vK1, (3.12)

where d is the distance within which U (x,) varies near
the surface. Ordinarily in a metal, d=10—% cm and
v/2210% cm/sec, so that it is necessary to assume
w108 sec™. Under this assumption it is further shown
in the Appendix I that the solution of Eq. (3.9) can be
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written as

Ja(®ii)= fa(2505)

z1 dxl' . (QC1—' xl’)
= [ —expi|wg — )K (x4 %0,%3,0;)  (3.13)

— V1 U1

for ;<0 and
f‘l(xj)vj) = fq+(xj77)j)

o1 gy’ (x1—21")
= exp<iwq )Kll(xl,;x?:x%vi)
0o 71 V1
. xl
‘f‘eXP(Wq—)fq_(O, X3, X3, — 01, U, 03) (3.14)
71
for »,>0.

The incident light wave varying with frequency w and
with the amplitude D, given by Egs. (2.1) and (2.2) is
treated here as a perturbation including only the
lowest terms in Ds. It may thus be assumed that

Jo=/"+0Dr), (3.15)

f1=0(Dy), (3.16)

f2=0(D?), (3.17)

Fio=0(Dy), (3.18)

Fu=0(Dy), (3.19)

Fi=0(D?), (3.20)

etc., where O stands for “terms of the order of ---.”

Thus, to the lowest order perturbation calculation of
potentials in the powers of Dy, it follows from Eq.
(3.11) that

Ki=—(1/m)F ;1(31°/dv;)

1 o9f° 1 df
Ky=——Fjpp———Fp—.
m  dv; m v

(3.21)
and

(3.22)

The unperturbed distribution function f° satisfies the
equation
af* 14U af°
9,—————=0, (3.23)
ax, m dx1 31)1

which has the general solution

=&, (3.24)
where
E=3mvpwi+U(x1), (3.25)
so that
3%/ dv;=mv;(3f°/IE). (3.26)

Using this special property of f° as well as Egs. (2.10),
(3.3), and (3.6), one can then simplify the expressions
for K; and K, to find,

K1= (eiw/mc)ajl (af"/av,) (327)

A 2023

and

Ky=(2eiw/mc)a, (9 f°/ dv;)

elw e adkl aa,-l 6f1
A
me mc \Ox; 0xi/) v,
where the Lorentz term in the force appears only in
the expression for K.

If the electrons are treated as a degenerate Fermi gas
at zero temperature, one has for x;>0

fo=n/(4/3)wvs, for velocity v< vy

(3.28)

(3.29)
and

f'=0 for velocity v>u;. (3.30)

With a step potential of sufficient height, there are no
electrons for #;<0, and thus f°=0 in this region. The
function f° has been normalized in Egs. (3.29) and
(3.30) in such a way that

/d% f“=47r/ vidy fo=mn.
¢

Starting with a given f°, Egs. (3.27), (3.28), (3.13),
and (3.14) determine the solutions for the part of the
distribution function f varying with frequencies w and
2w in terms of the unknown vector potentials. We will
use these to calculate the components of the current
varying with frequencies w and 2w in the next two sec-
tions and solve the differential equations for the un-
known vector potentials corresponding to Maxwell’s
equation (2.5).

(3.31)

4. SOLUTION FOR THE FIELDS VARYING
WITH FREQUENCY o

From Egs. (2.5), (2.10), (3.2), (3.3), and (3.6) one
obtains for the quantities ay,

320k1 w2 4:1r
— @ =—"J,
ax,-axj c? c

agdﬂ

(4.1)
axjaxk

where ji, is defined in terms of the current vector J as

Jr=2_q Jree %", (4.2)
and where

jk1=~e/ davkar—e/ o fit  (4.3)
21<0 v1>0

in terms of the solution for f; given by Egs. (3.13)
and (3.14).

Outside the metal, for x;<0, there is no current and
the solution of Eq. (4.1) can be written as

cosf cosf
A= I:Dkl exp(iw——-—m) +Gr1 exp< — iw——x1>]
c ¢

sinf
X exp( — iw——x2> (4.4)

4
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where the incoming wave corresponds to the incident
wave given by Egs. (2.1) and (2.2), and where

G11= - Gn tanf. (45)

To obtain the classical Drude solution? for the prob-
lem of reflection of light from a metal surface, we can
assume that for x~>vs/w, where the electrons are not
subjected to the influence of the surface barrier, the
exponential of the form exp(iw(x1—x1)/v1) in Egs.
(3.13) and (3.14) varies rapidly with »; except for small
values of |%;—a:|. Thus it gives an essential contribu-
tion to jx1 only for x/=ux;. Similarly the exponential
of the form e®1®1/" gives any appreciable contribution
to the current only near x;=0. Then to the lowest
order in v;/c one finds from Egs. (3.13), (3.14), (3.27),
(3.31), and (4.3)

jru=—(&n/mc)ar, for x >vs/w. (4.6)

This procedure is, however, not valid near the surface.
The normal component of the current can be shown to
differ in this region considerably from the above expres-
sion, On the other hand, the knowledge of its value is
not required for calculating the potentials away from
the surface, if one uses the familiar procedure of deriv-
ing the Fresnel formulas where the inside and outside
solutions are matched at x;=0 to satisfy the following
boundary conditions: (i) the tangential components of
the electric field are continuous, i.e., @ and as are
continuous; and (ii) the tangential components of the
magnetic field are continuous, ie., 9as/dx; and
0a21/3%1+ (1w sinf/c)ayy should be continuous. Apply-
ing this procedure one then obtains from Egs. (4.1),
(4.4), (4.6), and conditions (i) and (ii),

sinf
ap1=Crie~ 111 exp( — iw——xz) 4.7)
c
for x;>0, where
v1= (/) (wp?/w?—cos?)*/2, (4.8)
C21= (—071/iw SiDO)Cu, (49)
— 24 yw? sinf cosf
Cu= R (4.10)
(wp?—w?) cosf—iwcy1
24 s0? cosf
Cyy=—", (4.11)
w? cosf+iwcy
G21= C21—‘A » cosf 5 (412)
and
Gu=Cu—A4,, (4.13)

and where w, is the plasma frequency of the electron
gas given by

wp= (drner/m)'i2, (4.14)

¢ H. Sonnenberg and H. Heffner (private communications).
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For a typical metal like silver, 2226102 per cc, so
that w,~210% sec™, In order to obtain an exponentially
damped solution in Eq. (4.7) for all angles 6, we see
from Eq. (4.8) that the frequency w should satisfy the
relation w< w,. We assume here that this is true in our
case. To find the order of magnitude of v, given by Eq.
(4.8) we will consider w and w, to be of the same order
of magnitude so that 7; may be assumed to be of the
order w/c.

To know how the classical Drude solution differs
from the correct solution near the surface, we can start
with the Drude solution (4.7) and obtain f; and j
from Egs. (3.13), (3.14), (3.27), and (4.3). With this
known form for jz; in Eq. (4.1), a1 can be obtained by
solving this differential equation. A better accuracy is
obtained by a continued iteration procedure, but here
we give the results of only the first iteration. With the
omission of all terms that are negligible for v;/¢<1, one
thus obtains

2wp2 Cn
an= {C e~ M- — d®
w? 1 Ju>o
. 3fo sing
Xe(z‘"/”l)“vl—} exp(—iw——xg) , (4.15)
6‘1)1 [4
w -
ag1=Cy1e~ 1% epr: — i—(smﬂ)x{l , (4.16)
c
w .
az1=Cye~ 711 exp[ —i—(sme)xz:l , (4.17)
c
with
daz 2w,? sin%0
—= { —71Ca1e "1 —————C(Cyy
dxy Sy
] afe sinf
X/ d?y eliwlvDory,— }exp(—iw——a@) . (4.18)
1>0 87)1 c

Since the above solutions hold even near the surface,
the boundary conditions at x;=0 to be used for the
differential equation (4.1) are

(1) @11, @21 and as should be continuous; and

(ii) das1/dx; and dasi/dx; should be continuous.

With C; and G; given by Egs. (4.5), (4.9), and
(4.10)-(4.13), it can indeed be shown that our new
solutions satisfy the above boundary conditions. These
new solutions given by Egs. (4.15)-(4.18) inside the
metal differ from the Drude solution only within a dis-
tance of the order v;/w from the surface. From the re-
sults of Eqgs. (4.4), (4.5), and (4.7)-(4.13) one can show
that the normal component ay; is discontinuous for the
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Drude solution at x;=0 such that

daj1 wy? sinf
=—-Cnd (xl) eXp(— zw—xg) , (4.19)
ox; w? ¢

whereas from the more exact solutions in Eqs. (4.15)-
(4.18) one finds the normal component a;; to be con-
tinuous and

3(1,'1 20,2 C11
=2 %
ax,- iw n 21>0
afe sing
Xeliwlr)z— exp(—iw——x2> . (4.20)
dvy c

As a check we should mention here that integrals over
# of the right-hand sides of the above equations reflect

the fact that
/B(xl)daq: 1.

Since the reflection coefficient, defined as the ratio of
the average energy flux reflected from the surface to
the incident flux, is equal to the ratio of G;1*G; and
Dj1*Djy, its value remains the same as in the classical
Drude case. For both the cases where the incident light
is polarized either parallel (4,=0) or perpendicular
(4,=0) to the plane of incidence one finds total re-
flection for w,2/w?> cos®.

(4.21)

5. SOLUTION FOR THE FIELDS VARYING
WITH FREQUENCY 2o

Similar to Eq. (4.1), the differential equation satis-
fied by the quantities a2 can be written as

azdkz 4(4)2 41r .
- - (*)dkz =—7Jk2,
dxj0x; \ ¢2 ¢

a2a,-2

(5.1)
6xjaxk
where

jk2="—6/ d? 'ukff—e/ v, fot, (5.2)
211<0 v1>0

and where the functions f,* can be obtained from Egs,
(3.13) and (3.14) in terms of K, whichis given by Eq.
(3.28). The expression for K, contains two terms, the
first term involving the unknown potential g;; of the
same form as that of K; in Eq. (3.27) and the second
term involving @;; and f; which are known from the
solutions of the previous section. Therefore the current
Jx2 contains a homogeneous or linear term which is very
similar to the current jz and an inhomogeneous or
nonlinear term. In this section we are interested in the
solutions for az, only for 7>v;/w and therefore with
Egs. (3.13), (3.14), (3.28), (3.31), and (5.2) and the
considerations leading to Eq. (4.6) we may approximate
the linear part of the current as

Jie(L)=— (en/mc)as. (5.3)
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As explained in Sec. 5, in the limit of »;/¢<<1, this is
equivalent to ignoring only a surface current in the x;
direction. The nonlinear part of the current can be cal-
culated from Egs. (5.2), (3.13), and (3.14) when one
uses the second term of Eq. (3.28) for K3 and the Drude
solution given by Egs. (4.7)-(4.11) for axi. Using the
general properties of f° given in Sec. 3, one then finds
in the limit,

9
Jre®(NL)=

—édn fda,
( )ajl (5.4)
2iwm?c*\ dx,  9x;

in the interior of the metal provided that x>vs/w. This
expression shall be called the volume term and is en-
tirely due to the Lorentz term in the force. But now we
find that apart from the normal component of the cur-
rent there are appreciable tangential components near
the surface. These tangential components, to the lowest
order in v7/c, can be written by using Egs. (5.2), (3.13),
(3.14), (3.28), and (4.7)

. —2¢e8
J®(NL)= a21C11
m2c?
) afe sinf
X d3y giwnr/vi— exp(—iw—x2) (5.5)
d 21>0 01 c
an o
.7.32(8)(NL) = a31Cn
m2c?
) afe sind
X / d3y eiomln— 6xp(—iw—xz> . (5.6)
»1>0 a7)1 C

In deriving the above results we have used the fact
that a nonlinear current varying as e(%s/*D gives a
contribution of the order v:/¢ to the potentials as com-
pared to a current varying as e~7%! where v1~0(w/c).
This can be seen by examining Eq. (5.1). By comparison
to Eq. (4.20), we may also write,

722 (NL) = (e¥niw/m?c?w,2) az1(da;/dx;)  (5.7)
and

732 (NL) = (e¥niw/m*c?w,?) a1 (dajr/dx;) . (5.8)

It is shown in the Appendix II that to calculate the
potentials in the interior and outside the metal, a
knowledge of the exact variation of the above terms in
Egs. (5.7) and (5.8) near the surface is not needed and
that one can replace in these equations the Drude ex-
pression (4.19) for da;1/dx; instead of using Eq. (4.20).
Then, using Egs. (5.1)-(5.4), (5.7), (5.8), and (4.19)
to find axs, one has to solve the differential equations

62aj2 azdkz 4w?
— 2
0x;0xr Ox;0x; 2
—4nne? drne® fda;n Oary
_Zhmne” ( ——)an (5.9)
mc? Ziwmzca\ Oxx  Ox;
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for #,>0, and

62ak2 4602
——————a12=0,
0x;0x; c?

32(1,'2

for %<0 (5.10)
0x;0xs,

and match the solution at #;=0, such that
(i) @22 and a3, are continuous;

dase

6x1

- 6(132

(if)

01 z1=0" 21=0"

—A4mrned sinf
C31C11 eXp( — 21:0)**9@) ; (S 1 1)
c

m2c3iw
dasy  dais dasy  dais
ol
dxy  0x2 ) g—ot 0x1  0%2 ) g—o~

—A47rned

C21C11 eXp( -

(iif)

m2c3iw

sinf
Ziww—m) . (5.12)

c

sinf

47c
Ziw—-—x2> - )
c (wp? 4w2\\4lwm26
X—

Ape= Ckze_”“ eXp< —_
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These boundary conditions are equivalent to the
conditions that the tangential components of the elec-
tric field E; should be continuous and that the tangential
components of the magnetic field H; should have a dis-
continuity at the surface which is equal to 4x/¢ times
the corresponding tangential component of the current
at the surface. Since we do not need the exact value of
the normal component of the current at the surface, this
procedure implies that we may write in Eq. (5.1),

en /30,_«,1 0az1
.
21wm2c2\ dxr  9x;

eniw daj1
H Yo

mPc2w dx;
It should be pointed out here that the last term on the
right-hand side of Eq. (5.13) represents the surface
current and goes to zero if the incident light is polarized

perpendicular to the surface. The solution for azs with
these conditions can then be shown to be

—en
Are—
mc

jk2=

(5.13)

sinf
[ 11C7'16_271$1 eXp(—le—&Q)] 5 for x1>0 (514)
c
and
cosf sinf
ar2=Gra exp(— 210 xl) exp( — 217w—x2> , for x;<0 (5.15)
c c
where
2w 6,2 1/2
Yo=—I (—————cos?O) s (5.16)
4?2
— 24w sinf
Cr= Coz, (5.17)
CY2
Gro=—Gsg tand, (5.18)
—“‘4’"’1’163\ C31C11
Gsz=caz=( - - ) (5.19)
m2ciw / cys— 21w cosf
- 21rne3\c(cos6') (272Co1Cr1— (iw/c) (sind) C1Cr)
ng =< ) (520)
m2ctio / (wp?—4w?) cosf— 2iwcys

and

c ( 4#%63\’)’26(C059){C21C11+ [w2(31n0)/(w1, 40.)2) COSH:IC,1C,1} (5 1)
= 5.2
” m2c2iw / (wp2—4w?) cosf— 2iwcys

We shall now proceed to determine the ratio of the average energy flux reflected with frequency 2w from the sur-

face to the incident flux given by

R® =4Gs*Gy/Din*Djs.

(5.22)

For this purpose one has to use Egs. (5.18)-(5.22), (4.5), (4.9)-(4.13), and (2.2). If the incident light is polarized

parallel to the plane of incidence, i.e., if 4,=0, we find
-Rpar(2

)= IeEp/mcwp [ 25 (0,0p/w)

(5.23)
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where E, given by
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E,=(iw/c)4, (5.24)
is the maximum amplitude of the incident electric field and where
wp\ 16 sin?0(cos®0){ (w,p?/w’— 1) +4(w,?/4w? — c0s?0) % (wp?/w? — cos?0)!/?} 2
(0,—)= , for w,?24w?cos?d. (5.25)
w ((wp?/w?) cos?0—4 cos20)((wp/w?) cos?0—cos26)?
In the following discussion, the special case of the surface current and one obtains
plasma resonance which occurs if w=w, or w= 2w, is ex- _
cluded. It follows in this case from Egs. (4.8) and (5.16) Roerp® = | eBu/mecsp|*h 0,05/ ), (5.28)
that y1=0 or y,=0 indicating the absence of damping of where .
the single or double frequency wave in the metal so Ey= (iw/c)4s, (5.29)
that the boundary conditions for large values of x, and where
become important. This situation cannot arise, however, 16 sin28 cos*
: . .s 0
if w<w,/2 and we shall assume this condition to be ful- h(g’ﬁ) = sy cos
filled, considering that it is justified for the incident w/  (wp/w?) cos?0—4 cos20
light in the infrared region. Then it is seen from Eq. for w,?> 4w’ cos™d. (5.30)
(5.25) that Again
FOwp/w) —0, if 60— 3m (5.26) h(0wy/w) —0, if 60— ix (5.31)
and and
h(wp/w)—0, if §—0. (5.32)
FO,wp/w) —0, if 6—0. (5.27) L. . . .
If the incident light is unpolarized, i.e., with

If the incident light is polarized perpendicular to the
plane of incidence, ie., if 4,=0, there is no effect of

Runpo1.® = (eEine/mcw,)? sin?0 cos*d

Ap=Aiccosp and 4,=Aicsing if one averages over
all the orientations of the angle ¢, one finds

[6{ (00,2/w0?— 1)+ 4(w,2/4w?— c0s%0) 1% (w,?/w?— cos?)! 12}
((w,2/w?) cos?0—4 cos20)((w,*/w?) cos—cos26)*

6 8

!
l ((wp2/w?) cos?0—4 cos26) T((wz,,“’/co?) cos?0— cos26)

where

and 0=13.

4((wp2/w?) cos?0—2 cos40+00520){((wp2/w2)——1)+4((w,,2/w2)—cos20)”2((wp2/4w2)—cosza)”z}:] (5:33)
—_ S.
((wp?/w?) cos?—cos26)%((w,?/w?) cos?0—4 cos26) ’
tained from Eq. (5.13) as
Eine= (iw/¢)A inc- (5.34) . (NL) —én (6aj1 dary
It is seen that Runpor.® likewise vanishes for 6=0 Jin(NL)= Vicomc? :3;;— axj)a’l
eStwn (')aj],
a— . (6.1)

6. DISCUSSION

It was pointed out in Sec. 1 that second harmonic
generation by reflection on a metal surface can be as-
cribed to a nonlinear polarization of the form of
Eq. (1.1)

Pg(NL) =oz(E1 X Hl) +3E1 diVEl .
In order to verify that the preceding calculations lead

to this form one has to consider the expression for the
nonlinear current density jxa(NL) which can be ob-

micw,?  dx;
Using the relations
H;=vxa (6.2)
and
Ei= (iw/c)a; (6.3)
the nonlinear current density can be written in the
vector form

72(NL)=

en 1e’n

(EyxHy)— E, divE;.

" (6.4)

2mPcer’ 2w )W
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On the other hand, the polarization P, and the current
density j» varying as e2%* are related to each other by
the relation

P2= - (I/Ziw)jg . (6.5)
Combining Egs. (6.4) and (6.5) the nonlinear polariza-
tion appears indeed in the form, given above with the
coefficients

SUDHANSHU S.

JHA

The corresponding first and second terms in the non-
linear polarization were shown in Sec. 5 to represent
volume and surface contributions, respectively. The
latter was neglected in the calculations of Kronig and
Boukema? and of Cheng and Miller® so that their result
is equivalent to replacing Eq. (6.7) by 8=0. Corre-
spondingly, Eq. (5.23) for the reflectivity of the second
harmonic wave for light polarized in the plane of inci-

a=1ie'n/4m?cw’ (6.6) dence is replaced by
and
Rpax® = | eEp/mcw, |2 W (6, , 6.8
B= e¥n/miw . (6.7) where Pa [eE,/ oW (0,05/w) (6.8)
< wp) 16 sin) cos*f(w,?/w?—1)?
— )= f 2> 402 cos?0. i
w/  ((wp2/w?) cos—4 cos20)((w,?/w?) C0s?9— cos26)? y for w,’24w? cos®0 (6.9

By comparison of these equations with the more rigorous
Egs. (5.23) and (5.25) of Sec. 5, it it seen that the sur-
face term is by no means negligible and leads to a con-
siderable modification of the results, obtained from its
omission. It can be shown, however, that the omission
of the surface term does not change the expression for
the reflectivity of the second harmonic wave Rpe®,
given by Egs. (5.28)-(5.30), for light polarized per-
pendicular to the plane of incidence.

While the results derived in this paper lend them-
selves readily to numerical evaluation, it has to be em-
phasized that they were derived under certain simpli-
fying assumptions which are not rigorously justified
under actual experimental circumstances. In view of the
importance of surface effects mentioned above, this holds
particularly for the description of the surface barrier
by a step potential. As explained in Sec. 3 and the Ap-
pendix I of this paper this description is valid only if
the frequency « of the incident light satisfies the
condition

w<Ks/d, (6.10)

where d is the distance over which the surface potential
varies appreciably and where vy is the Fermi velocity.
In reality, d must be expected to be of atomic dimen-
sion, i.e., d>~10—% cm, and v;~~10% cm/sec, so that the
condition of Eq. (6.10) is satisfied for a frequency

(6.11)

Since the right-hand side of this inequality is of the order
of magnitude of optical frequencies, our results can
claim only qualitative validity for incident light in the
visible region. On the other hand, these results may be
expected to lead to reliable numerical values for
w10 sec, i.e., for infrared incident light, used in the
experiment discussed below.

It is to be further noted that the applicability of our
results to visible and ultraviolet light is questionable
for other reasons too. Indeed, with the excitation fre-
quency of the ions and of higher conduction bands ly-
ing in this region, the neglect of ion polarization and of

w10 sec1,

band structure of the conduction electrons is no longer
justified. Instead, they will have an appreciable in-
fluence upon second harmonic generation of visible
light which would be difficult experimentally to sepa-
rate from the effect, treated in this paper.

This effect, however, may be expected to be dominant
under the conditions of an experiment which is at pres-
ent being carried out at Stanford by Sonnenberg and
Heffner® and to which, in conclusion, the results of Eqgs.
(5.23)—(5.25) shall be applied.® In this experiment, the
incident light consists of a beam, polarized parallel to
the plane of incidence, from a neodymium-doped glass
laser with a wavelength of 1.06 x and a corresponding
circular frequency w=1.74X10' sec?, and is reflected
from a silver mirror. With #~~6.10X 102 cm™! for the
conduction electrons in silver and w,~1.35X10'¢ sec™
from Eq. (4.14), one obtains

wp mew
—g ( )28)( 108 esu

w (4

and, hence, from Eq. (5.23),

E,

R —— (6.12)
8X 108 esu

2
| s,
w
For (wp/w)=8, Fw,/w), given by Eq. (5.25), is
plotted in Fig. 1 shown for different 6. In the same
figure we have plotted F(,0,/w) for w,/w=3 for com-
parison. As w,/w increases, the peak of the function
F(0,0,/w) is seen to shift towards §=90°. For order-of-
magnitude calculations we may take the optimum value
of F(0,w,/w) to lie between 1-10. This means that for
incident laser beam of moderate flux density with E, of
the order of 2.5 10* V/cm or 80 esu, the fraction of the

10 Recently it has been pointed out by Professor Bloembergen
and Professor Shen that ion cores at the surface may be the main
source for the harmonic intensity. The author is grateful to them
for sending this information.
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power of the incident wave reflected in the second har-
monic wave is of the order

8X 10 esu \?
Rpa,@):(———) =101,

(6.13)
8X 108 esu

The effect, so far observed,® seems to be consistent with
this result. This efficiency can be increased if without
damaging the metal surface it is possible to apply more
intense laser beams which are readily available.
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APPENDIX I

Since the x; and x; dependence of f, is already as-
sumed to be known, Eq. (3.9) is a differential equation
for f,in the variables «; and v; only, whereas the other
two variables v, and v3 enter only as parameters, Thus,
while Eq. (3.9) is being solved the variables xs, x3, v,
and vz may be suppressed. In terms of two new variables
given by a time 7 and the constant of motion for the
unperturbed electron

1 01="[o?+ (2/m)U (x) ]2, (L1)
et
x1=1(r,01) (L.2)
and
N= ‘01(1,171) 5 (1.3)
where
6x1/61-= 1 (1.4)
and
8v1/9r=—(1/m)(dU/dx). (L5)
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If we define
Sol®1(7,80),01(7,81) = @4(7,51) (L.6)
and
KQExl (7’771);7}1 (T:ﬁl):]= EQ(T:EI) ’ (I~7)
Eq. (3.9) can be transformed into
—iwp,t0¢s/0T=E,. (1.8)

The solution of Eq. (1.8) for g0, which goes to zero
for 7 — — o, can be written as

<pq=/ dr'etod ™=k (7' 5y). (1.9)

In order to find f, from Eq. (I.6) one requires the
knowledge of the functional dependence of x; and v; on 7
and 7; and hence from Eq. (I.5) that of U on ;. The
function U (x;) varies from zero to a value of the order
of mv? within a distance d near the surface. Therefore,
the average time 7* taken by an electron between en-
tering the surface barrier region and coming out of it
after being reflected by the wall can be estimated to be
of the order of d/v;. Since the time 7 enters according
to Eq. (1.9) in the combination w,7 and since wq is of
the order w, it is possible to replace U(x1) by a step
potential at ;=0 for which 7*=0, provided that

wd/vL1. (1.10)

Under this assumption we may write
for 7<0, wn=—7 negative (L.11)
X1=—h7 (I.12)
and for >0, u=0 positive  (1.13)
r="nr. (1.14)

Now Eq. (1.9) can be transformed back to the variables
#; and v; to obtain the results of Egs. (3.13) and (3.14)
of the text.

APPENDIX II

Due to the rapid variation of the exponential e#=1/1
in 722®@(NL) and 75 (NL) given by Egs. (5.5) and
(5.6), respectively, the contribution of these terms to
the current jx2 of Eq. (5.2) is appreciable only near the
surface. Considering only the case where £=3, Egs.
(5.2)-(5.4), (5.6), and (4.7) lead to the result

—én 2¢3 sinf
J32= a3— C31C11 €xp| — 2iw—rw,
mc mc? c

o of°
X / d? e-1mgivmln— - (I1.1)
211>0

9711

Using the above expression for the current in Eq. (5.1),



A 2030
one thus finds

sinf
a3e= Caee~ 72" €Xp| — 2iw——%2
c

8wed _ sinf
+—;'3C31C 11 eXP( — 21@"—952)
mec

c
x / a
v1>0

for ;> 0, where

Y= (2w/c) (wp?/4w?— cos?§)! 2.

eiwxvﬂ vle"‘)'l’“(afo/avl)
3

, (1.2)
(fw/v1—71)2—72?

(11.3)

Since v and vz are of the order of w/c we may write, to
the lowest order in v/,

sinf
Azo=C3goe 7271 exp| — 20w——%4
Cc
8reéd

m2c (iw)?

sinf
C31C11 eXp( —_ Ziw———()m)
c

0

af
X d3’0 vIZeiwxllne—nzl
>0 99y

(11.4)

From Eq. (5.1) the solution for as; for x; <0, where there
is no current and no incident wave of this frequency, is
given by
cosf sinf
az=Gse EXp(—— 2iw————x1) exp(— Ziw—x2> . (ILS)

c 4

Applying the boundary conditions that ass and dass/dx;
are continuous at x;=0, we find

8ed afe
Cio—Gso= C11C31/ d*vvi— (I1.6)
m2c3(iw)? >0 vy
and
2w cosf  8med C11C31 6f°
C32—Giss = / d*vo—, (IL7)
(2% mc’ 1:{.0’)/2 21>0 dv1

where we have neglected v; in comparison to w/v; in the
right-hand side of Eq. (IL.7).

By examining Egs. (I1.6) and (I1.7) we observe that
the right-hand side of Eq. (I1.6) is of the relative order
vs/c compared to that of Eq. (IL.7). Therefore, to the
lowest order in vs/c, we may write the boundary condi-
tions (I1.6) and (I1.7) as

C3=G3 (11.8)
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2iw cosf —4me’n
v2Css—Gn = —CuCa, (I11.9)
c mciw
where we have used the result
af° n
/ & op—=—-—. (T1.10)
21>0 (97)1 2

These same relations for Csp and Gs, which determine
the solutions in the interior of the metal and outside the
metal, can be obtained if we write for the expression
a2 (NL)

—én

Ja®@(NL)=

sinf

C31C11 eXp(— 2160—362)6(061) (IIll)
miciw c

instead of its form given by the second term of Eq.
(I1.1). To verify this, one can solve the differential
equation for ass given by Eq. (5.1) for ;<0 and ;>0
separately and then apply the following boundary
conditions at x;=0:

(1) as2 should be continuous (I1.12)
and
—daz daszs
(ii) }
0x1 lz—o* O0%1lzy—o-
At —éin sinf
=—*( C31C11) exp(——-Ziw———m) . (1113)
¢ \m*%w ¢

This means that it is permissible to use Eq. (II.11),
i.e., to consider the surface term ;3 (NL) to have a
delta-function character, in order to obtain the solution
in the interior and outside the metal. Similarly for the
surface term 722 (NL) given by Eq. (5.6) we may
write

—en
Fa2®(NL)= Co1C11
m2ctiw
sinf
Xexp(—— 2iw~x2>6(xl) . (I1.14)
c

Since for the Drude solution, da;i/dx; given by Eq.
(4.19) has a delta-function character at x;=0, we may
replace (I1.11) and (11.12) by

eniw  daj
j;;g(s)(NL): Q3 (II.].S)
"%252(»\’1)2 690;,- Drude
and
eniw  9daj1
jgz(s)(NL)= A2 (II16)
m*c*wp? 025 | Drude



