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The recombination rate of electrons in a hypothetical plasma containing ions of a molecule having both
repulsive and bound neutral states is calculated for electron densities between 101 and 104/cm? and tempera-
tures ranging from 250 to 2000°K. It is found that if the molecule has a dissociative state located sufficiently
close in energy to the molecular ion, values are obtained considerably in excess of the collisional-radiative
recombination rate for systems possessing only bound states.

INTRODUCTION

ISSOCIATIVE recombination! of molecular ions
with electrons requires a “crossing” between the
potential curves of the molecular ion and some repulsive
state of the neutral molecule to explain certain large
electron-removal rates observed in decaying plasmas.?
However, the necessity of such a crossing can be
avoided by including into the scheme of collisional-
radiative recombination,® as applied to molecular ions,
one or more repulsive states lying energetically below
the molecular ion at all internuclear separations. Such
a level could be expected to be populated at a rate
comparable to that for an energetically equivalent
bound state. However, re-ionization would be sub-
stantially less probable since dissociation would occur,
raising the energy necessary for subsequent re-ionization
of the products by at least an amount equal to the
dissociation energy of the molecular ion. Since the net
rate of electron removal can be considered to be the
gross rate of removal due to two-electron and radiative
recombination less the total rate of re-ionization of
resultant excited states, a diminution of the latter as
described would result in an increase in the net electron-
removal rate. This paper presents a mathematical model
of such a collisional-dissociative process together with
quantitative results.

THEORY

The calculations to be discussed were performed on
a plasma consisting of ions of a rather idealized mole-
cule. In the initial calculations the following properties
were incorporated into the molecular model:

(1) A substantial dissociation energy for the molecu-
lar ion, at least several times the thermal energy of the
electron gas;

(2) a sequence of potential curves representing the
possible bound electronic states of the molecule having
minima at similar internuclear separations;
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(3) a hydrogenic spacing in energy of the vibration-
less ground states of each electronic potential curve;
and

(4) population only in the vibrationless ground state
of each electronic state. Such a system, although highly
artificial, has many common properties with the group
of diatomic molecular systems which permit a united-
atom description, such as molecular hydrogen and
helium.

The possibility of spontaneous dissociation was
introduced in two manners, the first and simplest being
used in the majority of calculations. Subsequent
refinements were introduced to bring the system into
a closer approximation to real molecular systems.

In the simplest, all the bound states for a particular
hydrogenic energy level are replaced by the same
number of dissociating states energetically equivalent
to the bound states at the equilibrium internuclear
separation of the latter. In this case the principal quan-
tum number of the bound level is retained by the disso-
ciative states as an effective quantum number g. In this
manner the term values of all molecular states can be
computed from a single formula, the dissociating states
being treated as belonging to the gth level.*

Figure 1 illustrates such a system, together with a
derived energy-level diagram. In this particular example
the dissociative level has a ¢=3.

Subsequent refinements consisted of introducing a
single dissociating state having an energy which inter-
polated between the hydrogenic values at the equi-
librium internuclear separation of the bound states. As
will be presented in the results, such a refinement was
found to vary the electron-recombination rates sub-
sequently calculated only moderately while serving to
introduce two specialized additional parameters which
could not be easily determined, were a comparison to
be made to a real decaying plasma.

Of primary interest in a study of this model plasma
is the rate at which electrons are lost from the plasma
by recombination with the molecular ions. As in the
theory of collisional-radiative recombination of protons
and electrons® the time rate of change of the population

4Tt should be recognized that in a real molecular system the
effective quantum number of a dissociating state would not
generally be the same as the true principal quantum number of
that state.
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of the 7th electronic state in a decaying plasma is given
by the following expression:

dN;
7—=a¢N+Ne+Z Aiij-l—Ne Z Qiij
t

> J#i

—NJ{X 4;i+N. 2 QitB:], (1)
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where N;, N*, and N, are the populations of the jth
excited state, ion density, and electron density, re-
spectively; A;; and (Qi;N.) are the transition rates
from the jth to the sth level by spontaneous radiation
and inelastic or superelastic collisions with free elec-
trons, respectively; a; is the coefficient for recombina-
tion from the continuum to the ¢th level by radiative
and two-electron recombination; and B; is the rate
coefficient for ionization of the sth level. If the rate at
which individual molecules in the ith state are lost,
as given by the bracketed term, is large compared to
the rate at which the electron density is decreasing,
then N; can be expected to decay rapidly to a quasi-
equilibrium value satisfying Eq. (1) with the left side
set equal to zero. Since this can be expected for all
levels having 2>1, an infinite set of equations linear in
the N,’s is obtained. For manipulation the set can be
made finite by considering the hydrogenic sequence of
states to have a greatest quantum number » above
which there is a gap and the continuum of free states.
As a desired quantity Z,, is obtained for this particular
finite set, m can be increased until AZ,, =20 for m greater
than some integer K. In this case Z,, can be considered
to have converged to a value Z characteristic of the
infinite set.

Numerical values for the coefficients needed in Eq.
(1) were obtained by calculating® the 4 ,;’s, using Bates’
values® for the radiative recombination part of a;N*N,
and calculating the Qy;, B:, and collisional part of
a;:NtN. by Gryzinski’s method.” In these latter cal-
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here can be expressed using Gryzinski’s original terminology as
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Ois= [) " f(EZ){ f jza(AE)d(AE)}dEg,

where ¢>j and f(E,) is the Maxwell-Boltzmann distribution
function for the energies E. of the free electrons, %, is the energy
difference between levels 7 and j, #. is the energy difference
between levels ¢ and j41, and v is the velocity of the electron
having energy E,. The distribution of bound energies was assumed
to be a delta function giving the excited bound electron an energy
exactly Ei, equal to the ionization potential of the jth state. See
M. Gryzinski, Phys. Rev. 115, 374 (1949). The values obtained
here agree with those of Kingston only to within about a factor
of 2 for all temperatures and densities examined because of this
particular choice of approximations. Those employed here were
chosen to give the smallest Q;; in an effort to avoid overestimating
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Fic. 1. Left: The hypothetical potential curves used in these
calculations showing the hydrogenic spacing in energy of the
vibrationless ground state of each electronic state. Right: The
equivalent energy-level diagram. In this case the third equivalent
hydrogenic level has been assumed to be dissociative.

culations only a hydrogenic statistical weight, charac-
teristic of the electronic degeneracy, equal to 252 for
the jth level, was used. This is consistent with the
assumption of common equilibrium internuclear sepa-
rations of the various states since approximately equal
rotational partition functions would result and sub-
sequently cancel.

Dissociation of the state with effective quantum
number g is represented by an additional term in the
gth equation of

—4pNg, 2

where Ap is the rate coefficient for spontaneous dis-
sociation, typically on the order 10%*-10*/sec. Choosing
a value for the independent variable N, and requiring

Nt=N,, 3)

Gaussian substitution can be employed to reduce the
set of m—1 linear equations to a set of relations of the

form
N;=a;+b:N,, 4)

where 1>1, a; and b, are derived coefficients which are
functions of the value of N* and N, chosen, and N, is
the ground-state population. Consistent with the
assumption of a quasiequilibrium among the excited

the effects of the inclusion of a dissociating level. In order to use
the Q;; with molecular levels, Franck-Condon factors were
assumed to be unity.
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states, the electron-removal rate can be written as
dN/dt=—[(dN/dt)+ (dNo/dt)], ®)

where N is the population of all atomic states resulting
from the dissociation of the gth level and subsequent
collisional-radiative processes. The two terms on the
right can be considered to be a collisional-radiative
recombination rate and a collisional-dissociative re-
combination rate, respectively. The term dNo/dt must
equal the gain of atomic states by dissociation 4pN,
less the re-ionization rate of these states. The latter
will be neglected since its inclusion would require a
substantial number of specialized assumptions about
the particular form of the dissociating level and the
sequence of atomic states subsequently populated.
However, since the energy required for ionization is
larger after the dissociation by an amount equal to the
repulsive energy of the dissociating state plus the
dissociation energy of the molecular ion, for a strongly
bound ion this term will generally be negligible at all
but the high values of electron temperatures. Con-
sequently

dNo/dt=ApN,. (6)

Rewriting this as the product of a collisional-dissociative
rate coefficient ap and the charge densities, and sub-
stituting from (4) where ¢=g¢, gives

ap= (Apa,/N*N.)+ (4Apb,/N*N,)N;. )

Similarly, the collisional-radiative recombination rate
of electrons —dN1/d¢ can be defined in terms of a rate
coefficient acr as follows:

dN1/dt=acrN*N., @®)

and computed as follows by substituting (4) into Eq.
(1) with ¢=1:

QCR=

k
{aa NN 43 (A1;+QuN oa;
N*N, =2

k k
+[X (Ay+QuN e)bj—g NQi—B:IN1}. (9)
7=2 J=
Then the rate of loss of electrons can be written

ch/dt—: —otallVTIV, ’

where asota1= acr-t+ap.

(10)

RESULTS

In practice it was found that for electron tempera-
tures in the range 250 to 2000°K and electron densities
varying from 10°-10%/cm?, from 30 to 50 levels were
required for the populations of the various excited
states to converge to values which could be considered
to be independent of #, the number of bound levels
used in the calculations. Similar results were found for
the rate coeficients, such as acgr, dependent on the
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populations. As could be expected the number of levels
required for convergence of the various populations
and recombination coefficients calculated depended
strongly and inversely on the electron temperature as
well as the electron density. For electron densities
between 10° and 10%/cm?, 50 levels were used for an
electron temperature of 250°K, 40 for 500°K, and 30
for higher temperatures.

Subsequent calculations of the population coefficients
a; and b; as defined by Eq. (4) revealed that over the
range of electron temperatures and densities examined
empirically,

al->>|b,~N1| ) (11)

for reasonable values of N;(10'8/cm?) which could be
expected to be found in afterglow plasmas. Physically
this implies that the populations of the excited levels
are little affected by re-excitation of ground-state
molecules at temperatures not exceeding 2000°K.

Applying (11) to Eq. (7) simplifies the calculation
of the collisional-dissociative recombination coefficient
ap yielding

ap=Apa,/N*N,. (12)

Using a spontaneous dissociation coefficient for the gth
level of 10%/sec, values for ap were calculated for
electron temperatures of 250-2000°K, electron densi-
ties between 10 and 10“/cm? and a variety of ¢’s.
Figure 2 shows typical behavior of ap as a function of
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Fi1G. 2. Calculated recombination rates as functions of electron
density at an electron temperature of 250°K: collisional-
dissociative rate ap for various values of g, the principal effective
quantum number of the dissociating level; ——— collisional-
radiative rate acr in the absence of a dissociating level.




COLLISIONAL-DISSOCIATIVE RECOMBINATION OF ELECTRONS A1853

electron density N, and parametrically as a function
of ¢ for a temperature of 2500°K. The collisional-
radiative recombination rate acg for nondissociating
molecules is shown for comparison. It can be seen that
for dissociation at a sufficiently high effective quantum
number, the collisional-dissociative recombination rate
can substantially exceed the regular collisional-radi-
ative rate for a nondissociating molecule.

Of greater importance is the total recombination rate
as defined by Eq. (10). The acr appearing in this
equation will not in general be the same as the acg for
a nondissociating molecule such as shown in Fig. 2;
but rather the acr obtained by substituting the a; and
b;, obtained from the set of 7 equations describing the
dissociating system and used to calculate ap, into Eq.
(1). Over the range of parameters considered the
bracketed term in Eq. (9) is completely negligible
owing to relation (11) and extremely small values of
Qj1 and B;. Consequently, for evaluation acr can be
written

QCR=

1
[V N3 (A QuN Ja]. (13)

N*N, =2

This collisional-radiative coefficient is always sub-
stantially smaller than the corresponding coefficient
for a nondissociating system.

Figures 3(a) and 3(b) present the results of the
calculations of the total electron-removal rate by
recombination with molecular ions possessing one
hydrogenically spaced dissociating level of 2¢* states.
The collisional-radiative rate acr for the same system
without the dissociating level is shown for comparison.

Several important features should be noted. The
first is that each curve in Figs. 3(a) and 3(b) approaches
a straight line with unit slope as the electron density is
increased. Although the same is true of the acg for a
nondissociating system, the inclusion of a dissociating
level markedly enhances this effect. Consequently, if

N*+=N-, (14)

the loss of electrons by recombination in such a system
will be third order in the charge density over a wider
range of electron densities than in a system including
no dissociating molecular level.

A second observation which can be made is that
although the dependence of ap on the electron density
is considerably more complex as shown in Fig. 2, under
certain conditions, large ranges of linearity exist in the
log ap versus log N, plots. The slope again is unity
implying that, assuming (14), the rate of production
of atoms by the dissociation of a molecular level is
third order in the charge density under these con-
ditions. Using terms previously defined, this can be
written

dNo/di=CN &, 15)

where C is a function only of ¢ and the electron
temperature.
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F16. 3. Calculated recombination rates as functions of electron
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density: —— total electron removal rate aota1 for various values
of g, the principal effective quantum number of the dissociating
level; ——— collisional-radiative rate acr in the absence of a

dissociating level. Electron temperatures are (a) 250, (b) 2000°K.

Finally the detailed behavior of the electron removal
rate, as the effective quantum level of dissociation is
varied should be noted. It was found, as can be seen
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from Figs. 3(a) and 3(b), that the total electron- and
consequently ion-removal rate aiota1 is never less than
the collisional-radiative rate for a nondissociating
system under the same conditions. Instead, for dis-
sociation at sufficiently low effective quantum levels
the two rates are approximately equal. This results
from the fact that the total electron-removal rate can
be considered to be the gross rate at which electrons
are removed by recombining events less the rate of
re-ionization of the resultant bound states. Since, for
the system outlined for study here, the former is un-
affected by the presence or absence of dissociating
states of the neutral molecule, the net electron-removal
rate can be increased only by a diminution of the rate
of re-ionization of excited bound states.

For the moderate temperatures and densities con-
sidered here, sufficiently low quantum levels exist from
which re-ionization and re-excitation to more readily
ionized levels are negligible. Since all the electrons in
such a level are “effectively captured,” any further
reduction in the rate of re-ionization or re-excitation of
these levels by dissociation will have a negligible effect
on the total rate at which free electrons are produced
by re-ionization and consequently a negligible effect
on the net electron-removal rate.

Conversely, if the level ¢ at which dissociation occurs
is sufficiently high that substantial re-ionization results
from it or if the introduction of dissociation at ¢ has
served to depress the populations of higher lying levels,
indicating that re-excitation from ¢ to higher lying
levels was not negligible, the net electron-removal rate
could be expected to be significantly increased by virtue
of a substantial diminution of the rate at which free
electrons are produced by re-ionization. Figure 4, which
presents the case in which dissociation occurs at ¢=6
illustrates the depression of the higher lying levels, and
Fig. 3(b) the resulting increase in the net electron-
removal rate aiotal-

Inherent in the determinations of ap and a1 under
the various conditions examined has been the necessity,
of assuming a value for Ap, the coefficient of spon-
taneous dissociation for the dissociating level. As stated
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Fic. 4. Calculated populations of excited states produced by
electron-ion recombination at electron temperatures of 2000°K
and 10% electrons/cm3. —~— populations expected in systems
including a dissociating level at g=6; —— populations expected
in the absence of dissociating levels.
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previously the value used in these calculations was
108/sec. However, the preceding analysis of the
detailed mechanism which attributes the increase in
Qiota1 to a reduction of the rates of re-ionization and
re-excitation of the gth level caused by the competing
process of dissociation suggests that a type of saturation
should occur whenever its rate coefficient Ap greatly
exceeds the coefficients for other loss mechanisms from
the level, such as superelastic collisions with electrons.
In this case essentially all of the molecules in the ¢gth
state would dissociate and a further increase in Ap
would yield no greater production of atomic species since
the rate would then be limited by the rate at which elec-
trons entered the gth level. Figure 5 presents typical
results verifying the general absence of a dependence of
the collisional-dissociative recombination rate ap on the

T=2000°K Ne=10'>/cm> DISSOCIATING
LEVEL
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RATE COEFFICIENT FOR SPONTANEOUS DISSOCIATION

Fic. 5. Calculated collisional-dissociative recombination rate
as a function of Ap, the rate coefficient for spontaneous dis-
sociation of the gth level, and parametrically as a function of g.

spontaneous dissociation rate Ap, at 2000°K and 10%
electrons/cm?. Only the slightest variation can be seen
for ¢g=18 and Ap=10"%/sec, conditions under which
spontaneous dissociation comprises only about 909, of
the total loss rate from the eighteenth level. Dis-
sociation at lower ¢’s, for which 4p is orders of mag-
nitude greater than the loss rate by other processes,
shows no appreciable dependence of ap on Ap. Since
the total nondissociative loss rate from these higher
rates is principally by superelastic collisions with
electrons, a process having a small rate dependence on
temperature, results at lower temperatures should differ
little from those shown in Fig. 5. Consequently, 4 p need
not be considered a significant parameter for these
calculations as long as it is of the order of a spontaneous
dissociation rate, 10%/sec.

Examination of the results presented in Figs. 3(a)
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Fic. 6. Calculated total electron-removal rate as a function of the effective quantum number at which dissociation is assumed to

occur for an electron temperature of 2000°K and 10 electrons/cmé3.

results for a nondegenerate dissociating state with continuously

varying effective quantum number; — - — results for a dissociating level with hydrogenic degeneracy and integral quantum numbers.

and 3(b) reveals no simple dependence of either ap or
ota1 ON electron temperature. Only the general ob-
servation can be made that ap has a weaker dependence
on electron temperature than the normal collisional
radiative rate for nondissociating systems. This is
evidenced by the fact that for dissociation at any
particular level ¢, the ratio of ap to the acr character-
istic of a nondissociating system decreases with de-
creasing temperature.

Complications in applying these results to real
molecular systems rest in certain simplifications intro-
duced into the basic model to represent the dissociation.
Thus far, as discussed previously, it has been assumed
that a dissociating level with effective quantum
number g possesses 2¢? states, all of which were dis-
sociative. A more realistic degeneracy would be 2#2
where # is the true principal quantum number rather
than the effective number. However, in a real system
a mixture of bound and dissociative states might be
included in a particular level. Even more probable is
that the energy of a dissociating state at the appropriate
internuclear separation will lie between the hydrogenic
energies of the bound levels. Consequently, a modifi-
cation of the original model was considered having the
following properties:

(1) The dissociating state or states introduced are
represented by a level on the energy-level diagram
having a quantum defect, or a nonintegral effective
principal quantum number; and

(2) the statistical weight of the dissociating state is
introduced as an independent variable.

Using this model, values for ap and o Were cal-
culated. It was found that in most cases neither the
nonintegral effective quantum number nor a degeneracy
of unity rather than the 2¢? of the previous model caused
variations outside the range of arbitrariness inherent
in the inelastic cross sections employed in the com-
putations, a factor of 2 or 3. Generally with a unit
statistical weight the values of asota1 for nonintegral
quantum level ¢’ were found to continuously approach
the values obtained for complete dissociation of all
states of the gth level as ¢’ approached the integral q.

The exceptions occurred under the combination of
high effective quantum number of dissociation and high
electron density. Under these conditions the total
electron-removal rate, dominated by ap, is theoretically
found to pass to the following asymptotic form:

ap= (g4/g¢") A (2rmkT o/ I¥)~*2, (16)

where gq, g+, and g~ are the statistical weights of the
dissociating level, ion, and free electron, respectively,
and other terms have their conventional meanings.
Since this is proportional to both Ap and the number of
states assumed dissociating, at these higher quantum
levels ap should approach a substantially lower value
for a single dissociating state as ¢’ approaches ¢. Figure
6 illustrates both types of behavior as ¢’ approaches ¢
for the case of a 2000°K plasma containing 10% elec-
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trons/cm?® and shows that for the case of a single disso-
ciating state ap is approaching the asymptotic limit for
large ¢/, calculated by (16), of 2.33X10~% cm3/sec under
these conditions.

However, for the lower levels of dissociation it can
be shown that the value of ap for dissociation of a
single nonintegral level, ¢’ should be continuous with
the value for dissociation of all 2¢? states of the next
lowest integral ¢, provided the rate coefficient for
spontaneous dissociation Ap is greater by a factor of at
least 2¢? than the rate coefficient for the conversion of
molecules having effective quantum number ¢ to other
bound molecular states by collisional and radiative
processes.

In practice, provided neither ¢ nor N, is too large,
little error would be introduced in considering the value
of atota1, characteristic of a molecular system containing
a single nondegenerate repulsive state with an effective
nonintegral quantum number ¢’, to be equal to the
atotal for the simple case of total dissociation of the gth
hydrogenic level as shown in Figs. 3(a) and 3(b) and
where ¢ is chosen to be the largest integer less than ¢’.
Detailed verification of this approximation was con-
ducted and Figs. 3(a) and 3(b) present only values of
g which are sufficiently low that use of this approxi-
mation would introduce an error less than a factor of
2.5 for dissociation through states having nonintegral
effective principal quantum numbers and multiplicity
not exceeding 2¢°

It should be noted that were the detailed potential
curves of the molecule completely known, in the case
of a single dissociating state the fiction of the effective
nonintegral quantum number of this level would be
replaced by a finite group of effective quantum numbers
representing sections of the repulsive curve which were
consequently functions of the internuclear separation,
each with its associated Ap incorporating the appro-
priate overlap integral. Application of a limiting process
in which the repulsive curve was divided successively
finer would yield a more realistic ap. However, con-
sideration of the insensitivity of ap to Ap at low
quantum levels as well as to the exact energy of the
dissociating level suggests that such a process would
yield results varying little from those of Figs. 3(a) and
3(b).

DISCUSSION

As discussed previously, large electron-ion recom-
bination rates have been observed in gases capable of
forming molecular ions.? Prior interpretations relied
upon dissociative recombination® of the molecular ions
with difficulty in some instances, notably helium.3
Collisional-dissociative recombination offers a possible
alternative explanation since it must occur to some
extent for all gases capable of forming molecules having
one or more dissociative states energetically below the

8 E. E. Ferguson, F. C. Fehsenfeld, and A. L. Schmeltekopf,
Bull. Am. Phys. Soc. 10, 187 (1965).
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ionization limit. The question of degree is the factor
determining whether or not collisional-dissociative
recombination need be considered as an alternative to
dissociative recombination and collisional-radiative
recombination of the molecular ions formed.

The theoretical treatment conducted here gives an
indication of the degree of importance of collisional-
dissociative recombination of electrons with molecular
ions. At higher electron densities in all plasmas contain-
ing molecular systems possessing high-lying repulsive
states, it might be a necessary consideration. For
those gases such as hydrogen and helium, whose
molecular states approximate united-atom conditions
thus possessing hydrogenically spaced energy levels,
the best agreement with the theory of collisional-
dissociative recombination could be expected.

Molecular helium, in particular, possesses states
whose energy spacing is quite a good approximation to
hydrogenic above the third level. In addition the
molecular ion is strongly bound and the principal
population of each state apparently lies in the vibra-
tionless ground state of each level as evidenced by
spectroscopic data. Since, in addition the excited states
have approximately equal equilibrium internuclear
separation,® molecular helium is realistically approxi-
mated by the idealized molecule of this study.? Al-
though no repulsive states are known to exist for
molecular helium, other than the ground state which
would not effectively increase the electron-removal rate,
not all possible states have been spectroscopically
located.

Recent spectroscopic measurements™ of the 10 830-A
helium line emitted by the 23P — 23S transition in
atomic helium in a recombining helium plasma have
revealed that a majority of the 23P atoms observed at
the higher pressures (~30 mm Hg) result from a
recombination of Hes*. Absolute-intensity measure-
ments of the 10 830-A emission were used to establish
that the recombination coefficient characteristic of the
process by which the molecular ions were recombining
and resulting in the subsequent production of netural
atoms was

apX2X1071 cm?/sec

at 1800°K and 210" electrons/cm?.

® G. Herzburg, Molecular Spectra and Molecular Structure (D.
Van_Nostrand Company, Inc., Princeton, New Jersey, 1950),
pp. 535-536.

©The electronic degeneracy of the mth state of molecular
helium is 4%? rather than the hydrogenic 2#2. This of course will
have no effect on the inelastic and superelastic collision rates
between bound levels; since the ionic degeneracy is 2 rather than
the hydrogenic unity the rates between bound and free states are
similarly unaffected. The only variance arises with the dissociative
level in that the discussion of the single dissociative state must be
considered to apply literally to a doubly degenerate state instead.
With this understanding the theoretical results could be expected
to apply to molecular helium.

1 This was reported at the 17th Gaseous Electronics Conference
1965 (unpublished) [see C. B. Collins and W. W. Robertson,
Bull. Am. Phys. Soc. 10, 189 (1965)], and recently discussed in
W. W. Robertson, J. Chem. Phys. 42, 2064 (1965), and C. B.
Collins and W. W. Robertson, J. Chem. Phys. 43, 4188 (1965).
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Whereas, this value is quite small to be interpreted by
dissociative recombination, calculation of ap indicates
that collisional-dissociative recombination through a
level near ¢g=4 could be expected to give an electron-
removal rate of

ap=10"" cm3/sec at 2000°K.

Consequently, a dissociative state having an energy at
the common equilibrium internuclear separation of the
bound molecular states comparable to or below that

of the fourth hydrogenic level would yield a collisional-
dissociative recombination rate in agreement with that
experimentally determined. Since the states with one
of the possible A values arising from the combination
He(11S)+4He(23P), the 4p=, has not been experimen-
tally located, such a repulsive state with the desired
energy could exist. Consequently, at least on the basis
of recombination rates, collisional-dissociative recom-
bination offers a promising alternative to dissociative
recombination in the explanation of the dissociation
observed in decaying helium plasmas.
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Binding energies of electrons in several neutral atoms are calculated for the Thomas-Fermi, Fermi-
Amaldi, and Thomas-Fermi-Dirac models, as well as for three other modified models proposed in this paper.
In the modified models the self-interaction of the electrons is explicity treated. One of these modifications,
related to the Fermi-Amaldi model, seems to yield results very close to the experimental values for binding
energies above a few tens of eV in atoms with Z up to about 50.

INTRODUCTION

HE Thomas-Fermi!? (TF) statistical model of
the atom is the simplest model which reasonably
describes the electrostatic potential and the electron
density within the atom. Despite the simplicity and
crudeness of the model, one may still use the TF
potential to calculate binding energies of electrons by
solving a single-particle wave equation. The results of
such calculations might a priori be considered as a first
approximation for calculations on a more refined model
of the atom, such as the Hartree or the Hartree-Fock
self-consistent method. Often, however, the TF binding
energies agree quite well with the experimental values.
This agreement improves when the calculations are
carried out with the Fermi-Amaldi® (FA) or the
Thomas-Fermi-Dirac* (TFD) potentials.

Extensive calculations of energy ferms (specified by
the #» and / quantum numbers) for the TF and TFD
models have been carried out by Latter® who solved the
Schrodinger equation. In the present work we repeated
similar computations for energy levels (specified also

1 For general reference see P. Gombas, Die Statistische Theorie
Des Atoms (Springer-Verlag, Berlin, 1949).

2 E. Fermi, Attl Accad. Nazl. Lincei. Rend. Classe sci. fis. mat.
e nat. 6, 602 (1927); 7, 342, 726 (1928); L. H. Thomas, Proc.
Cambridge Phil. Soc. 23, 542 (1927).

3E. Fermi and E. Amaldi, Mem. Acc. Italia 6, 117 (1934); see
also Ref. 1, p. 65.

4¢P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930);
see also Ref. 1, p. 77.

5 R. Latter, Phys. Rev. 99, 510 (1955).

by the j quantum number) by solving the Dirac equa-
tion. We also computed the energy levels for the FA
model and for three modified forms of the above-
mentioned models. In these modified models special
attention is explicitly paid to the self-energy of each
individual electron. It appears that for a rather wide
range of elements the binding energies based on one of
these models (a modified Fermi-Amaldi model), on the
average, agree with the experimental values better
than the results based on the more orthodox models. In
this respect the results of this particular model may be
compared even with the Hartree-Fock results. All three
modified models may easily be extended to ions. Two of
them (viz., the modified TF and the modified FA
models) may also be extended to atoms at finite temper-
ature and pressure, whereas the self-consistent-field
methods, although more accurate in principle, are
much more difficult to apply to atoms in highly excited
states. The two extended models may therefore be
used as a basis for calculations of opacity in the interior
of stars.

MODIFIED THOMAS-FERMI METHODS

All versions of the TF equation (i.e., TF, FA, and
TFD equations) may be obtained from a variational
principle

Eyot+Exin=min, 1)

/ pdr=2Z, given, (2)



