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and the expressions (MT 3.10), (MT 5.14) for InZE can
be put into the form (6) by algebraic manipulations
which need not be reproduced here.

The expressions (MT 3.7), (MT 5.12) for the entropy
can be derived from (6) using the standard thermo-
dynamic formulas, and are found to be related to the
quasiparticle distribution function p(k) by the ideal
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Fermi and Bose gas formulas. Although this result is
implicit in past work,2"7 the explicit recognition of
the resultant connection with Landau’s Fermi-liquid
theory!! is due to Morita and Tanaka.

11, D. Landau, Zh. Eksperim. i Teor. Fiz. 30, 1058 (1956)
[English transl.: Soviet Phys.—JETP 3, 920 (1957)]. See in
particular Egs. (3), (4).
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The frequency distribution of the absorption and emission coefficients on the wings of the hydrogen
Lyman-a line broadened by local fields of both electrons and (quasistatic) ions in a plasma is calculated in
the classical path approximation for regions well outside the half-intensity points. Depending on velocities
and frequency separations from the line center, electron collisions are treated by an impact theory, which
accounts both for Debye shielding and for the finite duration of the collisions, or by the quasistatic theory.
Quadrupole interactions are considered in addition to the usual dipole interactions, and the (dominant)
contribution of dipole interactions to the impact broadening is calculated to higher orders in the iterated so-
lution of the time-dependent Schrédinger equation. Asymmetries introduced by quadratic Stark effect, by
quadrupole interactions, by field-strength dependence of the oscillator strengths, and by the ion broadening
of the central component through quadratic-Stark-effect and quadrupole interactions are evaluated. Also
considered are asymmetries from the variation of factors usually assumed to be constant (frequencies and
Boltzmann factors), and from the transformation from frequency to wavelength increments. Remaining
theoretical uncertainties in the absolute values of absorption or emission coefficients for typical plasma
conditions are estimated to be less than 109, over ranges in which these coefficients vary by three orders
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of magnitude.

1. INTRODUCTION

N dense plasmas the shapes (profiles) of absorption
and emission coefficients near atomic lines are con-
siderably influenced by interactions between the absorb-
ing or emitting species and ions and electrons. This is
especially pronounced for hydrogen lines, because of
their large (linear) Stark effect. For this reason, and
because hydrogen is so abundant in stellar atmospheres,
theoretical and experimental interest have been concen-
trated largely on the Stark broadening of hydrogen
lines. For the central regions of the profiles it is often
permissible to use the two extreme approximations to
the general theory of pressure broadening, namely
impact and quasistatic approximations for electrons and
ions, respectively. With this simplification, and only
considering dipole interactions, detailed profiles have

* Jointly supported by National Science Foundation, U. S.
Office of Naval Research, and U. S. Air Force Office of Aerospace
Research.

T Part of this work was done during a sabbatical year at the
“Institut fiir Plasmaphysik” at Garching, Germany, as a National
Science Foundation Fellow.

been calculated for lines of the Lyman and Balmer
series.! Agreement with experiments, especially for the
Hpg line, for which the most precise calculations have
been made,? is usually within the estimated theoretical
uncertainties of about 1097,.3

This very satisfactory agreement seems to obtain as
long as the absorption coefficient is not more than two
orders of magnitude below its peak value, and also only
if asymmetries in the measured profiles are ignored.
Further away from the line center agreement with vari-
ous asymptotic formulas!-* is not as good for the Hg
line> and also not for higher members of the Balmer

1H. R. Griem, A. C. Kolb, and K. Y. Shen. Phys. Rev. 116, 4
(1959) ; see also U. S. Naval Research Laboratory Report NRL-
5805, 1962 (unpublished).

2H R. Griem, A. C. Kolb, and K. Y. Shen, Astrophys. J. 135,
272 (1962).

3H. R. Griem, Plasma Spectroscopy (McGraw-Hill Book
Company, Inc., New York, 1964

4H. R. Grlem, Astrophys J. 136 422 (1962).

5'W. L. Wiese, D. R. Pacquette, and J. E. Solarski, Phys. Rev.
129, 1225 (1963).
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series.®” While this is of no serious consequence for most
laboratory applications of line-broadening theory, the
actual behavior on the distant wings is most important
for the analysis of stellar atmospheres where the central
portions are obscured because of the large optical depths
involved and are, moreover, normally dominated by
Doppler effects.

Optical depths near the centers of the first members of
the Lyman series tend to be large in laboratory plasmas
as well. Therefore, experiments on Lyman lines®—* have
been concerned with the distant line wings. Because of
their great strengths, it has been possible to extend the
measurements to smaller values of the normalized line-
shape function than in most studies of Balmer lines
without serious overlap with lines of different principal
quantum numbers. This fact, and the possibility of
examining the various corrections to the theory in much
greater detail, makes further study of the Lyman-a line
especially attractive, even though experimental prob-
lems in the vacuum ultraviolet region of the spectrum
are rather severe. The hope is that certain conclusions
drawn from comparison between Lyman-a measure-
ments and theory can be generalized to explain some of
the discrepancies found for the wings of other hydrogen
lines, especially the excess intensities over twice the
Holtsmark prediction found in one of the experiments.®

The present paper is organized as follows: Section 2
contains a discussion of the principal assumptions made
in the subsequent calculations and an exposition of the
asymptotic wing formula for lines subject to both quasi-
static broadening through linear Stark effect and to
impact broadening. (Corrections to this formula are
derived in Appendix A.) In Sec. 3 the impact broadening
is calculated to arbitrary order in the iterated solution
of the time-dependent Schrédinger equation, using the
dipole interaction. Corrections due to quadrupole inter-
actions are evaluated in the following section, which also
gives a discussion of the errors incurred in the impact
broadening calculations. The results of these calcula-
tions are averaged over electron velocities in Sec. 5,
where also the various cutoff parameters are chosen.
The actual wing formula for Lyman-« is derived in
Sec. 6, including the asymmetry between red and blue
wings. (Details of the calculation of asymmetries intro-
duced by higher order perturbations are given in Ap-
pendix B.) In Sec. 7 the results are summarized (in-
cluding estimates of theoretical errors) and compared
with measurements.

2. GENERAL THEORY

As in the earlier calculations,:? the classical path
approximation will be made throughout. Also, depend-

(16 g?,) Ferguson and H. Schliiter, Ann. Phys. (N. Y.) 22, 351
963).

7 C. R. Vidal, Z. Naturforsch. 19a, 947 (1964).

8R. C. Elton, U. S. Naval Research Laboratory Report NRL-
5967, 1963 (unpublished).

9 R, C. Elton and H. R. Griem, Phys. Rev. 135, A1550 (1964).

10 G, Boldt and W. S. Cooper, Z. Naturforsch. 19a, 968 (1964).
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ing on velocities and frequency separations the broaden-
ing electrons will either be described by the impact or by
the quasistatic approximation. (The latter is always
used for ions.) By showing that the final results depend
only weakly on the parameter which determines the
transition between the validity regimes of impact and
quasistatic approximations, this procedure can be
justified. Furthermore, the cutoff at large impact param-
eters is not critical either, as it essentially only enters the
“weak-collision” term through a logarithmic factor.
When Debye shielding is the relevant mechanism, the
equivalent cutoff has been shown to come at 1.123 times
the Debye radius!! rather than precisely at this radius.
The error in the logarithm is thus 0.12 if this difference
isignored in view of the difficulties in accounting for the
finite duration of collisions'? with comparable exacti-
tude. However, by varying the corresponding parameter,
one finds that final results are not at all critically affected
by the uncertainty in this cutoff parameter. The cutoff
at small impact parameters necessitated in preceding
calculations!'?'! by the breakdown of second-order
perturbation theory is no longer required because the
effects of dipole interactions are now calculated to higher
orders and the then equally important quadrupole inter-
actions are also included. This allows one to move the
lower cutoff to the de Broglie wavelength divided by
2w as suggested by quantum-mechanical considera-
tions,! e.g., for Lyman-« to a radius smaller by a factor
about 3 than the former strong collision impact param-
eter. The uncertainty in the cross section due to apply-
ing the classical path approximation should thus be only
about 109 of this strong-collision contribution which in
turn gives usually only a small fraction of the total
broadening.

The point of departure for the actual calculations of
the line profile L(w), where w is the angular frequency
separation from the unperturbed line, is again [see
Eq. (56) of Ref. 1, Eq. (6) of Ref. 2, or Egs. (4)—(35)
of Ref. 3]

Z daﬂ

1
Lw)=— / dFW (F) Re
a,ﬂ,a’,ﬂ'

(B Liw— (i/ W[ Ho(F)— Hy(F)]— ®ar ]
/8" N derg™. (1)

Here F denotes the strength of the quasistatic fields
(mostly due to ions), W(F) the corresponding distribu-
tion function, dus the dipole vector matrix elements
between sublevels a of the upper level (¢) and sublevels
B of the lower level (b) for the line. The sum over double
indices @, 8 and o/, 8’ (designating states in “line space”)
selects the line. Also, H,(F) and Hy(F) are the Hamil-

11 H, R. Griem, M. Baranger, A. C. Kolb, and G. Oertel, Phys.
Rev. 125, 177 (1962).

2 M. Lewis, Phys. Rev. 121, 501 (1961).
13 B. Kivel, Phys. Rev. 98, 1055 (1955).
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tonians describing the various sublevels (relative to the
unperturbed levels) as functions of the quasistatic field
strength, and ®,s is the impact broadening operator to
be discussed in the next section. To a very good approxi-
mation, the lower level of Lyman-« is unperturbed and
Hy(F) thus almost vanishes, and &, essentially only
operates in ¢ space.

Furthermore, for large frequency separations, only
two regions of F values contribute. In the first region
(small F) the multiplicative factor of W(F) in Eq. (1)
is nearly independent of F and the term H,(F)— Hy(F)
can thus be ignored. Also, this factor can be expanded
in terms of (—®/w) and the remaining integral is simply
Jo* W(F)dF=1. In the second region (large F) W(F) is
nearly constant while the above factor then has a sharp
maximum for F values fulfilling

H,,(F)—Hb(F)ze(z,,—zb)F=hw. (2)

Here the dipole approximation was employed and F was
assumed to be in the z direction. Replacing W (F) by its
value for F from Eq. (2) the integration can again be
performed, using

+00
/ dx/(ix+1)=m.

It is consistent with these approximations to use for
W (F) the asymptotic Holtsmark distribution (for large
F) which can be obtained from the probability of finding
the nearest perturber in 7, 7+-dr, i.e., W (r)dr ~4xN o%dr,
through W(F)=W(r)|dr/dF|. With F=e/r? this re-
sults in

W (F)~2med 2N ,F—5/2, 3)

N, being the density of (singly charged) ions and
(quasistatic) electrons.
The indicated operations finally lead to

27

h 3/2
/ (_—) N Y dap{(aB| (Za—Z1)* 2| aB))dog*
m. a,f

1
+— X s daﬁ«aﬁ‘(_q’ab)lalﬁ’»dn’ﬂ’*, (4)

Tw* a,8,a’,8

which is essentially Eq. (61) of Ref. 1. The first term is
the usual asymptotic Holtsmark!¢ result. (Here the sum
is only over half the Stark components, and it was
assumed that parabolic wave functions are employed.
Also, Z, and Z; are now in atomic units.) The second
term describes the impact broadening contribution.

In the transition region between line core and line
wing the asymptotic expansion must be carried further.
This is done in Appendix A, following Kolb.l®* Also

14 T, Holtsmark, Ann. Physik 58, 577 (1919).

15 A. C. Kolb, dissertation, University of Michigan, 1947
(unpublished); University of Michigan Engineering Research
Institute, ASTIA Document No. AD 155040 (unpublished).$] g
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examined there are corrections due to Debye shielding
of the ion fields and ion-ion interactions.

3. DIPOLE CONTRIBUTION TO
IMPACT BROADENING

In this section the impact broadening operator ®,; is
calculated to arbitrary order in the iterated solution of
the Schrodinger equation for the time-development
operator U(Z,¢') in the interaction representation,

thdU (4,t)/dt= e BHRY ()e— BT (1 1') . 5)

However, the classical (straight) path and the dipole
approximations for the interaction V (¢) are retained as
in Refs. 1-4 and 11, i.e., for single collisions

V(t) - ez_gw. r.
lo+v(—1)|3

Here g is the position vector of the perturbing electron
at the time #, of its closest approach, v its velocity, and
r the coordinate vector operator of the atomic electron.
As further approximations, the impact broadening of
the ground-state (b) will again be neglected and also
the differences in the matrix elements of the ‘“unper-
turbed” Hamiltonian H, i.e., the differences in the
energy levels of principal quantum number 2 due to
quasistatic fields. A final assumption is that all collisions
may either be considered completed in the relevant time
interval or not contributing at all (see Refs. 11 and 12).
Then the impact broadening operator becomes

(6)

<I>=27rN/'uf(v)dv/pdp{U(oo, —0)—1}ay

© 1\" +o0
=2#N/vf(v)dv/pdp{ > <——) f ataV(tn)
n=1 1h —»
X/ ”dtn*lV(tn_l)'--f 2 dilV(tl)} , (1)

where Vis the density of impact broadening particlesand
f(v) their velocity distribution function. The {:: - }av
denotes the average over angles associated with g and v.
(The subscript av will be omitted from here on.)

All V(¢,) may be assumed to describe the same per-
turbation by a single charged particle. (Mixed terms
involving different perturbers average out for n=1, 2, 3
and are negligible for terms #>4 since these contribute
only for small impact parameters where simultaneous
interactions are quite unlikely.) The multiple integrals
thus reduce to powers of single integrals,

U, —0)—1=3, —1—<i/_+: V(t)dt)n

n=1nI\i%
w 1 2hu-R n

n=1 721\ tmpv




ELECTRONS AND

using Eq. (6) and introducing u=p/p, R=r/a,
=me?r/h?. This result will now be used to calculate the
(2,1, £1|®|2, 1, 1) matrix element, which controls
the impact broadening of the unshifted component. (As
explained at the beginning of Sec. 6, it is sufficient to
consider only one of the ®-matrix elements.) The non-
zero R-matrix elements are then

3 3
<Pi1[Rxl50>=\7'7 y (Pl Ryl 50>=ii6 )

(po| Re|s0)=3. ©

Here | p.1) stands for [nlm)=|2, 1, 1), | po) for | 210),
and |so) for |200). Figure 1 demonstrates which matrix
elements contribute to {p.1|(u-R)”|p41). The single
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Fi16. 1. Diagram of the matrix elements of (u-R)” which occur in
the nth iteration of the time-dependent Schrédinger equation with
the dipole interaction.

lines designate the R, matrix elements, i.e., contribute
a factor 9u,2 between vertexes ¢ and ¢2+1. The double
lines correspond to R, and R, matrix elements which
contribute (§)(#.>+u,?) for each of the two paths be-
tween subsequent vertexes. The end links of the chain
result in the same factor, and summing the diagram
thus yields for even #=2I (for odd # the matrix element
vanishes)

I—1
<P:1:1[ (u-R)" | pin)= 213w u,?) I+ 2l_2[’g‘(“z2+“y2)]l_lT(3uz)2

+ 2!—3[_%(142:2_*_ uy2) ]l—?.g;)(——_)

Bua)+ - - + 5w +0,) J(3u)* 0. (10)

The first term is for all of the 2!~! paths involving only R, and R, matrix elements. In the second term the paths
contain one so— po—so link, of which there are I—1, etc. (If several such links are involved, one must divide by
the appropriate factorial to avoid counting a given sequence of intermediate states twice.) To perform the direc-
tional average, the factors (#,2+u,?)"~* are expanded by means of the binominal theorem,

-1 (=1)!
{(paa| (-R)*| pan)} =33" 3 —————{(u*+u,*) " "u.*)
=0 41(l—1—1)!
_ -1 —)I
s -1 =i (=) (13- 70
=il (I—1—4)! =0 ji(l—i—§)!
-0 =1 (—i5) =i 1
= 32 X - , (11)
2 =0 ¢1(26+1) i=0 jl1(I—i— 7)1(21—2i—25+1)(25+1)
using, e.g., {#,2}=1/(2i+1).
Substitution of Egs. (8) and (11) into Eq. (7) and integration over p finally yields
N2 [ dv w (I—2)I(—1)ty 6% \2¢-D
(psa| ®| pa)=—12xN (——) / -—f(v)[lnp+% > -———(——)
m 2 =2 @n! mpv
=1 (l—i) 1= 1 pmax
oy ™ a
i=0 $1(2i41) im0 j1(I—i— ) (20— 2i—241)(25+1) Jomin

A natural choice of pmin is suggested by quantum-
mechanical considerations,!?16 namely

13)

i.e., the impact parameter for which the relative angular

momentum quantum number is 1. Summing the (first

10) terms corresponding to the lower limit and neglect-
16 H, R. Griem and K. Y. Shen, Phys. Rev. 122, 1490 (1961).

Pmin=#/mv=2X

ing terms of higher order than (pmin/pmax)? from the
upper limit one then obtains

(1| ®| par)=— 127FN<‘Z>2 / ?f(”)

Pmax P min 2
X ln( >—0.967—|—1.90(——)]. (14)
Pmin: Pmax
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(If the lower cutoff were made at X/V2 or AV2 the value
of the bracket would increase or decrease by 0.05 or
0.03, respectively.) In the earlier calculations!:2!! the
minimum impact parameter was chosen to correspond to
[{{2| U(, — ©)—1|a)}| ~1, yielding pu=4+/(3)71/mv
for Lyman-a, according to Eq. (19) of Ref. 1. Also, the
so-called strong collision term in the expression for @
was neglected. Comparison with Eq. (14) shows that
this term can be accounted forbyadding In(44/%) —0.967
=0.215 to In(pmax/pw). Such a constant term is usually
negligible when pmax is of the order of the Debye radius.
For asymptotic wing formulas, however, pmax is often
smaller than the Debye radius because only collisions
within p=~v/w can be completed in times contributing
to the Fourier integral representing the line shape.!
A strong collision term was therefore reintroduced*
and its value estimated by requiring a smooth
transition from quasistatic to impact approximation
regimes. For Lyman-a this interpolation procedure
is now superseded by actual calculation. (Note here
that the assumption of completed collisions is well
justified in the calculation of higher order terms
because these are only important at small impact
parameters.)

4. CORRECTIONS TO IMPACT BROADENING

Of the various approximations leading to Eq. (14),
the replacement of the complete interaction by the
dipole term according to Eq. (6) is most critical. There-
fore a quadrupole term should be added, i.e.,

V(e)=Vat)+V )

h2
=—l9+V(t—to)|‘3(E9+V(i—-to)]-R
m

{Lo+v(t—1)]-R)?
2ay IR-R|). (15
Za[ | o+ v(i—to) |2 :D (15

On integration, this becomes
+00 h2 R'Q
[ voa (29
o mpv o
a /R-p\%2 /R-w\?
w5+ (5) ] 0o
P P v

Averaged over angles associated with ¢ and v the
integral clearly vanishes. Also, the quadrupole term
therefore only contributes to second and higher order in
V(¢). With Egs. (8) and (11) follows now

{(p1|U(e0, —0)—1|ps)}

- —6(71—;1,)—2))2[14-28(5:3)2—}5-(5;)2—%' : ] , a7
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using {p.'}={v:"} =%, {po’0} ={0."0,%} = {vs™v,} =3,
etc., and taking matrix elements. The two additional
terms in the bracket represent second-order quadrupole
and fourth-order dipole corrections, respectively, to the
leading term from the second-order dipole interaction,
namely, —6(%/mpv)2.

According to Eq. (7) the ®-matrix element becomes,
truncating the p integral at p,,

<pi11<1>lpil>z—1zmr<_:;>z / iiff(v)[ 1_12 (W;w)

o 19 2\/1 1
+1n(—>—|—<14a02—— >< )] . (18)
Pw 10 (mv)2 Pw2 pmax2

To account for p<p., here a strong-collision term
— Nvmp,? was added to the integral with p,, defined by
I {(ﬁil[ U(Coy - oo)-— 1|Pi1>} ! ~ 17 i-e-;

/6 a\? 197 % \? 12
()2
mo Puw 5 \mp,0

7\/6 14 ymva\2  1971/2
LA o
my 3\ 7 30

when the second-order dipole result p,=7#%(y/6)/mv
=(4/6)pmin is employed under the square root. This
procedure yields

(paa| @] par)

AN Prnax
%——121rN(—> /»—f(v)[ln< >
w v Pmin
19 1\ 14 /mvae\2
—~<1n\/6+-v——>+—< )

30 2 3 /3

Qg 2 19 i 2
—14<_> +—( ) ] (20)
Pmax: 10 MMVPmax:

using pw=(/6)pmin under the logarithm and in the
quadrupole and fourth-order correction terms. The
constant term in the bracket is now 1.03 as compared
t0 0.967 in Eq. (14), which may be considered an indica-
tion for the accuracy with which higher order terms
(e.g., sixth-order dipole terms) are accounted for by
this modified cutoff procedure.

In the calculations below, this constant will be re-
placed by 1, and the associated error be estimated as
#0.05. The error due to neglecting higher multipole
interactions will be assessed from the ratio of quadrupole
and dipole contributions, assuming the error to be of the
order of the quadrupole term multiplied with this ratio.
Furthermore, the uncertainties stemming from the
classical path approximation, which necessitated the
pmin cutoff, should be of the order of the contribution
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caused by classical charged particle impacts within
Pmin, 1.€., of the order Nuvmpnin?, corresponding to an
uncertainty of 0.08 in the above constant. [This esti-
mate is probably too high, judged by varying the lower
cutoff impact parameter as discussed below Eq. (14).]
Errors due to deviations from straight paths ought to be
still smaller because the p, states possess no permanent
dipole moments so that typical interaction energies are
estimated by the quadrupoleinteractionas V' = 10ay%?/p?
=~ ao%e*(mv/)3=mv%(hw/e?). The ratio of interaction and
thermal energies is thus of the order #v/e? or typically
about 0.1. As the results are quite insensitive to per-
turber energy (temperature), and because the effects
from curvatures in perturber paths tend to be cancelled
by changes in the duration of the collisions, no signifi-
cant uncertainties are expected from this source. Also
so-called back reactions!” should be negligible (except,
perhaps for the asymmetry), because perturber energies
are considerably larger than changes in photon
energies.

Another approximation was the neglect of the ex-
ponentials in Eq. (5), i.e., of the quasistatic splitting,
which is of the order Aw=15eacFo/#~40(h/m)N?/3,
This is to be compared with v/p.,~mv?/#1/6 so that the
parameter z,= Awp./v is typically z.,= 100(%/mv)2N2/3,
which is usually about 0.01. Since even for 3z, values as
large as 0.4 corrections®!! due to the splitting between
interacting levels stay below 49, the quasistatic split-
ting should be negligible for most distant (weak) colli-
sions as well.”’* In principle, one should in addition
correct for interactions with states of different principal
quantum number, mainly »= 3. Here the parameter z,is
estimated by z,=~FEg(1/22—1/32)(1/6)/mv?*~ 3Ex/mv*
which is normally much larger than 10. (Ey is the ioniza-
tion energy of hydrogen.) Under such conditions, the
contribution to the width is completely negligible,* as
it then decreases exponentially with z,. Also shifts
caused by this interaction would not be significant. For
similar reasons impact broadening of the lower (ground)
state may safely be neglected.

Except for uncertainties from higher multipole (than
quadrupole) interactions and the difficulties connected
with the choice of pmax, the matrix element of the impact

17 M. Baranger, Atomic and Molecular Processes, edited by D. R.
Bates (Academic Press Inc., New York, 1962), Chap. 13.

17 Note added in proof. Calculations of electron impact broaden-
ing of hydrogen lines'** recently have been criticized [H. Van
Regemorter, Compt. Rend. 259, 3979 (1964) ] because the splitting
Aw of the levels by quasistatic ion fields was neglected. Inclusion
of this effect results in another maximum impact parameter,* e.g.,
for Eq. (14), at pmax=~v/Aw, which could be effective if it were
smaller than the Lewis cutoff’® at pma.x=~v/w. However, on the
line wings the frequency separation « from the line center is of
necessity much larger than the linewidth. Since the latter is of the
order of the average quasistatic splitting, one has w>>Aw, and the
Lewis cutoff impact parameter is considerably smaller (and thus
relevant) than the maximum impact parameter proposed by
Van Regemorter. This fact invalidates his explanation of the dis-
crepancies between theory? and experiment which were observed$:?
on the wings of Balmer lines from levels with large principal
quantum numbers.
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broadening operator as calculated above should there-
fore have an accuracy corresponding to about 109
variation in the constant accompanying the logarithm
in Eq. (20). Since the value of the bracketed term in
this equation is almost always twice the magnitude of
this constant, and since impact broadening contributes
never much more than half the total wing intensity, the
final error from this uncertainty in the impact broaden-
ing calculations is probably less than 3% in almost all
cases. (See also Sec. 7.)

5. FINAL CALCULATION OF THE
IMPACT BROADENING

To calculate the impact broadening from Eqgs. (4) and
(20), the velocity integration must be performed and the
maximum impact parameter be determined. The value
of the latter is only critical in the logarithm, i.e., in the
second-order dipole interaction contribution. When
Debye shielding is the dominant mechanism for reducing
the effects of distant collisions, and when the shielding
is as for slowly moving charges, then pum.x can be shown!!
to be 1.123 times the Debye radius obtained for shield-
ing by electrons only. However, as already pointed out
in Sec. 2, at large separations from the line center the
use of unshielded Coulomb fields in the interaction
energies given by Egs. (6) or (15) is not as critical as
the assumption of completed collisions, which led to
Eq. (7) and all subsequent expressions for the impact
broadening operator. Actually, only collisions completed
in times of the order (w)~! can contribute in the Fourier
integral representing the line shape. Now the effective
duration of a collision is about p/v, and p must accord-
ingly stay below v/w, as was first demonstrated by
Lewis.!? Appropriate conditions for pmax are therefore

@1

At a given frequency separation, the Lewis cutoff is thus
to be used for small velocities and the Debye cutoff for
large velocities.

For the velocity integration a new variable is intro-
duced, namely,

pmax~min|v/w|, pp’=kT/4rNe)/2,

y=3(mv*/kT), (22)
in terms of which the switch between the two expres-
sions for pmax Must come at

Mw? 1 ho\? 9 AN\ ?
Ymax= = _(f’) = (——‘-) . (23)
8rNe? 32mwap*N\En 5127wa® N\ A

The impact approximation will of course only be appli-
cable if the velocity exceeds some minimum value below
which the quasistatic approximation should be used.
The transition must be made when the characteristic
frequency v/p of a given collision is of the order of the
quasistatic splitting | Aw| = 3%/mp? for one of the shifted
components of Lyman-a. The corresponding minimum
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value of v is thus estimated to be

3hlw| 9En

2kT 8 kT

A)\

) (24)

Ymin=

when p is expressed in terms of Aw=w.

Assuming a Maxwell distribution of velocities and
using f(y)= f(v)dv/dy, the normalized y-distribution
function is

2m\1/? 2
»)= <——) ve V=—yll2Y,
1o wkT. V4

™

(25)

The fraction of electrons contributing to the quasistatic
broadening of the shifted Stark components is therefore

ARs(ymin)'_"f - f()dy
0

bl j—3 3> _Imn ) (26)
X/ﬁymm ( n=1 2n+3)n!

These slow electrons might also give rise to some impact
broadening of the unshifted component, even though
the situation is complicated through the presence of
the quasistatic effects which separate the interacting
levels and thus reduce the contribution from dipole
interactions.

For a model calculation, assume that the splitting
corresponds to the quasistatic value at closest approach,
| Aw|=3%/mp?, and that the quadrupole interaction
dominates the impact broadening under these condi-
tions. According to Eq. (17), the strong-collision
(Weisskopf) impact parameter would then obey

= (168)"/4(hao/mv)*/* ¢1))

0 2m>1/2 h>2N[ ® e—yd 1
@ —_—— —_— —_— —_—
(arl @l 20)= 7r<7rkT (m /,,m M 2/1,

14 2T
-
3

4
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and the parameter 2,/ = Awp’ /v~ 3%/ mp,'v

)
Ly = ~\ T )
(168)4\mag AX

using Eq. (24). Compared to the zero-splitting results
the dipole term in Eq. (17) is reduced®!! by a factor
mze~?* which is below 0.05 for all practical cases
(AN< 30 A), making the dipole contribution completely
negligible indeed. This justifies using the quadrupole
term in Eq. (27), and with Eq. (7) the ®-matrix element
now becomes

(punl ®'| par)~— 20N f

0

(28)

Ymin

0. f(y)dy

hdo
= —27(168)12—NAR,(ymin), (29)
m

where a strong-collision term was added. The impact
broadening from 9> ymis follows from Eqgs. (14) and (25)
as approximately

(1| ®| prr)~— 247'( o )llz(zL')zN , o (30)

wkT. m

using {[:--]}=2. The ratio of these contributions is
therefore with AR, ~4ymin®/2/38/m =~ (EgAN/ETN)3/?

(paa| @' | par) EH(N\>3/2
(par| ®|par) kT .

For the two past experiments®10 and under all fore-
seeable future conditions, this ratio stays well below 0.1
and the impact broadening of the unshifted components
by slow electrons may thus be neglected.

With Egs. (20)-(25) the desired ®-matrix element
finally becomes

&Y

—dy+(ln3 1)¢vmin

max y

7 AN 19 L
(1+ymin)e_ymin_ “)’min‘_‘e—y“’i“ +_<ymine—”min_ymin2/ ‘—dy)] 5 (323.)
£ 90 ,

min y

using Iny/6+19/30—3=1. Also, for the last two terms in Eq. (20), pmsx=7v/w was employed throughout because
only small velocities are important here. These terms stem from the upper cutoffs in the quadrupole and fourth-
order dipole interaction terms, respectively. The magnitude of the (negative) quadrupole term is below 10~2 for
AN< 30 A and may thus be neglected for the following. Futhermore, the last term is, when at all important, a very
slowly increasing function of ymi» and then combines with (In3—1)e~¥min to a nearly constant term of about 0.1.
For actual calculations it therefore suffices to use the simpler formula

e v

2m N2 h\2 © gV 1 r= 14 kT
(ps1|®| pr)=— 127r( ) <——) N[/ —dy—- f -dy—|—-—— ——(1_|_ymm)e Ymin |-
1l'kT m Ymia y 2 ymax Y

] ,  (32p)

without incurring additional errors any larger than the uncertainty of 40.1 in the value of the square bracket
due to the various causes discussed in the preceding section.
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6. ASYMPTOTIC WING FORMULAS AND
ASYMMETRIES

The calculation of the impact broadening of the /=1,
m==1 levels is sufficient for the present purpose, be-
cause in the asymptotic formula Eq. (4) impact and
quasistatic broadening are completely separated so that
the nim representation can be used for the impact
broadening. Accordingly, here only 2p,1 and 2p, need
be considered as upper states. Since these states are
distinguished from each other simply by a rotation, their
diagonal ®-matrix elements must be the same for iso-
tropic distributions in perturber phase space. (All off-
diagonal matrix elements vanish in this representation.)
The impact broadening term is thus obtained by sub-
stituting Eq. (32b) into Eq. (4), normalizing >~ dag-dos*
to 1. For the quasistatic term, parabolic wave functions
are required, and it must be remembered that only % of
the total intensity is in a given shifted component whose
z-matrix element is ==3a,. The asymptotic line shape

9 /Em\3/2) A\|3/2 3 3 \
R= 1+_—(_> — (1_—ymin+'—ymin )+
42w \kT. A 5 14

7r3/2

e Y

00 e—y 1 0
A5
ymin Y 2 J yumes y

using expansions for AR(ymin) and the quadrupole term
in the impact contribution which are sufficiently accu-
rate for Ymin<0.5.

The asymptotic Holtsmark result in terms of AX
follows from S(A\N)= L(w)|dw/dAX| as

dw
S(AN)~Law]) —]
dAN
2rc|AN|\ dLy  AN2mc AN
(1) e 2
Ae do N2 N
16vVZr| \ |5/ 1A
~ - a03N<1-|—— T -), (35)
B 2\

using
w=2mc[ A\ AN)T—N1]= — QurcAN/N)(1—ANN- - +)

and assuming that L(—w)=L(4w). (The term involv-
ing dLg/dw was first introduced by Boldt and Cooper.*?
In case of impact broadening it just cancels the term
from dw/dAN\.) Besides the asymmetry coming in through
this transformation, there are many other causes of
asymmetry. To assess them, higher order interactions
must be considered also in the quasistatic theory. This
is done in Appendix B whose principal result is con-
tained in Eq. (B9). According to it, quadrupole inter-

6\E<EH>1/2
kT
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becomes in the indicated manner

B/ I\
L(w)~ <——> N(1+4AR,)
o]\
24 hao/Em\1?
() L]
V|w|? m \kT
V31 s h\32 8V3
S5 OV a2
|| 572\ 312
mEg |12
X | —— ---_)EL R, (33
hkTw I: J H. (33)

with AR, as given by Eq. (26). Here Ly is the asymp-
totic Holtsmark result for Lyman-« and R therefore the
ratio of actual asymptotic wing intensity to the asymp-
totic Holtsmark formula for ion broadening. To facili-
tate comparison with experiment, R is best expressed
in terms of the relative wavelength separation AN/A
from the center of the line, namely

1/2

AN

A
14 kT

eyt byt i) [= 1R AR AR, (39

3 En

actions lead to an increase of the red component as do
the usually more important quadratic Stark effect and
changes in the dipole matrix elements. The quasistatic
broadening of the unshifted component acts in the same
sense and is also estimated in Appendix B.

Further factors influencing the asymmetry are the
slowly varying functions of the frequency which were
ignored in the definition®!” of the line shape, namely
the fourth power of the actual frequency wo+w and the
Boltzmann factors (for emission) or just the actual
frequency (for absorption). These factors probably
affect the impact broadening as well (which still remains
to be shown) so that Eq. (33) should in case of emission
be multiplied by

wotw\ * e w  ho
Aez( ) exp(———)zl—l—llz———, (36a)
o kT wo kT
or in case of absorption by
wotw w
Aq= =1+—. (36b)
wo wo

According to Eq. (35) transformation to wavelength
units introduces another asymmetry into the quasistatic
terms, and together with the correction terms from
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Eq. (B9) follows finally
16V27r| A

S(AN)~ —
B

5/2
ao®’N I:l—l— AR +AR+AR,

AN 1/2

37 AN
{ a- ARs)+~—~—(1+ARs):|
|A)\[ 4 2

1—3(AN/N)(16/3— Eg/ET)
|

7
1—AN/A } , ©87)

where the upper expression in braces is for emission, and
the lower for absorption. The quantities AR, and AR;
can be obtained from Egs. (26) and (34), while AR, is
estimated in Appendix B from the quasistatic shift of
the unshifted component due to quadrupole interactions
and quadratic Stark effect. Numerical results of these
calculations are presented in Fig. 2 and suggest to
replace AR, by

=3(AN/N), for AN>O
AR,=0, for AN<KO.

(38a)
(38b)

7. DISCUSSION AND COMPARISON
WITH EXPERIMENT

Before applying Eq. (37), which summarizes the re-
sults of the present calculations, to the line wings of
Lyman-e the validity of this asymptotic formula must
be verified along the lines of Appendix A. If necessary
a correction factor 14 (AS/S) must be applied to Eq.
(37), using Eq. (A10) with R from Eq. (34). This correc-

6V2 /E\ 12
AR%—«—(—-)
w312\kT

AN

A

A/

1 2 Aymin
(I:__ymlngl (1 ymln+2ym1n2)_e Umm]
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tion is only important for relatively small separations
from the line center, where AR;, i.e., the impact broaden-
ing term, is much larger than AR,, AR, and the other
terms responsible for the asymmetry. This justifies the
principal assumption made in Appendix A to calculate
this correction, namely that the broadening was only
due to quasistatic interactions with ions through the
linear Stark effect and to electron impacts. Another
assumption is always made implicitly, namely that
broadening mechanisms not involving singly charged
particles as perturbers and also Doppler effects are
negligible.

The correction terms in Eq. (37) which describe
asymmetries through quadrupole interactions, quadratic
Stark effects and changes in the dipole moments con-
tribute usually less than 109 to the first bracket in this
equation. Since they all stem from the quasistatic part,
higher order terms not accounted for in these calcula-
tions should not affect the profile significantly. To esti-
mate remaining theoretical errors it is therefore suff-
cient to estimate errors from uncertainties in the elec-
tron impact contribution AR;, or, rather, those from the
sum of AR; and AR, because errors originating in the
somewhat arbitrary choice of the parameter ymin in
Eq. (24) compensate each other partially. Accounting
for uncertainties in the parameters ymin, Ymax, the 2=0.1
uncertainty in the constant accompanying the expo-
nential integrals in Eq. (34) as discussed in Sec. 4, and
assuming that higher multipole interactions would add
a certain fraction of the quadrupole term which is of
the order of the ratio of quadrupole and dipole con-
tributions, the error in R is estimated as

Ymin

Aymax 1 [14kT e gw ] e v e
Lo vmax +— [ (1—%ymin? +3ymm3):| [/ —dy——/ —dy:| > 69)
Ymin "

Ymax 10 3IZ‘H'

using Eq. (34). The relative error in the wing intensity
is then given by AR/R, a reasonable choice of the rela-
tive uncertainties in the cutoff parameters being 3.
(Note also that higher multipole interactions will
always increase the broadening.)

Two experiments are available for comparison with
the calculated wing profiles. In one experiment!® the
absorption coefficient was measured absolutely in a
stablized arc on both wings of the line. Because of the
observed asymmetry of the wing intensities, averages
were taken and the data then presented in terms of the
asymptotic Holtsmark result. The measured quantity
therefore corresponds according to Eq. (37) to

R = 1+ AR3+ AR1+ <ARM)3V )

corrected for deviations from the asymptotic formula

using Eq. (A10), if necessary. This & is compared in.’

y 2J ymax Y

Fig. 3 with the experimental data. To illustrate the
relative importance of electron impact broadening
(AR,), this contribution is also given separately. Quite
clearly, it is the most important correction, implying
that completely quasistatic calculations cannot be
trusted. The other corrections, AR, and (AR,).v are too
small to be shown on this graph. The total, £ (corrected
for deviations from the asymptotic formula), does not
at all agree with the measurements, unless one assumes
a systematic experimental error of about a factor 1.25.
(This exceeds the estimated experimental error of 109,
which was obtained assuming individual systematic

. €TT0rS to be completely independent. However, if all
(40) %5 systematic errors should be in the same direction, a
5 25% reduction of the measured values would be con-

istent with the individual errors given in Ref. 10.)

EWith a corresponding upward correction applied to the
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measurements, agreement is obtained at intermediate
wavelengths, when theoretical errors are estimated as
indicated earlier in this section, remaining experimental
errors as about 5%, and errors in the correction from
Eq. (A10) as £=209%,.

However, at small wavelength separations measured
points still lie considerably lower than expected and at
large distances the measured wing absorption coefficient
is definitely larger than predicted theoretically. Alter-
natively, if the 1.25 correction factor were not applied
to the measurements, these would be much too
low near the line center. In any event, the decay of the
experimental profile is significantly slower than is
calculated. A possible explanatioa is that van der Waals
broadening by argon atoms (which are the main con-
stituents of the arc plasma) is no longer negligible on
the far wings. It would give a contribution proportional
to AN73/2 and might therefore be important for large AX.
Following standard procedures, this correction is esti-
mated to amount to no more than 5% in the symme-
trized profile. However, interatomic distances corre-
sponding to AA>10 A are such that the sum of per-
turbed and perturbing atom radii is comparable or even
smaller. This fact invalidates these estimates but sug-
gests that effects due to atom-atom interactions might
actually be larger.

One first suspects that these interactions would
enhance the red wing relative to the blue wing. This is
not necessarily true, though, because at small distances
interactions would be repulsive and therefore result in
contributions on the blue wing. Directly measured
(instead of such asymmetries in intensities at points
= | AN| from the line center) were the mean wavelengths
A\, (measured from the “unperturbed” line) of points of
equal intensities on the two wings as function of their
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F16. 2. Correction AR, to the asymptotic Holtsmark result from
quasistatic ion broadening of the unshifted component and the
approximation AR, =~ 3AN/A.

distance 2A\; from each other. The quantity A); is
accordingly defined by
S| ANMA-ANe | )=S(— | AN—AN,]). (41)

From Egs. (37) and (38) it follows then for the case of
absorption

1— AR\ /AN 12
s () 5)
R N\

46 3TAR, \AM
R 4R x Jisaan

The first term in the square bracket stems from quad-

-1

ANS
(42)

30 T T

z.#

F1c. 3. Comparison of measured (Ref.
10) (multiplied by 1.25) and calculated
profiles, both relative to the asymptotic
Holtsmark result, at N=8.4X101 cm™
and T=12200°K. Also shown are the
results of complete profile calculations g
(Ref. 1) (recalculated with the new
$-matrix elements and using the distribu-
tion functions of Ref. 22), the profile not
corrected for deviations from asymptotic
formulas, the impact broadening con-
tribution, and the theoretical error
estimates.
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F1e. 4. Comparison of measured asymmetry (Ref. 10) (shift
Az in mean wavelength of points of equal intensity on both wings
of the line from unperturbed line center as function of their mean
separation A\ from the line center), and the present calculations.

rupole interactions and is usually the smaller of the two
terms at wavelengthswhere theasymmetry is noticeable.
In the second term, quadratic Stark effect, changes of
the dipole moments, ion broadening of the unshifted
component and transformation to wavelength incre-
ments contribute (7/4)(14+AR,)/R, T(1+AR,)/R,9/4R
and 3(14+AR,) to the coefficient of A\y/N, with —1
coming from the wavelength factor in the absorption
coefficient.

As seen from Fig. 4, agreement between measured and
calculated asymmetries is almost satisfactory in view of
the scatter of the measured points and the uncertainties
associated with the calculations. However, measured
(red) asymmetries are mostly above the calculated
values, which might be due to some additional broaden-
ing mechanism favoring thered wing. Aslikely thereisa
small systematic error in the wavelength measurements.
These were referred to the center of the absorption line
which may well be shifted to the blue by quadrupole
effects on the unshifted component. A blue shift of only
0.05 A, resulting in the same upward shift of all measured
points on Fig. 4, would account for much of the dis-
agreement.

A previous analysis'® of the asymmetry achieved only
qualitative agreement, not only because the corrections
to the dipole moments used!® differed from those de-
duced here but also because a A* dependence was as-
sumed rather than the N dependence appropriate for
absorption. Moreover, the transformation to wave-

18 Nguyen-Hoe, H. W. Drawin, and L. Herman, J. Quant.
Spectroscopy and Rad. Transf. 4, 847 (1964).

1 Nguyen-Hoe, E. Banerjea, H. W. Drawin, and L. Herman,

Report EUR-CEA-FC-251, CEN, Fontenay-Aux-Roses, 1964
(unpublished).
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lengths, the contribution from the unshifted component
and the fact that only about half of the wing intensity
can be calculated with the quasistatic approximation,
were ignored. For these reasons and because the varia-
tion of the Boltzmann factors was not included, this
analysis is not applicable for emission either.

The other experiment?®:? was performed with a high-
pressure electric shock tube, using helium as the carrier
gas. Because of difficulties with impurity lines on the
blue wing and the limited number of shots for a given
tube, only the red wing was measured. Also, the experi-
mentally obtained line profile was presented on a rela-
tive intensity scale, since measurements of the emis-
sivity® yielded absolute emission coefficients limited in
accuracy to about a factor of 2 (due chiefly to uncer-
tainties in the measured temperature). These absolute
measurements were therefore reported® only as results
consistent with theory.*

As in the arc experiment, an intensity range of 3
orders of magnitude was covered, even though in terms
of AN/F, measurements were performed nearer to the
line center. To compare with theory, the asymptotic
formula Eq. (40) must therefore be corrected according
to Eq. (A10) out to the farthest point. For |AN| <3 A
this correction becomes too large in this case (Z15%)
to be reliable. Here comparison must be made with
complete profile calculations.! In principle, asymmetry
corrections should be included as well, following Eq. (37)
(for emission). This correction amounts to +13%, for
the outermost point measured (AN=15 A), but is prob-
ably mostly canceled by the reduction in the photo-
electric yield? of the gold cathode used in the detecting
system.?! Neglecting, therefore, theoretical and experi-
mental asymmetry corrections, experiment and theory
are compared in Fig. 5, again using Eq. (39) for a theo-
retical error estimate, assuming a 4209, error in Eq.
(A10), and applying a suitable normalization factor to
the measured values.

Though the scatter is large, the shapes of calculated
and an appropriately smoothed (hypothetical) measured
curve would agree quite closely. This also holds for
points near the ends of the measured range, in contrast
to the situation in the arc experiment. If any significant
disagreement should exist, it is rather in the opposite
sense now, that is the experimental profile seems to
decay somewhat faster. Because of the scatter in the
experimental points, such conclusions are rather tenta-
tive and should be supported by additional experiments,
preferably on an absolute scale or, equivalently, over
a sufficiently large part of the profile that it can be
normalized directly. The best carrier gas would be
helium with its small van der Waal’s constant and
atomic radius.

The theoretical error estimates [ see Figs. 3 and 5 and

the discussion preceding Eq. (39) ] suggest that absolute

2 W, C. Walker, O. P. Rustgi, and G. L. Weissler, J. Opt. Soc.
Am. 49, 471 (1959).
2 R, Lincke and T. D. Wilkerson, Rev. Sci. Instr. 33,911 (1962).



ELECTRONS AND

IONS IN PLASMA

30 T T
N=33x107 em™3
251  T=20500 °K
F16. 5. Comparison of measured (Refs. 1

8, 9) and calculated profiles, both relative
to the asymptotic Holtsmark result, at
N=33X10" cm= and T=20500°K. T
Also shown are the results of complete 4
profile calculations (Ref. 1) (recalculated 15
with the new ®-matrix elements and using
the distribution functions of Ref. 22), the
profile not corrected for deviations from
asymptotic formulas, the impact broaden-
ing contribution, and the theoretical error
estimates.
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absorption or emission coefficients of Lyman-a can be
calculated to £=109, over at least three orders of magni-
tude in intensity and including the asymmetry of the
two wings, as long as only charged particles are re-
sponsible for the broadening. Extension of similar
calculations to other hydrogen lines, mainly to those of
the Balmer series, would certainly be very desirable but
also constitute a rather formidable task. For the time
being it must therefore suffice to conjecture from the
+109, agreement between previously proposed wing
formulas? and the present calculations (for the condi-
tions of the two experiments®-1%) that these earlier wing
formulas should be quite reliable for other hydrogen
lines as well. Large errors (>20%,) are expected only
when the Lewis cutoff!? is ignored, when asymptotic
formulas are invalid as such, when Debye shielding is
important, or when there is serious overlap with lines
of different principal quantum number.

Figures 3 and 5 also show that calculated intensities
exceed twice the Holtsmark value by about 109, on the
far wings. This excess is mainly due to electron impact
broadening through quadrupole interactions. A similar
effect may well occur for all other hydrogen lines. The
magnitude of the electron impact broadening contribu-
tion as indicated on these figures exemplifies further
how premature it is to conclude from experiments giving
the electron contribution as about equal to the quasi-
static ion broadening that also the electrons are acting
quasistaticly. More refined experimental techniques
would be needed to test such a contention, e.g., pre-
cision measurements of the asymmetry which is different
in the impact or quasistatic approximations. On the
theoretical side, it would be of some interest to improve
the accuracy and range of the complete profile calcula-

AX [A]——-—'- 100

tions to study the transition region to the validity regime
of asymptotic wing formulas. (At present it appears
possible that some of the discontinuity between the
curves in Figs. 3 and 5 is due to integration errors for
the outmost points of the complete profiles.)

APPENDIX A

To estimate higher order terms in the asymptotic
expansion of Eq. (1) which lead to Eq. (4) and all sub-
sequent wing formulas, consider the (Imaginary) case
of a line with only two (symmetrically broadened and
shifted) Stark components. According to Eq. (1) and
assuming ®,; has only diagonal matrix elements, its
normalized line shape is

w/ ° W(F)IF
L(w)=— P
O3 e
©  W(F)dF
ith +/; (w+CF>2+w2)’ @
wit
w=—Re((aB| Pas|aB))
and

C=|(e/B){{aB|2a— 23] aB))|

from Eq. (2). For statistically independent charges,
W(F) is according to Holtsmark!4

o0

2
W(F)=—£ sin(8n) exp(—n*/?)ndn,

T/ 0

where Fyisthe normal field strength, Fo= (41/3)2/%eN 213,
and B the relative field strength, 8= F/F,. Introducing

(A2)
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y=w/F, 6=w/F,, and I(§) = FoL(w) this reduced profile
becomes with sin(8n) = —14 Im exp(i87)

¥ te BdB
1(6)=— Im / S
im? o (6—CB)*H7?

X / exp(iBn—n*'*)ndy, (A3)
0

after F in the second term of Eq. (Al) is replaced by
—F and use is made of W(—F)=W(F). The integral
over B8 can be done by contour integration, closing the
path in the upper 8 plane,

1
1(8) =——Tm(5+1v)
2

m

X / exp[i(6+i7)-2——n3’2:|ndn- (A4)
0

If exp(—n?®/?) is expanded, the remaining integration
can be performed term by term, using

0
/ exp(—w)irdt=gzlw— Gt |
0

f( 1)~ /3n-|—2> Re( C ><3n+2)/2' (A5)
0 Y

nt \ 2 — i
This is equivalent to a result first found by Kolb.1%
Further expansion in terms of v/4 gives

z(a)=7r—;[1—<%)2+- -+
e
a1 ]

The square brackets approach 1 on the line wings, and
the first term (7=0) therefore corresponds to the impact
broadening term in Eq. (4). In the same limit,
(v/8) = 0, the second term (z=1) evidently corre-
sponds to the quasistatic term in Eq. (4). The third
term (z=2) is then a first-order correction to the
asymptotic form of the quasistatic theory. Calling the
quasistatic and impact broadening terms /, and /;, re-
spectively, and neglecting corrections of order (vy/6)?
and terms #> 3, the profile can be written as

o-aralu ST

(A7)

1(8)=

xC

15|C|3"2
8V2rr| 8502

(A6)

0
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Besides this correction to the asymptotic formula
corrections in the quasistatic contribution due to Debye
shielding by electrons and jon-ion correlations must be
considered. The field strength from the nearest ion is
now

F=(e/r")[1+(r/pp)] exp(—7/pp)

~(e/r)[1—(1/2)(r/pp)*+- - -],
where pp is the Debye radius accounting for shielding
by both ions and electrons of densities N;=N,=N.
(Detailed calculations of field strength distribution
functions?? suggest that this choice of pp actually results
in a slight over-correction.) With w=CF follows

w=(Ce/r")[1—(1/2)(r/pp)*+- - -]
~(Ce/r*)[1—(Ce/2wpp?)],
when the first approximation is used in the correction
term. The quasistatic relation L,(w)=W(r)|dr/dw|
~4mr?N,|dr/dw| then yields
5Ce )
dopp?/

From Egs. (A7) and (A8) the relative correction to the
asymptotic wing formula, i.e., to Eq. (4), is finally
estimated to be

AL(w) 132 2)1/2
L(w) RI: 5 (7r
with R=1+1;/1, being the correction factor to the usual
asymptotic Holtsmark result, which is given by Eq. (34)
and accounts mainly for the electron impact broadening.
(The quantity AR, tends to be negligible when AL/L
is important.)

To facilitate application to experiments, it is best to
express the above result in terms of the wavelength
separation AN~w\?/2m¢ from the center of the line.
For Lyman-«

[C=3%/me, w=~yFo=~48w2a4(h/m)
X(Eg/kT)"*N In(pp’/pmin’)]

the correction now becomes

AS(AN) (485 R m)
SN \R o lan
kT
><(1+[1.181n (agtN)-12
18Ey

Ex\12/Eg\1/? 1/2
—1.04(—) :l(———) ), (A10)
kT kT

where Ey is again the ionization energy of hydrogen and

|Cel o2
Ly(w)~27N (1 (A8)

o]

S5Ce
46F opp?

Y

)

)

2

C!W S

], (49)

AN

A

# B, Mozer and M. Baranger, Phys. Rev. 118, 626 (1960).
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@o the Bohr radius. The impact width was estimated
from Eqs. (28)—(30) of Ref. 1, using the value {a|rq-to| )
= 18a,? which is appropriate for the shifted components.
The use of these relations is justified in this connection,
because deviations from the asymptotic formula are
only important at relatively small separations from the
line center where the upper limit for the relevant values
of impact parameters is indeed well estimated by the
Debye radius pp’ accounting for electron shielding only
(see Sec. 5) and where collisions within pmi’ ~4%/mv
are negligible. Néglecting off-diagonal matrix elements
of the electron impact broadening operator ®,; should
also not cause significant errors, as these terms are only
important if the quasistatic splitting for a given ion
field is not much larger than the ®,; matrix elements,
which for Lyman-a only happens very near to the line
center.

Equation (A10) can be used to estimate corrections
necessitated by the only approximate validity of the
asymptotic wing formula Eq. (4), provided these cor-
rections are small. Usually it turns out that corrections
connected with the impact term (containing the loga-
rithm) and the Debye shielding (the negative term) of
the quasistatic fields are about equally important, and
that they are both of the same order as the correction
to the original asymptotic Holtsmark formula as given
by the first factor in Eq. (A10).

APPENDIX B

To estimate asymmetries of quasistaticly broadened
lines ordinarily subject to linear Stark effect, the pertur-
bation theory must be carried to second order in the
dipole interaction, and in addition quadrupole interac-
tions must be considered to first order. Therefore the
strengths of the shifted components are now affected by
the perturbation, and there is also a contribution from
the unshifted component to the quasistatic broadening.

The appropriate interaction Hamiltonian is from
Eq. (15), choosing the line connecting atom and per-
turber as z axis,

# 3 Qo
V)~ :!:-——[R,—l—— ——(R,2~§R2):| ,  (B1)
mril. 27

where the plus or minus signs apply to electrons and
ions as perturbers, respectively. Standard perturbation
theory yields for the quasistatic shift

I3 3 ap
Aw(r)= :|:2 (25020 R,+5 —(R2—3%R?)
r

mr?
h? , R, |nl)(nl|R

% 250£2p0)  (B2)
E,—E,

mr? a,l

to second order in the dipole interaction and first order
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in the quadrupole interaction. (| 2po) and | 2s0) designate
the wave functions |210) and |200).) Upon taking
matrix elements and summation over intermediate
states (n5%£2, 1=0, 1, 2), including the continuum, this

results in
3h Qo Qo 2
Aw+(r)=-—|:1:i:2———28(—) ] ,
mr? 7 7

Ao (r)= —ﬁ[p;szr 28(1")2] . (B3b)

mr? r 7

(B3a)

for “blue” and ‘“red” components. (The quadratic-
Stark-effect coefficient, i.e., the second-order dipole
term, was first evaluated by Wentzel?? and Waller.24)

In a consistent perturbation theory, the changes in
the absolute values squared of the dipole moments enter-
ing the quasistatic term in Eq. (4) must also be con-
sidered, i.e.,

| dag| 2~

<(250:|: 2?0)
_ 5 (250| Ra| npo)(npo IR.| 1so>

mr? n Ey—E,

2

, (B4)

n s 7' po){n'po| Rz | 1s0)
E1—E,

mrz n’

if only the dipole interaction with ions is included. Using
E,.=—¢*/2aom* and treating the terms involving sums
over intermediate states as small quantities this can be
written as

[dag| 2~ [ (2p0] R, 150)| 2

4 rao\*/ ., (25| R|np)np|R|1s)
X[H:%(7) < = (1/22—1/n%)(2p| R 1s)

(25| R|n'p)(n'p| R|15)
v (1—1/n")(2p| R|1s) >] (B3)

where R, matrix elements have been replaced by those
for R taken between radial wave functions. These radial
matrix elements were calculated by Gordon,25:2® and

% G. Wentzel, Z. Physik 38, 518 (1926).

% J, Waller, Z. Physik 38, 635 (1926).

2% W. Gordon, Ann. Physik 2, 1031 (1929).

2 See also Eq. (63—4) in H. A. Bethe and E. E. Salpeter,
Quantum Mechanics of One- and Two-Electron Systems (Academic
Press Inc., New York, 1957).
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with them Eq. (B5) becomes

[das|*~ | 2p0] Ral 150 2[1&16(5‘—“)2(1%10(\/10) £ (

r n=3

+2/10) [ )

(To extend the summation over intermediate states
lying in the continuum, the sum over # can be written
as an integral involving the variable x= —1/%2 between
the limits =0 and x —.) Summing and integrating
numerically follows

|dag| 2~ (2po| R.| 150)| 2[1£56(a0/7)2],  (BT)
where according to Eq. (B2), e.g., the plus sign is
associated with the red component. The contributions
to the correction term from bound states #>3 and con-
tinuum states are 58 and 139, respectively, with 299,
from #=2. (This result differs considerably from a
recently published value!® even if the A\ factor variation
included in Ref. 19 were accounted for. With the present
result, the correction for this combined quantity is only
half as large and of opposite sign.)

Using Eqgs. (B3) and (B7) the quasistatic broaden-
ing of the shifted components can now be computed
beyond the usual first-order dipole approximation from
L(w)~ |dag(r)|?4wNr2|dr/dw|. Inverting the various
power series, normalizing and adding a correction AR,
for the quasistatic ion broadening of the unshifted com-
ponent through quadrupole and quadratic Stark effects
one then obtains for broadening by ions

3 /B3 hio |12
L(w)~ (—) NIil-I—AR,EFZ—-—
|2\ m 6Ex
heo
:F(70:i:%)———:|, (BS)
H

HANS R. GRIEM

n2—3n—+2\" 8
__.___) n"(n"’—-) (n2—1)~3(n2—4)—4
n2+3n-+2 5

- —~1/2 —1 —1
exp[—2x~/2(tan~'y/x+tan va)]dx)]. (B6)
0 (14-2)3(1+4-4x)4(1+4-8x/5)

the upper and lower signs applying to blue and red
wings, respectively. For electrons the term 2| w/6Eg|1/2
has the opposite sign, as it stems from the first-order
quadrupole interaction. From Egs. (33) and (B8) the
total wing profile is thus approximately

hw |12
L(w)NLH(w)[R+ARu:F2 —| (1—AR,)
H
fiw
F70|— (1+AR8):| , (B9)
H

with AR, from Eq. (26) and neglecting =1 against 70.

It remains to calculate the contribution AR, from the
unshifted component. The quasistatic shift of this
component through first-order quadrupole interactions
and quadratic Stark effect is

Aw(r)z[lZ(%)a— 156@) jffz —§<ﬁ>& . (B10)

h ANDNVA
With S.(AN)~247N72|dr/dAN| and dividing by the
Holtsmark result from Eq. (37) this yields

sy G o) -+=(0)
(B11)

where 7 is still to be determined from Eq. (B10). This
must be done numerically.
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