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A general approximate method for computing the cross sections for certain inelastic collision processes is
developed. It is based on the possibility of obtaining, with the use of the impact-parameter method, an
exact expression for the transition amplitude in a special case. The dependence of the cross section on the
parameters of coupling constant, velocity, and energy difference between states is discussed for a two-level
model. Detailed calculations are made of cross section for collisions of the type A (2P32)+B = 4 (*P1/2)+B,
where 4 is an excited atom of an alkali metal and B is an atom of a noble gas. An Appendix contains a re-

view of the effective long-range interaction of atoms.

I. INTRODUCTION

HE study of inelastic collisions of slowly moving
atomic or molecular systems has been of consider-
able interest for many years. One problem of this sort
which has received attention is that of sensitized fluo-
rescence of alkali metals induced by collisions with rare-
gas atoms.’® In such a process, an alkali-metal atom
(denoted by 4) in an excited state collides with a noble-
gas atom (denoted by B) in its ground state, and makes
a transition to another excited state of different j. The
energy difference involved comes from (or goes into)
the kinetic energy of relative motion.

A(2P3/2)+B p=— A(2P1/2)+B .

Our object here is to develop a general method for the
theoretical study of inelastic collisions of heavy particles,
which can be applied to the problem of sensitized
fluorescence as a special case. Our procedure is founded
on the possibility of obtaining a complete solution to the
equations of time-dependent perturbation theory in a
special case, and offers considerable advantages of
simplicity and generality over previous treatments.
Let us consider two general colliding objects, which
we will call 4 and B. They may be either individual
atoms or molecules, although our specific considerations
here will be devoted entirely to the former case. They
are assumed to be distinguishable. We are particularly
interested in the case in which 4 undergoes an electronic
transition, but B does not. Moreover, we will ignore the
possibilities of charge exchange, or excitation transfer,
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although similar techniques can be—and have been—
applied in such processes.5~?

Our approach to the calculation of the cross section
will be through the impact-parameter method.!® The
relative motion of 4 and B is described classically. Two
additional assumptions are also made at this point:
(1) The energy change in the transition (%) is small
enough so that the change in the speed of either particle
can be ignored, and (2) the elastic scattering, or de-
flection, of the objects is neglected.

The reaction is considered in the coordinate system
shown in Fig. 1. For purposes of illustration, 4 is shown
as having a single electron bound to a core. The origin
of coordinates is taken at the center of mass of 4, which
is at rest, and the polar axis is chosen to be opposite to
the velocity v of B. The separation of 4 and B is R(f),
and the origin of time is chosen so that R(0)= p, where
$ is the impact parameter.

The interaction of the atoms is described by means of
an effective potential Ve, which acts to produce
transitions of atom A. This potential is considered only
within a subspace of the Hilbert space of 4 spanned by
the states actually involved in the transition. (We are
here considering the situation in which B remains in its
ground state.) Let ¢.(¢) be the amplitude that at time ¢,
A will be in state #. This quantity obeys the differential
equation:

an —1
——=—(n| Vett|m)an(t) exp(—iwmat). (1)
adt hom

The sum over # includes only those states involved in
the transition. The quantity wm,» is given by

hwm,n=Emn—En. 2

The energies in (2) refer to the states of 4 when B is

absent. They do not depend on R. The effective po-

6 R. McCarroll, Proc. Roy. Soc. (London) A261, 547 (1961).
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9 T. Watanabe, Phys. Rev. 139, A1747 (1965).
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tential Vs depends on the electronic coordinates of A
and the A-B separation R. We can expect that V¢ will
be a sum of terms involving the coordinates of each
electron of A separately. In this case, if the electronic
wave function of 4 is a Slater determinant, the matrix
element will reduce to an integral involving a single
electron coordinate. Thus, Eq. (1) can be regarded as
applying to a one-electron problem.

We cannot solve Eq. (1) in a closed form. An itera-
tive solution can, of course, be given but this is useful
primarily for derivation of the perturbation expansion.
An exact solution in closed form is known only in special
cases. One such solution, for a two-level problem in
which the matrix elements of the potential are inde-
pendent of time, was obtained by Rabi.!* Another solu-
tion of a two-level problem with no diagonal elements of
the potential and a special time dependence was found
by Rosen and Zener.!? We want to propose an approxi-
mate solution of Eq. (1) which is not difficult to evalu-
ate if the number of levels which must be included is
not too large, and which becomes exact in an important
special case. There are other advantages with respect to
previous treatments of this problem which will be de-
scribed below.

Let the matrix Q(¢) be defined as follows:

1Qum= (1| V oss| m)e—iomnt, (3)

Further, let a, be regarded as the #th component of a
vector a. Then Eq. (1) can be written as

da/dt=—iQ(t)-a(t). 4)

Suppose the vector a is known at = — «. We propose
the approximate solution!® of Eq. (4):

a()=exp| i / ot [a-=) @

Equation (5) is an exact solution of Eq. (4) if, and only
if, the matrix

T()= / Q)dr

commutes with Q:

[T®,Q(®)]=0. (6)
To prove this, we observe that '
(=)

exp[—iT()]=2 [T

n!
Differentiate this with respect to time. Consider the mth

1T, I. Rabi, Phys. Rev. 51, 652 (1937).

2 N. Rosen and C. Zener, Phys. Rev. 40, 502 (1932).
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Repts. Saitama Univ., Ser. A 3, 65 (1959); Progr. Theoret Phys.
(Kyoto), Suppl. 25, 1 (1963).
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F1c. 1. Coordinate system for the inelastic collision of atoms 4
and B. Atom 4 is at rest, and possesses an ‘‘external” electron at
7. The polar axis is opposite in direction to the velocity v of atom B.

term in the expansion:

Crey=[ 10| 1)
—Tm(5)=| =T@) |- T
1o-[ 710]
dT dT
+T._.Tm—2+ .o .+Tm—1.__.
dt dt
But
dT/di=Q().
Then, using Eq. (6)

dTm/dt=mQ-Tm1(¢)
(d/dt) exp[—iT]=—iQ-exp[—:T]. )

so that

Thus
da/dt=—1iQ(t)-exp[—iT(#)]-a(— )= —iQ(s)-a(t).

From this, we see that if Eq. (6) is satisfied, Eq. (5)
is a solution of the differential equation (4). Equation
(5) also obviously satisfies the boundary condition that
a(t) must reduce to the known vector a(— ) as
t— — . Evidently, Eq. (6) is a sufficient condition.
It is also easily seen to be necessary: If it is not satis-
fied, we cannot commute Q through the factors of T,
and so Eq. (7) will not hold.

One important situation in which Eq. (6) is satisfied
is the following. Let all the elements of Q be proportional
to the same function of time (such that the integral for T
converges), then we have

Tam(®)=bumf(®),

where the quantities ..., are arbitrary complex numbers.
Then Qnm(t)=0bnmf'(¢), with f'=df/dt. Therefore, both
Q and T are proportional to the same matrix, and thus
must commute. We will see below that this situation
occurs in an important case.

Now let us consider the utility of Eq. (5) as an ap-
proximation in cases in which Eq. (6) is not satisfied.

(1) The first term in the iterative solution of Eq. (4)
coincides with the first term in the expansion of Eq. (5)
Therefore, whenever first-order perturbation theory is
applicable, Eq. (5) gives a correct result.

(2) The exponential operator in Eq. (5) is unitary.
Therefore the normalization of the state vector a(f) is
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preserved at all times. No transition probability can ex-
ceed unity. There are, of course, other methods of pre-
serving the normalization of the state vector a(f); for
instance one may take a as computed in first-order
perturbation theory and divide this by the norm of a,
but this procedure does not yield an exact solution in
the special case when (6) holds.

(3) For a two-level system, it is always possible to
evaluate the exponential in (5) regardless of what the
matrix elements of 7" are. If there are more than two
levels, the exponential can frequently be evaluated using
standard methods: one such example is discussed in
Sec. III.

One further simplification is possible in Eq. (5). We
define a matrix U

U(O)=T®—1/MTHI

(the dimension of T is NXN). I is a unit matrix. We
have

exp[—iT]=exp[—iUTI[exp(— (i/N) trT)]. (8)

The second factor in Eq. (8) contributes only a change of
phase to the amplitude, and therefore may be disre-
garded. Let us assume that the system was initially in
the state 7. The probability that it will be in the state »
finally is

P=lan()]*= (70| ©)

With the use of Eq. (9), the cross section for the process
in which 4 goes from state j to state  is given by

d%+m=/~/pwdwﬂﬁﬁ¢ (10)

The ¢ dependence is usually trivial.

A particular advantage of the present approach is
that the transition probability P can never be singular
for any value of the impact parameter. Ordinarily, the
use of interaction potentials proportional to negative
powers of R leads to difficulty in the impact-parameter
method when a perturbation expansion is employed. In
that case, the integral (10) over the impact parameter
will not converge. This makes the introduction of a
lower cutoff necessary. Our method requires no arbi-
trary cutoff.

II. THE TWO-LEVEL MODEL
A. General Considerations

Before we investigate the alkali-metal-rare-gas col-
lisions in detail, we shall examine a simple and general
model in which only two levels are considered. Results
similar to some of those we will present here have been
obtained previously by Bates'* and by Vainshtein,
Presnyakov, and Sobel’man.’® Our analysis is, however,

1“D. R. Bates, Discussions Faraday Soc. 33, 7 (1962).
16 T,. Vainshtein, L. Presnyakov, and I. Sobel’'man, Zh. Eksperim.

i Teor Fiz. 43, 518 (1962) [English transl.: Soviet Phys.—JETP
16, 370 (1963)].
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considerably more complete. Itis, of course, based on the
approximate Eq. (5). We can write

1240) S(z))
—-w@/

S*(®)
The diagonal elements are equal in magnitude but
opposite in sign since the trace has been removed. The
off-diagonal elements can be written as S and S* since
U is Hermitian. The square of this matrix is a multiple
of the unit matrix. From this, it follows that if we define

g=Wt|S|,

U(t)=( (11)

we have

[ )]

3 (cosg— W (sing)/ & —14S(sing)/ ¢
T\ s (sing)/¢  cosg+iW (sing)/ E) )

If we assume that the system was initially in state 1 at
t=— oo, the probability that it will be in state 2 at
time ¢ is

(12)

N
| @s] 2=—————sin%t. (13)
We+|S|?
It is easily seen that for all times |a1| 2+ |a2|2=1. This
must hold if the original vector a was normalized since
the transformation of Eq. (5) is unitary.

To proceed further, it is necessary to introduce specific
assumptions concerning the interaction Ves. In general,
this may be a rather complicated function, particularly
if it is necessary to consider close encounters. We shall
restrict most of our analysis to distant collisions, by
which we mean collisions in which tle interaction is
dominated by the smallest negative power of R appear-
ing in Ve It will be necessary to consider different
dominant powers of R in the diagonal and off-diagonal
matrix elements of Ve; in the case of transitions
between levels of different parity. After integration
over the electronic coordinates, the matrix elements
(1| Vot¢| m) will have the form

(n| V ost| m) = q181(©,®)/R", (14a)
(n’l Veff] n) = q2g2<®7@)/Rl ) (14b)

in which each ¢ is an effective coupling constant con-
taining, among other things, a radial integral over the
electronic coordinates. The functions g, and g, depend
on the angles specifying the orientation of R. We must
now find the integrals S and W. To this end, consider

the integral
* (0,9
/ eiwig dt.

R»

(n#m)

(15a)

This integral is not too difficult to evaluate. In all situa-
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tions of interest to us, the function g(6,¢) has the form

2(0,¢) < sin’g cos*0f(¢) (15b)

or is a sum of such terms. The function f(¢) is of no
concern at the present. The result can be expressed in
terms of modified Bessel functions of the third kind and
their derivatives. With g given by (15b), Eq. (15a)
yields

Sy Tt i+ 1)/2)
“sprt TL(n+ j+h)/2]

dk
X (—i)kﬁM ritn—1(x)  (162)
X

in which
M (x)=

2 x\ ¢/2
r(s/2)<§) Kunle) (16b)

and x=wp/v. The function K, is the Bessel function
referred to above. M, is defined so that M,(0)=1. For
small values of ¥ we have

M(x)=1—2%/2(s—2)+- - (s>2)
while, for large values of x, M, decays exponentially:
M (x)=2/T(s/2)(x/2){s D22,

It is obvious that in the detailed analysis of a reaction
cross section, the precise results will depend on the de-
tailed form of g. It is probable that many reactions of
interest in which w is small are dominated by matrix
elements in which £=0. The alkali-metal-rare-gas col-
lisions are of this type. We shall restrict ourselves to the
case k= =0 from here on. Such restriction is consistent
with the general idea of the the two-level approximation
Moreover, we will ignore f(¢). Thus we write

W()=q:4/mp', (17a)
S()=(qB/hp™ )M n(x), (17b)

in which 4 and B are numerical constants whose pre-
cise value does not concern us here.

We can now consider the calculation of the cross sec-
tion. From Egs. (17), (13), and (10) we have

® Q12B2Mn—12(wp/'u)
o=2m | pdp
0 A% O+ g2 B*M o 1*(wp/v)

[92214 2P2(n—-l)+QIZB2Mn_12(wP/.U):|IIZ}
(18)

It is obvious that, in the general case, we cannot expect
to evaluate this integral analytically. Before we discuss
the formulation of approximate methods or the results
of numerical computation, we shall examine the w=0
limit in which the integration can be performed exactly

X sin? {

h.v Pﬂ-—l
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if n=1. In addition we set ¢1=g,. Then we get

T BZ N d 2 ql A2 B2)1/2
arpe ), PN hvp"—l( * ]

w2 1
" 2(n—1) T[1+2/(n—1)] sin[x/(n—1)]
BZ qu 2/(n—1)
X [—u%m]
A2+ B2 hy
= const X (q1/ )2 » 1,

o=2

(19)

This result is valid for values of #>2. It is particularly
to be noted that (for »>2) the integral is convergent
without the introduction of any cutoff. This situation
should be contrasted with that which would obtain if
we used ordinary first-order perturbation theory, which
amounts to retaining only the leading term in the ex-
pansion of sin?£. In that case, the integration over p
always diverges at the lower limit. In the present situa-
tion, a natural cutoff is provided by the trigonometric
function, which effectively enforces unitarity.

Equation (19) is exact for the two-level model with
w=0, n=I, and no angular dependence. This follows
from the fact that these conditions ensure that the ele-
ments of Q(¢) are proportional to the same function of
time. This guarantees that T(f) and Q(f) commute, so
that Eq. (5) holds exactly.

The dependence of the cross section on the coupling
constant and velocity can be accounted for by the
following very simple physical argument (due to M. H.
Johnson).

(1) The rate of change of the amplitude @, for finding
atom A in state 2 is proportional to V. This interac-
tion is proportional to g/p".

ddz

—C

a  h

Vet ¢

o

np
(2) The interaction acts for a characteristic time
At=p/v. The change of a. in this time is

das q
Aa2= —Afx .
dt fwpnt

(3) The cross section is proportional to 7p.?, where p,
is the value of p which gives Ag;=1. Thus

po=(g/ )it
o=m(q/hw)¥ =1

These results may be contrasted with those obtained
by Stuckelberg!® in an earlier treatment of this problem.
He obtained a result which, when expressed in our nota-
tion, has the following form for small energy differ-

and

18 E, G. C. Stuckelberg, Helv. Phys. Acta 5, 369 (1962).
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ences (fw).
o < @31 ) =D/ fy

It will be seen that his result is in agreement with ours
only in the case = 3. For higher values of 7, his expres-
sion for the cross section vanishes as w — 0, in contrast
to our result, Eq. (19), which remains finite in this limit.

B. Relation to Perturbation Theory

It is important to understand clearly the circum-
stances in which Eq. (19) and similar results, to be ob-
tained below, are applicable. The characteristic feature
of the present treatment is the weak dependence of the
cross section on the coupling constant. This appears at
first sight to be in conflict with the expectation that if
the coupling is weak, or the velocity is high, ordinary
perturbation theory should apply. But first-order per-
turbation theory should give a cross section proportional
to (¢/#w)? and Eq. (19) does not, no matter how small
¢ is or how large v is. Thus, Eq. (19) does not agree in
any limit with the Born approximation, which should
hold when v is large.”

The problem here arises from the assumptions made
concerning the effective interaction. It is easily seen
that the Born approximation does not exist for an effec-
tive potential proportional to R~ if »2> 2. However,
Eq. (14) is only an approximation, and cannot hold for
small R.

A complete expression for the effective interaction
will not resemble Eq. (14) as R— 0. Let us therefore
introduce a parameter b such that Eq. (17) is not a use-
ful approximation if p<b. For p<b, Eq. (17) must be
replaced by another expression whose dependence on
p is quite different. Equations (10) and (13) are still
valid, and we may write in general:

a=21r|: /0 b+ /b w:lpdpw—zt% sin?[ W2+ | S| 2] (20)

in which W and S are determined from (11) as ¢ —o.
Now define a value of p which we will call P by the

condition
W2(P)+|S(Pw)|?=1. (21)

The arguments have been written in Eq. (21) to em-
phasize the fact that while S depends on the energy dif-
ference, and vanishes as w — o, W does not. Next, sup-
pose that P>>b. In this case, the approximation in which
the sine is replaced by its argument will not be valid
near P, in which case it will generally be a good ap-
proximation to set 5=0. Then Eq. (19) and similar
results are obtained.

If Eq. (21) is not satisfied for P>b when the asymp-
totic expressions of Eq. (17) are substituted for S and W7,
it may be that it is not satisfied for any value of p if the
complete expression for the interaction is used. If this is
so, that is, if S and W are actually nonsingular and small

17 J. W. Frame, Proc. Cambridge Phil. Soc. 27, 511 (1931).
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as p— 0, then we have to a good approximation

b 0
a=%£[+/]ﬂ$%mvw.
0 b

We may use Eq. (17) in Eq. (22) for >b, but not for
#<b. A crude approximation is to set S=0 for p<b; b
is then a cutoff for the simplest form of the impact-
parameter method.

If S and I are nonsingular, the conditions leading to
Eq. (22) will be satisfied for fixed ¢ for sufficiently
large », and for fixed v for sufficiently small ¢. In such
cases, perturbation theory actually does apply, as
would be expected, and the Born approximation is re-
covered in the appropriate limit. The situation with re-
spect to the energy difference is, however, not the same.
Because of the presence of W in Eq. (21), it may be
possible to satisfy (21) with P>b for any value of w if
¢ is large enough or v is small enough.

It is difficult to make a precise statement about the
value of b, but in general it should be of the order of an
atomic radius. On the other hand, it is easily seen that
P as defined by (21) is of the same order of magnitude
as po. Thus, if ¢ is the “radius” of the atom 4, a condi-
tion for the utility of the present analysis is that

(q/ )t (=D > ¢q

(22)

(23)

It is possible to construct a simple model which shows
explicitly the transition between perturbation theory
and the regime of Eq. (19), as the parameters are
varied.’® All we have to do is to replace the assumed
matrix elements of Ve, given by Eq. (17), by expres-
sions of the form

]V ote|m) = g/ (ro?+ RE)™2.

Then the analysis leading to the computation of the
cross section may be repeated without difficulty. In
the case w=0, we find a cross section

) 21( 0)

7I'7’()2 B2 1 —2 2
Ll
2 A?+4B%(2 n—1 n—1

—2 2

n—1 n—1

(29)

in which ® is a confluent hypergeometric function, and
the parameter { is
1 ¢(4%4-B?)

0= _—
77! 7]

(26)

If ¢ is small, the hypergeometric functions may be ex-
panded in a power series, and the result of perturbation
theory is recovered. If, however, {; is large, an asymp-
totic expansion leads back to Eq. (19); this condition will
occur when Eq. (23) is satisfied.
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C. Dependence of the Cross Section on
the Parameters: l=n

Now we shall examine the consequences of the present
method with respect to the dependence of the cross sec-
tion on the parameters ¢, 9, w in more detail, always sup-
posing that Eq. (23) is satisfied, so that Eq. (17) may be
employed without serious error. Although we cannot
give an analytic expression for the cross section for
general values of the parameters, we can still express
Eq. (18) in a form suitable for numerical computation,
and also describe a method for obtaining an approximate
evaluation of Eq. (18) by elementary methods.

Let us first consider the case /=7n. We put C2= A%+ B?,
K=A4/B, ¢=q1=¢s, and define a dimensionless measure
of the coupling:

w/2 qc 1/(n—1)
xo=_(_) .
o\ 7w

Then Eq. (18) may be expressed as

()| e

1 Xo n—1 K2+M2(x) 1/2
X sin? {—(—) I:——————-:' ] dx, (28)
2\ x K*+1

with x=wp/v. The subscript #—1 on M has been
dropped. The result previously obtained, Eq. (19),
follows from Eq. (28) if M is set equal to unity. Except
for the multiplicative factor of (v/w)?, the cross sec-
tion is expressed as a function of two parameters xo and
K. Equation (28) is reasonably convenient for the pur-
poses of numerical calculation of the cross section, and
some results based on such calculation will be presented
below.

However, it is desirable to be able to obtain approxi-
mate results without the necessity for numerical in-
tegration. In order to do this, we observe that for x<Kx,,
the trigonometric function oscillates with great rapidity.
For such values of x, it is a good approximation to re-
place sin%¢ by its average value, 3. For 4>, the argu-
ment of the trigonometric function becomes small, and
we can replace sin2¢ by £2. A similar approximation has
been suggested by Seaton.!® Let us call the value of x
at which we switch between these two approximations
X. We have

=01 w5

x02(n——1) ©

(27)

+2(I{——2—‘+T) a2 t3 L2 (x)dx:] . (29)

In Eq. (29), X satisfies the condition

1 x0>n—1[K2+M2(X):III2 k
z(E K41 B

18 M. J. Seaton, Proc. Phys. Soc. (London) 79, 1105 (1962).

(30)
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in which £ is a dimensionless constant of the order
of unity.

We consider Eq. (29) in two limiting cases. If x, is
small, X will also be small, and M?*(X) will be nearly
unity. Then we can replace M2 by the leading terms in
its power-series expansion. The integrals are then ele-
mentary. Next, the expansion for M? is substituted into
Eq. (30), and a solution for X(xo) is determined by
iteration. We shall not give the details of this calcula-
tion. Including terms of order (w/v)?, we have for n>3:

2/(n—1) 2 2/ (n—1)
BT S I
2\kvh K241

n—2 n—3\koh
wz[ 2k? ' K2

- .
'K2+1'(K2+1)(n—1)]}' (312)

v2Ln—3
We may abbreviate this result by lumping the dimen-
sionless constants together into parameters « and 8.

g\ =D g\ ("D 2
a=oz(—) [1 —,8(—) ——:| . (31b)
hv hv 2

Thus the leading corrections to the cross section are of
order (w/v)%(w=0).

Next we consider the case in which x, is large. In
view of the exponentially decreasing nature of M(x)
for large x, it is legitimate (if K20) to evaluate the
cross section in this limit by allowing X — . Then we
see from Eq. (29) that

o= ( ) 1K), 32)
where 2 )
xM?(x

&)= / K2+M2(x) (32)

In particular, the cross section is independent of the
coupling constant (it depends, however, on the range of
the force). The corrections to this result are 0bv10usly
of order e X.

Equations (31) and (32) assist us in constructing a
general qualitative picture of the dependence of the
cross section on the parameters describing the process.

(1) Energy difference between the states. If the cross
section is regarded as a function of w, for fixed velocity
and coupling constant, and supposing the inequality
(23) to be satisfied for all w, it is seen that the cross sec-
tion attains its maximum value when the energy differ-
ence is zero. For >3, it is flat as a function of w, cor-
rections being of the order w? As the energy difference
increases, the cross section ultimately falls off as w™2.
It should be noted, however, that the exact solution of
Eq. (1) may contain terms of order w which Eq. (5)
does not give.l!

(2) Velocity. Here, we consider the cross section as a
function of velocity for fixed ¢, w. We suppose that (23)
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F16. 2. The ratio of the cross section for any w and » in the two-
level model to the limiting value g¢ for w=0 is denoted by srgp
and is shown as a function of the dimensionless parameter x,.
The curves are labeled according to the value of %, the exponent
determining the range of the interaction potential.

is satisfied for a substantial range of velocities above
threshold. For small velocities, if w, is large, the cross
section is proportional to 2. It attains a rather flat
maximum, and then decreases, proportional to v=%/(»=D,
For very large velocities, (23) cannot be satisfied and the
cross section ultimately decreases as v=2, which is char-
acteristic of the Born approximation.

(3) Coupling Constant. For values of the coupling
constant sufficiently small so that Eq. (23) is not satis-
fied, the cross section is proportional to ¢% If ¢ is in-
creased until Eq. (23) holds, the cross section then de-
pends more weakly on g, being proportional to g2 (=1,
Finally, for very large ¢, the cross section approaches
a limit independent of g.

Mouch of this information can be exhibited graphically
if one plots the ratio of the cross section ¢ [as computed
numerically from Eq. (29)] to the limiting cross section
for w=0, given by Eq. (19). This ratio is a function of
the parameters xoand K. It is shown in Fig. 2 forn=3, 4,
and 6 as a function of x, for K= 1. The results for differ-
ent values of K are qualitatively quite similar to those
that are shown.

A useful empirical representation of the dependence
of the cross section on these parameters is the following
(for n>3):

0
=
14y (K)o

in which ¢ is the limiting cross section given by Eq.
(19), and v is an increasing function of K2 For example,
if #=6, then v(3)=0.12, and v(1)=0.15. These repre-
sentations are reasonably accurate for x,<10.

The dependence of the cross section on velocity in

(33)
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this two-level model is shown in Fig. 3, which is based
on the results of numerical computation for a transition
between states with an energy difference of 0.007 eV.
The behavior is in accord with the discussion above.

In order to be able to analyze experimental results
based on measurements of reactions occurring in a gas
at temperature 7, it is necessary to average the cross
section over a Maxwellian distribution of relative veloci-
ties. Since what is measured under these conditions is
usually a reaction rate, we define an effective cross sec-
tion at temperature T by

Doeri(T)= / P)ve(v)d (34)

in which P(v) is the probability of finding relative
velocity v

3/2
p@):(z ’; T) exp(—w?/2kT). (35

Ly
u is the reduced mass of the 4 and B atoms in the gas,
and 7 is the average thermal velocity

o= (8kT /mwu)1/2. (36)

The averaging can be accomplished with the aid of
Eq. (33), and the additional approximation, valid for
large #, in which v2*/(*=1 is replaced by v2. The result is

gett(T) = oo 1—yxe®— (yxe?) 27" Ei(—yxe®)], (37)

where oy is the limiting cross section given by Eq. (19)
evaluated at a velocity vo=(2kT/u)'/2, and x, is also
evaluated at this same velocity. When x? is large, Eq.
(37) reduces to
oett(T) =200/ vx0%. (38)
D. Dependence of the Cross Section on
the Parameters: I%n

We now return to a discussion of the behavior of the
cross section as determined from Eq. (18) when 5.

3.0 -

N
o
T

o x10715 cm?

o
T

1 1 1 1 1 1 1 1 1 1 1 1
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.011.0 12.0
v (10% CM/SEC)

F16. 3. A typical cross section in the two-level model is shown
as a function of velocity. The parameters used in obtaining this
curve are go=0.4X 10715 cm?/2%/5; xo = 8.8 /v8/5 (where v is measured
in units of 10° cm/sec) and K =1.
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This situation arises when the dominant powers of R
in the diagonal and off-diagonal matrix elements are
different. Let us first consider the case I=#--1. Our de-
scription will not be as detailed as in the case n=1and we
will consider only a few limiting situations. The rather
important case of transitions induced by ions between
states with an angular momentum difference of unity is
included here. This situation is characterized by n=2,
1= 3. Other circumstances in which /=#-1 applies can
be determined from the Appendix. The dimensions of
q1 and g, must now be different. We can still define
dimensionless parameters as follows:

C2= B2+ (wZQ22/v2q12)A 2 y K= wQ2A/‘Z)Q1B

w quc 1/ (n—1)
960:—( ) .
o\ #w

In place of Eq. (28), we have instead (with M =M ,_,)

N2 °  23M2(x)
o= 21r<—> d
w/ Jo

UKt 2t l(z)

1 fxo\ " K 2422 2(x) 12

Xsinz{——<——) I:-«——] } (40)
2x\x K2+1

(39)

In order to understand the behavior of the cross sec-
tion as w — 0, we must compare two quantities which
have dimensions of a length.

Let

Ly=(quB/f)! 1=,
L2= Q2A/qlB .

If Li>>L,, the diagonal terms of U(Z) can be neglected
compared to the off-diagonal terms. Then the cross sec-
tion is given by Eq. (19) with 4=0.

On the other hand, we can consider the opposite case
in which Ly>>Ly, which means that the diagonal terms
dominate. In this case it does not appear to be possible
to give an exact expression in the limit w=0 as we did in
Eq. (19) previously; however, an approximate analysis
similar to that employed in Eq. (29) is still possible.
Instead of Eq. (29) we have approximately

N2 X x2M2(x)
O s
w o K2a2M2(x)
xoﬂ(n——-l) )

—27L+3M2 d s 41
s [ e ] (41)

where
l(x[))n—l[[(Z_*_XZMQ(X)]l/Z ]
—_— — —— e — = e’
2X\X. K241

E being, as before, a constant of order of magnitude
unity.
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F16. 4. The quantity xdsrep/8 is shown as a function of xo
[Eq. (39)] for the case #=2,!=3, K=1. In this case crep=0/0%0,
where o is defined as go=2mg2B%/#*?.

The analysis is somewhat lengthy, and we will give
only the result. In place of Eq. (31b) we have to order
(w/v)?

7/ q1B\2 g2\ ¥/ 4p2
=G0 () 1
4\¢.4 #v n—2
@B\ 27q2A\ 2" wq2 A
(i) () [
g24 i o1 B

2(1/;;3)(1+6k2)

)] @

where

a1=
n—3

Br=n[(n—2)(n—3)T".

The stronger dependence of the cross section on the
coupling constant will be noted.

Equation (42) applies only when #>2. It will be
seen that when #=2, the second integral in Eq. (41)
does not converge if we set M=1. However, when
n=2, we have simply

M,,__1(x) =e %,

Then for small xy such that M1(X)=1, we have

a=7—r(3) [X2—1<2 In(1+X?/K?)

2\w

QC[)2

K+

; Ei(—ZX)] . (43)
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Then, after solving for X, we obtain

T Q1B 2 ﬂ2 a
o=2(2) o 1= (145

2\ 7wk a B2

4k? 2¢iwBal/?
Ao 2] o
a hvk
in which we have defined the following symbols
hk92A‘Z)

«= A48 1T =

It is to be noted that, because of the presence of the
exponential integral function in Eq. (44), the cross sec-
tion in this case becomes logarithmically infinite as
w— 0. Results of numerical calculation for this case
are shown in Fig. 4.

Finally we should consider briefly the situation in
which n=1[41. It is seen from the Appendix that this
situation occurs in reactions between neutral atoms
possessing no multipole moments if the states involved
in the transition have opposite parity. The analysis is
rather similar to that described above. In this case,
however, the characteristic lengths are

Ly=(go4/ k)t ==,

Ly=q1B/¢.4 .
Now, if Ly>>L,, we can neglect the diagonal terms, and
return to Eq. (19) with 4=0. But, if L3>L,, the di-

agonal terms are important. We will present the result
for this situation in the case w=0.

ng 2 q2A q2A 1/(n—2) k2
a=7r<—> {m[——(—) ]+———} (45)
g24 q1B\ hok n—2
in which % is again a constant of order of magnitude
unity.

III. ALKALI-METAL-RARE-GAS COLLISIONS

We now turn to a quantitative description of reac-
tions of the type

A(®P3;)+B=A(P1p)+B

mentioned in the Introduction.’® The leading term in the
interaction is obtained from Eq. (A11) of the Appendix,
and is (since the states have the same parity)

Vett= —2(ape?/ R8)r%(3 cos?0+1)

in which ap is the polarizability of the rare gas atom
and 0 is the angle between r and R. The basis states for
the construction of the matrix Q are the six P levels,

(46)

18 Other theoretical calculations of reactions of this type have
been presented by J. W. Moskowitz and W. R. Thorson, J. Chem.
Phys. 38, 1848 (1963) and by E. E. Nikitin, J. Chem. Phys. 43,
744 (1965).
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four of which have j=% and two, j=1. The wave func-
tions for these states are products of radial functions
and combinations of spin functions and spherical har-
monics; these combinations are given by Schiff.20
It is a straightforward matter to perform the integra-
tion over the electronic coordinates, and then to cal-
culate the integrals J/~.° Q(f)d¢ required by Eq. (7)
with the use of Eq. (15). The matrix simplifies sub-
stantially in the limit that the energy difference be-
tween the states can be neglected (it is 0.002 eV for
Na and 0.007 eV for K). With this assumption, and if
the basis states are arranged properly, the matrix U
defined in Eq. (7) consists of two identical diagonal

blocks:
U1 0
U(»)= ( ) (47a)
0 U1
then the 3X3 matrix %, is given by
1 S5/V3  —54/2
wm=—al 5/N3 —1 —V2 (47b)
—5N% —V2 0
with
37 ape?
a=— (r?)
160 7wp®

in which (#2) represents the average value of 72 in the P
state, computed with appropriate radial wave func-
tions. The basis states may be characterized by giving
the values of (j,m;). For the matrix of Eq. (47b) these
are, in order (4,2); (3, —%); and (3, —12). An identical
matrix connects the states (3, —2); (3,1); and (3,2). It
will be observed that only states with Am;=-2 are
coupled. This is a consequence of the assumption that
w=0. The matrix elements connecting states with
Am;==1 are of order w/v. A nonessential dependence
on ¢ in Eq. (47b) has been discarded.

We must determine exp(—:U). This is conveniently
done by first obtaining a unitary transformation S
which diagonalizes U.

US=84, (48)

where A is the diagonal matrix of the eigenvalues of U
and S is constructed from the normalized eigenvectors
of U. Then we have

exp(—iU)=S exp(—iA)S+. (49)

The matrix exp(—iA) is diagonal. If the elements
of A are Mudma, then the elements of exp(—iA) are
exp(—4\n)dmn. The eigenvalues and eigenvectors of U
as given in (47) can be determined without difficulty,
since the secular equation factors. A straightforward
computation gives

o [ exp(—1u1) 0
exp(—m)_( o exp(_iul)) (50a)

®L. I Schiff, Quantum Mechanics (McGraw-Hill Book
Company, Inc., New York), 2nd ed., 1955, p, 291.
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(el (Sl ] (130 et )
(—1/\/12)[etiem ] Betinf Jotio q oo _1[@,6%“_@ —e_m}
exp(—iuy)= 3 V2 o V2 (50b)
(WO et 0] f[ﬁem—ﬁfwj A[etiofetio-pgie]
3 VI V2 )

The cross sections are obtained from the appropriate
matrix elements according to Egs. (7) and (8). The
integration over p is performed as in Eq. (19). We then
sum over the final states and average over the initial
states. We obtain for the transition § — 1

31 ape(r2)\ 2/5
ounan=C(= L) (51)
80
in which
w2(14-42/5- 5215)
= (52)

= =1.95
45T(7/5) sin(r/5)

The cross section for the 3 — § transition is just twice
that given in Eq. (51).

The cross sections given by Eq. (51) have been evalu-
ated for collisions of sodium and potassium atoms with
argon and helium. Self-consistent-field wave functions
were used to evaluate the matrix element (r2).2! We
give below the values of the cross section evaluated at
a velocity

v=(2kT/p)"?

in which the temperature T is taken as 450°K, and u is
the reduced mass of the interacting atoms. This tem-
perature is close to that existing in the experiment of
Lochte-Holtgreven.® Since we have not computed the
cross section for values of w/v7#0, we cannot perform
the thermal averaging discussed in Sec. II. The results
are given in Table I, where they are compared with the

TaBLE I. Cross sections for alkali-rare-gas cross sections:
comparison of theory and experiment. (All cross sections are
given in 10716 cm?.)

Observed:
Observed: Chapman  Observed:
ordan and Krause  Seiwert
Calculated (Ref. 2) (Ref. 1) (Ref. 4)
cG—9P
Na-He 2.2 4.1
K-He 2.5 5.3
Na-Ar 6.6 6.5 6
K-Ar 7.8 34 7.2
e
Na-He 44
K-He 4.9
Na-Ar 13.2 10
K-Ar 15.6 10

2 L. Biermann and K. Lubeck, Z. Astrophys. 25, 325 (1948).

experimental measurements of Jordan,?® of Chapman
and Krause,! and with Seiwert’s deductions* from the
measurements of Lochte-Holtgreven.® The results have
been obtained with the use of the following numbers:

aar=16.3X10"% cm?®, ame=2.1)X10"% cm?
(r)na=40.1a2, (r"Yx=52.0a,2.

It is seen that the calculated values are in moderate
agreement with the experimental results. Closer agree-
ment is not to be expected since the computations are
based on the assumption that w=0, on the approximate
solution of Eq. (5), and thermal averaging has not been
performed.

Our result that the cross section for the $ — % and the
% — 2 transitions are in the ratio of 1 to 2 is an exact
consequence of the impact-parameter method, and is
independent of all specific assumptions relating to the
interaction and of the approximate nature of Eq. (5).
This may be seen from the following argument.

The state vector at ¢= o can be obtained from that
existing at /=—c by a unitary transformation, even
though this will not generally be given by Eq. (5). The
elements of any #X# unitary matrix U satisfy

n n
2 |UsP=2 |Usnl*=1.
7=l 7=1

The desired result follows from this statement when the
cross sections for the two processes in question are
written out in terms of the matrix elements of the
transformation.

It follows that, in order to obtain a value of the cross-
section ratio different from 2, we must go beyond the
impact-parameter method; that is, we must treat the
relative motion of 4 and B by quantum mechanics. A

rough estimate of this effect indicates that the ratio of 2
will be reduced by a factor of the order of 1— (%w/kT).
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APPENDIX

The principal objective of this paper is to describe a
method for computing cross sections for inelastic col-
lisions of atoms and to apply this method in a simple
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TasBLE II. The dependence of the matrix elements relating to an
electronic transition of atom A interacting with an object B is
given. The quantity {»") is a matrix element of the #th power of
the electronic coordinate between the states. All angular factors
and vector or tensor indices are omitted.

Matrix element Matrix element

same parity  opposite parity
Object B possesses Al=0, 2 Al=1
Charge Qs eQB(r%)/R3» eQ5(r)/R?
Permanent dipole moment pp ep(r?)/R* epp(r)/R?
Quadrupole moment Dp eDp(r?)/R® eDp(r)/R
Polarizability (B is aBeXr?)/R® apeXr®)/R7

spherically symmetric)

a The matrix element between two s states falls off exponentially.

example. Reactions with large cross sections will
generally be dominated by the behavior of the intei-
action potential at large atomic separations. Applica-
tion of the model presented in the main text requires
knowledge of the dominant (least negative) power of R
in the diagonal and off-diagonal matrix elements of the
interaction. For this reason, we want to review here the
determination of the long-range interaction. Although
this material is not at all new, the ideas having been
developed 35 years ago, we feel that it is desirable to
present a discussion of the interaction in order to have a
reasonably complete treatment.

V_QAQB ' (QiAPB,i_QBPA,i)in v (QaDp,ij+QrDa,ij)xix;
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The dominant interaction between two atoms 4 and
B depends on whether the objects possess permanent
multipole moments, and on whether the transition of
interest occurs between states of the same or of opposite
parity. In order to include the case in which B is a
molecule, we have also considered the case in which B
has a dipole moment. The results are presented in Table
II; we will discuss the derivation below.

Let A and B be characterized by charges Q4, Os;
instantaneous dipole moments pg4, ps; and quadrupole
moment tensors Dy ;; and Dp ;5. If the coordinates of
the electrons on atom A are denoted by £; (we do not
write the electron number explicitly), then

PAJ: 32&',
Dy j=%e3 (85— 5E%04).

The sum includes all electrons of 4. Similar expressions
are valid for B. Octupole and higher moments are
neglected.

The interaction potential V" between 4 and B can be
expressed as a series of interactions between the various
instantaneous multipole moments. The coordinate sys-
tem is shown in Fig. 1, and the components of the vector
R are denoted by x;. It is assumed that 4 and B do not
overlap. We include interactions up to quadrupole-
quadrupole. Then we have

R R3 RS
4 (PA,iPB.s 3PA,i?B,jxixj> +3[2(PA,,'DB,¢]'—PB Da,ip)x: SPA,kDB,ij—PB,kDA,ij)xixjxk:l
R3 R5 R5 R7
ZDA,ijDB,qjj DA‘ijDB,jkxiﬂﬁk DA,ijDB,klxixjxkxl
43 135 :l+ (A1)
RS R RY

Since R varies with time, this interaction is time-
dependent, and may cause A and B to undergo transi-
tions. To describe this process, we expand the wave
function for the 4-B system in terms of product wave
functions for 4 and B separately. Let ¥,(4) denote the
time-independent wave function for state » of atom 4;
similarly, ¥;(B) the wave function for state j of object
B. We neglect exchange effects and write a general
wave function for the 4-B system as

V(4,B) = aus(On(sB)eienit,  (A2)

where w,;j=#"E, a+E;p]. By standard methods,
the coefficients a,; are found to satisfy the equation

dan, i
dat

With Wmk,nj=wmr—wnj. The interaction potential V is
given by Eq. (A1).

= S (1| V| k) ams(@)e—iomenit, (A3)
h mk

We suppose that atom A4 has some low-lying excited
states, and we are concerned with transitions which
occur among these. We shall assume that B does not
have any low-lying excited states, so that it will remain
in its ground state. Therefore, we are interested in the
matrix element (#0| V | m0).

If B possesses a permanent dipole moment, the ex-
pectation value of rp will not vanish. Hence, if the
m-n transition of 4 is allowed, the dipole-dipole term
of (1) will give the leading contribution to the matrix
element. This is of order R—3. However, if the m-n
transition of A4 is optically forbidden, the leading con-
tribution will come from the dipole-quadrupole inter-
action which is of order R—% If B has a quadrupole
moment, but not a dipole moment, the leading term is of
order R~ for an allowed transition, and R~ for a for-
bidden one. We will not consider higher moments.

However, suppose B has no multipole moment. This
will be the case if, for instance, B is a noble-gas atom. In
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this case, we must work to second order in the perturba-
tion as is customary in the theory of the Van der Waals
force.?%% In order to do this, we divide the levels of the
two-particle system into two groups: Group 1 includes
those levels of 4 between which real transitions occur,
plus the ground state of B, while group 2 includes all
other levels of the system which are only virtually ex-
cited. It is necessary for the validity of the analysis that
all levels in group 1 be well separated in energy from
any of those in group 2. This requirement may be ex-
pressed somewhat more precisely by the statement that
if mayks) are any states in group 2, while #4,0
are states of group 1, then wmi,no>any frequency oc-
curring with appreciable amplitude in V(R).

We shall assume that this requirement is satisfied,
and that the amplitudes of states in group 2 can be de-
termined by first-order perturbation theory. A standard
calculation then shows that we may replace Eq. (A3) by

i (0| V| 5142 V |m0)

dano

dt hom g

homo,j1

Xemtomomotg, o(2)  (A4)

in which the sum over » includes only states in group 1
and the sum over js)l(4) includes all states in group 2.
This result is, of course, well known, but it is useful to
understand the conditions under which it applies.

Inspection of Egs. (A1) and (A4) leads to the ob-
servation that the leading terms in Eq. (A4) will be of
order R~ since they arise from second-order treatment
of the dipole-dipole interaction. This was to be expected
since we are dealing here with the Van der Waals inter-
action between two atoms. The next term in the series
is of order R~7, and arises from cross terms between the
dipole-dipole and dipole-quadrupole interactions. The
term of order R—% may be expected to dominate if states
m and # are of the same parity, whereas if they have
opposite parity, the leading contribution will be of
order R~7.

We can define an effective potential which acts on the
states of atom A falling in group 1 by

(”[Vefflm)=zl:(n [V 150)(4t| V|mO) a5)

hwmo,j 1

in which the sum includes states in group 2. Substitu-
tion of (AS) into (A4) converts (A4) into an equation
resembling (A3) except that only states of 4 in group 1
are included in the sum

dan, —1 .

—=—23"(n|V|m)an(t)e iwmnt, (A6)
dt hom

Here ¢,=@no, @m,n=0wmo,n0, €tc. This is Eq. (1) of the

main text.

2 R. Eisenschitz and F. London, Z. Physik 60, 491 (1930).
% H. Margenau, Phys. Rev. 38, 747 (1931).
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We can give an approximate evaluation of Vg in
terms of the polarizability of B. For this purpose we
suppose, following Margenau? that the energy de-
nominators which appear in Eq. (A5) can be replaced
by a constant. This constant characterizes the energy
spectra of the atoms in an approximate way. There are
two interesting cases:

(1) If the excited states of 4 which contribute to
Eq. (AS) are of low energy compared to the excited
states of B, then we set #wn ;= —AEp, where AEgpisa
characteristic excitation energy of B.

(2) If the spectra of A and B are similar, with ex-
cited states spaced more or less equally, then #wmo,ji
=—2AEjp.

We will analyze case (1) here; the result for
case (2) can be obtained at the end simply by multi-
plying Eq. (A11) by 3.

We can now write Eq. (A5) as

(]| V est|m)=—(1/AEg) (10| V2| m0). (A7)

To obtain a more explicit result we take (here only) the
z axis to lie along R, and insert Eq. (A1). Only the two
leading terms are retained. A straightforward, but some-
what lengthy calculation gives, if exchange terms are
neglected

—ebrs?)
(5| Vett|m)=——3_ (n £2(3 cos?0+4-1)
3AERRS®
1283 cos®6
m) (A8)
R
in which
(=% [lutem) | ars @9

and the sum in (A9) includes all the occupied one-
electron states of B. The sum in Eq. (A8) includes all
electrons of 4. These electrons have coordinates £, 6, ¢
in the system mentioned above.

The polarizability of B, az, is determined by consider-
ing the change in energy of B in a uniform field of
strength F. Let the perturbation be

Ve=e2 Fi&®,

To second order in F, the change in energy of B is
given by

1O V,| )]

i Eop—E;p

%a BF2 =

(A10)

It is now assumed, and again, this is only an approxima-
tion, that the energy denominator can be replaced by
the same constant —AEg which appears in Eq. (A7).
Then we obtain

—3apF?=—(AEp)™' (0| V£?|0)= — 3e’F*(rp?).
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We solve this for (rz%) and insert the result into (AS8).

0&362
(n] Vets|m)=—3% E;— Z(n £2(3 cos29+1)

1283
+
R

cos®f

m) . (A1)

This result is used in the main text [Eq. (46)] in
discussing the interaction of an excited atom of an
alkali metal with one of a rare gas. Evidently, our
assumptions about the energy spectra of the atoms
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should apply in that case. It is interesting to note that
our expression for the effective potential acting on 4
can be derived classically by determining the change in
energy of B, regarded as a lump of polarizable material,
in the presence of A, which possesses instantaneous
dipole and quadrupole moments.

Finally, we observe that if 4 is described by a de-
terminantal wave function, nonzero matrix elements
exist only between states which differ by the occupancy
of a single electron state. Thus, we may use the symbols
m, n to refer to one-particle states of 4 without am-
biguity, and this is done in the main text.
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The characteristic K x-ray yields are measured in Sn, Te, Ce, Sm!, Sm!%2, Sm!%, Gd®®, W1, and Pb,
by bombarding them with « particles of energy 4 and 3 MeV. No excess of x-ray yield has been observed in
the atoms of deformed even-even nuclei, when the observed data were corrected for the x-ray contribution
due to internal conversion by using the theoretical values of K-shell internal-conversion coefficients. The
observed variation of the number of K-shell vacancies per microcoulomb with the atomic number indicates
that the E2 internal-conversion coefficients and also the probability for K-shell ionization are unaffected

by nuclear deformation.

I. INTRODUCTION

N the earlier measurements! of K-shell ionization and
Coulomb excitation by bombardment with a parti-
cles, a larger characteristic K x-ray yield was observed
in atoms of deformed even-even nuclei. It was concluded
from these measurements that this larger K x-ray yield
was due to higher internal-conversion probability which
was thought possible due to some unknown effect of
nuclear structure on the internal-conversion process.
Several measurements®™ of the K-shell internal-con-
version coefficients supported the above conclusion, and
an anomaly between the experiments and the theory
was reported to exist. As the transitions (2+— 0%) in-
volved in these cases are pure E2 in character, it was
difficult to explain the above discrepancy by taking into
account the finite-nuclear-size effect’ and the dynamic
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effects of nuclear structure.® The recent a; measurements
with improved techniques carried out by us? in eight
deformed even-even nuclei do not seem to indicate any
discrepancy between theory and experiment. This has
been supported by several other recent measure-
ments.8° However, Hamilton ef al.* point out the
possibility of some nuclear-structure effects in the E2
conversion process in deformed nuclei from their meas-
urements of particle parameters for such transitions.

In view of the above situation regarding the E2 con-
version process we have carried out the measurements
of K-shell ionization by the impact of 4- and 3-MeV
a particles in Sn, Te, Ce, Sm!, Sm!52 Sm!%* Gd'%, W86,
and Pb. The measurements on the isotopes of Sm, viz.,
Sm™, Sm!%2 and Sm'*, have provided a good compari-
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