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The rates of capture of x mesons by He' leading to the final states d+n and p+n+n are calculated using
a phenomenological two-nucleon Hamiltonian for the capture interaction wXS —+ SS, obtained previously
by Eckstein from an analysis of the experimental data on the inverse process of one-pion production in
nucleon-nucleon collisions. Both S- and P-orbit captures are considered and it is shown that P-orbit capture
does not compete with the P —+ S radiative transition. The radiative capture rate W~ (for final state H +y)
is computed in terms of the photoproduction amplitude of Chew, Goldberger, Low, and Nambu and is used
to deduce the nucleonic absorption rate W,&,=Wd+W„ from the ratio W,b,/W~ measured experimentally.
The agreement between calculation and experiment for W,b, is satisfactory. Our conclusion is that the form
of close pair correlations in nuclei is essentially the same as that for the "free" nucleon-nucleon interaction
and is comparatively insensitive to the presence of other nucleons.

1. INTRODUCTION attempt to interpret data on capture reactions in terms
of nuclear properties. We do know that the basic ASS
interaction or+/~+ —

1V has the form Gpss~ flit and,
i re prirtcip/e, it is possible to calculate the matrix element
for the nuclear capture process from this interaction just
as it is possible to calculate the nucleon-nucleon force.
But such a program has not yet been carried through
successfully even for the E-E problem. In the case of
the capture process, momentum and energy conserva-
tion alone requires that at least two nucleons should be
involved; the mutual interactions of the nucleons inside
the nucleus are therefore of great importance. Obviously,
the pion physics involved in any attempt to calculate
the capture matrix element from 6rst principles is very
complicated. Further, because the entire rest mass of
the pion is converted into the kinetic energy of the two
nucleons, even if we were to describe the nucleon-
nucleon interaction by a phenomenological wave func-
tion, it is the wave function for very small separations
which is most important. We do not at present have an
accurate idea of the wave function for a pair of nucleons
very close together in a nucleus.

An alternative way of approaching the pion-capture
problem was indicated sometime ago by Brueckner,
Serber, and Watson. "On the basis of the fact that the
capture intimately involves two nucleons (at least),
they assume that these two nucleons are to be treated
on an equal footing and that the nuclear capture
proceeds through the basic reactions

~ 'HERE has recently been a renewed interest, both
experimental' —' and theoretical, ~—"in the re-

actions resulting from the capture of stopped x mesons
by nuclei, motivated partly by the hope that from the
study of such quantities as branching ratios, momentum
spectra and angular correlations of ejected particles, one
may get reliable information on properties like nucleon
momentum distributions and short-range pair correla-
tions within the nucleus. However, a clear understand-
ing of the m -capture mechanism is a prerequisite to any
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or
—+rt+p ~ I+rt,

w +p+p~ p+& ~

Capture by clusters of three or more particles is
neglected on the grounds that the probability of finding
more than two particles very close together is much
smaller than the corresponding probability for two
particles. Thus, the capture process is considered to be

'3 K. A. Brueckner, R. Serber, and K. M. Watson, Phys. Rev.
84, 258 (1951).
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x.—+He' —+ d+e

~ p+n+s
~ Ha+7

-+ H'+or'

~ 8+m+7

p+e+n+y.

(1.2)

(1.3)

(1 4)

(1.6)

(1 7)

'4N. Metropolis, R. Sivins, M. Storm, J. M. Miller, G. Fried-
lander, and A. Turkevitch, Phys. Rev. 110, 204 (1958).

the exact inverse of one-pion production in Ã-Ã colli-
sions. The matrix element for capture by a complex
nucleus is then expressible in terms of the matrix ele-
ments for capture by a two-nucleon system or, equiva-
lently, in terms of the pion-production matrix elements.
The justi6cation for this procedure is that the wave
function for a closely correlated pair of nucleons, which
is, as we have seen above, most important in the capture
problem, is expected to be largely independent of the
presence of neighboring nucleons, essentially because
the average interparticle separation in nuclei is con-
siderably larger than the separation of the two corre-
lated capturing nucleons. With this picture, the effect
of the other nucleons is felt only through the long-range
nuclear wave function.

Although this picture (generally called the "two-
nucleon capture model" ) is in qualitative accord with the
experimental data on capture by complex nuclei, ' '"
there has been only one strictly quantitative test so far.
This depends on Eckstein's calculation~ of the rates of
the three absorption modes for m capture in He' (the
final states being H'+e, d+2e, and p+3e). The only
available experimental information bearing on this
calculation is the ratio of the triton rate to the total
capture rate."Eckstein uses a general phenomeno-
logical Hamiltonian appropriate to the two-nucleon
model (the same as used in the present calculation,
Eqs. (2.1) and (2.2)j, and gets two possible values for
this quantity, depending on the relative phase (known,
independently, only to be either 0' or 180') of the two
amplitudes occurring in the matrix elements. The choice
of 0' for this phase gives agreement with the large
triton rate found experimentally (the other choice, 180',
leads to a negligible triton rate). It has, however, been
argued" that branching ratios of two rates, both of
which are sensitive to the presence of correlations, are
not necessarily a good check on the validity of the model,
since the effect of correlations may, conceivably, cancel
out from the two rates compared. A comparison with
experiment of the absolute capture rates predicted by
the two-nucleon model is therefore desirable.

The aim of this calculation is to do this for the
nucleus He', since in this case there exist experimental
data' bearing on the total capture rates. The reactions
resulting from x capture in He' are

Of these, the pure absorption processes (1.2) and (1.3)
are what we are interested in. The other four reactions
can all proceed through basic processes which involve
only one nucleon:

jp e+y, (1.8)

m +p —+e+m', (1.9)

'~ A. M. L. Messiah, Phys. Rev. 87, 639 (1952).
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and can therefore be reliably calculated independently
of the validity of the two-nucleon model. In the diGu-
sion-chamber experiment of Falomkin et al. ,

' which
provides us with the data for comparison, the number
of 7r captures resulting in the final states H'+y and
H'+~' are separately counted. Neglecting the contribu-
tion of the rare modes (1.6) and (1.7) to the total capture
rate, and knowing the total number of capture stars, we
may then obtain the ratio of the total pure absorption
rate to, say, the rate for the radiative capture (1.4).
From the remarks above regarding the nature of the
radiative capture process, it is clear that this ratio
W,b,/W~ provides just as good a test of the two-nucleon
model as would the total absorption rate 8',b, .

We may note that the agreement of the measured'
value of the Panofsky ratio in He', PH, ~= W, o/W~, with
earlier calculations" "is of no relevance to the question
considered in this paper. The fact that charge exchange
and radiative capture can be adequately described by
one-nucleon Hamiltonians may indeed be interpreted to
mean that capture reactions do proceed dominantly
through basic processes which involve the minimum
number of nucleons necessary to provide energy and
momentum balance, and gives another reason for
neglecting capture by three (or more) correlated parti-
cles in the pure absorption modes.

The main sections of this paper are devoted to calcu-
lations of the nucleonic absorption rates and the radia-
tive capture rate. The method of calculating the absorp-
tion rate is a straightforward adaptation of the methods
used by Eckstein. ' Since the eGects of close correlations
are assumed to be the same for x capture in He' as for
the processes (1.1) or their inverses, and since the rates
are expressed in terms of the measured pion-production
matrix elements, smooth wave functions are used which
do not describe correctly the short-range correlations
but which are chosen to give the long-rurIge behavior
accurately (by fitting the radius of He'). The radiative-
capture matrix element is expressed in terms of the
matrix element for the basic photoproduction reaction

(1.10)

at threshold, which is obtained from the dispersion
relations of Chew, Goldberger, I ow, and Nambu. "

In calculating these rates it is, of course, necessary to



CAP TU RE 8 Y He' AN D TWO —N UCLEO N CAPTURE MOD EL 8 389

know the particular Bohr orbit from which the nuclear
interaction of the meson takes place. In liquid hydrogen,
the capture of both x and K mesons is now known to
occur from S orbits of large principal quantum number
through a mechanism the nature of which was elucidated
by Day, Snow, and Sucher": The neutrals -p (or E -p)
atom experiences the strong electric field of the protons
of neighboring hydrogen atoms, and the resultant Stark
mixing of the orbital angular momentum causes prefer-
ential capture from the 3=0 state because of the greater
overlap of the)=0 wave function with the nuclear wave
function. Calculations" "of the cascade time of pions
in liquid hydrogen made on the basis of this picture are
in agreement with experiment. '"In the case of capture
by helinns, however, estimates of the cascade time
(=10 " sec for m=16) based on analogous argu-
ments'4 " are orders of magnitude smaller than the
experimentally observed value, "~ which is about
3)&10 "sec. The experimental number is in fact what
one would expect' if the de-excitation proceeded
through external Auger and radiative transitions. It is
therefore reasonable to conclude that the meson reaches
the lowest atomic orbits before nuclear capture takes
place."The proportion of captures which occurs from
the 1S orbit is then determined by the competition be-
tween 2P —+ 15 radiative transitions and direct nuclear
capture from the 2P level. In the case of m. capture in
He', we have estimated (Sec. 4) the capture rate from
the 2P orbit and find that it is about O'P~ of
W„s(2P ~15). Accordingly, effects of capture from
the 2P orbit are neglected in our discussion.
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J. H. Tinlot, and A. C. Melissinos (Interscience Publishers, Inc. ,
New York, 1960), p. 407."J.G. Fetkovitch and E. G. Pewitt, Phys. Rev. Letters 11,290
(1963).

"See, however, a recent paper by G. T. Condo, Phys. Letters
9, 65 (1964), in which it is pointed out that the external Auger
eQect and the Stark effect of Day and Snow (Refs. 24-26) are
similar processes, and that any cause which inhibits the Stark
ef'feet should equally well inhibit the Auger effect. Condo observes
further that if a meson is caught initially in a circular orbit, the
ejection of the other electron through the internal Auger eBect
requires Al=3. Such transitions cannot compete with radiative
dipole transitions, and a considerable fraction of pions originally
caught in circular orbits will decay before capture by the nucleus.
Condo estimates that if approximately 2% of the pions are caught
in circular orbits and the rest absorbed from 5 orbits via the Stark
mixing, the calculated number of pion decays into the backward
hemisphere (experimentally, the moderation time is obtained by
measuring this number and using the pion lifetime) is in agreement
with experiment. If this is indeed the correct mechanism, the con-
siderations of Sec. 4 of this paper are unnecessary.

An earlier calculation of the various capture modes
in He' was performed by Messiah" quite some
time ago using an s-wave Hamiltonian of the form
P"e (p,+pr)~'PP (where p; and pr are the initial and
final nucleon momenta) which arises from the require-
ment of Galilean invariance on the usual p-wave xlVX
coupling having the form ft(rr y )(~ p)lt. The wave
functions used by Messiah do not attempt to describe
close correlations of pairs of nucleons. The large
deuteron rate (27% of absorption) found by Messiah
using the single-nucleon s-wave xAÃ interaction given
above and smooth wave functions means that the triton
wave function used corresponds to an average kinetic
energy much higher than that given by a wave function
fitted to the observed rms radius of He'. The extreme
sensitivity of the absorption rate to the short-range
behavior of the wave function can already be seen in the
case of ~ capture by deuterons; the matrix element is
essentially the Fourier transform of the deuteron wave
function for a momentum equal to that of the fast out-
going nucleons, which is about 1 F '.

So far as the present calculation is concerned, we find
that the experimental value of W,b,/W~ is in accord
with the value calculated here. We obtain W,b,/Wr
=8.1&3.8, to be compared with the number 13.0&1.8
obtained from the experiment of Falomkin et al. '

2. THE TWO-NUCLEON HAMILTONIAN

In contrast to field-theoretic approaches in which one
attempts the (exceedingly dificult) task of describing the
complex capture process in terms of a basic mES inter-
action vertex, the two-nucleon model simply assumes
that the capture involves the simultaneous creation and
annihilation of a pair of nucleons. " The appropriate
effective Hamiltonian is therefore of the form

Jl= ft(xt)P (xs) 3)ttslt (xt)lt (xs)dxtdx, , (2.1)

where gt(x) and P(x) create and annihilate a nucleon at
the point x and BR~2 is a transition operator which in-
volves the coordinates (momenta, spins, and isospins)
of both particles (labeled 1 and 2). One important re-
quirement on 5@~2 is that it should not be a sum of terms
each of which involves only one of the labels, since in
that case the Hamiltonian (2.1) will reduce effectively
to a one-particle operator. Also, for capture from the
S orbit (P-orbit capture is discussed in Sec. 4) the
nucleon pair must change parity; conservation of angu-
lar momentum, along with charge independence, then
leads to the following expression as the most general

'f' In addition to the remarks of Brueckner, Serber, and Watson
for pion capture, essentially similar remarks were made, at about
the same time, by J. S. Levinger, Phys. Rev. 84, 43 (1951), in
discussing a similar problem, the nuclear absorption of high-energy
photons. Apart from the atomic physics involved in the capture of
stopped pions, the two problems differ basically only in the matrix.
elements which enter in them.



B 390 P. P. 0 IVAKARAN

form of 5K» when the pion is in a relative s wave with
respect to the two nucleons:

~12 —t2(&1 &2)'p(xl)2(&1+&2)'k(go~ iT12 +go Sio )
+-', (~i+ ~o) ~ P(xi)-,'(ei —e,).k

X(gii"Ti2'+g, &'iSi2')$b(x, —x,) . (2.2)

Here P is the pion field operator, ~i, ~2 and ai, a2 are
respectively the isospin and spin operators of the two
nucleons, k is the relative momentum of the final
nucleons, T», T~2 are the spin and isospin triplet
projection operators, respectively, and S», S» are the
corresponding singlet projection operators. Strictly
speaking, 5R»' should be a nonlocal expression, i.e., the
b function in Eq. (2.2) should be replaced by a form
factor corresponding to a nonzero radius of inHuence.
As a rough estimate, we may take the radius to be given

by the interaction distance corresponding to the mo-
mentum transfer involved. This is about 0.4 I', to be
compared with the average internucleon distance in He'
of about 2 F. Thus, the use of the 6 function is quite a
reasonable approximation.

In expression (2.2), four independent amplitudes
go(, gy( ), go( ), and g~ "& are needed to describe the
s-wave capture process. These are not known a priori,
nor can they be calculated reliably from 6rst principles;
they are to be determined empirically. In this calculation
we use the values obtained by Eckstein by studying
one-pion production in nucleon-nucleon collisions and
comparing the results with available experimental data.
The important point is that such an approach ensures
that the short-range correlations between two nucleons
are not neglected; their effect is included in the empiri-
cally determined g's, on the basis of the assumptions
that these short-range correlations have the same form
as for the free EÃ interaction and that, for the capturing
nucleon pair, these short-range correlations are little
affected by the presence of neighboring nucleons in the
nucleus. With this situation we may then use simple
wave functions in our calculations which do not

specifically describe the short-range correlations, but
give an accurate picture of long-range nuclear prop-
erties. It is on this basis that, in this calculation, we use
a simple Gaussian wave function for the He' nucleus,
the falloG parameter of the Gaussian being adjusted to
give a nuclear rms radius in agreement with the elec-
tron-scattering measurements.

When the initial nuclear state is such that every pair
of nucleons is in a spatially symmetric state (which is
essentially the case for He'), the transition operator
(2.2) simplifies considerably. In particular, the ampli-

tudes go( ) and g&'" are zero, and 5R»' can be rewritten
in the form

~12 T12 T12 Lgoo (&1+&2)'ko (%1 &2) ' 'p

+gi2(~i —~o).k2(~i+~i) 6&(»—»), (2 3)

where we have dropped the superscripts from go') and
g~". The amplitudes go and g~ are, in general, functions
of the magnitude of k; this momentum dependence will

be assumed to be negligible in this calculation. It is
clear from Eq. (2.3) that the amplitude go describes the
transition from the 'Si (I=0) state of the two nucleons
to the 'Pi (I= 1) state, while the amplitude gi describes
the transition ('So, I= 1)~ ('Po, I=1).

It is clear from our discussion that the criticism of the
Hamiltonian (2.1) and (2.2) on the grounds that it "is
not a simple sum of one-body operators'"' is not rele-
vant. On the other hand, calculations which employ
both a single-particle mAE Hamiltonian and simple
(e.g. , shell-model) wave functions do ignore the most
important feature of the problem, for it is well known
that the shell-model wave function makes no claim to
describe the short-range EX correlations correctly.

Perhaps it is appropriate to emphasize here that the
two-nucleon model does cot predict that pion capture
will necessarily lead to the ejection of two fast nucleons
or that "the two ejected nucleons" will have equal and
opposite momenta. Such details as the distribution in
momentum and angle of the emitted particles are deter-
mined mainly by the center-of-mass motion of the
capturing pair. They are, in general, strongly affected
by the over-all nuclear wave function; in particular, the
momentum and angular distribution can be quite
di6erent from what they would be for two isolated
nucleons. As an example, we quote that the result of the
present calculation for the deuteron production ("one-
nucleon ejection") rate is about —,

' of the total absorption
rate; small, but not negligible. In the case of capture by
He4, one-nucleon ejection is even more prominent.
Eckstein~ finds that a triton production rate of about
22 jo is possible, and this in fact is the result of the
experiment of SchiG, Hildebrand, and Giese' and that
of Block et al. '

3. S-ORBIT ABSORPTION IN Hes

We now specialize to the case of negative pion capture
and write the Hamiltonian, Eqs. (2.1) and (2.3), as the
sum of two terms describing capture by a p-e pair and
a p-p pair, respectively:

II'=H '+H '

+i v2 ~(xi x2)4' (xi) (+i +2)4& (xi)4~ (x2) Ti& Lgo2(+i++2)+gi2(+i +2))4n(xi)t ~(x&)dxldx&~
2

z
H2'= —v2 b(xi —x2)P (xi) —-(Vi—V&)|P„t(xi)|P„t(x&) T»'gi 2(ei e&)fi(xi)P„(x—&)dx,dx&

2

(3.1)

(3.2)
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We need to calculate the matrix elements of II~' and H2' between an initial state consisting of two protons and
one neutron bound in a He' nucleus and a w meson, and a 6nal state consisting of one proton and two neutrons.
This can be done conveniently by using the Pock representation:

1
~

He )=— 2;((1,(2; (2)p„t((1)p,t((2)p„t(g2)
~
O)dg, dg2d(„

v2

where p, is the initial (He ) nuclear wave function. Similarly, for the final state,

1
I 1P; 2~)=— Pf(41 (2 (2')0„'(4')0.'(4')0„'(4') ~O)d4'd(2'd)2'.

v2

The matrix elements of B~' and H2' are then found to be

(f ~

H 1'
~
j)= — b(X2—X2) q, (x2)

v'~

——(V',—V,) q r*(xl,' x2,K2) ' T» (g&2'(422+422)+g12'(422 —422)) p;(xl, x2, x2)dxldx2dx2 (3.3)
2

2
(fl &2'Il) =—— &(»—»)~.s(») —(Vl —V2) ~f*(»' » xl) T»'Igloo(~1 —~2))~'(» x2; »)d»d»d» (3 4)

v'~

p being the pion mass and q (x) the 5-orbit pion wave function. q; and qf may be written in terms of the space
and spin wave functions as

q, =F;(xl,x2,x2)x&s'(12)x(3), pi ——(1/K2) )Ff(xi,x2,X2)x(123)—Ff(xl,xl,x2)x(132)) . (3.5)

The spatial function F;(xl,x2,x2) is symmetric with respect to interchange of any pair of coordinates; X&s& denotes
the singlet spin function and x an arbitrary spin function. Substituting (3.5) in (3.3) and (3.4) we obtain

(fl&1'll)= X'(»3)(&i' —&» j2 )'2'28 LCO(~2+&2)+gl(&2 ~2))X'"(12)Z(3)
(g~)"'

(3.6)

(fl &2'Il) = X'(123)(&2'—F»'&4') 2"» gl(~i —~2)X'"(12)X(3),
(g4)"'

(3.7)

g S— B(x2—x2) p s(x2) [2(V2—V2)Fl*(xl,x2,X2))

where F22 ——2(1+a2 422) is the spin-exchange operator
for nucleons 2 and 3 and the integrals I~, I~, I~, and
I4 are given by

wave functions which do not specifically refiect the close
correlations of the nucleons. For the initial He' nuclear
wave function, we therefore choose a Gaussian form,
since this gives He' and H' form factors which are in
agreement with the electron-scattering data over a wide
range of momentum transfers,

I2s —— 8(X2—x2) (p s(x2) L2(V2—V2)Fg*(xl,X2,X2))

XF,(xl,x2,x2)dx,dx2dx2 ) (3.8)

+(x2—x2)'+ (x2—xl) 2)) . (3.12)

8(xl X2)gw (Xl)t„2(V1 V2)Ff (Xl)X2)X2))

The normalization constant lV, is given by

E'= (1/V)(X/lr)'3212 (3.13)

$ S

XF;(xl,x2,x2)dxldx2dx2, (3.10)

8(X1 X2) p~ (Xl)(2(V1 V2)Ff (xllX21X2))

XF,(xl,x2,x2)dxldx2dx2. (3.11)

where V is the normalization volume. The parameter X

is directly related to the rms radius R of the nucleon
distribution for He' and H'; thus,

X=1/3E2 (3.14)
In accordance with the ideas explained in Sec. 2, we
may evaluate these integrals using for Ii; and Iif simple In terms of the rms charge radii of He' and H' and the
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proton rms radius E~, this rms radius 8 is given by

R'= -'Rii. '+-'Rir' —R '.
RH, and RH have recently been measured experi-
mentally"; their values are RH, ——1.97~0.1 F and
RE= 1.68 F (experimental uncertainty less than 10%%uc),

leading to R= 1.60 F.Then, from Eq. (3.14), li =0.13F '.
So far as the pion wave function is concerned, the

correct S-orbit atomic wave function may be replaced
by its value at the center of the nucleus in view of the
extremely small variation of this wave function over
the nuclear dimensions.

The Deuteron Mode

The final deuteron and neutron have a relative mo-
mentum of about 400 MeV/c. This large relative mo-
mentum means that we may safely ignore final-state m-d

interactions and use plane waves for the two particles.
If y and q are the neutron and deuteron momenta and
@d the deuteron wave function, the final-state wave
function is

Rd(xipx2)x3) = V Qd(xl x2)

Xexpl iq. (xi+x2)/2 jip xs7. (3.15)

where we use p to denote the unit vector along y. The
integrals J(p) and J'(p) are defined by

and

J(P)= exp( —Xu') sin(-,'Pu)gd(u)udu (3.17)

dJ(p)
J'(P)=

dp

2 0

exp( —Xu') cos(-', Pu)yd(u)u'du (3.1.8)

It is also easily found (see Appendix) that I2,ds ———Ii,da,

I, ds=0, and I4 ds=l, d . The final spin function is

xd(123) =x'r'(12) x(3)= T» x(123) . (3.19)

the following expression for Ii, ds (the details are given
in the Appendix):

Ii,ds ———64~4Ã;V 'p (0)8(y+q)
—

4l~ ~ 4X
X —+1 [J(P)—J'(p) P, (3.16)

Substitution of (3.12) and (3.15) in (3.8) then leads to The matrix element for the deuteron mode is therefore

(fl&'l~)d=
4(2u) i/2

Ii,d ' jgiei+(3gp+4gi)o'2+3(go gl)ir3+o'2 +3[ glo'i+(gO+2gl)&2+(ge gl)+37)

XS»-x(123). (3.20)

After the necessary trace calculations, we get for the
deuteron rate for S-orbit capture,

TVd =0.0294(3[gel +7[gil'+6 Rege~gi)

X I ~ '(0) I'(2MQd)"'
I

+1 IJ((2MQd)"')
(MQd

2 —2

—2X[
[

J'((2MQd)'i'), (3.21)
(MQd/

where the mass M is M= MdM„/(Md+M )=3.174 F '
and Qd ——0.674 F ' is the energy released in the reaction.
The functions J and J' depend on the choice of pd and
are defined by Eqs. (3.17) and (3.18). We use simple
square-well wave functions for pd, in accordance with
our remarks in Sec. 2. Triplet u-p scattering data"
determine the depth and range of the potential to be
V=36.5 MeV and a=2 F. The corresponding deuteron

"H. Collard, R. Hofstadter, A. Johansson, R. Parks, M.
Ryneveld, A. Walker, M. R. Yearian, R. 3. Day, and R. T.
Wagner, Phys. Rev. Letters I~1, 132 (1963)."M.R. Moravcsik, Ann. Rev. Nucl. Sci. 10, 324 (19601.

wave function is

yd(u) =A(sinnu/u), u& 2 F
( )=BI exp( —Pu)/u7, u&2 F

where n=0.910F ', P=0.232 F ', and the normalization
constants are 32=0.0243 F ', 82=0.0575 F '. For this
choice of pd, the integrals (3.18) and (3.19) have to be
evaluated nunMrically, leading to

wd ——0.00258(3[ge['+7[gil'+6 Rego*gi)
I q s(0) I'

XBX10"sec—'. (3.23)

In this equation,
I p s(0) I' is measured in F ' and the

conversion factor 3X1023 has its origin in the system of
units we use: tA'ith c= 6=1 and with the Fermi as the
unit of length, the unit of time is (3X10") ' sec. For
15-orbit capture

9(3[go['+7[g I'+6 Rego*g

X 10'4 sec ' (3.24)

The Proton Mode

V/e begin by calculating the proton momentum spec-
trum for the 3-body mode (1.4) assuming, again, that
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Anal-state interactions can be disregarded. This assump-
tion needs justi6cation since it is now possible for a pair
of nucleons to have a small relative momentum. We
discuss this point at the end of this subsection, where
we reach the conclusion that as far as the total rates (in
which we are primarily interested) are concerned the
error introduced by neglecting the final-state inter-
actions is quite small.

If p1is the proton momentum and y2, p3 the momenta
of the two neutrons, the final wave function with the
outgoing nucleons represented by plane waves is

F„(x,,xs,xs) = v 'I' expl i(pl xi+ps xs+ps xs)g. (3.25)

With this choice of Ff, the integrals Il to I4 can all be
evaluated analytically. The results are (see Appendix)

Il s(yl p2 ps)=2(22')sV s/21V'y s(0)(sr/)t)s/2(ps p )
XexpL —(p,—y, —ys)'/16)l)8(y, +ys+p, ), (3.26)

Is,, (pl, ps, ps) = —Il,„(pl,psiys) i (3.27)

2, 4 (PliP2, ») = 1,„(Ps,P1,P2), (3.28)

14,4 (plipsips) = Il, s (»i plips) (3 29)

l(fi&'I &.I':

W.'(Pl) = (2 I go I'+
I gl I')W»(pl)+ I gl I'Wss(pl)

+lg lsW«(p )+(Ig I'+2 «g *g)W (P )
+ (I gll'+2 «gs*gl) W14(pl)+ I gl I'W24(P1).

AS iS Clear frOm the nOtatiOn, Wll(pl), Wss(pl), and

W44(p, ) are the direct terms; Wls(pl) and W14(pl) are
cross terms arising from interference of the amplitudes
for capture by the p-p pair and a p npair; -and W24(pl)
represents antisymmetrization in the capture by the
p-p pair.

The integrations required in the evaluation of

W„s(pl), Eq. (3.33), can be performed analytically. One
obtains

Wll(pl) =8I P'pl' exp( —pp/2)l)8(P'), (3.35)

Wss(pl) W44(pl) =Kppls expL —(pls+Ps)/8X]

4)1 )P,P~
X sinhl I(18p1'+2P' —48)1)

pP &4) i
fP1Plt

+48) coshl
I

8(P2), (3.36)

There are no spin correlations among the final nucleons,
and the matrix element has the form Wls(pl) = W14(pl) =2&Ppl' expL —(5pl + ')/16&3

X ( Q 42,' A, +422 422 Q 42; B4)S12 y(123), (3.30)
i=1 i=1 and

8), (plP)
sinhl I(2P' —48&)

plP E 8'A i
pplP)+4» coshl

I
()(P') (3 37)

&8) i

where

A, =g, (2I, „s—I4 „s),
As ——3gPI1 +g, (3I, —2I, „+I4 )

(3.31)
Bl g114,si i B2 g01l, si +gl(11,4i +I4,,'),

As =3Bs=3(gs—gl)11,,'.
If W„(pl,ps, ps) is the transition rate into a final state
with the proton having momentum p1 and the neutrons
having momenta p2 and p3, then

W„'(Pl,P2, Ps)dpldpsdPs

2T d P1dy2dy32 I(f I
&'Ii—).l'~(& &f) V —

~ (3 32)
8 (22r)2

The sum is over the spin directions of all particles (all
particles unpolarized). Integration of (3.32) over ps and

p3 and the directions of y1 gives the proton momentum
spectrum:

W.'(pl) = W.'(pl, ps, ps)dysdys«1 (3 33)

W~B(P1) is most conveniently written as a sum of direct
and cross terms in Il,~s, Is,„s, and 14,„s coming from

W24(pl) = 2EPpl'(P' —9pl')

Xexpt' —(p '+Ps)/8)1 j8(P2) (3 38)

In these equations, 8 is the usual step function I 8(x)=0
for x(0, e(x)=1 for x&~0j, Ps=4M„Q„—3pls (Q„
=0.664 F ' being the energy released) and

A=2—232122r s(1!il„/fs)
I p s(0) I'=0.0022I s2 s(0) I'

(3.39)

The various W functions are shown graphically in I ig. 1
and the complete proton momentum spectrum in I'ig. 2.

12xlg
35

e-
C

6 ~4
llew

o4.
2'

-1
Proton Momentum in F

FIG. 1. The functions W;;(p&), Eqs. (3.35)-(3.38), which
contribute to the proton momentum spectrum.
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FIG. 2. The proton moinentum spectrum for (gs ('=0.32 F',
(gf ~'=0.29 F' arg(gs/g&) =0.

then proportional to

P,b, =p~
~
M(E)

~
'P„(E)

dRdR' P~ ((+,*Ot+&»(E,r) expfir„. p„(E)7)

x(+ (Er ) e PL ir 'p (E)]o+)p (E)) ~

(3.41)

Here p„(E) denotes the final density of states of the fast
neutron, and the sum over E includes the deuteron state.
For small (esp) energy, only for which @& „~(E,r) differs
from the corresponding free-particle wave function, p„
and p are practically constant; so we may write

(For the values of gs and gr used in drawing Fig. 2, see
the next subsection. ) As would be expected, the spec-
trum has two fairly broad peaks —the lower momentum
peak corresponds to spectator protons, and the higher
momentum peak. corresponds to participant protons.

Actually, the shape of the spectrum as shown in Fig. 2
will be distorted because of n pand-rs nfina-l-s, tate inter-
actions, owing to the existence of the deuteron and the
low-energy 'Sp rs-e virtual resonance. The latter will
arise for configurations in which the relative m-rs momen-
tum is small, i.e., it will affect the shape of the spectrum
at the maximum-proton-momentum end. The effect of
the e-p interactions will be strongest around a proton
momentum of about 200 MeV/c=1 F ', when the p rs-
pair has zero relative momentum. However, configura-
tions with small relative momenta between any pair of
particles form only a small fraction of the total phase
space available. This fact and, even more strongly, the
existence of a completeness relation for the absorption
rate W,b,

——W~+W~, ensure that W.b, will not be
affected to any appreciable extent by these final-state
interactions.

To see this, let us first consider the effect of the low-

energy rs-p interaction. This is important in configura-
tions of the type

~
f)=

~ (tsp), rs) where the notation (esp)
indicates that the pair has a small relative momentum.
The effects of any interactions between (rsp) and the
(fast) I may be disregarded. If Vt„»(E,r) is the wave
function of the interacting (esp) pair having a center-of-
mass energy E, the matrix element for the final-state

'S qfS 1S

cV(E) = @&»~*(E,r) expL —ir„p„(E)]O+;dR, (3.40)

where we have suppressed the spin dependence of M (E)
and have used 0 to denote the spatial part of the
Hamiltonian operator and R to denote the set of coordi-
nates of all three particles. The total absorption rate is

We now use the completeness relation in the form that,
with the sum over E extended to all n-p states including
energetically inaccessible ones,

PE O~„,& (E,r) 0&„,&*(E,r') =5(r—r'),
independent of the rs-P forces, to conclude that no
error is made in I',b, if +&»~(E,r) is replaced by
the corresponding free-particle wave function. The
essential point is that the deuteron state is implicitly
included in the sum over all plane-wave states on
account of their completeness property. Similar re-
marks, of course, hold true for the effects of the e-e
forces.

Integration of the proton momentum spectrum over
p& therefore leads directly to the absorption rate W,b, 8.

W.b,s= W„s(pr)dpt, (3.43)

and the rate of transitions to three free particles, the
proton rate, is given by

(3.44)

where 8 ~~ is the deuteron rate which we have already
calculated.

Determination of gp and g&

The values of
~
gs(' and

( g&)
s may most conveniently

be determined by using the two-nucleon Hamiltonian to
study single-pion production in X-S collisions. In
particular, ~gs~' can be obtained by calculating the
cross section for the reaction

(3.45)

as a function of the center-of-mass momentum in the
final state and comparing with available experimental

P.b.= +,*0' exPLir„y.]
XLP ~&..&(E,.)~ ..*(E,')]

xexpL —ir„' y„]0%';p dRdR'. (3.42)
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data. "Similarly, a study of the process"

p+p~~'+p+p (3.46)

g =+ lgolexp[i~('P )],
gi= ~

I gil exp[i~('Po)].
(3.48)

Using the results of E-E phase-shift analyses" around
140 MeV, Eckstein concludes that the phase of go/g, is
either 0' or 180' to within about 20'. A choice between
these two possibilities can only be made on the basis of
other, independent, data; Eckstein, '4 for example, finds
that the two-nucleon model prediction for the triton
rate for capture by He' is in agreement with experiment
only for arg(go/gi) =0. In comparing our results with
experiment we adopt the values given by Eqs. (3.47)
and also take arg(go/gi) =0.

4. ESTIMATE OF THE P-ORBIT
ABSORPTION RATE

In discussing the magnitude of the P-orbit absorption
rate, we distinguish between the following two modes
of capture:

(a) The pion is in a P orbit with respect to the He'
nucleus but in an s state with respect to the capturing
pair of nucleons.

(b) The pion is in a P orbit, and is in a p state with
respect to the capturing nucleon pair.

The amplitudes for these two cases will not interfere
with the 5-orbit capture amplitude because of the ortho-
gonality between the atomic 15 and 2P wave functions.

A. s Wave

The calculation of the absorption rate in this case is
analogous to what we have already done for capture
from the 5 orbit —the only difference is that in evaluat-

"F.S. Crawford and M. L. Stevenson, Phys. Rev. 97, 1305
(1955)."R.A. Stallwood, R. B. Sutton, T. H. Fields, J. G. Fox, and
J. A. Kane, Phys. Rev. 109, 1716 (1958).

'4 It may also be mentioned here that Eckstein (Ref. 7) has
shown theoretically that, to the extent the X-X correlations arise
from p-wave emission and absorption of pions, g0=g1 as is actually
found to be the case,

yields a value for lgil'. This has already been carried
out by Eckstein (Appendix B of Ref. 7), using plane
waves for the fast initial nucleons and square-well
potential wave functions (the appropriate potential
parameters being determined from the triplet and singlet
scattering lengths and effective ranges) for the final
nucleons. Eckstein obtains the values

l go l'= 0.32&0.04 F', lgi l'= 0.29~ 0.15 F', (3.47)

where the errors quoted come from uncertainties in the
experimental cross sections. Assuming time-reversal
invariance, the phases of go and gI are identical with the
nucleon-nucleon scattering phase-shifts at an initial
center-of-mass energy of 140 MeV and in the ap-
propriate angular-momentum states

ing the integrals Ii, I2, I3, I4 we now have to use the 2P
orbital wave function instead of the 15 orbital wave
function. The transition matrix is the same as before,
Eq. (2.2), and the process is described as before in
terms of the amplitudes go and gI. Using free-particle
wave functions for the final nucleons, we write again
the expression for Ii,„..

Ii,„——V 'I'Ã;(p2 —p3) dxidx~dxa

X h(xp —x3) p,-(x2—3(xi+x2+x3))

Xexp[—i(pi. xi+p2. x2+pa x3)]

Xexp{—2X[(xi—x2) +(x2 x3) +(x3 xg)']) )

(4 1)

where we measure the pion coordinate from the center
of the nucleus. The pion wave function to be used now
is the 2P orbital wave function:

q .~(x) =R2i(x) Vi"(8,x)

R2i(x)Pi (cos8) exp(insx), (4.2)
(4~)"'

where R2I is a normalized radial wave function. If we
denote the 6rst Bohr radius of the pion around protons
by a, R2~ is given by

R2i(x) = (2x/3'~'a'~') exp (—x/a) . (4 3)

Also, Eqs. (3.27), (3.28), and (3.29) hold for the
P-orbit case as well. Comparing these integrals with the
corresponding 5-orbit integrals, we get

I, „~=(p,/6'~'iaX)I,

I2 ~= (p,/63~'iaX)I~

I3 ~——(P3/O'12iaX)I3

I4 "=(P2/6~1'iaX)I4

(4.5)

These equations are exact. We now make the ap-
proximation of replacing pi, p~, and p3 by their average
value (pi) = (p2) = (p3)=—(p). The rate for absorption
from the 2P orbit when the pion is a relative s wave with
respect to the nucleons is then expressible in terms of the
corresponding 15-orbit rate

IV,b, ~(s-wave m) = ((p)'/216a9. ')W,b, (4.6)

Since a))R, the radius of the nucleus, we may replace
the exponential in (4.3) by unity. This permits the
integrations in (4.1) to be done analytically, and the
result (see Appendix) is

(2~)'n.X;
Ii,„—— ~(p&+p2+p3)(p2 pa)Pi

2Z33 /2 V3/2g5/2P 5/2

Xexp[—(pi—p2 —p3)'/1@]. (4 4)
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TABLE I. Transition amplitudes for p-wave pion.

Initial state
Angular Isotopic

momentum spin

'Sp
'Sp
'S1

I'inal state
Angular Isotopic

momentum spin

'Sp
3D
1S
ID,

Transition matrix 5RI2&

y&Tn Sn'(o'i —4r4) p~(ci —ss) P
72T12 S12 (4rl 4r2) {(l4 p ){4—-'&'p. ) (&~—&4) '

/4

'ysS12 T12 (4rI 4r2) yap (el 'e2)

y4Si4 Tn'(4rz —0'u)' {({4'p )i4 ~ p~} (&j. &4)' {i

With (p)=1F—', we get

W,b, ~(s-wave ~) =7.5&&10 'W, b,8.

B. p Wave

When the pion is in a p wave with respect to the
capturing pair of nucleons, the nucleon pair undergoes
no change of parity. The 6nal pair of nucleons are there-
fore either in a relative S state or a D state. Conserva-
tion of angular momentum and isospin then restricts the
total number of amplitudes contributing to p-wave
capture to four. The initial and final states correspond-
ing to these four amplitudes and the appropriate tran-
sition matrices are shown in Table I. The dominant
amplitudes are those with an E* intermediate state:

We assume that all other amplitudes are negligible and
so need consider only final states of the type (2,2), (1,2),
(2,1), and (1,1), where (I,J) stands for a final state with
isospin I and angular momentum J. Of the four ampli-
tudes given in the table, we therefore confine attention
to the fourth one, namely the amplitude y4 describing
the transition ('S~, I=0) ~ PDs, I= 1). It is clear that
this amplitude contributes also to the P-orbit pion
capture by deuterons and, by time-reversal invariance,
to the p-wave pion-production reaction

If we denote the rate for (4.10) by Wr4 (deut), for
small pion momenta we have the relation"

W (deut) V
) (d/dr) p ~(i)

~

„=os

Wr(~(deut)

Further,

(4»)
96m-asP '

and

o (4r=d ~ nr4, p-WaVe 7r) 2 p„'

a(ee —+m. d, p-wavem. ) 3 p
' (4.14)

=PP„'/144vra'444, (4.17)

where we have written the cross section for p-wave
pion production (4.12) as PP '/a'. The corresponding
rate in He' may be written as

W b (P-wave x) =32)W (deut). (4.18)

o.(pp —+ vr+d, p-WaVe 4r)

=o(444s —+ x d, p-wave ~). (4.15)

Combining Eqs. (4.13)—(4.15), and the relation

o (4r d ~ r444, p-wave m.) = (p V/p )Wr(~(deut), (4.16)

we get
p.'

W~(deut) = o(pp ~ 4r+d, p-WaVe vr)

144m as@ P.'

(4.8)p+p ~ ~++d. The factor 32 takes account of the fact that the Bohr
radius in He is half that in deuterium and $ is a correc-
tion factor for the different probabilities of finding a pair
of correlated nucleons in He' and the deuteron. We may
eliminate this factor by using the relation corresponding
to Eq. (4.18) for S-orbit capture. Rembering that only
the amplitude gs (for the transition 'St~'P~) con-
tributes to the 5-orbit capture in deuterons and noting
that in He', W,b, ('St ~ 'P ~) = s W,b, , we obtain

It is therefore possible to express W,b.~(P-wave s),
the rate for p-wave absorption in He', in terms of

o(pp —+~+d, p-wave ~) and use the experimentally
measured value of this cross section to estimate
W,b, ~(p-wave vr).

First, the relation between W~(deut), the rate for
P-orbit absorption in deuterium, and o (pp —+ 7r+d,

p-wave ~) is established through the sequence of
reactions -'W b.s=8(Ws(deut) . (4.19)

4r
—+d —+ 44+ss (from P orbit)

m=+d ~ 4s+44 (p-wave n, in flight)
J, (detailed balance)

(4.9) In exactly the same way as the P-orbit deuteron capture
rate LEq. (4.17)$ was obtained, we have

4s+r4 —+ n. +d (p-wave m.)
(charge symmetry)

p+p —+ 7r++d (p-wave m).

(4.10)

(4.11)
where

W,b, S(deut) = ss (oP„'/a'pP),

u = (14/p )o (pp —+ 4r+d, S-WaVe m.) .

"J.M. Cassels, Nuovo Cimento Suppl. 14, 259 (1959).

(4.20)
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W,b,~(P-wave m) =6.9X10 PW,b, s. (4.22)

In general, the amplitudes for p-wave and s-wave
absorption from the I' orbit can interfere even though
the initial and anal angular-momentum states of the
two capturing nucleons are different for the two cases.
The reason for this is that there are more than two
nucleons in the capturing nucleus; thus, for example,
interference is possible between the amplitude for the
pair (1,3) undergoing a 'S, —+'P~ transition with the
nucleon 3 as a spectator with the amplitude for the pair
(2,3) undergoing a 'Sq —+ 'Dp transition with the nucleon
1 as a spectator. "For a first estimate, we neglect such
interference effects and take the complete E-orbit
absorption rate to be given by the sum of Eqs. (4.7) and
(4.22):

Equations (4.17)—(4.20) lead to

W,b (P-wave m)/W = (1/60a'Il, ') (P/n) . (4.21)

Using the experimental values" a=0.14 mb, P= 1.0 mb,
we finally obtain

representation for the nucleon states. The result is

X q, (xq, xp, xp) p (xp) exp( —ik xp)dx~dxpdxp, (5.2)

where e is the polarization vector of the photon, k is its
momentum, and pp=

I kI, its energy. Also, if F, and Fr are
the initial and final spatial nuclear wave functions, then

p, (x»x&, xp) =F,(x»x»xp)x' '(12)x(3)
and

y~(x~, x2, xp) =Fr(x»xp, xp)x(1)x& &(23)

so that

(f I &.Ii)= I:g-/(~~)"'jx'(123)
XS2p~e e2Sip~x(123)E, (5.3)

where E is the integral

K= Fr*(xg,x»x, )Fg(x»xp, xp)

W,b,~=W,b, ~(s-wave vr)+ W,b, ~(P-wave m)

=1.1)&10"sec ', (4.23)
Xexp( —ik x2) p (x&) dx&dx&dxp. (5.4)

taking the value of TV,b, given in Sec. 6. This is to be
compared with W„p(2P —+ 1S) for a He'-vr atom,
which is'~ 3)&10"sec '. So

W.b,~/W„g(2P ~ 1S)=3.7/o. (4.24)

We therefore conclude that capture from the 2I' orbit
may be ignored.

5. RADIATIVE CAPTURE

In accordance with our earlier remarks on the nature
of the radiative capture, we take the general form of the
effective Harniltonian to be

H„=g P "(x)e A(x)P„(x)g (x)dx, (5.1)

"It is for the same reason that terms in Reg0*g1 appear in the
S-orbit absorption rates also, even though g0 and g1 are amplitudes
for diferent angular-momentum channels.' G. R. Burbidge and A. H. de Borde, Phys. Rev. 89, 189
(1953).

where f„~(x) creates a neutron at the point x, f„(x)
annihilates a proton at the same point, A(x) and p (x)
are the photon and x meson Geld operators, e is the
nucleon spin operator, and g is the effective coupling
constant. It may be recalled that H~ is identical with
the so-called gauge invariance term which contributes
to the s-wave photoproduction of charged pions.

The matrix element of H7 between an initial state
consisting of a He' nucleus and a x meson and a 6nal
state consisting of a triton and a photon is calculated in
exactly the same way as before by using the Fock

and F;is given by (3.12), y being the triton momentum.
The integral (5.4) is then easily evaluated:

E= V 'I'(2pr)'I p (0) I' exp( —k'/18K)5(y+k), (5.6)

where again y s(xp) has been replaced by y s(0). The
rate for unpolarized initial and Anal particles is then

I g-I 'I ~-'(0) I

' ko
exp( —kpP/9X), (5.7)

(1+kp/M&)

kp=MgL(1+2p/3E&)'~' —1j being the center-of-mass
momentum of the anal-state particles and M~ the triton
mass. Numerically

W, =0.0247Ig I I&. (0)I . (5.8)

The coupling constant
I g I' may be determined using

the available experimental data on charged pion photo-
production. In order to isolate the s-wave contribution
to the total photoproduction cross section it is necessary
to extrapolate the data to threshold. Since m.+ photo-
production experiments are more complete and more
accurate than the limited experiments on x photo-
production, we use the former, along with the x /x+
ratio, for which the threshold value is rather unam-
biguously predicted by theory.

Thus we calculate the cross section for the reaction

y+p~ n+n.+ (5.9)

If we use the same nuclear wave function for H' as for
He' then Iiy is given by

Ff (x„x„x,)= V '~ expLip (x~+.x2+xp)/3)
XF;(xy,x»xp) (5.5)
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using the Hamiltonian

B+ g+
——f„t(x)e A(x)P„(x)g (x)dx, (5.10)

p(~2+.p2) l(2

C=
p'(1+kp/M )'

(5.13)

Comparing Eqs. (5.11) and (5.12) we see that the
Hamiltonian (5.10) leads to the following expression
for a+.'

At threshold,

I g+ I

' ~'(1+ko/~-)
a+=

16m' ko(p'+p')'i'
(5 «)

a+'= (i g+ i'p/16m'ko) (1+ko/3f „) (5.15)

with ko taking the value ko ——0.67 F '.
The values of a+' and u ' (defined similarly for m

photoproduction) have both been determined by Hamil-
ton and Woolcock" using the experimental data avail-
able (rather limited in the case of a; further, experi-
ments to measure a have to be done in deuterium and
there are difIiculties associated with the corrections to
be made in extracting information on photoproduction
on free neutrons). They use the dispersion relations of
Chew, Goldberger, Low, and Nambu'~ (CGLN) to
obtain a+ and a as functions of incident photon energy,
these functions being normalized by fitting the experi-
mental points available in the neighborhood of the pion
threshold. For our purposes it is suBRcient to know that
for a certain choice of the parameters involved in the
CGLX amplitude, and for energies close to the threshold
the agreement is satisfactory for a+. In the case of a
there are fewer points available and it is difFicult to
judge how good the agreement is. The value of a+' ob-
tained in this way is a+'=20.2)(10 ' F' with an un-
certainty of about 8%, leading to

i g+ i' =0.264+0.02 F'.
To obtain

i g i', we note that

/ I I+ I

= ( -/ i)thresh'

A simple theoretical argument" based on the fact that
s-wave photoproduction is entirely an electric-dipole

'8 J.Hamilton and W. S. Koolcock, Phys. Rev. 118,291 (1960).
'9 M. Gell-Mann and K. M. Watson, Ann. Rev. Nucl. Sci. 4, 219

(1954).

where g+ is the m+ amplitude corresponding to g in
Eq. (5.1). One obtains easily

~+= (I g+ I'/4~) (p/ko) (1+ko/~ ) ' (5 11)

Here ko and P are, respectively, the initial and final
center-of-mass momenta. To facilitate the comparison
of Eq. (5.11) with experiment, it is convenient to write
the total s-wave ~+-photoproduction cross section in the
form

(5.12)

C being the dimensionless kinematical factor

transition leads to (0. /0+) ts„,q ——(1+y/M)'= 1.32, so
that we finally obtain

i g i

'= 0 35%0.03 F'

0. RESULTS AND COMPAMSON
WITH EXPEMMENT

(5.16)

With igoi' and ig&i' taking the values given by
Eq. (3.47) and assuming that go and g& have the same
phase, the 1S-orbit capture rates are

H/'q= 1.40+0.51&&10'5 sec '

H/', b, ——7.85W2.80&(10"sec ',
so that the rate for the final state P+2m is

8'„=6.45+3.31&10"sec '

The value of W„with
i g i'=0.35&0.03 F', is

S'~ =0.97~0.08)&10"sec—'.

(6.1)

(6.2)

(6.3)

(6.4)

The branching rates of interest to us are predicted to be

Wg/W, = 1.44+ 0.68,

W,b./W~ =8.1w3.8,
W„/Wg= 4.6+4.1.

(6.5)

(6 6)

(6 7)

Of these, the only quantity for which an experimental
number is available is W.b,/W, . This comes from the
experiment of Falomkin et al.' Pions were stopped in a
He' diffusion chamber and the two-body radiative-
capture events (1.5) and the charge-exchange events
(1.6) were identified through the unique ranges of the
recoil tritons. The deuteron and proton absorption
modes could not be distinguished and counted sepa-
rately, as all of the deuterons and some of the protons
escaped from the chamber. The three and four body
radiative modes are expected to be very small (Messiah"
estimates them to be 2% of total captures). If we

neglect their contribution to the total number of capture
stars, we obtain, from the data of Falomkin et al. ,' the
number

(W,b,/W, ). p
——13.0+ 1.8. (6.8)

Thus, within their respective errors, the theoretical and

experimental values of W.b,/W„are in agreement. It
would be very desirable to have a more precise knowl-

edge of
i g, i', since the uncertainty quoted in Eq. (6.7)

is determined mainly by the error in
i gz

~

'. lt would be
especially desirable to have an experimental value of

(Wq/W~) since it is independent of the completeness
approximation used in the calculation of t/t/' b, . The
ratios (6.5) and (6.6) may be considered independent
predictions of the two-nucleon model, to be compared
with experimental data when they become available.

An examination of Eq. (3.34) and Fig. 1 shows that
the two terms in the proton-momentum spectrum which
depend on go*gi namely, H/i3 and 8'i4, are both very
small. Thus the calculated value of W,b,/W~, Eq.
(6.8), is almost completely independent of whether
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arg(gs/g~) = 0 or 180'. The deuteron rate Wq is, on the
other hand, less by a factor of 4 for arg (gs/g~) = 180' as
compared to its value for arg(gs/gt)=0. The ra, tio
W,b,/Wd therefore provides an independent way of
determining the relative sign of go and g&. We would,
of course, expect to find that arg(gs/gz) =0 as it is in
the capture by He', in accordance with the idea that go
and g& are essentially independent of the particular
nucleus in which the capture takes place. Once the phase
of gs/g~ is axed at either 0 or 180', the ratio Wombs/Wg is
very insensitive to the value of gs/g&(= x), for x having
a value near unity. In fact, if we take J'W&t(p&)dpt
= J'Wss(pz)dpz and neglect the contribution of the
other terms (they are all small, and cancel each other
out), then (d/dx)[W, b,/Ws(x)]=0 for x= 1. It is there-
fore not possible to determine with any accuracy the
value of gs/gt from a measurement of W,b,/Wq.

In the comparison above, we have ignored the e8ects
of P-orbit capture on the basis of the result of Sec. 4 that
W.b,~/W„s(2P —+ 1$)=4%%uo. However, the fact that
this ratio is as large as 4%%u~ in He means that already in
He', a considerable fraction of the capture processes
may go from the P orbit, since the nuclear capture rate
in He4 is greater than that in He' by more than an order
of magnitude, while the 2P —+ 15radiative rate is essen-
tially unchanged. Of course, if the mechanism suggested
by Condo is indeed the correct one for m

—capture in
helium, there is no need to consider P-orbit capture
at all.

We finally conclude that the process of pion absorp-
tion can indeed be satisfactorily described by using
nuclear wave functions which are known to be correct
for large internucleon separations, provided that we use
a two-nucleon Hamiltonian which incorporates the
e8ects of close correlations. It is therefore dificult to
learn much more from the study of pion absorption in a
complex nucleus than one can already from studying
the inverse process for the two-nucleon system. The idea
that the form of the close correlations is to a large
extent insensitive to the presence of other nucleons, and
is determined essentially by the nucleon-nucleon force
has been used in nuclear physics calculations before.
Two typical examples are its use in the construction of
variational wave functions by Austern and Iano and
in the study of nuclear matter by Moszkowski and
Scott."The results of this calculation tend to support
this idea.
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APPENDIX: EVALUATION OF Iz, Is, Is, AND I4

(1) Deuteron Mode: 8 Orbit

With the wave functions given by Eqs. (3.12) and (3.15), I&,P is

Iz,ps= V '1V;&p (0) dxtdxsdxs8(xs xs){i(—Vs Vs)gd—(~xz—xs~) exp[—i{—,'q (xt+xs)+p xs}]}
Xexp[—fA{(»—xs)'+(xs xs)'+(xs —»)'}]

= V 'S,q (0) dxtdxs exp[—i{zq (xt+xs)+y xs}]exp[—X(xt—xs)']

&& {(sq y)q4(l x&—
xs I)+z(dz —ds)A (I xt xs I)}~ (Al)

where the prime on pq denotes differentiation with respect to
t xt—xs

~

and l is the unit vector along x. In terms
of the new variables

(A1) may be rewritten as
ll=xt —xs, v= z(xt+xs), (A2)

It, d = V 'X;q ~(0) dndv exp[—iv (q+p)] exp(-,'iu y—),us){(-',q—p)y„(u)yzuy„'(u)}. (A3)

Integration over v now gives the momentum-conservation 8 function. Integration over the directions of u and a
further integration by parts over u then lead to the form given in Eqs. (3.16), (3.17), and (3.18).

By interchanging xs and xs in the integrand of Eq. (3.8) and noting that F;(x&,xs,xs) is symmetric under this
interchange, it is immediately seen that I2, &

= —I&,z . Ia, d is zero as a consequence of the symmetry of the final-
state wave function in x& and x2, because of this symmetry, the integrand changes sign under the change of variables
xt ~ xs. The substltutlons x& ~ xs& xs ~ xs, xs ~ x& show that I4,g =It d .

' N. Austern and P. Iano, Nucl. Phys. 18, 6T2 (1960).
4' S. A. Moszkowski and B.L. Scott, Ann. Phys. (N. Y.) ll, 65 (1960).
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—8 ——zll'P —Xu ] (P =Pl—P2
—

P2~(—n/3) exp[——2,zn y' —u, ' — — —
pzy2 —yz)..'= V "'&'(2~)'~(yl+y2+yz)(y2-l, y
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te ral A is given by.~ from Eq. (Substituting for y„

A=
(4~) l /2

4.2), the in g

' ex —2zn p' — ' u 3)Pl"(cos8) exp(zz/zX)ex —2zll'p —Xu ]R2l(udud(cos6)dx u' exp[ —2zn p' — ' u

'
) u'exp( —Xu2)R22(u/3dQ d exp( —2zuP'y yu exp — ' u 3

0 l

cos(-'u ') sin(-;up')
d ( ) )R( /3 (AS)

A oximating E» byppl ox

we get

where

Rzl(u/3) = 2u/3'/'a'/',

l/2 '
32/2a5/2) (A A ).A=(Szr' z (A9)

exp —Q—Xuz)u' cos(-, up )du=

So

A2 ——— exp( —Xuz) u sin(-', up') du =
/2—p

exp
4 ') 2/2 16K

. (4.4) of the text.leading to Eq.

' 3'"4a"9.2/2) exp( —p"" 163),A = (—zzrP' 3 a


