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We give relativistic extensions of the Faddeev equations for three-particle scattering. They are linear inte-
gral equations for six amplitudes, one of the particles being oG the mass shell. They satisfy exactly three-
particle unitarity. These equations are obtained by applying the techniques introduced by Blankenbecler and
Sugar to multiladder diagrams. Accordingly, the two-particle scattering amplitudes, which appear in the
kernel of the equations, depend on the energy of the third particle. We study the equations for these ampli-
tudes. If one replaces these two-body amplitudes by phenomenological amplitudes satisfying unitarity, one
gets phenomenological relativistic equations for the three-body problem. When the two-body amplitudes
are approximated by the contributions of bound states and resonances, the equations can be reduced to a set
of integral equations in one variable, As a by-product of this study, the following results have been obtained:
(a) a new proof of unitarity for the Lippmann-Schwinger and Faddeev equations; (b) a proof of the analytic
properties of a resonance form factor in the nonrelativistic theory; (c) a proof of the asymptotic behavior of
these form factors, which uses functional-analysis techniques and is a rather general method for investigating
the asymptotic behavior of solutions of Fredholm equations.

I. INTRODUCTION

S EVERAL sets of equations have been proposed
recently for solving the nonrelativistic scattering

three-body problem. ' Each of them is a set of linear
integral equations in momentum space which allow one
in principle to compute the oR-the-energy-shell three-
body scattering amplitude once one knows the off-the-
energy-shell two- body amplitude. They ensure unitarity
in the three-particle channel. '

As they stand, these equations are not very useful
because of the high number of variables involved in the
integrations. However, a natural approximation consists
in taking into account only the contributions of bound
states, resonances, and virtual states to the two-body
scattering amplitude, i.e., to the kernel of the Faddeev
equations. ' As a result, these equations separate into
one-dimensional integral equations which are ea,sily
solved. ' '

Some of the most a,ttractive three-body problems are
concerned with resonances of three elementary particles.
However, it is obvious that in that case, a relativistic
version of the Faddeev equations must be found.

This paper is concerned with the search for such rela-
tivistic three-body equations. More precisely we have
looked for equations having the following properties:

(a) They should be relativistically invariant, i.e.,

their form should not depend on the reference system.
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(b) They should be linear integral equations for an
oR-the-mass-shell three-body scattering amplitude.

(c) They should exhibit explicitly the nonconnected-
ness of the three-body scattering amplitude.

(d) They should involve only some two-body scatter-
ing amplitudes as ingredients in the inhomogeneous
terms and the kernel.

(e) They should be Fredholm-type integral equa-
tions. More technically, some power of their kernel
should be of the Hilbert-Schmidt type.

(f) They should satisfy, automatically, unitarity in
the three-particle channel.

(g) If possible, they should be simple enough
to be solved on a computer, by use of reasonable
approximations.

Most of these conditions have been inspired by an
analogy with the Faddeev equations. They have no
fundamental meaning. For instance, condition (d) is
rather a limitation than a desirable feature, and crossing
is not mentioned because it is not compatible with
these properties. However, such equations would help
us to extend our understanding of relativistic three-body
systems.

In Sec. 2, we recall the method used by Blankenbecler
and Sugar to write an equation for a relativistic oR-the-
mass-shell two-body scattering amplitude satisfying
exactly two-body unitarity. Some ambiguity is exhibited
in this procedure. ' In Sec. 3, we introduce for compari-
son an oR-the-energy-shell, on-the-mass-shell nonrela-
tivistic two-body amplitude satisfying an equation
analogous to the Lippmann-Schwinger~ and to the
Blankenbecler-Sugar equation. In Sec. 4, we give a
proof of unitarity for the ordinary Lippmann-Schwinger
equation. This proof is new and essentially based on the
fact that the Lippmann-Schwinger equation is of the
Fredholm type. It is easily extended to the Blanken-
becler-Sugar types of equations as well as to the equa-

' R. Blankenbecler and R. Sugar (unpublished).
I B.A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1960).
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tions introduced in Sec. 3. In Sec. 5, we introduce a
three-particle propagator which is the function E3 used
by Blankenbecler and Sugar. Some ambiguities are
unavoidable in this de6nition and are exhibited.

In Sec. 6, we write linear equations for two-body
scattering amplitudes constructed with a three-body
propagator. In Sec. 7, these equations are shown to be
of the Fredholrn type and to ensure two-particle uni-
tarity. It is shown also that if there is a two-particle
bound state or a resonance, these amplitudes have a pole
when the total energy is equal to the mass of the bound
state or the resonance. The residue of the amplitude
then factorizes in the product of two form factors. In
Sec. 8, we prove the analyticity properties of the form
factors. The proof is made for the ordinary Lippmann-
Schwinger equation, but it is valid for all the equations
used in this paper. This proof is valid for the form factors
of resonances and virtual states as well as for bound
states. In Sec. 9, we prove the asymptotic properties of
the form factors when the energy tends to in6nity.
While it is easy to guess their asymptotic behavior, it is
less easy to prove it. Our proof makes use of a new
functional-analysis technique for finding the asymptotic
behavior of a Fredholm-type equation. It is valid for a
bound state or a resonance. In Sec. 10, we describe the
three-particle scattering amplitudes that we are going
to use. They can be considered as defined by the sum of
a set of ladder-type diagrams. However, the rules of
correspondence between graphs and matrix elements
are not the Feynman rules and are given explicitly.
These rules have been found as the result of a trial-and
error process. We believe they are unique but we have
no proof for that belief.

In Sec. 11,we write linear integral equations for these
three-particle amplitudes. They satisfy conditions (a),
(b), (c), and (d). In Sec. 12, we show that these equa-
tions are of the Fredholm type and we give the essential
steps of a proof of unitarity. (This proof is extended in
the Appendix. ) In Sec. 13, we show how these equations
reduce when one makes use of the conservation of

angular momentum and parity. It has also been checked
that they satisfy the Utopian condition (g). That is, if
the two-body scattering amplitudes in the kernel are

replaced by the sums of their bound states and reso-

nances poles, then the equations reduce to a set of
coupled integral equations in one variable. In Sec. 14,
we give a three-body version of Sec. 3. It gives a set of
equations for on-the-mass-shell, off-the-energy shell

three-body scattering amplitudes. These equations are
written in the total center-of-mass system of the three
particles and are very similar to the Faddeev equations.

They are not covariant although they use a correct
relativistic kinematics and satisfy the relativistic form
of three-body unitarity. When the customary pole
approximation is made on the two-body scattering
amplitudes in the kernel, these equations yield a set of

coupled integral equations in one variable. Section 15
contains the conclusions.

An Appendix gives an explicit proof of unitarity for
the ordinary Faddeev equations and for the equations
of this paper. These proofs are new. Sections 4, 8, 9, and
12, which contain important but rather technical points,
can be skipped in a first reading.

I'(p) =g'Lp' —~'] ', (2.2)

G(qr, qs) =Gs(qt, qs) —=—iL(qr' —m')(qs' —m')]-'. (2.3)

In place of this propagator G(qr, qs) one introduces the
pl opagatol

where
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where
3'(P' — ') =~(p' — ')0(Po) (2 7)

This function is easily computed if one uses the ele-
mentary identity

5(a+t)5(a-t) =-;5(o)5(f), (2.8)

and is given by

E,(Q,q) =4s.bt Q.q]Ls/(m' —q'))' '$4(p' —q') —sj '. (2.9)

Equation (2.1) with G=G& is a linear equation for
t(pq, ps, pt', ps'), which is now an off-the-mass-shell
(q&'Wm'; qs'4 2), on-the-energy-shell (Q=P=P') ampli-
tude. It satis6es two-body unitarity for any value of s
as a comparison of Eq. (2.6) and the Cutkosky rule
suggests. This point will be explicitly veri6ed in Sec. 4.
The 5 function in Eq. (2.9) ensures the three-dimen-
sional character of the equation.

s E. K. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).' R. Cutkosky, J. Math. Phys. 1, 431 (1960).

2. TWO-PARTICLE SCATTERING: ORIENTATION

It has been shown by Blankenbecler and Sugar how
to construct an equation for a relativistic two-body
scattering amplitude satisfying exactly two-body uni-
tarity for any value of the total energy. ' As their con-
siderations will be used and extended here, we recall
their main results.

One starts from the Bethe-Salpeter equation, '

~(pbpsi p»ps )

I (pl pl )+ I (pl ql)5(pl+ps ql qs)dqtdqs

XG(qr, qs)~(qt, qs; pr'ps'), (21)
where



THREE —PARTICLE SCATTERING —A RELATIVISTIC THEORY 8 169

It is important to realize that there is an ambiguity
in all this procedure and that the propagator is not com-
pletely specified by the requirement of unitarity. For
instance, one could introduce

type, even when s tends to the positive real axis."The
proof by Lovelace, for instance, can be extended im-
mediately to the equations of Secs. 2 and 3.

In order to prove the unitarity property of the solu-
tion of Eq. (4.1) let us proceed through the following
steps:ds

G&(q&, qs) = 2~3+(q, '—m')
4m' $ —S/

(a) Write the symmetric Lippmann-Schwinger equa-
tion—

( s') '/'
X3+

i

—
i Q —q, —ms . (2.10)

ks)
t(s)= V+t(s)(Hp —s) 'V. (4.3)

(4 4)

It is of essential importance for the proof that Eqs. (4.1)
Then Eq. (2.1) would de6ne an amplitude for qr on the and (4.3) have the same solution.
mass shell, and this new amplitude would also be (b) Take the adjoint of Eq. (4.3), namely, write
unitary. The prescription (2.6) is the only one which is
symmetric with respect to both particles. tt(s) = V+ V(H p 8) 'tt(—s) .

Gs(qr, qs) = 3+(qr' —mr') 8+(qs' —m')
" 5[ps' —Q'jds'

4m' s —s

= 8+(qr' m')8+—(q '—m')/s '/'(Qp' —s). (3.1)

In order to restore the balance of conserved quantities
and homogeneity, it is necessary to suppress the 8
function of energy conservation in Eq. (2.1), which
now reads

t(p»ps P& Ps ) = V(pr —qr)3(P —&)d'ard'lIs[Qp' —sl

Xt(/Il t12 ril qs )(ql q2 ) (3 2)
with

q
P

(rl 2+m2)1/2. P P (P 2+ms)1/2.

q
P (lI 2+m2)1/2

(3.3)

The Lippmann-Schwinger equation (3.2) is very
similar to Eq. (2.1) with the prescription (2.4), although
not identical. Its unitarity will also follow immediately
from the proof of the next section. It is obvious, but
important, that the prescriptions which lead to Eq.
(3.2), as well as the equation itself, are not covariant.

4. EQUATIONS OF THE LIPPMANN-SCHWINGER
TYPE AND UNITARITY

We shall prove the unitarity property for the solution
of the ordinary Lippmann-Schwinger equation

3. LIPPMANN-SCHWINGER EQUATION

One can put both particles on the mass shell by using
another propagator,

(c) Introduce the difference

At(s) = t(s) —tt(s) . (4.5)

(d) Compare Eqs. (4.1) and (4.6). They are integral
equations for t(s) and At(s), respectively. The kernels
are the same. The inhomogeneous term of Eq. (4.6) is
obtained by letting the operator 8(Hp —s)tt(s) act on the
variables of the final state, which are but dummy
indexes for the integral equation. Since the kernel is of
the Fredholm type, the solutions are related by the
same linear relation as their inhomogeneous terms, i.e.,

At(s) = 2~it(s) 8(Hp —s)tt(s) . (4.7)

The same proof holds for the equations of Secs. 2 and
3. Here the only delicate step is step (a), i.e., to show
that the symmetric equation has the same solution. The
simplest, if not rigorous, proof is by perturbation expan-
sion. A correct proof is via a Fredholm expansion. The
results are, for Eqs. (2.1), (2.4), and (2.6),

At(pl Ps Pl Ps )

= 2s i t(p»ps, q»qs) b+(qr' —m') 5+(qs' —m')

X&(Q' s)s '/'d'qrd'qstt(q— r, qs', pr', Ps'), (4 8)

with Pr, Pp, Pr', Ps' on the mass shell. For Eq. (3.2),

Use Eqs. (4.3) and (4.4). Then, we get

At(s) =2' V8(Hp s)t (s)+ V—(Hp —s)—'At(s) . (4.6)

where
t(s) = V+ V(Hp —s)

—'t(s),

Hp ——pr'/2mr+ps'/2ms .

(4.1)

(4.2)
At(p»ps j pl ip2 ) 2'/rs t(plips j pl ip2 )

The proof will be extendable trivially to the case of the
equations introduced in Secs. 2 and 3. Let us suppose
that V is a converging superposition of Yukawa po-
tentials. It has been shown by several authors that in
that case the kernel in Eq. (4.1) is of the Fredholm

X3(Qp —s' ')d'ed'qs(qr'qs') —'t(tIr, tis Pl Ps) ~ (4.9)

L. D. Faddeev, Stoklov Mathematical Institute Report No.
69, 1963 (unpublished); L. Brown, D. I. Fivel, B. W. Lee, and
R. F. Sawyer, Ann. Phys. (N. Y.) 23, 18/ (1963); C. Lovelace,
Ref. 3; and S. Weinberg, M. Scadron, and J. Wright, Phys. Rev.
135, B202 (1964).
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S. THREE-PARTICLE PROPAGATORS

0&i.| can define a propagator J', 3 .for three particles:

a. TWO-BODY AMPLITUDE WITH THREE-BODY
PROPAGATOR

E3——4x'

where

gm' s —s

I et us introduce a new two-body scattering amplitude
ds tl'"(Pg, P3,' Pg', Ps'). lt describes the scattering of particles

2 and 3 under the influence of a Yukawa potential, a
third particle (1) being present and not taking place in

X8+(qlg —m')8+(q '—m')S+(q '—m') (5 1) This amplitude will be chosen to sa, tisfy, for instance,

"=(q +q +q-.)'.

This function has also been introduced by Blank. enbecler
and Sugar. ' In order to dehne it precisely, it is necessary
to introduce a basis of three vectors dependent on q&, q2,

qs including Q= ql+q2+qs as a basis vector in place of
the set ql, qs, qs. Let us call (Q,pl, pg) such a basis. I.'.3

will then be dered as

~ (Q,p,p.)=4-
ds' — s'~ 'l2

Q,P1,P2, (5 2)
g~ s s — s/

where

D(Q,P1P2) = 8+(qlg —m2) 8+(q22 —m') 5+(qsg —m')

s=Q'-.
(5.3)

It is easily checked that the function Es(Q,P1',Pg'),
where (Pl', Ps') is different from (Pl,P2), will generally
be different from Es(Q,P1,P2).

Contrary to the two-particle case, there is no basis
symmetric in all momenta for more than two particles,
so that there is not a single "natural" function E3~ As

we shall see in the following, this ambiguity will be in
fact a useful tool for finding three-body equations.

We shall use the basis

(p p ps I
tl"'(s)

I
pl'p 'ps')

= (ylpgps I
Vl

I
pl'pg'ps) y d'qld'qgd'qs

where

X(plP2Psl I'lleqsqs)&'"(ql qs qs)

x (qlqgqs I
tl"'(s)

I

pl'pg'ps') (6.1)

~1(P2 p2 )+ I 1(P2 ps)~(q2+qs ps ps)d 312d qs

(plp2p3I I lI pl p2 ps )—%18(pl pl )

X&(pg+p3 p2 ps)I (pg —pg')'+t '] '. (6.2)

We ha, ve taken the spectator particle (1) as being ex-

plicitly on the mass shell. The factor M& comes from the
invariant normalization of momentum eigenstates.
Then, we can factorize (tl&"(s)) as follows,

(P1P2P3 I
tl'"(s)

I
Pl'Pl'Pl') =»~(pl' —yl)

X~(P1'+Pg' —P,—P2)tl&'&(Ps, P3; P2'Ps'), (6.3)

so that Eq. (6.1) will become, written, for instance, in

the tota. l c.m. system of the three particles,

t1&'l (ys,ps, ps', ps')

Q=ql+q2+qs' Pl=qs' Ps= q (5.4) 7i" My M2 M3

where
(~AY) = (1,2,3),

and we shall hence dehne the three-body propagator as

(Ix)(s) 42r2$+(q 2 m2)$+(q 2 m2)

ds' — s' '~2 -2
8+ — Q

—
qs

—q, —m', (5.5)
gm'S —S S

or, in the total center-of-mass system,

&1+&2+~s
g& &(s)=

MyM2M3 My M2 M3 —S

X~(q&' —,)~(q, o —,), (5.6)

(31 2+m2) 1/2 (5.7)

We have dropped the index 3 in E&"' since it will be
the only propagator used from now on.

tl ' (31„q„.P, ',P,') . (6.4)
M2M3 M1 M2 M3 S

We have written jp2 to insist on the fact that this vector
is on the mass shell.

We shall also use the amplitude tl'"(Pg, p3 Ps Ps)
whose jp3 is maintained on the mass shell. t~&" and t~(3&

are on-the-energy-shell covariant scattering amplitudes,
one particle being kept oG the mass shell. They are
dependent, however, on the spectator particle 1. Note
that, after integration upon d4q3, the scattering ampli-

tude t~(2) can be thought of as an on-the-mass-shell,
off-the-energy-shell amplitude tl'"(ps, ps,. ps', ps", s't'),
wltll SAG01+Ms+Ms.

'/. PROPERTIES OF &1(')

If one integrates over dqsg in Eq. (6.4), using

&(qg'+qs' —pg —ps ), one is left with an equation very
similar, once again, to the I,ippmann-Schwinger equa-
tion. Accordingly, we shall mention without detailed

proofs the following results which a,re obta, ined easily by



T I-I R E E —P A R T I C L E S C A T T E R I N G —A R E L A T I V I S T I C T H E 0 R Y 8 171

simple modifications of proofs valid for the Lippmann-
Schwinger equation.

(a) Equation (6.4) is of the Predholm type. The
proofs of I'addeev or Lovelace can be used for this
result. ' In particular, the proof by I'addeev ensures that
the kernel in Eq. (6.4) is compact in a Banach space B.
This space is the space of functions f(qs) with the norm

I f(q )—f(qs') I"
sup (1+qs') I f(qs) I+

g2& ~i2 Iq —q'I"
where 0(@&1.

(b) The proof of unitarity of Sec. 4 can be easily
extended to t~"' to show that it satisles relativistic
two-body unitarity as given in Eq. (6.8).

It will be useful to have the unitarity of t j &" expressed
as three-body unitarity. If one introduces the discon-
tinuity of E' (qi, qs, qs); 23riA3(s), where

As(s) = As(qi, qs, qs)
= &+(qi' —2/3') 8+(q '—2/3') 8$(qss —2/3') (7.2)

states, resonances, and virtual states,

g-(ys, ps) g-(ys' ps')
ti&'&(ys, ps., ys'ps') =Q (7.7)

s— s

Ke have replaced s by s'I' in order to reduce the de-
pendence upon coq.

7. ANALYTIC PROPERTIES OF FORM FACTORS

Because of rotational invariance, the form factors
will behave as a member of an irreducible representation
of the rotation group in the total c.m. system":

g(y21p3) ti(I p2 p3)~(p2 M2)g(p2)I 3 (p2) I (8 1)

where
q'dqsrs(PM)

g(p) = ~/(p, q), g(q) (8 2)
CO

—$4)2M 3

and

Eq. (6.1) can be shown to give
A(1&"(s) =22riti"'(s) 63(s) Ii&2& t(s) . (7.3)

g' p'+q'+/"+(Ms q")'—
«(p, q) =—Q/

pq — 2pq
(8.3)

In this equation, the operator multiplication is under-
stood as an integration over d'q~d'q2d'q3, so that Eq.
(4.5) obviously is relativistic unitarity.

(c) The method of Lovelace can beused to show that,
as a function of s, the scattering amplitude t~&'& is a
meromorphic function defined in two Riemann sheets
connected along the real axis cut from (Mt+22/3)2 to
infinity. When some of the eigenvalues of the kernel are
equal to 1 for s= ss in that domain, Ii/2'(s) has a, pole at
S=sp, i.e., in the neighborhood of sp,"

where
(ys+ms)1/2 q

0 (q2+2/32)1/2

M2 M3.

(8.4)

P0
g(p) = 2~'2I'/(p ps) g(ps)—

When s is in the second Riemann sheet (i.e., in the
case of a resonance or a virtual state), Eq. (8.2) should
be replaced by

~(ys, ps, ys', ps')
$1"'(ysipsi ys ps ~$)—

s—sp
(7 4) qsdqsrs(PM)

+ I't(p q) g(q) (8 5)
07 S GOpM3

Inserting this expression into Eq. (6.4), one finds that
the residue factorizes into where p' is defined as the value of

I ys I
which satisfies

~(y21ps) y2') ps') =g(ysips)g*(y2'ps ) . Ml+M2+Ms S ~ (8.6)

The function g(pi, ps) is called the form factor. It satisfies
the homogeneous equation

g(ys, P3) = I's(P2 —qs) ~(Ps+Ps —
qs

—qs)d'qsd'qs

X1l (Mt+Ms+MS) (M2MS)

X L(M1+Ms+Ms)' —') 'g(qsiqs) .

These properties are well known in the case of the
ordinary Lippmann-Schwinger equation. A convenient
approximation which has been discussed by Lovelace'
and Basdevant' consists in retaining only in t~"& the
expressions of Eq. (5.6), i.e. , to write a sum over bound

"There is a dependence of all these expressions upon coI, which
we do not write here explicitly.

It is important to know the analytic properties of g(p)
as a function of p in order to reduce the possible func-
tional forms by which it will be approximated in prac-
tice. In the case of the ordinary Lippmann-Schwinger
equation this study has been made for the form factors
of bound states. "Lovelace has also given a study of the
case of resonances, but the domain he obtains is not
large enough for practical applications. '

We shall now sketch another method which will be
exemplified in the case of the ordinary Lippmann-
Schwinger equation and of a bound state. It is trivial to

"This procedure is not relativistically invariant, because of the
dependence of the form factors upon co1."D. Fivel, Nuovo Cimento 22, 326 (1961); L. Bertocci,
C. Ceoiin, end M. Tonin, Nnovo Citnento 18, 770 (1960).
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extend it to Eq. (8.2) or (8.5). The equation reads

de
g(P) = ~(P,q), a(q),

o q
—s

fp'+q'+~' l
~(P,q) =—O'I

Pq k 2pq

(8./)

(8 8)

~(P,q)=cq'P ' ' (9.1)

9. ASYMPTOTIC BEHAVIOR OF THE
FORM FACTORS

Our problem is now to investigate the behavior of g(P)
when P tends to infinity. Here again we shall work on
the simple Lippmann-Schwinger equation (8.'/) as an
example of the techniques to be used.

When P -+~, one has, according to Eq. (8.8),

p(p, q) has singularities at q=0 (but q2U is not singular
at that point) and at

P+iq= Rip, . (8 9)

The integral in Eq. (8.'/) therefore converges into a strip
5„:

I ™PI (p. We can then deform the contour of inte-
gration from 0 to lx) into S„. Then the integral in
Eq. (8.'/) will converge in the strip 5» indented by the
parts (iy, ,2ip) and ( i/'1—, 2ip—) of the imaginary axis.
When 2 is complex the singularities in q of Eq. (8.9) can
pinch the singularity of q' =s. However, in that case
one has a resonance as in Eq. (8.5), and this confluence
of singularities can be taken care of by rewriting the
equation in the form (8.2). The process of the strip ex-
tension can be iterated to show that g(P) is analytic as
a function of P into the complex plane cut from ip to

and from —ip to —i rx) ~ This proof is admittedly
very simplified, but it is easy to make it into a rigorous
proof as is rather obvious and as we have checked in
detail.

(a) Introduce the Banach spaces B characterized
by the norm

f(P) f(q) "-
(1+P')"If(P) I+ — (1+P')

a&Lo. ~ j —
gP6Lo. "j

(9.2)

Clearly B,QBP for u&P and, according to Sec. 7, g+B .
(b) The Lippmann-Schwinger kernel applies B to

B~~i „UBl+2, g being as small as wanted. The proof of
this lemma goes as follows: Introduce two fixed numbers
&&&1 and A»1 and suppose f(q)QB . Then

which suggests that g(P) behaves like P
' ' when P ~~ .

Indeed when this assumption. is fed into Eq. (8.7) it is
found to be consistent.

However, this does not constitute a proof, and it is
found deceptively dificult to provide one. The proof
that we are going to propose appears to be new and
seems to be of a wide applicability to the solutions of
Fredholm-type equations. It proceeds as follows:

Pdq c

ql+2+a pu+1

g dg 1 Pq
'+' dq

~(P,q) f(q) «
» Pq P+q +& -q— (9'3)

g dg
~(P,q), f(q) «

g
—S

"" 1 p'dq lnp c—In——&' c
P2 P2 Pn Pa+1 Pa+1—2

(9 4)

6p
g dg

~(P,q) f(q) «
o g

Pq

o Pq P2+q2+p2-

'+' q'dq
I f(q) I

(c g
'~

g
dq+c dq q (

Pl+2 Pl+2
+ (9 5)

Pl+2 Pa+1

g(P)p'+'(c as P ~~ . Q. E. D. (9.6)

The case in which P tends to zero can be treated in the
same way to give

a(P)P '«P~0.
I0. THREE-BODY AMPLITUDE

(9 7)

Here 7=min (A, ep) and the c's are constants, generally
diferent from each other. Putting these equations
together, we get the above statement.

(c) Since g&B2, by iteration of lemma (b), one gets
g+Bl+2, i.e.,

types of ladder-type diagrams where three particles
propagate. It is easy to write a set of linear integral
equations for the amplitudes corresponding to the sums
of these graphs. '4

These equations are very similar both to the Bethe-
Salpeter equation and to the Faddeev equations and
have therefore the following properties:

(a) Their kernel depends on the off-the-mass-shell
two-body scattering ™plitude.

(b) They satisfy three-body unitarity only in a
limited region of energy depending upon the range of the
potential.

In order to build up equations for the three-particle ~4 D. stojanov an(I A. N. gavghegdze, phys. Letters ].3, 76
scattering amplitude, one could start from a sum of all (1964); v. P. slielest alid D. stojaliov, ibid. 13, 253 (1964).
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From a practical standpoint they give rise to some
difhculties:

(a) The usual difhculties of the Bethe-Salpeter equa-
tion with respect to the non-Euclidean metric of mo-
mentum space.

(b) Our ignorance of the properties of the solution of
the two-body Bethe-Salpeter equation makes it dificult
to discover whether the three-body equations are of the
Fredholm type.

(c) They involve too many integrations to be of
practical use on a computer. Therefore, these equations
are not what we are looking for if we want to satisfy
the conditions stated in the Introduction.

We are now going to extend the techniques of Blanken-
becler and Sugar to a set of three-particle ladder dia-
grams. Consider for simplicity three distinguishable
scalar particles of the same mass. In the ladder approx-
mation, the three-body amplitude T(pip2p3, pi'p2'p3')
will be given by the sum of all diagrams of the form
shown in I"ig. 1. We will call T~(pip2pa~ pi'pm'pt) the
sum of all Feynman diagrams in which the first inter-
action takes place between the pair (p,7) (nApAy;
n, P, y=1, 2, 3).Inananalogousway T '(PiP2P3~Pi'P2'Pa')
will represent the sum of all diagrams in which the
last interaction takes place between p' and y'; and
T p'(pip&pa~pi'pm'p3') the corresponding sum of dia-
grams with particles (Py) interacting f'irst and (n'y')
interacting last. In this way, it is obvious that

T(p p p p 'p 'p ')

= Z T.(pip~p3 pi'p2'p3)= & Ts(p' p'')
a=I

I
t
I

I
I
I

I

I

I
I
I
I

I
I

8CD
I

I I
I I
I I
I I
I

g

I ', I I

I. i I
I L I

A'
I
l
I

FIG. 1. Ladder-type diagrams considered in the derivation
of the relativistic Faddeev equations.

11. THE THREE-BODY EQUATIONS

Let us define the variable

s=(p+p+p)'=(p +p +p )'

which is the total energy in the total center-of-mass
system P=P'=0. It will be a 6xed parameter in our
equations. Following our prescription, it is easy to
obtain the following equations for T (s) and T (s):

the correct prescription. Anyway, we will come back to
this point later.

Because of the ambiguities that are present in the
calculation of E3, we have to be more explicit in our
prescription. If V represents an exchange between
particle (P,p), then following any V we will insert the
function E&, with 7/n, introduced in Eq. (5.6). This
procedure is not symmetric starting from the right or
from the left side of the diagram; however, the 6nal
explicit expression for a graph will be symmetric under
the exchange of the initial and Anal variables. This
result will be obtained by exploiting the ambiguity that
we still have in the function E3&; namely, given a certain
V we can choose either E~ or E&; a/P/y.

T-s (p' p'') (10.1)
T-( )=I-( )+2 I-( )E'( )(1—&-.)T ( )

Needless to say, these amplitudes are considered oG
the mass shell. However, in our Anal equations we will

be allowed to put two of the three initial or final particles
on the mass shell. For example, if we are considering
T (p;,p ) we will need it either when particles (n,p) or
when particles (n,y) are on the mass shell. Therefore,
we shall use the following notation:

Ta (p@pi~) = Ta(pi&pi ) ~ p~ m~~, yp~ my~ ~ (10 2a)

The requirement of keeping only the elastic part of
the amplitude means that our three-body amplitudes
will have only the Landau singularities associated with
the three propagators cut by lines J3, C, D, ~ and the
propagators cut by lines 3, A'. The prescription we will
follow for getting such an amplitude is to insert the
function E3 defined previously in the sections 8, C, D of
the diagram and also the same function in sections of the
type A, 3'. By using the Cutkosky rules for the dis-
continuity it is possible to convince oneself that this is

T (s) =t (s)+P T (s)(1—8 ~ )E~'(s)t (s), (11.2)

t (s) being the solution of the two-body equation with
the Green function E& studied in Sec. 6. Equation (11.1)
is an equation in the initial variables p;, the final vari-
ables p being fixed parameters. The opposite is true for
Eq. (11.2). We can also write equa, tions for T, in the
"right" or "left" variables:

nWPW~; (11.3)

T (s) =8 t (s)+P T ~ (s)(1—8 )E~'(s)t (s),

n'WP'W~'. (11.4)

Notice that the Green's function E3 that we use in
these equations now is prescribed unambiguously. In
the equation for T (s), for example, next to the ampli-
tude T~(s) we put the function E~(s), n/PAy.
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Let us write Eqs. (11.1) more explicitly, in order to study them in more detail:

«(P-ppp. ,p-'pp'p~') =M-~(p- p-—') -(PpP. ,Pp'P')+ d'v pt-(ppp. vps~)
( M)

~(e. M—p)Tp(p-Vpzv P'')
MpM& (PM) S

( M)
+ d it~ta(pppz, qpg~) ~(V,. M,)—T.(P-VW„P'') (11 5)

MpM, (QM)' —S

In this equation we have already separated the total 6 functions of conservation of energy-momentum which appear
in the two- and three-body scattering amplitudes. The integration variables are taken to be qp and q~ in the integrals
which contain Tp and T7, respectively.

In Eq. (11.6) we have put the external momentum p on the mass shell. Simila, rly, if we write the equation for
Tp and T~ we see that we can put Pp' ——2222 and P~2= m2, respectively. The three equations are still consistent with
this restriction because when we integrate the functions Tp in (11.5) we can choose qp and q~ as variables, respec-
tively, and still keep that restriction.

Therefore, after one performs the integrations over dqpo or dip„Eq. (11.5) reduces to

Ta(PaPPPyyPi ) Matt(Pa Pa )ta(PPPyyPP Py )+ dqPta(PPPyyqPgy)
MpM, (QM)2 —s

Tp" (p-qp~„p'')

( M)
+ dq~t (ppp~, qpq„) T~& )(P qpq~, p ), nNpAy; n, p, y=1, 2, 3. (11.6)

MpM7 (pM) S

These equations can be simpli6ed still further. In the integral terms of the equations for Tp and Tv we will need
only T &P) or T &», respectively. Then, we can put either P p or P, on the mass shell in Eq. (11.6) and get equations
for T '&& and T &». Notice that once we have done that, we are left with two- and three-body amplitudes in which
only one of the particles is off the mass shell. In the total center-of-mass system we have

s"'=Z p'o=Z q*o=Z p'o'

If two particles, say i2 and P, are fixed on the mass shell, then Pvo-—-s't2 —M —
Mp and. we can write, for example,

Ta (Papppypyipy j pi ) Ta (paypprpy j s j pi ) |
so we can forget about the P„ovariable and look at this amplitude as being "off the energy shell, "because s'"QPM;.
The correct mass-shell amplitude is got by putting s on the "energy shell. "

We now introduce the notation:

t.(Pp,P, ; qp, q, ) =t-"(Pp,P„qp,q, ; s"').

These amplitudes can be obtained by solving Eq. (6.4) for t (ppp~, qpq~) for example, because in that equation
qp, qv are dummy variables which can be given any value.

The Anal set of three-body equations is
7r2 M'

Ta (PaPpPyySj Pi ) Ma~(pa Pa )ta (Pppyis~Pp Py )+ dqpta (PpPyPqqpqy) Tp (PaPpPi~sqPii)
MpM& (PMi) S

+ dqpt a(pppv)s)qpq&)'
MpM, (QM, )2—s

» (P PPP, s,p'') (11.10)

nWpWp; i2, p, p= 1, 2, 3. In a more explicit form, they a,re

T12(s)
Ti'(s)
T2'(S)
T2'(s)
To'(S) t

To'(s).'

' ti (s)
ti'(s)
t21($)
t2'(s)
to'(s)

„t,'(s)

0
0

t "(s)
t2"(s)

0
0

0
0
0
0

t "(s)
t "(s)

t "(s)
ti"(s)

0
0
0
0

0
0
0
0

t,"(s)
t "(s)

t,"(s)
t,"(s)

0
0
0
0

0 T12(s)"
0 Tio(s)

t2"(s)
G ( )

T2'(s)
t2"(s)

"
T22(s)

0 To'(s)
T'()

(11.11)
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G,(s) being an operator diagonal in momentum space
whose matrix clement is

( M);

M 1M2M 8 (+M ~') S

T(s) Tt(s) =+2iriT—(s)63(s)Tt(s) . (12.1)

This is also a proof of the consistency of our prescrip-
tions for obtaining those equations.

It is important to realize that the proof of unitarity
uses only the fact that the two-body amplitude satisfies
unitarity and that the normalization of the state of the
spectator particle is invariant. It is therefore possible
to introduce into the equations any phenomenological
form for the two-body amplitude satisfying unitarity
without spoiling the unitarity of the three-body
amplitude.

12. PROPERTIES OF THE EQUATIONS

The foregoing equations are relativistic generaliza-
tions of the Faddeev equations; they are three-dimen-
sional and off-the-energy-shell. The main difference is
that, when simplifying the equations we started with,
we have doubled the number of amplitudes. As T s(s)
and T &(s) are different restrictions of the same func-
tion, the on-the-mass-shell three-body amplitude is one-
half the sum of the six amplitudes T ~(s) taken on the
energy shell.

As the two-body t matrices which appear in the kernel
have essentially the same properties as the solutions of
the Lippmann-Schwinger equations, the proof by
Faddeev of the compactness of the square of the kernel
of the nonrelativistic equations can be applied as well to
the set of Eqs. (11.11) that we propose.

The proof of unitarity given in Sec. 4 can be applied
also to the nonrelativistic I"addeev equations and to the
relativistic equations of the previous sections. These
proofs are carried out in detail in the Appendix. Using
Eqs. (11.1)—(11.4) we prove that T(s) satisfms the usual
three-body elastic unitarity condition

(P1P2P8I Pi'P2'P8) =II M'~"'(P' —P'') . (13.1)

The transformation kernel from the momentum to the
angular-momentum representation will be

8(Pi'+P2 +Ps )(Pl P2 P8 ~
PgM1M2M3y JM~g)

)2@+1~'I'
~(P1'+P2'+Ps') &(P)is )

Xg &(M (p'+218—2)'")Dsrsr '(N, P)4) (13.2)

Let us relabel the six amplitudes T &(s) which appear
in Eq. (11.12) by T&"(s), i = 1, 2, ~ ~ 6. After separating
angular momentum, we will get equations of the form

13. SEPARATION OF ANGULAR MOMENTUM

Owing to the complete analogy of our equations with
the I'addeev equations, the separation of total angular
momentum can be carried on in the same way. "If we
work in the center-of-mass system the three momenta

p~p2p3 form a closed triangle in a three-dimensional
space, and the system can also be described by giving
the three lengths

~
p;

~

of the sides of the triangle, or else
M;= (P,2+2182)'~2, and the orientation of the triangle in
space, namely: the three Euler angles (f,e,&) which
describe the rotation necessary to go from a space-fixed
system of axes to a "body-fixed" system of axes linked
to the triangle in a well-de6ned way. The set of quantum
numbers canonically conjugated to these variables are
the three subenergies co;, J, the total angular momentum;
3f, the projection of J over the body-6xed s axis; and
3f„its projection over the space-6xed s axis.

Of course, this procedure is not covariant; but it is
the simplest from the practical point of view. It is
straightforward to reproduce for this case the calcula-
tions carried out in Ref. 15. We shall not do it here; we
only want to point out the only differences: Relativistic
kinematics must be used, also the relativistic normaliza, -

tion of momentum eigenstates

+J
TsrM' (M1M2M3)M1 M2 M8 l s) 4fM' (M1M2Msi Ml M2 M8 )+2

jQi M"=—J'

X&~-sr"" (Mi"M2"M3", Mi'M2'M8', s), iW j; i, j=1,2, 3, (13.3)

where i labels the rows and j the columns of the 6 by 6
matrices of Eq. (11.12). The reduction of parity can be
also carried out, " the summation in (13.3) is reduced
only to the even or odd value of M", according to the
quantum numbers J& of the state one wants to look at.

In Eq. (13.3) there are only two variables of integra-
tion because the kernel contains a 8(M —M ")since there
is always one particle which does not interact. In the
corresponding nonrelativistic problem, Lovelace and
Basdevant have shown that when one approximates the

two-body t matrices by a bound state or resonance pole,
because of the factorization of the residue in the initial
and final variables the equations for Tsrsi. &'&~(M,M') can
be transformed into a set of coupled linear integral
equations in only one variable. ' ' We have checked that
the same is true for our relativistic equations. This fact
makes them very appealing from the practical point of
view, because the modified one-dimensional equations
are very easy to handle in a computer.

"R.Omnes, Phys. Rev. 134, 31358 (1964).
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14. ANOTHER SET OF EQUATIONS

Following the same method as in Sec. 3, we can de6ne directly an oG-the-energy-shell, on-the-mass-shell ampli-
tude by considering the same set of ladder graphs as in Sec. 10, dropping all the 8 functions which ensure energy
conservation at each vertex, and introducing the propagator

8$
G'(S) = (22r)' (I+(ql' —238') ()+(qs' —2)8') ()+((t8'—238')()+LQS' —(Ml+Ms+Ms) $

$ —$

The corresponding three-body amplitude can be written as

T= Tl+Ts+Ts p

(14.1)

(14.2)

where Tj, for instance, is the sum of all matrix elements whose graph has its leftmost interaction between parti-
cles 2 and 3.

The amplitudes satisfy

T1(plpp2ppsj pl p2 ps ) ~1(plppsp p2 p3 )|)(pl pl ) 'Ml

4m' (Ml"+M2"+Ms")
+ 11(p2pps p p2 pps ) dp2 dp3 ~(p2+ps p2 ps )

SM1 M2 M3 (Ml +M2 +Ms ) S

Xp 2(plpp2 pps p pl p2 p3 )+Ts(plpps pps j pl pps pps )j p
(14' 3)

as well as two similar equations obtained by permuting the indices 1, 2, 3.
The amplitude tl(ys, ys, ps', ps') satisfies

41l' (Ml+Ms +Ms )
ti(ppps , pg' s')pV(pg 'pg )+=fV—(pI 'pt )—"

4M2 Ms (Ml+Ms +Ms ) S

X~(ps+ps p2 ps )dp2 dps 11(ps pps j p2 pps) (14 4)
with

V(p —p') =C'L(M —M')' —(p—p')' —
(
'?' (14.5)

(Note that the choice of the variable in the potential is somewhat arbitrary, owing to the nonconservation of
energy. )

The proof of unitarity given in Sec. 4 for the Lippmann-Schwinger equation immediately applies to Eq. (14.4).
On the other hand, the proof of unitarity given in the Appendix for the Faddeev equations applies to Eq. (14.3),
which is, in fact, extremely similar to the Faddeev equation. Equation (14.3) is, from a practical standpoint,
better than Eqs. (11.12), since there are only three independent functions. On the other hand, their obvious defect
is to be dependent upon the system of reference. However, the unitarity of t& is not affected if one replaces Eq.
(14.4) by

7r2 1
11(p2ppsp p2 pps ) V(p2 p2 )+ V(p2 p2 )

Ml M2 (M2 +M3 ) (S Ml)

X()(p2+ps y2 ys )dy2 (fps )'1(p2 pps jp2 pps) (146)

In that case (s—Ml) appears as the energy of a two-
particle bound state. The same approximation can also
be made in the amplitudes of Sec. 6. However, this also
spoils relativistic invariance.

15. CONCLUSIONS

We have presented in Sec. 12 a set of relativistic
Faddeev equations which satisfy relativistic three-body
"elastic" unitarity. The three-body scattering ampli-
tude which in principle can be calculated with those
equations represents the part of the Bethe-Salpeter
amplitude for a set of ladder graphs which contains only
the contribution of three-particle intermediate states.

The 6nal equations (11.11) are such that the usual
mathematical techniques of potential scattering can be
applied to them.

We must emphasize that we did not undertake this
work guided by the belief that the Bethe-Salpeter equa-
tions represent something fundamental in high-energy
physics. As a matter of fact, we used the ladder diagrams
in order to obtain the final equations only; our main
interest was to obtain practical relativistic equations to
calculate the three-body amplitude once the solutions
of the two-body problems were known. In the practical
applications that we had in mind one does not start by
solving the two-body problem; the experimental in-
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formation is used and the two-body amplitudes are
approximated by the direct channel bound states or
resonance poles. That is the reason why this theory has
to be regarded only as a semiphenomenological one.

Among the relativistic three-body systems, probably
the most appealing is the system of three pseudoscalar
mesons, because of the number of three-body resonances
that are being found and because one can try to find the
pseudoscalar mesons themselves as bound states. The
computational procedure is in principle very simple.
After separating angular momentum, parity, and isospin,
one looks at the equation with the adequate J& and I,
and calculates the eigenvalues of the kernel. This gives
enough information to determine the three-body bound
states and resonances present in that channel. In
particular, work is now in progress" in the 3x system in
order to find the ~ meson in the j. channel and the
m meson in the 0 channel.

However, there is something which is lost in the
relativistic problem, and it is the simple relation that
there exists in potential theory between the two-body
t matrix with a two-body propagator I (s) and with a
three-body propagator t (s),

&I tI sos I &-(s) I I t'Its'I p')

=~"'(u-—I-')(VsI. I&.(s—~-) lls'1.'), (13 1)
tp~= p~ /281».

The dependence of our t (s) upon cp is not so simple;
this point requires further investigation. This situation
is reflected in the fact that when one makes the "pole"
approximation for t (psp~, ps'p~'), the form factors will

depend upon co . However, they are still well-de6ned
objects; from the practical point of view that is not an
essential difficulty, because one always introduces phe-
nomenological expressions for the bound-state and reso-
nance form factors. Moreover, any form of the two-body
amplitude which satisfies two-body unitarity will pre-
serve three-body unitarity in the equations.
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APPENDIX. PROOF OF UNITARITY FOR THE
PADDEEV EQUATIONS

1. Nonrelativistic Equations

Hilbert system. The meaning of the subindices is similar
to that explained in Sec. 11 for the relativistic case. Here
we assume that there are no two-body bound states,
so the only amplitude is the 3 ~ 3 scattering amplitude.
We also have

T;(s)=t. (s)+P T;(s)(1—8. , ) I (s), (A.2)
Hp

yP T., (s)(1—S, .) t;(s), (A.4)
7' Hp s

T(s) =Z T-(s) =E T- (s) = 2 T- (s)

The proof now follows the same steps explained in
Sec. 4.

(a) Taking the adjoint of (A.4), we have

T, t(s) = S...I..t(s)

+Z ~-"(s) (1—5, )T.~ t(s) . (A.5)
Hp —s

(b) Relabeling the indices n+-+n', and calling the
summation variable y in place of y', which gives

T..t(s) = 8;.t '(s)

j.
+Z &-'(s) (1—~-r)T- 7'(s) (A 6)

v Hp —z

(c) Introducing AT (s) =T (s) T ~ "(s) and-
using (A.3), (A.6) and the unitarity condition for I (s)
gives

I.(s)—t.t(s) =+2~8.(s)S(H,—s)I.t(s);

we get

aT...(s)=A...(s)+P ~.( ) s(1—S.,)T,.(s), (A.7)
Hp s

T .(s)=8 t (s)+Q I (s) (1—8 ~)T, (s), (A.3)
7 Hp s

T.;(s)=8..t. (s)

The Faddeev equations for the three-body scattering where
operator T(s) are'

A ..(s) =2s-8.(s)b(Hp —s)
T-(s) =~-( )+2 ~-(s) (1—~-,)T,(s), (A.1)

Hp —s XL-T...t(s)+ P(1—~.,)T..„t(s)),

where H, is the Hamiltonian of the three-particle system g, (s) —2sz~ (s) g(Hp —s)(p T, t(s))
and t (s) is the two-body t matrix in a three-body

"J.L. Basdevant and R. Kreps (private communication). =2s.it„(s)b(Hp —s)T t(s). (A.S)
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AT =2vrit (z)8(Hp —s)Tt(s)

Comparing this equation with Eq. (A.1), we find that
the kernel is the same, and its inhomogeneous term is
gotten by applying on the left of the inhomogeneous
term of (A.1) the operator 2s.i8(Hp —s) Tt(s). Therefore,
as the Faddeev equations are Fredholm equations, we
obtain

AT (s) =2siT (s)b(Hp s)Tt(s)—. (A.10)

(e) Finally, AT(s) = T(s)—T'(s) =P.AT.(s);

AT(s) =P AT.(s) =2siT(s)8(H —s)T'(s), (A.11)

which is the oG-the-energy-shell unitarity condition. If
there are two-body bound states, there are also addi-
tional cuts in the s plane which represent the right-hand
cuts for bound-state scattering. In that case it is neces-
sary to introduce more scattering operators because one
faces a multichannel problem. However, the right-hand
side of (A.11) is still the discontinuity of T(s) across the
three-particle cut in the s plane.

(d) Next, we define AT (s)=P A, T (s). As n' isa
dummy index in Eq. (A.7), we can sum over n' and get

DiscE& '(s) = 2siAp(s); (A. 12)

here Ap(s) can be thought of as an operator diagonal in
four-momentum space, with matrix element given by
8+(qiP re')p+(—qpP nz')p+(—qpP m'); s—=(qi+q+qp)'. By
repeating the same steps as before, and using the uni-
tarity condition for the relativistic t (s) discussed in
Sec. 7,

one can get

At (s) =2m.it (s)Ap(s)t "(s), (A.13)

T(s) T~(s) = 2—vari T(s)Ap(s) T"(s) . (A.14)

This is an off-shell unitarity relation; when the integra-
tion over the intermediate variables q~q2q3 in the right-
hand side is carried out, the presence of Ap(s) yields the
usual relativistic three-body phase space. When the
external variables are put on the mass shell, Eq. (A.14)
reduces to the usual mass-shell unitarity condition.

2. Relativistic Equations

Here, in place of Eqs. (A.1) through (A.4) one ha. s to
start from Eqs. (11.1) through (11.4). The only differ-
ence now is that the Green function 1/(Hp —s) is re-
placed by E (s). We remember that the function 8 (s)
is just the function Ep(s) calculated according to a
certain prescription. That distinction is very important
in the manipulation of the equations, but for the proof
of unitarity it is irrelevant because E&"&(s), n=1, 2, 3
has the same discontinuity as Ep(s), given by


