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We consider the long-range forces, i.e., those falling off as a power of the distance, which may act between
pairs of particles, one of which is neutral and spinless. It is shown that these forces may easily be calculated
from the discontinuity function in the momentum transfer of the scattering amplitude for the two particles.
In particular, we have investigated the two-photon exchange force between two neutral, spinless systems,
and the three-photon exchange force between a charged and a neutral, spinless system. In the former case,
we find that the potential behaves as =7 for large 7, in contradiction to the London expression for the
Van der Waals force, and in agreement with the result of Casimir and Polder. For the latter case, the po-
tential is odd under charge conjugation and hence can convert a K, meson to a K; meson. We find again
that the potential behaves as 7. It is found that such long-range electromagnetic interactions are presently

unobservable in particle physics.

I. INTRODUCTION

OME of the forces between elementary particles

fall off, at large distances, as an inverse power of
the distance » between the particles, rather than ex-
ponentially. Such forces we call long-range forces. In
quantum theory, long-range forces may result from
the exchange of massless quanta between the particles.
The most familiar example of such a force is the inverse-
square Coulomb interaction between charged particles,
coming from the exchange of a single photon.

If one of the particles is neutral, single-photon
exchange can still give rise to a long-range force,
provided that the spin of the neutral particle is >3
and it possess some nonvanishing electromagnetic
moment. An example is provided by the magnetic force
between neutron and proton, which goes as 1/7% The
same is true for the magnetic force between two
neutrons, so that neither particle need be charged in
order that a long-range force may arise from one-photon
exchange.

If the spin of the neutral particle is zero, then
although one-photon exchange may still be possible,
it will not give rise to a long-range force. Cne example
of this is the interaction of neutral KX mesons with
charged particles. C ne-photon exchange can then occur
through the charge form factor of the K° meson, but this
gives rise only to a contact interaction between the K°
meson and the charged particle.! If the spin of the neutral
particle is not zero, but all its electromagnetic moments
vanish anyway, there will still be no long-range force
from one-photon exchange. An example of this is given
by the two-component neutrino.

It is of interest to ask whether there are other
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1 G. Feinberg, Phys. Rev. 109, 1381 (1958).

mechanisms through which long-range forces could act
on neutral spinless particles.

One long-range force which presumably exists be-
tween all particles is the inverse-square gravitational
force. However, this is too weak to be of direct interest
in particle physics, and we do not consider it here.

We might expect intuitively that the exchange of two
or more massless quanta rather than a single quantum
could also give rise to long-range forces. We shall see
that this is in fact the case. The only particles in nature
believed to be massless are photons and neutrinos.
Forces due to neutrino pair exchange will be considered
elsewhere. The purpose of this paper is to study the
forces on neutral spinless particles arising from the
exchange of two or three photons.

Neutral spinless particles may be divided into two
classes. There are those like the #°, which are their own
antiparticle, and those like the K9 which are distinct
from their antiparticle. Since the photon is odd under
charge conjugation, the 7° cannot emit an odd number
of photons, real or virtual. There is no such restriction
for K% mesons. However, the amplitude for the emission
of an even number of photons is the same for K and
K®. Tt is easy to see that a force which is opposite for
K° and K° will induce transitions between the ‘“true”
particle states K,° and K. Thus a long-range force
from three-photon exchange is of interest in connection
with experiments in which transitions from K5 to K
are observed in the presence of matter.2

It should be noted that two-photon exchange forces
between two neutral particles have been known for
some time; for the case of neutral molecules they are
the well-known Van der Waals forces.® In this context,
the two-photon exchange has been reconsidered by

?L. B. Leipuner e al., Phys. Rev. 132, 2285 (1963). F. Eisler
et al., in Proceedings of the International Conference on Fundamen-
tal Aspects of Weak 1nteractions, Brookhaven National Laboratory
Report, 1963, p. 82 (unpublished).

3 F. London, Z. Phys. 63, 245 (1930).
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Casimir and Polder* who, using the techniques of field
theory, found an 7 behavior for the potential between
two neutral atoms, each of angular momentum zero.
This differed from the result of London, who, using only
electrostatic effects, obtained a potential behaving as
r—8. We shall see that the result of Casimir and Polder
is independent of any atomic model, and in fact holds
for the force between any two neutral spinless systems
coming from two-photon exchange.

We now outline the contents of the following sections.
In Sec. II we discuss how the long-range force, if any,
between two particles can be obtained from the proper-
ties of the discontinuity function in a spectral repre-
sentation of the scattering amplitude, considered as a
function of momentum transfer. In Sec. III we consider
two-photon exchange between a neutral spinless particle
and a charged particle (e.g., K° meson and proton) and
find the long-range part of the force. In doing this, we
obtain first the two-photon form factor of a neutral
spinless particle, and use it to derive the above-men-
tioned generalization of the Casimir-Polder result, in a
rather simple way. Also in this section we describe a
simpler way to obtain the long-range part of the two-
photon exchange force between a spinless neutral and a
charged particle. This method is used in Sec. IV to
obtain the three-photon exchange force between a K°
meson and a proton. In Sec. V we consider the possi-
bility of experimental detection of this force. The
final section, VI, is devoted to a summary of our
conclusions.

The Appendix contains a field-theoretic discussion of
the one- and two-photon vertex function of a neutral
particle.

II. PARTICLE FORCES AT LARGE DISTANCES
AND SPECTRAL FUNCTION: GENERAL
CONSIDERATIONS

Consider the elastic scattering of spinless particles
“1”” and “2,” with masses M, and M,, symbolized by

14+2— 142, (2.1)

We denote the four-momenta of the particles by p;
and p, in the initial and final state, respectively, and
as usual define invariants s, ¢, and % by

s=(prtp2)?, t=(pr— )%, u=(pr—p),
with
prtpe=p/+ .

The metric is chosen so that on the mass shell, p?
=P"l2=M§2 ('l= 1, 2) and

st+itu=2M7>+2M 2.

4H. B. G. Casimir and D. Polder, Phys. Rev. 73, 360 (1948).
For more recent work, see I. E. Dzyaloshinskii, E. M. Lifshitz,
and L. P. Pitaevski, Advan. Phys. 10, 165 (1961); B. V. Der-
jaguin, Sci. Am. 203, No. 1, 471 (1960).
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In the c.m. system of reaction (2.1) we may put

Plz (“’lyp)) P2= (w2) _p)y
pi'=(,p), p'=(, —P).
Here
wi= (M3+p)P=w/
since

pi=p
on the energy shell. Then
s=(w1twy)?, t=—2p*(1—cos@),
u= (w1—ws)*—2p*(1+4cosB),

where © is the scattering angle, and the physical region
for the process (2.1) is given by

(2.2)

s2 (M+Me2)*, 02t>—4p (2.3)
with
pP=[s— (M1 +M)J[s— (M1 — M1)*]/4s.  (2.4)
Note also that in this region
u< (01— we)?= (M2—M2)%/s. 2.5)

Now let F=F(s,t) denote the invariant Feynman
amplitude for the process (2.1) and let Fa=F4(s,t)
denote the contribution to F of some subset “D” of
the set of all Feynman diagrams for this process. We
assume that for fixed s, Fq is an analytic function of ¢
and admits a spectral representation of the form

1 r2Aa(st) 1 = Ba(sw)
Fa(st)=— / ar'+-— / e,
¢

wSy U—t TSuw W—u

(2.6)

Here the first integral corresponds to a branch point
at t{=1f,, with a cut extending from #, to « and the
second integral to a branch point at t=4,, with

t-o= 2M12+2M22—‘8—uo

and a cut extending from #, to — ®. The requirement
that Fa(s,!) have no singularity in the physical region,
defined by Eq. (2.3) implies that, at least when s
Z (M 1+M 2)27

1020, MOZ (M12—M22 2/u B

We have ignored any subtractions which may be
necessary in Eq. (2.6) for F. If, for example,

F=go antr+ 001/ (1] 1(]1] — ),

Eq. (2.6) remains valid without changing the definition
of A or B, provided that the polynomial 3 g.t* is
added to the right-hand side of this equation. But such
a term only introduces contact terms (delta functions
and derivatives of delta functions) into Vg4 defined
below, so that they are of no interest for large 7. A
similar conclusion may be reached even if the dis-
cpntinuity of F across the branch line starting at ¢,
(f0) does not vanish at =+ o (— o).
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It is convenient to introduce “potentials” V4 and
U4, associated with Fg, in the following way. We note
that with s, ¢, and « in the physical region and with
¢ > to, ' >uo, we may write, using Eq. (2.2)

(t"'t)_l=/(47#)‘13“(?’—?) T (Vi) rdy
and, using also Eq. (2.5),

Xexp{—[uw'—(M>2— M) 1] }dr,
where r=|r| may be interpreted as the distance

between particles 1 and 2. On defining an exchange
operator, P, acting on any function ¢(r) via

Pex‘P<r)= <p(—r) )
we may write

Fa(s,)=(p'| VatUasPex|p), (2.7)

where V4 and U, are (energy-dependent) ‘‘potentials,”
defined by

Va= (4mr)? / Aa(s,t)e " dt (2.8)
and “
Us= (4#7)_1/ Bd(s,u)
uo
Xexp{—[u— (M2—M2)*s"]2r}du. (2.9)

We shall refer to V4 and U4 as the formal potentials
(direct and exchange potentials, respectively) as-
sociated with the set D of Feynman diagrams under
consideration. They have been defined to reproduce
exactly the amplitude F4 when the matrix element of
the operator Va4 UgPox is taken between plane wave
states, |p) and |p’).

In the cases of interest in this paper the set D will
generally contain only irreducible graphs. For such sets,
the use of V4in a Bethe-Salpeter equation will approxi-
mately include the contributions to the scattering
amplitude of diagrams obtainable from those of D by
iteration. (There is an approximation involved because
Va has been defined as the Fourier transform of an
on-shell quantity whereas the iterations involve off-
shell extensions of the graphs in D.) Furthermore, if
Va4 is used to obtain an effective potential to be in-
serted in a Schrodinger equation, suitable for describing
scattering at low energies, one expects that the asymp-
totic form of any such effective potential will coincide
with that of V4 We will therefore be justified in
referring to the results obtained by analysis of V4
=Va(r;s) as providing ‘“forces” between the particles,
which can act repeatedly. We note also that even if F,
or equivalently the absorptive parts 44 and Bg, are
“known,” the analysis of the asymptotic form of Vg

Fic. 1. Form of Feynman diagrams
corresponding to the exchange of a pair of
particles (e,b) between particles 1 and 2.

and U, is not without interest, since an understanding
of the nature of the interaction between pairs of
particles at large distances, and at not too high energies,
in terms of potentials has value both from the con-
ceptual point of view and from the point of view of
computation.

Although the “exchange potential” U may also
have a long-range part, for our purpose the quantity
of primary interest is the “direct potential” V4 For
the sake of orientation consider a set D of diagrams
which involve the exchange of a pair of spinless particles,
“g@” and “b,” between “1” and “2,” as symbolized by
Fig. 1. In this figure, the symbols G and H* denote
functions which, on analytic continuation in the
variables p,’ and p,, represent contributions to the
scattering amplitudes for the processes 14+1— a+b
and a+b— 2+2, respectively. The continuation is to
values such that p, and s, defined by

Pr=—p1, P2=—p2,

are physical momenta for the antiparticles 1 and 2.
Corresponding to Fig. 1 there is a contribution to
F(s,t) proportional to

/ H*Go(Q—ko—kp) (k2—m2+1ie)™?
X (ko2 —mp+ie)'d4k.d*ks, (2.10)
where m, and m; denote the masses of a and 4 and

Q=p1tp1.

On continuation to the physical region of the crossed
channel

41— 243,

1=

is the c.m. energy squared, the expression (2.10)
represents a contribution to the amplitude for process
(2.11), which will have a singularity at t=/,, with

to= (matmyp)?,

in the absence of anomalous thresholds.

The discontinuity across this singularity is obtained
from (2.10) by unitarity, or generalized unitarity® if
ma+my<2M,, ie., by replacing the propagators in
(2.10) by delta functions. Thus, on setting

ko= (“’ayk) , ko= (wb; —k) ’

with wa,5= (m4,:*+k?)"2 in the c.m. system of reaction

(2.11)
for which

8 R. Cutkosky, J. Math. Phys. 1, 429 (1960).
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(2.11), we get a contribution proportional to
1() / H*Gdk

to the absorptive part of F, for 1>, Here 7(¢) is the
phase-space integral

I(t)=/dk6(\/t——wa—wb)/4wawb.

On integration we get, using Eq. (2.4) with s— ¢,

1(t)= (r/2)[t1— (matmy)* ]
X[t— (ma—mp)* ]2, (2.12)
which, for

ma=0, mp7=0, (2.13)

has a square-root type of branch point at {=1£,>0.
Since the coefficient of 7(¢) will in general be analytic
at =1, we are led to consider, when (2.13) holds, a
spectral function of the form

A(s,t) = (I—10)' P (s,1)

with ¢(s,t) analytic in ¢ in the neighborhood of (=1, say
for |t—t] <2T. On substitution of (2.14) into Eq.
(2.8) for V, the integral may be split into two parts,
corresponding to integration over the intervals (¢o,7)
and (7,«). The second integral will contribute, at
best, terms which for large » decrease exponentially
like exp[ — (to+ T)r], perhaps multiplied by some power
of r. For the interval (4,,7) we put

(2.14)

o (s,0)= (t—to)™ é Cr(s)(t—1to)™,

extracting a possible zero of order N>0 at {=¢, We
are thus led to consider integrals of the form

T
In= / (1~ to)yme=0rdt,
to

with m=N-+#n+3%, for the contribution of the term in
¢ proportional to C,. To obtain the leading term in 7,
in an asymptotic expansion for large r, we may let
T — = and introduce a new variable y via = (v+y,)?,
where

yo= (to)'"*.

Since for large 7 the major contribution to 7,, comes from
i~ty, or y~0, we may approximate

(t—to)™= (y+2y0)™y™= (2y0)"y™,

and similarly, di= (2y0)dy, so that, on performing the
now elementary integration on y, we get

I~ (2yo/r)"timle—vor

It follows that for large », the V corresponding to Eq.
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(2.8) for A has the form

V ~y— (N+5/2) p—vor |

For example, if M=0 (540 at threshold #) and
Ma=mp=pu we get
Votur/pin,

This is in agreement with the spin-independent part of
the asymptotic nucleon-nucleon force resulting from
two pion exchange, provided that u is identified with
the pion mass.

For the case m,=m;=0, of interest for this paper,
the above discussion must be modified not only because
ty=0, so that there is no exponential, but also because
in this case I(f), the phase-space integral given by
Eq. (2.12), reduces to a constant. Thus for example,
with

A =15 3 du()tr (dor20)

n=0

(2.15)

in the interval 0<¢< 7, the relevant integral is

T
Jm=/ tme— (VO dy
0

which for large » behaves as
T n~202m~+1)1/r2m2,
It follows that

V~1/p2N43 (2.16)

a result which is valid whether or not IV is an integer.
For example, if V=3, so that 4 has a square-root type
branch point, as in the case considered above, we have

V~1/r.
On the other hand, if N=0
V~1/r,

a type of force which is known to arise from two-
photon exchange between charged particles.” In the
next section we consider in some detail the nature of
Aa(s,t) for diagrams D corresponding to two-photon
exchange between a pair of particles, at least one of
which is neutral, and has spin zero.

III. TWO-PHOTON EXCHANGE FORCES

In part A of this section we consider the general
form of the amplitude for the emission of a pair of
photons by a spinless, neutral particle, designated as
B°. For completeness, and as an introduction to the
two-photon case, we also consider the general form of
the amplitude for the emission of a single photon by
B°. In part B, the results of part A are used to show,

¢ See, e.g., M. Lévy, Phys. Rev. 88, 725 (1952).

"E. E. Salpeter, Phys. Rev. 84, 328 (1952); T. Fulton and P.
Martin, ibid. 95, 811 (1954); J. Sucher, ibid. 109, 1010 (1958)
and Ph.D. thesis, Columbia University, 1957 (unpublished).
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rather simply, that the long-range potential arising
from two-photon exchange between any two neutral
spinless systems behaves like =7 for large . In part C
the results of part A are used to show that the two-
photon exchange potential between B® and a charged
particle behaves like »— for large ». This last result is
rederived in a much simpler fashion in part D by
consideration of a suitable phenomenological La-
grangian describing the interaction of the B° field and
the electromagnetic field.

A. Amplitudes for One- and Two-Photon Emission
1. One-Photon Vertex Function T',.

Let T, denote the renormalized proper vertex
function which describes the emission of a virtual
photon of momentum p—p’ as B° makes a transition
from a virtual state of momentum p to a virtual state
of momentum p’ (see Fig. 2). The most general form
of the four-vector I', is a linear combination of the four-
vectors p and p’, or equivalently, of the four-vectors
¢ and P defined by

g=p—7',
Thus, we may put

P=p+p'. 3.1)

Py=aqu+BP,, (3.2)

where « and 8 are functions of the invariants $? p”*, and
p-p’, or equivalently, of the invariants ¢?, P?, and
g- P. If B°is on the mass shell, i.e., if

pP=p"=m, (3.3a)
where m is the B° mass, then
¢-P=0, P’=dm?—¢* (3.3b)

and a and 8 become functions of ¢? only.

It is a consequence of the conservation of the electro-
magnetic current and the assumed neutrality of B° that
(see the Appendix)

qu]““: 0 s (34)

whether or not B is on the mass shell. It follows from
Egs. (3.2) and (3.4) that

ag?+B8g-P=0 (3.5)

for all values of ¢?, P2, and ¢- P. If we now assume that
a(g? P?% q-P) does not have a pole at ¢*?=0, with P2
and ¢- P fixed, as is indicated by perturbation theory,
we are led to put

B=q2g(q2) P ‘11)),

Fi16. 2. Symbolic representation of the K q #
one-photon vertex function T,.

F16. 3. Symbolic representation of the
two-photon vertex function T,.

with g nonsingular at ¢>=0. Then
—a=¢-Pg,
and Eq. (3.2) becomes
Uu=g(¢, P*, ¢ P)[—¢ Pout¢P.],  (3.6)

which is the general form of T, consistent with Eq.
(3.4). From Eq. (3.3) it follows that on the B" mass
shell

Tu=g(P)¢Py, (3.7

where go(¢?) =g (g%, 4m*—¢?, 0). Equation (3.7) may be
compared with the vertex factor for emission of a
photon by a spin-zero particle with charge e: eP,, to
lowest order in e. In general, one expects that for ¢>~0,
go~e/M¢® where M¢! is an inverse mass characteristic
of the range of the strong interactions of B°.

We note further that invariance under charge
conjugation implies that (see Appendix)

F#(Plyp)z _F#(_py _P’) )
which yields
g(¢% %, q- P)=g(g%, P, —q- P).

[If B° is identical with its antiparticle, e.g., if B'==?,
then one also has

FM(P,>P)=FM(_P) —P,)

which, when combined with Eq. (3.8), implies that
r,=0.]

(3.8)

2. Two-Photon Vertex Function T,.

I'y, is defined, analogous to TI',, as the “proper” or
“truncated” amplitude for the emission of two virtual
photons by B as symbolized by Fig. 3. The second-
rank tensor I',, may be written as a linear combination
of the metric tensor g,, and the 3)X3=9 independent
tensors which may be constructed from the three
linearly independent four-vectors available. Since

p—t'=q+¢,

it is convenient to choose the photon momenta ¢, ¢’
together with

P=p+yp',
as for the one-photon vertex. We may then write

Pp=T,'+T." 3.9)

with

I =Agu+BPuP,ACqq)/+DgP,+D'q,'P, (3.102)
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and

I‘uv” = Eq“q/-i—Fq,,q,,—}—F’q,,'q,'
+Gq;4Pv+GIQyIP“ . (3.10b)

For later convenience we have separated T, into two
parts, ',/ and T',,”” in such a way that I',,’”’ is the sum
of those terms which contain either a factor ¢, or a
factor ¢ (or both). Here, ¢ and v are the indices
associated with the photons of momentum ¢ and ¢,
respectively. The quantities 4, B, C- -, are Lorentz-
invariant functions of the four-vectors ¢, ¢/, and P and
so depend only on the values of the six scalar products

(3.11)

It can be shown that the conservation of the electro-
magnetic current and the neutrality of B° imply that
(see Appendix)

& ¢ PLPq, Pq,qq.

¢*TWw=0, (3.12a)

and

¢'Tw=0 (3.12b)

analogous to Eq. (3.4) for the one-photon vertex T',.
Furthermore, since the emitted photons are identical
particles, if we write T',, in the form

Tw=Tw(g,q;P),

Tw(g,q'; P)=T,.(¢",q; P). (3.13)

It follows that if Eq. (3.13) is satisfied then Eq. (3.12a)
implies Eq. (3.12b). If we use the symbol X to denote
any of the invariants 4, B, C, E and write

XZX(P27 9‘9'; PQ; P'q,’ 92: qlz)
then Eq. (3.13) implies that
X=X|ee .0 (3.14a)

since 4, B, C, and E are coefficients of tensors which are
invariant under the transformation p<> v, <> ¢. On
the other hand, if ¥ denotes one of the invariants D, F,
or G, and YV’ the corresponding invariant D’, F/, or G/,
Eq. (3.13) implies that

V'=V|0g ¢
If BYis on the mass shell, we have
P2=4m2—- (q2+29‘q'+q’2)

P-g=—P-¢,

we have

(3.14b)

and

so that the number of independent scalar products
reduces to four. If these are taken to be

4" qq
and
§=Pq=—r-¢,
and we define
X0(42, {Jﬂ; ‘Z'QI; g')

=X@m—¢=2q-¢'—¢",¢-¢, ¢, =5 ¢ ¢,
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the symmetry condition (3.14a) reduces to
Xo(g% 0% 495 ) =Xo(@, ¢, ¢ ¢, = 1)

Similarly, if ¥ is defined in terms of ¥ in the same way
as X is defined from X, Eq. (3.14b) reduces to

Yo(@ q% ¢ d, O)=Yolg ¢* ¢-q, —1). (3.15b)

We now consider the implications of Eq. (3.12a) for
the invariants 4, B, - - -G’. On substitution of Eq. (3.9)
into Eq. (3.12a) the coefficients of the four-vectors
¢y, ¢’ and P, may be set equal to zero, so that we obtain

(3.15a)

A+q-¢'CH+q-PD+¢@F=0, (3.16a)
¢*E+q-¢'F'+q-PG'=0, (3.16b)
¢-PB+q¢-¢'D'4+¢G=0. (3.16¢)

As in the one-photon case, we assume that none of the
invariants 4, B, ---G” have poles at zero values of the
independent variables listed in Eq. (3.11). To avoid a
pole in D’ at ¢-¢'=0, we put

B=bq-¢,

G=gg-¢»
with b and g regular at ¢-¢’=0, and solve Eq. (3.16c)
for D':

D'=—gq-Pb—q¢%g. (3.17a)

Similarly, to avoid a pole in F’ at ¢q-¢’=0, we also set
E=eq-q,
G'=gq¢,

and solve Eq. (3.16b) for F’:

F'=—q¢%—q-Pg. (3.17b)
On interchanging ¢ and ¢’ in Eqgs. (3.17a) and (3.17b)
and noting that the symmetry conditions imply that
under the transformation
=4, ¢—q

we have

b—b, e—e, g—>g, D>D, F'>F,
we get

D=—q-Pb—4"¢, (3.18a)

(3.18b)

On substitution of Eqgs. (3.18a) and (3.18b) into Eq.
(3.16a) we get, on solving for 4,

A=—q-¢'C+q Pq'-Pb+¢q"e+¢q - Pg+q"q-Pg'.

From our hypothesis concerning the absence of poles it
follows in particular that & is regular at ¢-P=0 or
q-P=0, C at ¢-¢'=0, etc. Thus, on introducing a
superscript zero to indicate a quantity evaluated on both
the B® mass shell and the mass shell of the photons,

¢=0, ¢*=0

F=—q"—q-Pg.
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we may write
A'=—q-¢'d—¢%W°, E'=gq-¢¢,
B'=q-q'¥, F=¢g,
CoO=0, F’=—tg"°,
D=—D"={¥, G'=g¢-¢¢, G’=q¢¢".

(3.19)

Here, 8, ¢°, and ¢ may be regarded as functions of
¢-¢’ and ¢, even under the transformation

§——¢
and g°, g’ are related by

¢, =8¢, —%).

Equation (3.19) constitutes the principal result of this
subsection.

We note in passing that on the mass shell of all
particles the variable { is simply related to the invariant
squared momentum transfers ¢, ¢’ defined by

o=(pr—q?, o=(p—¢).
Thus, with
t=(g+¢V=2¢-¢,
we have
o=2m—%t—¢, o =2m*—Li+¢,

so that

{= (0'_0',)/ 2 )
and, of course,

o+o'+1=2m.

We consider finally the consequence of C invariance
for T'y,. On writing

I‘F’=P#V(Q’ql; pP),

it may be shown that C invariance implies that (see the
Appendix)

Tw(g,q'; P)=Tw(q, ¢'; — P).
It follows that

(3.20)

Z=%Z|psp,
with the plus sign holding for
Z=A4,B,C,E,F,or F,
and the minus sign for
Z=D,D,G,orG .
Hence, on the B° mass shell
Zo(¢5 %5045 D =%20(, ¢ ¢, —9).

Thus, there is no additional condition imposed on
Ao, Bo, Co, or Eq, and, a fortiori, on A° B°, C°, or E.
On the other hand, we now have also

D0,= '—DO GO’= '—GO;

Ff/=—F,. (3.21)
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Thus, if B is on the mass shell,
T'w' — AoguwtBoPuPytCogsgutDo(gPu— 4. Py),
T — Eogugy’ +Fo(gug:+94'9") (3:22)

+Go(quw— qv’Pu) )

with A4, Bo, Co, Eo, and F, even functions of { and D,
Go odd in {. The only new consequence when the

photons are also on the mass shell is, on inspection of
Eq. (3.10) and (3.21), that

gO(Q'qI7 _f)z_gO(Q'q’) g‘)’

since we have already concluded, without C invariance,
that 8°, ¢% and ¢° are even functions of §.

(3.23)

B. Two-Photon Exchange Force between Two
Neutral Spinless Particles

The results of the preceding subsection may be used
to compute in a simple manner the asymptotic form of
the two-photon exchange force between two neutral
spinless particles or, more generally, “systems” B,® and
B. The general form Eq. (3.10a,b) applies to the
two-photon vertex functions I'y,, and I'y,, of B,® and
By® regardless of whether By’ or B’ is an “elementary
particle” or, say, an atom or a molecule.

On identifying B,® and By’ with particles “1” and
“2” of Sec. II, we see that there will be a contribution
to the absorptive part 4 of the scattering amplitude
F(s,t), in the “¢” channel, proportional to

Aan= / a3(@) (60— q—q)d'ed'y’, (3.24)

arising from two-photon exchange, in the region ¢>0.
Here

@=T1"(¢,¢'; P)T2w*(—¢, —¢'; P2)
where
Pi=pitp, Pe=potps.
The minus signs before ¢ and ¢’ in I's* correct for the
fact that I'; and I'; were both defined as amplitudes for
emission of photons of momentum ¢ and ¢'.
It is convenient to consider A (24, first in the physical

region of the crossed reaction (2.11) and to work in the
c.m. system of this reaction. Then we may put

Q= W10)
q=—2'(\/t) (LQ) ) Q'—_‘%(\/t) (17 _é) )

with ¢ a unit vector. Equation (3.24) then reduces to
1 P
A== /aodq,
8

where ®@° denotes the function @ when all particles are
on the mass shell. In the crossed channel we may also

and
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put
pr=GV0Lp), Pi=—p'=GVE5 —p)
and
P2l= (%\/tap’) , D= —_P2= (%\/t’ - p’) ’
with

p2= (t—4ﬂ[12)/4 , p'2= (1—4M22)/4 .
We then have

Py= (0721)) ) Py= (Oizp,) .

On defining
cosf=p-p', cosby=p-G, cosba=p"-q

we may write, for the various nonvanishing scalar
products which occur in the computation of @°,

¢g=t/2, Pi=iMp—t, Pg=iMs—1, (3.252)
and
Gi=q-Pi=—q'- Py=—3[t(t—4M ) ]'2 cosb,,
$o=q-Po=—q'- Po=—3[t(t—4M*)]V2 coshz, (3.25b)

Py Po=[ (t—4M2) (t— 4 M 2) ]2 cosh.

On introducing a colon to indicate a contraction on
the indices p and », the quantity @ may be written in
the form

@=Tq:T*,

where it is to be understood that I'; is evaluated at
—¢, —¢'. We may decompose I'y and T'; into parts I'y,
I'Y” and Ty, T”, respectively, obtained by letting
A, B, ---G'— A4}, B;+--G{ (j=1,2) in Egs. (3.10a,b)
and (3.9). Since

¢*Tiw=¢"Tjuw=0,
it follows that

(j=1,2),

FI//:[FZ/*_’_Fz//*]:O
and
[F1/+F2”:| :Fz"*=0.
Hence
Q= [lel_i_rlll:l:[rz/_*_rzu]*
may also be written as

Q= F{:Pz’*'— I‘ll’ZI‘z”*. (326)

On the mass shell of all the particles we may write,
using Egs. (3.10a), (3.10b), and (3.19),
Fj‘“,’=Ajog‘n,+Bj0Pj“Pjy+Cj09vq“/

+D(¢Piu—q,'Ps) (3.27a)
and

I‘j#"” = :'OQ»Qv"l' F (Quqf*' Qn'qvl)

+G(guPi— ¢/ Pi,), (3.27b)
with
Al=—1,0_p0 2’ B'O‘—‘lb“’t,
P, Bty (3.284)
Ci'=c?, DP=b%;,
and
Ef=3%ef, F=g%;, G=1g%, (3.28b)

where j=1or 2.
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SUCHER

It is now a straightforward task to verify that, near
1=0
aﬂ ~ t2 s
where @° denotes the value of @ [Eq. (3.26)] when all
particles are on the mass shell. For example, the contri-

bution to @° from the first two terms in I'y,,’, contracted
with the first two terms in I'y,,/* is given by

(A1°gus+ B1°P1,P1,) (A 2*g#+ B%* Py Py?)
which is equal to
4ALA P+ A LB PP A=A B P
+ B°B*(P1- Po)?.  (3.29)
From Egs. (3.28a), (3.25a) and (3.25b) we see that
Ap~i, Bp~t

since, e.g.,
b0,="0,(34,55)

approaches the constant 4,°(0,0) as ¢ — 0, regardless of
the value of cosf; and similarly, C; — C;°(0,0). Since
we also have, as t — 0,

I)jz—') 4Mj2, Pl'Pz"") 4M1M2 COSé,
the expression (3.29) has the form, near (=0,
£2(°(cosb, coshy, cosh) ,

where @ is a simple polynomial in each of the indicated
variables. Now for fixed s,

s= (pr—p2)?,
@ still depends on ¢ since cosf does:
cos0=2(M 2+ M2—s—38) /[ (1— AM ) (t— 4 M 2) ]2,
But this dependence may be neglected near =0, where
cosf— (M 2+M2—s)/2M M.
It follows that

/ ®d§ — const

as {— 0, so that the contribution from (3.29) to 4 (s,
is proportional to £

The other terms in @° may be handled in an entirely
similar manner, so that we conclude that, for fixed s,
and 120

Aap(sH~2. (3.30)

On setting N =2 in Eq. (2.16) of Sec. II, it then follows
immediately that V,,©®(r), the two-photon potential
between neutral spinless particles, has the property
for r — oo,

VayO~1/17, (3.31)

corresponding to a force which varies as 1/78 for large 7.
We have thus shown that the result of Casimir and
Polder* concerning Van der Waals forces is quite
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general, being independent of any detailed dynamical
models for the individual systems By’ and B.".

C. Two-Photon Exchange Force between a Spinless,
Neutral Particle and a Charged Particle

Let T',, and ®,, denote the form factors for two-
photon emission by a neutral spinless particle “1”
and a charged spinless particle “2,” respectively. It is
convenient to change the notation slightly from that
of the preceding subsection B and to write

I'v=Tu (qu’ ; P)

P=pi+p/

with

asinpart A, and
Pu=2u(g,q'; R)
with
R=pstpy.

Unlike T',, the form factor ®,, satisfies Eqgs. (3.12a)
and (3.12b) only when “2” is on the mass shell. Thus,
we have

¢"®,=0, ¢’®,,=0, (3.32)

only when

¢'R=—¢-R, R*=4M>—(¢+¢)*. (3.33)

Although we could write down the general form of &,
consistent with Egs. (3.32), and symmetry conditions,
such as

Pu(9,4'; R)=2u(g',q; R),
it is much simpler, and will suffice for our purpose, to
approximate ®,, by A,, the value of ®,, as given by
second-order perturbation theory. Corresponding to
Figs. 4(a), (b), and (c) we have, omitting a factor
and other constant factors,

(b 12— 00280 — '),
Dup=
(p2—q¢)—M7
(P2,+P2_Q)V(2P2—Q)#
(pr—)*— M2

We shall only need A% the value of A,, when all the
particles are on the mass shell. On use of Eq. (3.33)
and the relations

p2=(R+q+¢)/2, p/=R—q—¢)/2

we readily obtain, after combining the first two terms
in Eq. (3.35),

(3.39)

20,. (3.35)

Anv(]: (21Vuy/$)— 2g,,,, s

where
Nw=3(g/'¢— RuR)+ (¢/Ri— g RS2
and
D= %12‘-' $a?,
with

f2=¢-R=—¢-R, (=2¢q.

q P2
B
v P2

(c)

F16. 4. Lowest order Feynman diagrams corresponding to the
emission of two photons by a charged spinless particle.

We now note that A,,° is a gauge-invariant approxi-
mation to ®,,, i.e., A,,® may replace ®,, in Eq. (3.32).
Thus, on use of Egs. (3.9) and (3.10a,b),

TWAI=T"A,0= (2I'WN ,,/D)— 21", .

The absorptive part A4 sy, analogous to A (s, of
part B, is thus given, in the present approximation, by

A@yn®=2 / (T'#N /) D)dG—2 / Iwg,dg, (3.36a)

where T'# is given by [see Egs. (3.10a) and (3.19)]
I'w=(—}tc0— g‘lzbo)gm"i'%tboPuPV'i'Coquu,
+§'160(qu“"‘ QMIPV) .

It is easily seen that the integrand of the second term
in Eq. (3.36) is ~¢, for small ¢, so that the integral is
also ~¢. However, although

(3.36b)

I'w Ny~ 2@ (cosfy, cosfa, cosh)

for small ¢, with @ a polynomial in each of the indicated
variables, and

D~1 cos?, (3.37)

for small ¢, the first integral behaves not as ¢ but as #'/2
near {=0. This is related to the fact that if Eq. (3.37)
is used for D this integral is divergent. Since

D=12—14(t—4M ) coshy,
we may approximate D as
D=~ M2 (t/4M 2)+cosdy ]
so that the first term in Eq. (3.36a) is proportional to

27 1
¢ / do / dx @/ [(t/AM D +a?].  (3.38)
0 -1

Here we have chosen p as the polar axis for ¢, and put
x=§- p’=cosb,. Since

1
/ dx[a+22]1=a71? tan1(a71?),
0

it follows that the expression (3.38) behaves as
IXt12=112 for small ¢&. Hence, we may conclude that

)~ pil2 (3.39)

Aer
for t220.
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From Eq. (2.15), and Eq. (2.16) with N=1}, we then
obtain for V,," the two-photon exchange potential
between a neutral and a charged particle,

Vay O ~1/r4 (3.40)
for r — oo.

Although we have assumed in the derivation that
“2” has zero spin, it may be assumed that the result
(3.40) also holds for the spin-independent part of the
two-photon exchange potential acting between B° and
a charged particle of arbitrary spin. For a spin-one-half
particle “2,” this may be verified explicitly be replacing
A0 by L, defined by

1
by Ju(d). Ga1)
bo—q—my
We may write
va= GB“,,'IZ (2/),“ (2) 1
where £, is a tensor function of its arguments,
"BMV: "BMV (p2l,72, 5 P%Tﬁ)

and 77, 72 are the covariant spin four-vectors associated
with the states #(2") and #(2), respectively. For the
case of no-spin flip, 7o’=r,=17 say, we have

a(?‘ll‘r)')’uu (P2;T) = (2M2/R2)R,.1Eu ) (3.42)
a(pd yr)ivsy s (Po,m) = — 7,000

On rationalization of the denominators in Eq. (3.41),
and the use of the Dirac equation, together with Eq.
(3.42) and the identity

YNY Y= g)qva+ B YN ENYu— EurpY Pys

the spin-independent part £,,%- of £,,, defined formally
by
£#l'shi' = £ul’(?2’:0; P%O) )
may be obtained. The result is
£,°1= (2M,/R?)
X[(¢-Rgw+R.RA¢/R—qR,)/ (R-q—¢q'-q)
+ (ql . Rg“,+R“R7+ QNRM_ QM,R")/
R-¢'—¢-¢)].

queews.i.: q’v£pys.i.=0 ,

(3.43)
Since

we need only compute

-/‘I”W:B“y"i‘dq.

On combining the two terms in Eq. (3.43) and on using
the relation (3.36b), we then find, just as in the case of
spin zero for “2”’, that

A @y~
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near =0, so that again

Vo, D~1/rt (3.44)

for large r.

D. Alternative Approach to V,,™®

The result (3.40) for V4, is of course not surprising,
since it follows from an extremely simple argument
using only classical electrostatics. Consider the neutral
particle “1” and the particle “2,” with charge e at
relative rest and separated by a distance 7. “2” creates
an electric field

E=e?/r*

at the position of “1,” which induces a dipole moment
p , p
d=aoE

in ““1,” assumed to have polarizability ao. The potential
energy of the dipole d in the field E is, however,

—d-E=—aqp?/r

so that the 1/7* behavior of Eq. (3.40) is confirmed.

For the purposes of the next section it is useful to
give still another, more sophisticated, derivation of the
behavior of Vi, for large r. Let ¢(x) denote the
quantized field associated with the neutral spinless
particle B°. Consider B° moving in the presence of an
external electromagnetic field A4,*(x). We wish to
construct a phenomenological interaction Lagrangian
£1, which can describe the scattering of B° in this field.
£7 must then be bilinear in ¢(x), and gauge-invariant.
Since B° has zero charge, a coupling of the form

JH(x)Au(x),
with j#(x), the current of B, given by
1
JH@)=——[¢'(x)3"¢ (x)— ¢ (*)3*¢' ()],
1M

is inadmissible.
The simplest possibility is to take

L£1(x) =A¢' (%) (%) F o (x) F* (x)
where ) is a constant and
Fu(x)=09,4,(x)— 98,4 ,°(x)

is the tensor of the external electromagnetic field
strengths. We can now assume that 4 ,°*(x) is produced
by a particle “2” of charge e, at rest at the origin of the
coordinate system. Since

F Frw= —E+H? ,

where £ and H are the electric and magnetic fields, we
see that the Hamiltonian density 3C;= — £; reduces to

31 (x) =A¢' (x)ob (x)e*/ | x|*.
The potential energy V' of B° in the field of the “2”

(3.45)
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is thus
Vi=Ae/|x|4.

Since £ is quadratic in 4 ,°%, it is justifiable to interpret
Eq. (3.45) as corresponding to an interaction by two-
photon exchange, in the limit of a heavy particle “2”
whose recoil may be neglected. Thus we have once
again that

Vay P ~1/nt
for large 7.

If the spinless particle is described by a real field
w(x) rather than by a complex field, we simply replace
L1(x) by

A2 (x)F 0 (x)F (x)

and the result is the same. Thus the two-photon
exchange force between a charged and neutral particle
is independent of the identity of particle and
antiparticle.

IV. THREE-PHOTON EXCHANGE FORCE
BETWEEN A NEUTRAL AND A
CHARGED PARTICLE

To study the asymptotic form of V3, the potential
between B° and a charged particle arising from three-
photon exchange, we could in principle proceed in the
same way as we did in Sec. IIIC for V,,®). That is,
we could write down the general form of I',,,(¢,¢’,¢"’ ; P),
the amplitude for emission of three photons by B°, as a
linear combination of the 43=64 tensors of rank three
which may be constructed from ¢, ¢/, ¢/, and P, and the
12 additional tensors which may be formed with the
help of g,. The restrictions on the coefficients arising
from the conditions,

T o= 9"I'm= q""Ty,=0

as well as symmetry conditions related to the identity
of the photons, could then be found. The resulting
form of I, could next be coupled with the charged
particle three-photon form factor &,,, taken from
third-order perturbation theory, and the integral

/ T, ,*5(¢*)s(q”)8 (¢'")

X8(Q—q—q'—q")d*qd'q'd"g"
could be studied for ¢2>0.

Since the above straightforward procedure seems, at
best, impossibly tedious, we consider an alternative
approach, based on the construction of a phenomeno-
logical Lagrangian. This approach, when applied to
Vay ), correctly reproduced the 1/74 behavior obtained
from an exact quantum-mechanical calculation, so that
we are justified in using it for V;3,™),

We thus look for £; which are bilinear in ¢(x),
gauge-invariant, and now frilinear in A4,°*(x), in order
to simulate the effects of three-photon exchange.
Gauge invariance is assured by using only F,,(x). The
only scalar which can be formed, without using deriva-
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tives, from F,,(x), trilinear in 4 ,°* is

s=F , (x)F*(x)F ,#(x).
However, since
Fw(x)‘_‘ _Fvu(x)
it follows that
s=0.

Hence, it is necessary to use further derivatives, 9/9x*,
in the construction of £;. If we wish £; to be invariant
under charge conjugation, we need only consider inter-
actions with the current 7,(x) of B° Thus, the simplest
possibility for £7 is a sum of terms in which one of

Ju(®)0,, 7»(%)9,

is contracted (on the right) with a second rank tensor
7# constructed as a trilinear function of F#(x). The
symbol 9 need act only on one of the factors of 7#*. The
distinct possibilities for 7# are®

FogFePFw  F *FfFg
both of which are antisymmetric under u <> ». Since
O+F < 7,°(x),

the derivative 8, or 9, acting directly on F» will give
rise to a term in £; proportional to j,**(x), i.e., a
contact interaction. We thus find three distinct kinds
of terms which may be of interest:

L10~ 7, (x)F#d,(FagFeF)
£1(2)~j,,(x)F¢"(a,F°‘ﬁ)Fp’ ’
L1®~ ju(x) (O F#)F*Fp .

In the static limit for B° j.(x)=[jo(x),j(x)]—

[jo(x),0]. If the source of 4,°=(x) is again a charge e
at the origin, producing an electrostatic field E, we have

Fii=0, FY%=Fj,
so that
e1® — 5,(E-v)(E?),
10, 810 = U (E-V)Ei=jo(B- V) (BY).
With E=e¢?/7 we thus find
£1~jo(x)63/f7.
Hence we conclude that

Vi, B ~1/r7 (4.1)
for large 7.

The asymptotic form of V3, thus coincides with
that of V,,©.

V. APPLICATIONS

We have remarked in the Introduction that the force
on a neutral particle coming from exchange of an even

8 Another possibility, if we allow pseudoscalar interactions, is
T = eagpeFBFoRF ",

This vanishes for an external electrostatic field and hence is of
shorter range than the ones we consider.
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number of photons is the same for particle and anti-
particle, while that coming from exchange of an odd
number is opposite for particle and antiparticle. As a
result of this, the exchange of an odd number of photons
gives a force which can convert a K,° into a K.
Furthermore, the K°-K3® mass difference is so small,
and the properties of these mesons are so different, that
the regeneration of K,° mesons in a beam of K* would
probably be the most sensitive test of the occurrence
of such a force. We have seen that the existence of a
long-range force is equivalent to a certain behavior of
the scattering amplitude at very small momentum
transfer. Therefore, it would seem that it would be best
to look at such regenerations at very small angles in the
hope of distinguishing the effect of the long-range force
from that of short-range interactions with the nuclei of
atoms.

A number of experiments which examine the re-
generation of K,’s from K4’s have been carried out. Two
of the most recent ones are those of Leipuner et al.,?
and of Eisler ef al.* In these experiments, the regenera-
tion is examined for angles satisfying cos§>0.999,
which for mesons of momentum 1 BeV/c¢ corresponds to
momentum transfers on the order of 10 MeV/c.
Clearly, if the effect of multiphoton exchange is to be
important in these experiments, it is necessary that
the multiphoton contribution to the scattering ampli-
tude at such small momentum transfers be comparable
to the contribution of the strong interaction. Therefore,
we will use as our reference scattering amplitude the
one obtained by exchanging a p meson between the
K° and the proton

F, (92) = gpz/ (q2+ 7”/»2)

with g,>~1. At zero momentum transfer this gives

(5.1)

1 1
Fp (0)&"—2’\/1—8 (Fermi)2 . (5.2)

M,

Let us compare this with the contribution of a
hypothetical long-range interaction, i.e., a potential
with V (r)~r—" for large r. From the considerations of
Sec. II, we see that corresponding to this potential,
there is a discontinuity function A4(g) which goes as
gt™%. We want to know what contribution 4 (¢) makes
to the scattering amplitude F(g) at small q. It is easy
to see that when #>3, the contribution coming from
the long-range interaction, i.e., the values of 4 (g) for
small ¢, are small compared to the short-range contri-
bution, i.e., the values of 4(g) for non-small q. To see
this, we write F(g) as a sum of terms, one coming from
small g, say less than ¢o~10 MeV /¢, and a remainder

F(g)=

©A(g)q'dq /”A(q’)q’dq’ 5.3)
T J.
q

0 q2__|___g/2 0 qg+q;z
EF1+F2.
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We note that the second term will in general behave
like a constant, independent of ¢o for small ¢. On the
other hand, in the first term, we substitute the small-q
approximation to 4 (g), i.e., 4(¢)~¢"% Then we get
for F1as ¢—0

Fi=qo™ 3.

Clearly, when #>3, the small-momentum-transfer
region makes a contribution negligible compared to the
high-momentum-transfer region.

Since the three-photon exchange potential between
a K° and a proton goes as 77, we see that its long-range
part actually gives a contribution small compared to
its short-range part. However, the latter is obviously
much smaller than the nuclear-scattering amplitude
(5.1), as it contains three powers of the fine-structure
constant. We conclude that the three-photon exchange
cannot possibly account for the results of the experi-
ment of Leipuner et al., or of the experiment of Christian-
son et al.

Let us ask what type of long-range, odd-C interaction
could be observable in regeneration experiments. If
we substitute 4 (¢’)~ (¢’)"* into F;, and ask for the
leading term in powers of ¢, for ¢<<g,, then we see that
this term behaves as ¢ Ing for n-odd, or as ¢"* for
n even. The total scattering amplitude will then
behave as

F~C+Ng*¥[Ing], (5.4)

where the bracket indicates the presence or absence
of a Ing depending on whether # is odd or even. The
effect of short-range interactions is represented by the
constant C, and X is another constant. Clearly, if #>3,
the long-range interaction is dominated by the short-
range interactions, even when ¢ — 0. Such interactions
only show up in the discontinuities of the derivatives
of F with respect to ¢*. It appears hopeless to obtain
such a detailed measurement of the scattering ampli-
tude by any techniques known to us. If, however, n=3,
then

F~C+X\lIng (5.5)
and there is a small region about ¢=0 where the long-
range interaction actually dominates.

The most likely effect of the long-range interaction
to be observed is on the forward-scattering amplitude
or on the index of refraction. We see from (5.5) that if
the amplitude is taken literally at ¢=0, then the
forward-scattering amplitude is infinite. There are at
least two mechanisms by which the amplitude could
be modified. The first of these is screening, familiar
from the Coulomb interaction. In order for this to
occur, the long-range interaction would have to act
between K mesons and electrons as well as between K
mesons and protons. In this case, the contribution of
the long-range interaction is modified at distances
beyond the Bohr radius, and (5.5) is modified by

F~¢+\ In(¢+ad?), (5.6)
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corresponding to a potential,

Ne~rlao

(r>1/m,). (5.7)

With A~1072, this would give a 109, change in the
forward-scattering amplitude from that computed in
(5.2). Such an interaction, which is much larger and
of longer range than any we can anticipate for neutral
K mesons, would probably be detectable in the current
type of experiments. Smaller interactions, such as we
have considered, are very unlikely to be detected.

If there is no screening, as would be the case if the
long-range interaction does not occur with electrons,
then the approximation of treating this interaction in
Born approximation is not sufficient. It would then be
necessary to solve the Schrédinger equation for the
interaction of two particles, with this potential. This
problem, while interesting, is beyond the scope of the
present paper.

VI. CONCLUSIONS

We have discovered some general features of the
long-range electromagnetic forces which are expected
to act on neutral particles. We have shown that the
long-range potential can be extracted directly from
the knowledge of the discontinuity function in the
momentum transfer of the scattering amplitude. This
is done by use of Eq. (2.8). In particular, we find that if
the discontinuity function 4 (¢), coming from a set of
graphs, behaves as ¢"(¢*/?) for small ¢, then the corre-
sponding long-range potential will go as "3,

The most interesting case this may be applied to is
the two-photon exchange potential for two neutral
spinless systems. For this case, an analysis of the two-
photon vertex of a neutral particle is required. This was
done, through the use of Ward’s identity, in Sec. III.
We find that this vertex is characterized by seven
form factors which depend on four invariant scalar
quantities. On the photon mass shell, which is relevant
to the calculation of the discontinuity functions, there
are, of course, only two invariants, which are s and &.
The requirement that none of the form factors have
singularities as functions of the invariants then deter-
mines the behavior of the form factors for small values
of the momentum transfer variables. This behavior is
given in Eq. (3.19).

We then calculate the two-photon exchange graphs
for two such neutral systems and find that the leading
term in an expansion of 4 (¢?) in powers of ¢* for small
¢* behaves as ¢*. The rule (2.8) then implies that the
longest range potential goes as 7. This result is in
agreement with that discovered by Casimir and Polder
in 1949. We believe that our demonstration is somewhat
more transparent because the potential comes directly
from a single covariant expression for the scattering
amplitude rather than as a cancellation between
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distinct noncovariant terms, as in the calculation of
Casimir and Polder. Also, our formula is valid for any
two neutral spinless particles.®

One difference between the case of two atoms and the
case of two neutral elementary particles is that the
atoms are bound by electromagnetic interactions, while
the particles are not. Hence, the atoms have excited
states separated by energies of order o’m. from the
ground state, whereas the excited states of the particles,
if any, are separated by energies of the order of the
pion mass. As a consequence of this, the potential in
the atomic case contains terms with decreasing ex-
ponentials of the form exp(—ar/ao), where a, is of the
order of the Bohr radius, while in the particle case the
corresponding terms are exp(—r/A\,), where A, is the
pion Compton wavelength. For the atom, the ex-
ponential terms may dominate the true long-range
force for many atomic radii. It appears that this is the
origin of the fact that in the work of Casimir and
Polder, the »~7 potential is not dominant until 7~ (a¢/a).

Finally, we have computed the three-photon exchange
potential between a K° meson and a proton. This
potential is odd under charge conjugation and hence
can regenerate K, mesons in a beam of K, mesons. We
find that the potential falls off as »~7 here also, and is
much too small to explain the anomalous regeneration
reported by Leipuner et al.
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APPENDIX

A discussion of the vertex functions for photon
emission by a neutral spinless particle B does not seem
to be available in the literature. We therefore give a
brief treatment of this topic here, from the point of view
of field theory.?

Let ¢(x) and A,(y) denote the (unrenormalized)
Heisenberg fields associated with B and the photon,

respectively. The electromagnetic current j,(y) is
defined by

DvAu(y)zju(y) (A1)
and assumed to be conserved:
av"jn(y) =0. (A2)

? The sign of the potential is easily obtained in the simple case
when only the form factors 4, C of Eq. (3.10a) are present. In
this case, essentially that treated in Ref. 4, there is an attractive
force between identical spinless particles. For the general case, we
have no rigorous argument about the sign of the potential,
although arguments can be given which suggest that the two-
photon exchange potential between similar particles is always
attractive.

10 Qur treatment parallels that of K. Nishijima, Phys. Rev. 119,
485 (1960), for charged particles.
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We shall also need the equal-time commutation

relations
[A.(3),4,(5") Jvomiw = i8wd(Y—Y') - (A3)

As a field-theoretic definition of the neutrality of B
we take the relation

L70(9),6 (%) Jygmzo=0. (A4)

This is motivated by the fact that if a Schrodinger
picture is introduced at, say, :=0, the expression for
7u®(y)=7.(y,0) will depend explicitly only on the
Schrédinger fields associated with charged particles and
so will commute with ¢*(x)=¢(x,0).1* In particular (A4)
holds for 4, itself, i.e.,

L70(),45(5") Jugmue=0.
From (A3) it follows readily that
O, TCA4.(0)4,() 1= TLiw()4,0") 1+ i8wd (y—5")
and from (AS) it follows that
0 TLiu()4,(0")1=T18,4u ()4, ]

Because of (A2), we then have

(AS)

10
ay“DuT[An@)Ay(y')J=%;a(y—y'). (A6)

We now define
V(@25 9)=T[¢' («")p(x)4u(y)]

V(2,25 3,9") = T[$' ()¢ (x) 4, (3)4,(y) 1.

Using the fact that ¢(x) and 4,(y) are kinematically
independent fields so that

[6(2),4u(5) Jarmyo=[6(*), A4 (») Jzmso=0
we get
O Vu(e x5 )= T (") (2) ju ()],
O,V (@' ; 3,5") =T (") (%) ju(3)4,(¥)]

and

(ATa)

+iguwd(y—y ) T[¢' ()9 (x)]. (ATb)
Furthermore, from (A4) and (A2) we find
3,*T[¢' (x")p(x)7u(»)]=0  (A8a)
and from (AS), (A4), and (A2), that
0, TL¢" () (%) ju(¥)45()]1=0. (A8b)

We now define three-point and four-point functions
associated with emission of one or two photons by

W25 y)=(Va(',x; 9)) (A9a)
and
W (@25 9,9) = (Vw2 9,5")
_AFI(x,_x)DFuv,(y_yly,)‘ (Agb)

1 For this it is sufficient to assume minimal electromagnetic
coupling.

G. FEINBERG AND ]J.

SUCHER

Here, A¢’ and Dp,,’ are the (unrenormalized) propa-
gators defined by

A (&' —x)=(T[¢' (=) () ]) (A10a)
and
Dy, (y—y)=(T[4.(»4,(')]). (AlOb)
A special case of Eq. (A6) is therefore
10
0,404 Dru’ (y—') =3—,5(y—y’) . (A11)
y
Using Eqgs. (A7)-(A11) we see that
9, 0, W (2,25 9)=0 (A12a)
and
8,* 0, W (2,25 9,5)=0. (A12b)

On transformation to momentum space, via
W' 5 9) = f e r eV () p; ) dpd'q,
Wuv(x',x;y)y,) = [ei(ﬁ’ ‘z'—p-zte-yta’ -y")

XWiu(p',p; 0,0)d*p'd*pd*ed’q
Egs. (A12a) and (A12b) reduce to

¢*¢W.(t',0; 9=0, (A13a)
and _
*¢Wu(p',p;9,4)=0. (A13b)
On writing
—1
Dg,,’ )=_ D w'(kZ)e—ik-ﬂd.ik
' (¥ ) F
Eq. (A11) reduces to
k*RDp,, (B)=k,. (A14)

The vertex functions I'y, and I',,, are now defined, up to a
factor, by
Wau(#',p; 9)= (const)Ar' (p™)AF (P)T¥ Dy, (¢")
X8(p'+q9—p) (Ald5a)
and
W (2,23 $:9) = (const)Ax (") AF ($)T*" D, ()
XDr,, (")8(p'+¢'+q—p). (Al5D)

From Egs. (A13a), (A14), and (A15a) one infers that!?

guT'*=0. (A16)
From Egs. (A13b), (A14), and (A15b) we get
H,,DF"" (q/’) = 0 ’ (A17)

where
H” =q, T+,

12 We assume that I'# and I'#” are free of é-function singularities.
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If we write Dp,.,’(¢’*) in the form
DF',',I=D1gr’;¢—D2q'”q;', )

where D; and D, are functions of ¢"* only, then Eq. (A17)
implies
D\H,—Dy(H-¢')g,’=0. (A18)

On multiplying Eq. (A17) by (¢')%¢”” and using Eq. (A14)
we see that H-¢'=0, so that Eq. (A18) implies

H,=0.
Thus, we have
g, I'»=0 (A19a)
and by symmetry,
¢,/T#=0. (A19Db)

Equations (A16) and (A19) constitute the analogs for a
neutral field of the generalized Ward identities for
charged fields.

Invariance under particle-antiparticle conjugation is
equivalent to the existence of a unitary operator U,
which leaves the vacuum invariant and is such that

UcA,.(y)Uc"‘= _An(y) )
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and
Usp(x)Ur=¢'(x).
It follows that

W@ x; 3)=—Wa(x,x';9)
but
W@ ;9,9 ) =W (x,a'; 9,5) .
We then have
Wt \p;9)=—Wu(—0, =259,

W23 68)=Wu(—=2,2'34 ¢,
so that, using Eqs. (A15a) and (A15b), and recalling

that P=p+7/,
I'u(g; P)=—Tu(g; —P), (A20a)

Tw(g,q; P)=Tw(g, ¢'; —P). (A20Db)

Finally, since W, («',x;9,5)=W,.(2',x;y’,y) so that
W' 4:9)=Wu(t',p; ¢,9), we have also

Tw(g,q; P)=Ty(qq; P). (A20c)

Equations (A20a)-(A20c) are the symmetry properties
of T', and T',, used in Sec. III of this paper.
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Some of the difficulties of relativistic SU(6) are examined. Those arising from the use of continuous
groups can be avoided by the use of algebras of finite sets of operators which are sufficient to give the desired
properties of elementary particles. The nonconservation of probability associated with the relativistic
separation of space and spin is pointed out. Quantum electrodynamics applied to atomic structure is shown
to exhibit the type of peculiar symmetry which leaves the interaction invariant but is broken by free Dirac
propagators. The implications of this analogy for SU(6) are discussed. The mixing of physical and non-
physical states (positive- and negative-energy quark states) leads to noninvariance of the vacuum under
the symmetry group, and to a degenerate vacuum in the exact symmetry limit. The existence of open in-
elastic channels for low-mass boson production is relevant to unitarity calculations and is implied in all
energy regions where the symmetry is not badly broken.

INTRODUCTION

HE successes of the SU (6)-symmetry scheme for
elementary particles! and its relativistic generali-
zations? have been accompanied by an assortment of

1F. Giirsey and L. A. Radicati, Phys. Rev. Letters 13, 173
(1964); A. Pais, Phys. Rev. Letters 13, 175 (1964); B. Sakita,
Phys. Rev. 136, B1756 (1964).

2 A. Salam, R. Delbourgo, and J. Strathdee, Proc. Roy. Soc.
(London) 284, 146 (1965); M. A. B. Bég and A. Pais, Phys. Rev.
138, B692 (1965); B. Sakita and K. C. Wali, 7bid. 139, B1355
(1965). A detailed list of references to earlier works on SU(6)
and its relativistic modifications is given by Sakita and Wali.

difficulties in principle and also by some predictions in
disagreement with experiment.? A better picture of the
relation between the successes and the difficulties can
be obtained by examining the general assumptions
underlying the proposed theories to determine which
are really necessary to obtain the desired results.
Analysis of the sources of some of the troubles may
help in finding ways to get around them.

#S. Coleman, Phys. Rev. 138, B1262 (1965); M. A. B. Bég and
A. Pais, Phys. Rev. Letters 14, 509 (1965); R. Blankenbecler,
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