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Long-Range Electromagnetic Forces on Neutral Particles*
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We consider the long-range forces, i.e. , those falling oB as a power of the distance, which may act between
pairs of particles, one of which is neutral and spinless. It is shown that these forces may easily be calculated
from the discontinuity function in the momentum transfer of the scattering amplitude for the two particles.
In particular, we have investigated the two-photon exchange force between two neutral, spinless systems,
and the three-photon exchange force between a charged and a neutral, spinless system. In the former case,
we find that the potential behaves as r for large r, in contradiction to the London expression for the
Van der Waals force, and in agreement with the result of Casimir and Polder. For the latter case, the po-
tential is odd under charge conjugation and hence can convert a K& meson to a K& meson. We find again
that the potential behaves as r '. It is found that such long-range electromagnetic interactions are presently
unobservable in particle physics.

I. DITRODUCTION

sOME of the forces between elementary particles
fall off, at large distances, as an inverse power of

the distance r between the particles, rather than ex-

ponentially. Such forces we call long-range forces. In
quantum theory, long-range forces may result from
the exchange of massless quanta between the particles.
The most familiar example of such a force is the inverse-
square Coulomb interaction between charged particles,
coming from the exchange of a single photon.

If one of the particles is neutral, single-photon
exchange can still give rise to a long-range force,
provided that the spin of the neutral particle is &2'

and it possess some nonvanishing electromagnetic
moment. An example is provided by the magnetic force
between neutron and proton, which goes as 1/r . The
same is true for the magnetic force between two
neutrons, so that neither particle need be charged in
order that a long-range force may arise from one-photon
exchange.

If the spin of the neutral particle is zero, then
although one-photon exchange may still be possible,
it will not give rise to a long-range force. Cne example
of this is the interaction of neutral E mesons with
charged particles. C ne-photon exchange can then occur
through the charge form factor of the E' meson, but this
gives rise only to a contact interaction between the E'
meson and the charged particle. ' If the spin of the neutral
particle is not zero, but all its electromagnetic moments
vanish anyway, there will still be no long-range force
from one-photon exchange. An example of this is given
by the two-component neutrino.

It is of interest to ask whether there are other

mechanisms through which long-range forces could act
on neutral spinless particles.

One long-range force which presumably exists be-
tween all particles is the inverse-square gravitational
force. However, this is too weak to be of direct interest
in particle physics, and we do not consider it here.

%'e might expect intuitively that the exchange of two
or more massless quanta rather than a single quantum
could also give rise to long-range forces. We shall see
that this is in fact the case. The only particles in nature
believed to be massless are photons and neutrinos.
Forces due to neutrino pair exchange will be considered
elsewhere. The purpose of this paper is to study the
forces on neutral spinless particles arising from the
exchange of two or three photons.

Neutral spinless particles may be divided into two
classes. There are those like the x', which are their own
antiparticle, and those like the E', which are distinct
from their antiparticle. Since the photon is odd under
charge conjugation, the ~' cannot emit an odd number
of photons, real or virtual. There is no such restriction
for E' mesons. However, the amphtude for the emission
of an even number of photons is the same for E and
X'. It is easy to see that a force which is opposite for
Eo and E' will induce transitions between the "true"
particle states E~' and E2'. Thus a long-range force
from three-photon exchange is of interest in connection
with experiments in which transitions from E20 to El
are observed in the presence of matter. '

It should be noted that two-photon exchange forces
between two neutral particles have been known for
some time; for the case of neutral molecules they are
the well-known Van der Waals forces. ' In this context,
the two-photon exchange has been reconsidered by
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Casimir and Polder' who, using the techniques of 6eld
theory, found an r ' behavior for the potential between
two neutral atoms, each of angular momentum zero.
This differed from the result of London, who, using only
electrostatic eGects, obtained a potential behaving as
r-'. %'e shall see that the result of Casimir and Polder
is independent of any atomic model, and in fact holds
for the force between any two neutral spinless systems
coming from two-photon exchange.

%'e now outline the contents of the following sections.
In Sec. II we discuss how the long-range force, if any,
between two particles can be obtained from the proper-
ties of the discontinuity function in a spectral repre-
sentation of the scattering amplitude, considered as a
function of momentum transfer. In Sec. III we consider
two-photon exchange between a neutral spinless particle
and a charged particle (e.g., Ep meson and proton) and
6nd the long-range part of the force. In doing this, we
obtain 6rst the two-photon form factor of a neutral
spinless particle, and use it to derive the above-men-
tioned generalization of the Casimir-Polder result, in a
rather simple way. Also in this section we describe a
simpler way to obtain the long-range part of the two-
photon exchange force between a spinless neutral and a
charged particle. This method is used in Sec. IV to
obtain the three-photon exchange force between a Ep
meson and a proton. In Sec. V we consider the possi-
bility of experimental detection of this force. The
final section, VI, is devoted to a summary of our
conclusions.

The Appendix contains a 6eld-theoretic discussion of
the one- and two-photon vertex function of a neutral
particle.

1+2—+ 1'+2'. (2.1)

We denote the four-momenta of the particles by p;
and p; in the initial and final state, respectively, and
as usual de6ne invariants s, t, and I by

s= (pl+p2) t (pl pl ) u (p1 pp)

with

pl+ p2 p1 +pp ~

The metric is chosen so that on the mass shell, pp=p"=M' (i=1, 2) and

g+ t+~= 2Mp+2M2'.

4 H. B. G. Casimir and D. Polder, Phys. Rev. 73, 360 (1948).
For more recent vrork, see I. K. Dzyaloshinskii, E. M. Lifshitz,
and L. P. Pitaevski, Advan. Phys. 10, 1% (1961); B. V. Der-
jaguin, Sci. Am. 208, No. 1,471 (1960}.

II. PARTICLE FORCES AT LARGE DISTANCES
AND SPECTZUG. FUNCTION: GENERjQ,

CONSIDERATIONS

Consider the elastic scattering of spinless particles
"1"and "2," with masses M~ and N2, symbolized by

In the c.m. system of reaction (2.1) we may put

pl (ppl&y) 1 pp (~4 P) &

p~ = (pp»y ) ~ pp = (ppp ~
—P ).

Here
pp;= (M,s+p")'tP=(o, '

since

P =P

on the energy shell. Then

s = (cog+cop)', t = —2y'-(1 —coso),
u= (a» —cop)"-—2p'(1+cosa~),

(2.2)

where 0 is the scattering angle, and the physical region
for the process (2.1) is given by

(2.3)s& (My+Ms)-", 0&t& —4P'
with

p'=
l s—(My+Me)'jl s—(Mg —Mp)'j/4s. (2.4)

Note also that in this region

u& (cog—cop)'= (MP —Mp')%. (2.5)

tp& 0, up& (MP MpP)'/. . —
%e have ignored any subtractions which may be

necessary in Eq. (2.6) for F. If, for example,

Eq. (2.6) remains valid without changing the definition
of A or 8, provided that the polynomial g a„t" is
added to the right-hand side of this equation. But such
a term only introduces contact terms (delta functions
and derivatives of delta functions) into Ve defined
below, so that they are of no interest for large r. A
similar conclusion may be reached even if the dis-
continuity of F across the branch line starting at tp

(tp) does not vanish at t=+ ~ (—pp).

Now let F=F(s,t) denote the invariant Feynman
amplitude for the process (2.1) and let Fe=Fe(s, t)
denote the contribution to Ii of some subset "D" of
the set of all Feyrnnan diagrams for this process. %e
assume that for 6xed s, Ii& is an analytic function of t
and admits a spectral representation of the form

1 "A (es, t') 1 "Be(s,u')
Fe (s,t) = dt—'+ — du'. (2.6)

x g, t' —t x „, I'—I
Here the first integral corresponds to a branch point
at, t=tp with a cut extending from tp to Oo and the
second integral to a branch point at t= tp, with

tp= 2M''+2M2' —s—Ip

and a cut extending from tp to —~. The requirement
that Fe(s,t) have no singularity in the physical region,
defined by Eq. (2.3) implies that, at least when s
& (M,+Mp)',



LONG —RANGE ELECTROMAGNETIC FORCES 81621

It is convenient to introduce "potentials" V~ and

Uz, associated with Ii&, in the following way. Ke note
that with s, t, and I in the physical region and with
t')tb, I')uo, we may write, using Eq. (2.2)

FIG. j.. Form of Feynman diagrams
corresponding to the exchange of a pair of
particles (u,b} betvreen particles 1 and 2.

(t' —t)-'= (4~r)-'e *l~-' »'-e &~-'& dr

and, using also Eq. (2.5),

(tt' —I)-'= (4~r)-' e '& b'+»-'
XexpI —LN' —(M '—Mll)'s 'j'"r jdr,

where r= ~r~ may be interpreted as the distance
between particles 1 and 2. On deining an exchange
operator, I',„, acting on . any function y(r) via

Z,.e (r) = p( r),—
we may write

Fe(s,t) = (y'~ Ve+ UeI', x~ y), (2.7)

where Ve and Ue are (energy-dependent) "potentials, "
defined by

and Ug is not without interest, since an understanding
of the nature of the interaction between pairs of
particles at large distances, and at not too high energies,
in terms of potentials has value both from the con-
ceptual point of view and from the point of view of
computation.

Although the "exchange potential" U~ may also
have a long-range part, for our purpose the quantity
of primary interest is the "direct potential" Vz. For
the sake of orientation consider a set D of diagrams
which involve the exchange of a pair of spinless particles,
"u" and "b," between "1"and "2," as symbolized by
Fig. 1. In this igure, the symbols 6 and H* denote
functions which, on analytic continuation in the
variables p,

' and ps, represent contributions to the
scattering amplitudes for the processes 1+1—+u+b
and a+b —+ 2+2, respectively. The continuation is to
values such that p& and p2, dehned by

Ve= (err) —' Ae(s, t)e """dt—

Ue ——(4sr)—' Be(s,l)

(2 g) Pl Pl ~ Pb Pb)

are physical momenta for the antiparticles 1 and 2.
Corresponding to Fig. 1 there is a contribution to
F(s,t) proportional to

Xexp{—LN —(kfl' Ms')'s 'j"'r—)dl. (2.9)

%'e shall refer to V~ and U~ as the formal potentials
(direct and exchange potentials, respectively) as-
sociated with the set D of Feynman diagrams under
consideration. They have been de6ned to reproduce
exactly the amplitude Ii~ when the matrix element of
the operator Vq+U, is taken between plane wave
states, (y) and ~y').

In the cases of interest in this paper the set D will

generally contain only irreducible graphs. For such sets,
the use of V& in a Bethe-Salpeter equation will approxi-
mately include the contributions to the scattering
amplitude of diagrams obtainable from those of D by
iteration. (There is an approximation involved because
Vq has been dehned as the Fourier transform of an
on-shell quantity whereas the iterations involve o6-
shell extensions of the graphs in D.) Furthermore, if
V~ is used to obtain an eBective potential to be in-
serted in a Schrodinger equation, suitable for describing
scattering at low energies, one expects that the asymp-
totic form of any such effective potential will coincide
with that of V~. Ke will therefore be justi6ed in
referring to the results obtained by analysis of Vg
= Ve(r; s) as providing "forces" between the particles,
which can act repeatedly. Ke note also that even if Ii ~,
or equivalently the absorptive parts A& and 8&, are
"known, " the analysis of the asymptotic form of U&

for which
1+1' ~ 2'+2, (2.11)

is the c.m. energy squared, the expression (2.10)
represents a contribution to the amplitude for process
(2.11), which will have a singularity at t =tb, with

t p= {m,+r&bb)

in the absence of anomalous thresholds.
The discontinuity across this singularity is obtained

from (2.10) by unitarity, or generalized unitarity if
m, +m&&2M1, i.e., by replacing the propagators in
(2.10) by delta functions. Thus, on setting

k, = (b&„lt), kb= (cob, —lt),

with co, b= (rrbab+k')'I' in , the c.m. system of reaction

' R. Cutkosky, J. Math. Phys. 1, 429 {1960}.

H'Gh(Q —k —kb) (k '—m '+ie)

X (kbs rlsb'+i—e) 'd'k dbkb, (2.10)

where m, and mq denote the masses of u and b and

Q pl+pl ~

On continuation to the physical region of the crossed
channel
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(2.11),we get a contribution proportional to

I(t) H'Gdk

to the absorptive part of F, for t&to He. re I(t) is the
phase-space integral

I(t) = de(gt (u. —o)p)—/4co. cu p

m &O„mg/0, (2.13)

On integration we get, using Eq. (2.4) with s~t,
1(t)= (~/2)(t —(m.+m p)']"

X[t—(m.—~ )o"]' "-t-t' (2.12)
which, for

(2.8) for A has the form

V r—(&+5&2)e
—"o.

For example, if .~ =0 (@~0 at threshold tp) and
ma ™~~ we ge"

V~e—2or/ro/2

This is in agreement with the spin-independent part of
the asymptotic nucleon-nucleon force resulting froIn
two pion exchange, provided that p, is identified with
the pion mass.

For the case m =m~ ——0, of interest for this paper,
the above discussion must be modified not only because
to ——0, so that there is no exponential, but also because
in this case I(t), the phase-space integral given by
Eq. (2.12), reduces to a constant. Thus for example,
with

has a square-root type of branch point at t=to&0.
Since the coeKcient of I(t) will in general be analytic
at t=to, we are led to consider, when (2.13) holds, a
spectral function of the form

A(s, t)=t' P d„(s)t" (do'0)
N~

in the interval 0& t& T, the relevant integral is

(2.15)

A(s, t) = (t t,)'~'y(s, —t) (2.14)
t e

—(~')"dt

with g(s, t) analytic in t in the neighborhood of t = t p, say
for ~t tp~ &2T. On—substitution of (2.14) into Eq.
(2.8) for V, the integral may be split into two parts,
corresponding to integration over the intervals (tp, T)
and (T, ~). The second integral will contribute, at
best, terms which for large r decrease exponentially
like exp) —(tp+T)r], perhaps multiplied by some power
of r. For the interval (tp, T) we put

y(s, t) = (t—to)~' P C (s)(t—to)",

which for large r behaves as
2(2m+1)!/r'-"+'.

It follows that
V~1/r2N+P (2.16)

a result which is valid whether or not ~V is an integer.
For example, if E=-,', so that 3 has a square-root type
branch point, as in the case considered. above, we have

V 1r4 ~

V 1/r',

On the other hand, if %=0extracting a possible zero of order A &0 at t=to. Ke
are thus led to consider integrals of the form

T

I„= (t t,)"e «—~ "dt,
&o

with m=X+n+-'„ for the contribution of the term in
@ proportional to C„.To obtain the leading term in I
in an asymptotic expansion for large r, we may let
T~ ~ and introduce a new variable y via t= (y+yp)',
where

yo ——(to)"'

Since for large r the major contribution to I comes from
t to, or y 0, ™ y approximate

(t—to) =(3+23o)"3"=(23o)"3",

and similarly, dt=(2yp)dy, so tha. t, on performing the
now elementary integration on y, we get

a type of force which is known to arise from two-
photon exchange between charged particles. 7 In the
next section we consider in some detail the nature of
Ad(s, t) for diagrams D corresponding to two-photon
exchange between a pair of particles, at least one of
which is neutral, and has spin zero.

III. TVfO-PHOTON EXCHANGE FORCES

In part A of this section we consider the general
form of the amplitude for the emission of a pair of
photons by a spinless, neutral particle, designated as
8'. For completeness, and as an introduction to the
two-photon case, we also consider the general form of
the amplitude for the emission of a single photon by
Bo. In part 8, the results of part A are used to show,

2 'r'"'+'mme nor
6 See, e.g., M. Levy, Phys. Rev. 88, 725 (1952).I„, (2yo/r)"' m.e "'". ' E. E. Salpeter, Phys. Rev. 84, 328 (1952); T. Fulton and P.

Martin, ibid. 95, 811 (1954); J. Sucher, ibid. 109 1010 (1958)It follows that for large r, the V corresponding to Eq and Ph.D. thesis, Columbia University, 1957 (unpublished).
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rather simply, that the long-range potential arising
from two-photon exchange between any two neutral
spinless systems behaves like r 7 for large r. In part C
the results of part A are used to show that the two-
photon exchange potential between 8 and a charged
particle behaves like r ' for large r. This last result is
rederived in a much simpler fashion in part D by
consideration of a suitable phenomenological La-
grangian describing the interaction of the 8' field and
the electromagnetic field.

A. Amplitudes for One- and Two-Photon Emission

1. One-Photon Vertex Function I'„.

I.et F„denote the renorma lized proper vertex
function which describes the emission of a virtual
photon of momentum P—P' as BP makes a tra.nsition
from a virtual state of momentum p to s. virtual state
of momentum p' (see Fig. 2). The most general form
of the four-vector I'„ is a linear combination of the four-
vectors p and p', or equivalently, of the four-vectors

q and P defined by

q=P O' P=—P+P'

Thus, we may put

FIG. 3. Symbolic representation of the
toro-photon vertex function F„„.

with g nonsingular at q'=0. Then

—Q= q'Pg )

and Eq. (3.2) becomes

r„=g(q', P, q P)L—
q Pq„+q'P„j, (3.6)

which is the general form of F„, consistent with Eq.
(3.4). From Eq. (3.3) it follows that on the B" ma, ss
shell

I'„=gp(q') q'P„, (3 &)

where gp(q')=g(q-", 4m' —q', 0). Equation (3.7) may be
compared with the vertex factor for emission of a
photon by a spin-zero particle with charge e: eP„, to
lowest order in e. In general, one expects that for q' 0,
gp e/Mp' where Mp

—' is an inverse mass characteristic
of the range of the strong interactions of 8'.

We note further that invariance under charge
conjugation implies that (see Appendix)

r„=oq„+PP„, (3 2) r„(p',p) = —r„(—p, —p'), (3.8)

g(q', P', q. P)=g(q', P', —
q P).

where n and p are functions of the invariants p, p", and which yields

p p', or equivalently, of the invariants q', P', and

q P. If 8' is on the mass shell, i.e., if

p'= p"=m', (3 3a) LIf Bp is identical with its antiparticle, e.g., if B'= &p,

then one also has
where m is the 8' mass, then

q. P=0 P'=4m' —q' (3.3b)

and a and p become functions of q' only.
It is a consequence of the conservation of the electro-

magnetic current and the assumed neutrality of 8' that
(see the Appendix)

q"Fq= 0, (3.4)

whether or not 8 is on the mass shell. It follows from
Eqs. (3.2) and. (3.4) that

(3.5)

for all values of q', P', and q. P. If we now assume that
n(q', P', q P) does not have a, pole at q'=0, with P'
and q P fixed, as is indicated by perturbation theory,
we are led to put

P=q'g(q' P', q P),

r.(p', p) =r.(-p, —p')

which, when combined with Eq. (3.8), implies that
r„=o.]

Z. Two-Photon Vertex Function F„„.
I'„„ is defined, analogous to I'„, as the "proper" or

"truncated" amplitude for the emission of two virtual
photons by 8', as symbolized by Fig. 3. The second-
rank tensor F„„may be written as a linear combination
of the metric tensor g„„and the 3&&3=9 independent
tensors which may be constructed from the three
linearly independent four-vectors available. Since

P—P =q+q

it is convenient to choose the photon momenta q, q'
together with

P= P+P'

as for the one-photon vertex. We may then write

Fro. 2. Symbolic representation of the
one-photon vertex function F„. with

(3 9)

r„„'=ag„„+BP„P„yCq„q„'yDq„P„+D'q„'P„(3.&Oa)
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v =+qlqt +Fqfqv+F qg q~

+Gq„P„+G'q„'P„. (3.10b)

For later convenience we have separated I'„, into two
parts, I'„„'and I'„„"in such a way that I'„„"is the sum
of those terms which contain either a factor q„or a
factor q„' (or both). Here, u and r are the indices
associated with the photons of momentum q and q',
respectively. The quantities A, 8, C . , are Lorentz-
invariant functions of the four-vectors q, q', and P and
so depend only on the values of the six scalar products

(3.11)

q"I'„„=0,

q'"I'„„=0 (3.12b)

analogous to Kq. (3.4) for the one-photon vertex I'„.
Furthermore, since the emitted photons are identical
particles, if we write I'„„in the form

It can be shown that the conservation of the electro-
magnetic current and the neutrality of 8' imply that
(see Appendix)

(3.12a)

A+q. q'C+q PD+q'F=0

q'E+q q'F'+q-PG'=0

q PB+q q'D'+q'G=O.

(3.16a)

(3.16b)

(3.16c)

As in the one-photon case, we assume that none of the
invariants A, 8 . . .G" have poles at zero values of the
independent variables listed in Eq. (3.11).To avoid a
pole in D' at q q'=0, we put

B=bq q',

G=gq q',

the symmetry condition (3.14a) reduces to

Xo(q', q'*, q q', f) =Xo(q', q'*, q q', f—) .(3.»a)

Similarly, if Yo is deQned in terms of Y in the same way
as Xp is defined from X, Eq. (3.14b) reduces to

I'p'(q' q" q q' &)=I'p(q' q'*, q q', 0—) (3»b)

We now consider the implications of Eq. (3.12a) for
the invariants A, 8, . G'. On substitution of Eq. (3.9)
into Eq. (3.12a) the coe%cients of the four-vectors
q„q„' and P„may be set equal to zero, so that we obtain

we have
I'"=I'"(q,q';P), with b and g regular at q. q'=0, and solve Eq. (3.16c)

for D'
~..(q,q', P) =~..(q', q; P) D'= —

q Pb—q'g. (3.17a)

It follows that if Kq. (3.13) is satisaed then Eq. (3.12a)
implies Eq. (3.12b). If we use the symbol X to denote
any of the invariants A, 8, C, E and write

X=X(P', q q', P q, P q', q', q')

then Eq. (3.13) implies that

Similarly, to avoid a pole in F' at q q'=0, we also set

E=eq q',
G'=g'q q',

and solve Eq. (3.16b) for F':

X=XI qmql, q mq (3.14a)
F'= —q'e —

q Pg'. (3.1/b)

I"'= I'
I q~q'. q'~q.

If 8' is on the mass shell, we have

P'=4m' (q'+2q q'+q")—

(3.14b)

since A, 8, C, and E are coefficients of tensors which are
invariant under the transformation p, +-+ v, q~ q'. On
the other hand, if I' denotes one of the invariants D, F,
or G, and F' the corresponding invariant O', F', or G',
Eq. (3.13) implies that ~q) q ~q

we have
b~b, e~e, g'~g, D'~D, F'~P,

we get
D= —

q 'Pb —
q g

F=—q' e—q'. Pg.

(3.18a)

(3.18b)

On interchanging q and q' in Eqs. (3.1/a) and (3.17b)
and noting that the symmetry conditions imply that
under the transformation

Pq= —Pq'
so that the number of independent scalar
reduces to four. If these are taken to be

On substitution of Kqs. (3.18a) and (3.18b) into Eq.
products

(3.16a) we get, on solving for A,

A = —
q q'C+q Pq' P'b+q'q"e+q'q' &g+q"q Pg'.

and

and we define

qiq ~q"'q

f=p. q= —P q'

Xp(q', q", q q', I')
=—X(4m' —q' —2q q' —q' q q' |' t q' q")—

From our hypothesis concerning the absence of poles it
follows in particular that b is regular at q P=O or
q' P=O, C at q q'=0, etc. Thus, on introducing a
superscript sero to irtdicate a quautity epaluated ou both
the P' mass shell aud the mass shell of the photorts,

q'=0, q"=0
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Thus, if 8' is on the mass shell,
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&,' ~ A og,.+BpP,P,+Coq.q +Do(q.P„q,—'P.),
~Ep%4" +Fo(qoq"+qp q ) (3.22)

+Go (q„P. q.'P—„),

A'= q—q'o' P—bo, P'= q q'e',

Bo=q q'bo,

CO —P F/o f
Io

D = —D"=f'bo, G'=q q'g, G"=q q'g".

(3.19)

with Ap, Bp, Cp Ep, and Fp even functions of f and Dp,
Gp odd in f. The only new consequence when the

e may e egarded as un ' s photons are also on the mass shell is, on inspection of
q q' and f, even under the transformation Eq. (3.10) and (3.21), that

g'(q q', t) =-g'(-q q', f'), (3.23)

so that

o= 2m' —pi —f, o'= 2mo p'i+ f,—

t = (o—o')/2,
and, of course,

0+0' +f= 2m

Ke consider anally the consequence of C invariance
for I'„,. On writing

r„„=r„„(q,q'; P)

and g, g" are related by

g"(q q' t)=g'(q q', f)-
Equation (3.19) constitutes the principal result of this
subsection.

%e note in passing that on the mass shell of all
particles the variable f is simply related to the invariant
squared. momentum transfers 0, 0' de6ned by

= (p q)', '—= (p~—q')'.
Thus with

~= (q+q')'=2q q'

since we have already concluded, without C invariance,
that bp, d', and pp are even functions of f'.

B Two-Photon Exchenme Force between Two
Neutral Syinless Particles

The results of the preceding subsection may be used
to compute in a simple manner the asymptotic form of
the two-photon exchange force between two neutral
spinless particles or, more generally, "systems" BP and
Boo. The general form Eq. (3.10a,b) applies to the
two-photon vertex functions F~„„and F2„„of Bj and
B&' regardless of whether BP or B2' is an "elementary
particle" or, say, an atom or a molecule.

On identifying B~ and B2 with particles "1"and
"2"of Sec. II, we see that there will be a contribution
to the absorptive part 3 of the scattering amplitude
F (s,t), in the "t"channel, proportional to

A .) = ~(q')b(q'*)b(Q —
q
—q')d'qd'q', (3 24)

arising from two-photon exchange, in the region t~&0.
Here

it may be shown that C invariance implies that (see the
Appendix) where

=1' ""(q,q'; P ) „.*(—q,
—q', P )

1 (q,q P)=F (q q
' P). —(3.20) Pi=—pa+pa', Pp= p2+pp ~

It follows that
z=az(p

with the plus sign holding for

Z=A, B, C, E, F, orF',

and the minus sign for

Z=D, D', 6, or t"'.

Hence, on the B mass shell

zp(q, q'*; q q', f') = ~zp(q', q"; q q', —f') .

Thus, there is no additional condition imposed on
A p, Bp, Co, or Ep, and, a fortiori, on Ao, B, Co, or Eo.
On the other hand, we now have also

Do'= —Do Go'= —Go, Fo'= —Fo. (3.21)

The minus signs before q and q' in F~* correct for the
fact that I'~ and I'~ were both dehned as amplitudes for
emission of photons of momentum q and q'.

It is convenient to consider A (») 6rst in the physical
region of the crossed reaction (2.11) and. to work in the
c.m. system of this reaction. Then we may put

Q=(v'e)
and

q= l(v'~)(1,q), '=ql(v'&)( , —1q),
with q a unit vector. Equation (3.24) then reduces to

1
3 (») ——— O", dj,

8

where I' denotes the function 8 when all particles are
on the mass shell. In the crossed channel we may also
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put

and

with

P,= (-,'-~'t, P), 711———P,'= (,'gt-, —P)

P2' ——(21''t,P'), P2 ———P2——(2+-t, —P'),

p'= (t 4M—12)/4, p"= (t—4M2')/4.

%e then have

On defining
Pl=(o, 2p), P.=(o,2p').

fl=q Pl q 'Pl= [t(t 4Ml )] cos81,

f2= qP2 ——q' P2——————,'[t(t—4M22)]'" cos82,

Pl' 1 2 [(t 4M12) (t 4M22)]lt2 COSH

(3.25b)

On introducing a colon to indicate a contraction on
the indices p, and v, the quantity 0', may be written in
the form

O', —I'
)

where it is to be understood that I'2 is evaluated at
—

q, —q'. %e may decompose I'» and I'2 into parts I'»',
I'»" and I'2', I'2", respectively, obtained by letting
A, B, . G' —+A;, 8,'. G, ' (j=1,2) in Eqs. (3.10;l,b)
and (3.9). Since

q»r, „„=q'"r,„,=o, (j=1,2),
it follows that

alld

Hence

)) .[r I)»+r I)2]

[r,'+r,"]:r,"*=o.

e= [r,'yr, "]:[r,'+r,"]'
may also be written as

cosH=P'P, cos81=P'q, cos82=P 'q

we may write, for the various nonvanishing scalar
products which occur in the computation of 0',0,

q q'= t/2, Pl'= 4M1' t, P2—4M——2' t, —(3.2&a)

It is now a straightforward task to verify that, near
t=o

6,"~t2,

where 8' denotes the value of Ct [Eq. (3.26)] when all

particles are on the mass shell. For example, the contri-
bution to 0,"from the first two terms in I'»„„', contracted
with the first two terms in F2„„'~is given by

(A 1 g»)+Bl Pl»Pl») (A2 g +82 P2 P2 )

which is equal to

4A 0a 0*+A 0a '*P 2+ -$ o*a 0P 2

+ 1' '*(1. )' ( )

From Eqs. (3.28a), (3.25a) and (3.25b) we see that

8,0-t
since, e.g. ,

b)'= b)'(2t f))

approaches the constant b)2(0,0) as t ) 0, regardless of
the value of cos8; and similarly, C)2 —» C)2(0,0). Since
we also have, as t —+0,

P,' —+ 4M,~, P». P2 —+ 4M»M2 cos0,

the expression (3.29) hs, s the form, near t=0,
t (P(cos81) cos82) cosH),

where (P is a simple polynomial in each of the indicated
variables. Xow for fixed. s,

s= (Pl—712)',

6' still depends on t since cos8 does:

cosH= 2 (M12+M22 —s——,'t)/[(t —4M12) (t—4M2')]"'-.

But this dependence may be neglected near t= 0, where

cosH ) (M12+M22 —s)/2M1M2.

It follows that

6'dfft —+ constI,p Ig p II .p I/g (3.26)

On the mass shell of all the particles we may write,
using Eqs. (3.10a), (3.10b), and (3.19),
I';„„'=A,'g„,+8,'P;„P;,+C,'q, q„

+DP (q„P).„q„'P;„) (3.27S)—
and

A &2,) (s)t) t'. (3.30)

as t —+ 0, so that the contribution from (3.29) to A &2~~

is proportional to t2.

The other terms in 0,"may be handled in an entirely
similar manner, so that we conclude that, for fixed s,
and t&0

r,„„"=E~'qq +P'(q q+q q )
+G,'(q„P;,—q, 'P,„),

with
At'= 2c)'t b)'f)', ——8)'=—2b)'t, -
C.O ~.0 D.O b.Og.

(3.27b)

(3.28a)
0)1~1/r2 (3.31)

On setting Ã= 2 in Eq. (2.16) of Sec. If, it then follows
immediately that V»&'&(r), the two-photon potential
between neutral spinless particles, has the property
forr —+ ~,

and
&7=2e)2t, F)'=g)'& G'=-'g)'t) (3 28b)

where j=1 or 2.

corresponding to a force which varies as 1/r' for large r.
We have thus shown that the result of Casimir and

Polder' concerning Van der Waals forces is quite
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general, being independent of any detailed dynamical
models for the individual systems B~" and 82".

C. Two-Photon Exchange Force between a Spinless,
Neutral Particle and a Charged Particle

Let I'„„and C„„denote the form factors for two-
photon emission by a neutral spinless particle "1"
and a charged spinless particle "2," respectively. It is
convenient to change the notation slightly from that
of the preceding subsection 8 and to write

with

as in part A, and

with

I'„„=I'„„(q,q'; P)

P= pi+pi'

C„„=C„„(q,q'; R)

p2+ pl ~

Unlike I'„„, the form factor C„„satisiies Eqs. (3.12a)
and (3.12b) only when "2" is on the mass shell. Thus,
we have

(a} (b) (c)

FIG. 4. Lowest order Feynman diagrams corresponding to the
emission of two photons by a charged spinless particle.

A&,„&&+'=2 (I"&iV /$)dq —2 I"&"g gq (3.36a)

where I"&' is given by Lsee Eqs. (3.10a) and (3.19)]

Ke now note that A„„ is a gauge-invariant approxi-
mation to 4„„,i.e., A„„o may replace C„„in Eq. (3.32).
Thus, on use of Eqs. (3.9) and (3.10a,b),

r"~ '=I""~„,'= (2r'"iV„./n) —2r""g .

The absorptive part A(2, )(+), analogous to A(~, ) of
part 8, is thus given, in the present approximation, by

only when
q&„„=0, q "4„„=0, (3.32) I"""=( ltd' &i'b—')g~ +—2tb'P~P +&'q q'

+i ib'(q„P„q„'P.) . (3—.36b)

q.R= q' R, R—'=4M/ —(q+q')'. (3.33)

Although we could write down the general form of 4„„
consistent with Eqs. (3.32), and symmetry conditions,
such as

e„„(q,q'; R) =C „„(q',q; R), (3.34)

it is much simpler, and will sufFice for our purpose, to
approximate C„„by A„„, the value of C„„as given by
second-order perturbation theory. Corresponding to
Figs. 4(a), (b), and (c) we have, omitting a factor e'
and other constant factors,

(P2'+P2 —q'). (2P~' —q').

(P~—q')' —3I2'

(P'+P2 —q) (2P2—q),+ —2g„„. (3.35)
(p2 q)' 3I22— —

It is easily seen that the integrand of the second term
in Eq. (3.36) is t, for small t, so that the integral is
also t. However, although

I ""X~„~t(P(cosei, cos02) cos8)

for small t, with 5' a polynomial in each of the indicated
variables, and

S t cos'82 (3.37)

for small t, the erst integral behaves not as t but as t'"
near t=0 This is rela. ted to the fact that if Eq. (3.37)
is used for X) this integral is divergent. Since

X)=~t'—~t(t—43I22) cos'82,

we may approximate S as

S=3IPtt (t/4&2')+cos'g2j

so that the first term in Eq. (3.36a) is proportional to

Ke shall only need A„„', the value of A„„when all the
particles are on the mass shell. On use of Eq. (3.33)
and the relations

dv dx (P/L(t/4M P)+x'7. (3.38)

where

and

it„.'= (2'„„/X))—2g„„,

&pv= 2 (qp q~
—R„R„)t+(q),'R„q„R„)$2—
x)=-'P —pp

p~= (R+q+q')/2, pg' ——(R—
q
—q')/2

we readily obtain, after combining the 6rst two terms
in Eq. (3.35),

Here we have chosen p as the polar axis for j, and put
x=j p'=cos82. Since

dxLa+g j '=a " tan '(a 'i )

it follows that the expression (3.38) behaves as
t)&t '/'= t'/' for small t. Hence, we may conclude that

with
$2= q R= —q' R, t=2q' q. for t&0.

(+)~g&/2(~v) (3.39)
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for large r.

From Eq. (2.15), and Eq. (2.16) with X=-', , we then near t=0, so that again

obtain for V~~(+) the two-photon exchange potential
between a neutral and a charged particle,

(3.44)

V2„'+& 1/r' (3.40)
for r~ .

Although we have assumed in the derivation that
"2" has zero spin, it may be assumed that the result
(3.40) also holds for the spin-independent part of the
two-photon exchange potential acting between 80 and
a charged particle of arbitrary spin. For a spin-one-half
particle "2," this may be verified explicitlv be replacing
A„„oby I,„„,defined by

D. Alternative Approach to V2~&+)

The result (3.40) for Vg, &+& is of course not surprising,
since it follows from an extremely simple argument
using only classical electrostatics. Consider the neutral
particle "1"and the particle "2," with charge e at
relative rest and separated by a distance r. "2"creates
an electric Geld

K=er" r'

L„„=u(2') y„
p2 q' —tnm—

1
+y„- y„u(2) . (3.41)

P2—q —mg
%'e may write

L„„=Z„„u(2')u(2),

where Z„„is a tensor function of its arguments,

~v (pm ~rm I pm'&)

and 72', 72 are the covariant spin four-vectors associated
with the states u(2') and u(2), respectively. For the
case of no-spin Qip, v 2'= r2 ——r say, we have

u(p, 'r)y„u(p2, r) = (2M~/R')R„uu,
3.42

u (pm', r)ihip„u(pm, r) = r„uu—
On rationalization of the denominators in Eq. (3.41),
and the use of the Dirac equation, together with Eq.
(3.42) and the identity

YA p Y»= ghee, Yr+ ger'YX gh»'Ytt &) gs»p Y Y6

the spin-independent part 2„„"of Z„„,defined formally
by

Z„,"= Z„.(pm', 0; p2,0),

at the position of "1," which induces a dipole moment

d=o, pK

in "1,"assumed to have polarizability ao. The potential
energy of the dipole d in the Geld E is, however,

—d E=—nod'/r'

so that the 1/r' behavior of Eq. (3.40) is confirmed.
For the purposes of the next section it is useful to

give still another, more sophisticated, derivation of the
behavior of V~„&+& for large r. Let p(x) denote the
quantized Geld associated with the neutral spinless
particle 8'. Consider 80 moving in the presence of an
external electromagnetic field A„' (x). We wish to
construct a phenomenological interaction Lagrangian
Z~, which can describe the scattering of 8 in this field.
|:rmust then be bilinear in g(x), and. gauge-invariant.
Since 8 has zero charge, a coupling of the form

j~(x)A„(x),
with j&(x), the current of 80, given by

1
i "(x)= L4'(x)~"4 (x)-4 (x)~"4'(x)j,

2iM

may be obtained. The result is

"=(2M' /'R)

X[(q Rg„.+R„R„+q„'R„q„R„)/(R.q q'—q)—
+ (q' Rg„„+R„R,+.q„R„qJR„)/—

(R q' —q q') j (3.43)
Since

is inadmissible.
The simplest possibility is to take

Zr(x) =)&,4t(x)y(x)P„„(x)F"(x),
where X is a constant and

F„„(x)=B„A '*(x) B,A„~(x—)

(3.45)

we need only compute

On combining the two terms in Eq. (3.43) and on using
the relation (3.36b), we then find, just as in the case of
spin zero for "2", that

g(~ )(+)~pn

is the tensor of the external electromagnetic field
strengths. We can now assume that A „(x)is produced
by a particle "2"of charge e, at rest at the origin of the
coordinate system. Since

Ffs»It""= —E 182,
where E and H are the electric and magnetic Gelds, we
see that the Hamiltonian density Kl= —Z~ reduces to

3Cr(x) =&iyt(x) y(x) e'/
~
x

~

'.
The potential energy VI of 8' in the Geld of the "2"
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is thus
V,=re/(x~4.

IV. THREE-PHOTON EXCHANGE FORCE
BETWEEN A NEUTRAL AND A

CHARGED PARTICLE

To study the asymptotic form of V»&+&, the potential
between 8 and a charged particle arising from three-
photon exchange, we could in principle proceed in the
same way as we did in Sec. IIIC for V2~&+). That is,
we could write down the general form of I'„„,(q,q', q"; P),
the amplitude for emission of three photons by 8, as a
linear combination of the 4'=64 tensors of rank three
which may be constructed from q, q', q", and I', and the
j.2 additional tensors which may be formed with the
help of g„„.The restrictions on the coefBcients arising
from the conditions,

g I'ga, p= g "I'p„p= g ~p„p=0

as well as symmetry conditions related to the identity
of the photons, could then be found. The resulting
form of I„„,could next be coupled with the charged
particle three-photon form factor C„„„ taken from
third-order perturbation theory, and the integral

Since Zz is quadratic in A„, it is justi6able to interpret
Eq. (3.45) as corresponding to an interaction by two-
photon exchange, in the limit of a heavy particle "2"
whose recoil may be neglected. Thus we have once
again that

Vm „(+)~ 1/r4
for large r.

If the spinless particle is described by a real 6eld
x(x) rather than by a complex field, we simply replace
&r(x) by

Xx2(x)F„.(x)F~"(x)

and the result is the same. Thus the two-photon
exchange force between a charged and neutral particle
is independent of the identity of particle and
antiparticle.

tives, from F„„(x),trilinear in A„' is

However, since

it follows that

s = F„„(x)F"~(x)F,~(x) .

F„,(x) = F„„(—x)

jo(E ~)(E').
~r"' ~r"' ~ j&'(E.

&)~'=mojo(E

&) (E').

With E=et/r' we thus find

Hence, it is necessary to use further derivatives, 8/Bx&,
in the construction of Zz. If we wish Zz to be invariant
under charge conjugation, we need only consider inter-
actions with the current j„(x)of Bo. Thus, the simplest
possibility for Zz is a sum of terms in which one of

2 (x)~ j (x)~

is contracted (on the right) with a second rank tensor
r('" constructed as a trilinear function of F&"(x) The.
symbol 8 need act only on one of the factors of v &". The
distinct possibilities for ~I are

F Q~PFm F vF~PF&~

both of which are antisynunetric under p, ~ p. Since

8~F„.~ j„'*(x),
the derivative 8, or B„acting directly on Ill"" will give
rise to a term in Zr proportional to j„~(x), i.e., a
contact interaction. %e thus 6nd three distinct kinds
of terms which may be of interest:

Z&('&-j„(x)F~"8 (F sF t()

Zr('& j„(x)F ('((tp' ~)Ft(',

r("-j,(*)(gZ.")F t(Fs'

In the static limit for 8, j„(x)= Ljo(x),j(x)]~
Ljp(x),0j. If the source of A„~(x) is again a charge e
at the origin, producing an electrostatic 6eld E, we have

J'si—0 ~i—Ei

I"c.„*b(q')~(q *)~(q ") jo(x)e'/r'.

X&(Q q q' q")d'qd'q—'d'q—" —Hence we conclude that
could be studied for t&0.

Since the above straightforward procedure seems, at
best, impossibly tedious, we consider an alternative
approach, based on the construction of a phenomeno-
logical Lagrangian. This approach, when applied to
Vm~(+&, correctly reproduced the 1/r' behavior obtained
from an exact quantum-mechanical calculation, so that
we are justi6ed in using it for V3y&+&.

We thus look for Zr which are bilinear in p(x),
gauge-invariant, and now trilinear in A„'*(x), in order
to simulate the eftects of three-photon exchange.
Gauge invariance is assured by using only F„„(x).The
only scalar which can be formed, without using deriva-

V((~(+& 1/rr (4 1)
for large r.

The asymptotic form of V3~&+& thus coincides with
that of V&,«~.

V. APPLICATIONS
%'e have remarked in the Introduction that the force

on a neutral particle coming from exchange of an even

Another possibility, if we allow pseudoscalar interactions, is
Tpr = gapprFaPFppF(r

This vanishes for an external electrostatic 6eld and hence js of
shorter range than the ones we consider.
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(5.1)F,(q') =g'/(q"-+». ")

with g,'-'=1. At zero momentum transfer this gives

1 1
Fp (0)~ ~—(Fel inl)

m, ' 16
(5.2)

Let us compare this with the contribution of a
hypothetical long-range interaction, i.e., a potential
with V(r) r " for large r From the .considerations of
Sec. II, we see that corresponding to this potential,
there is a discontinuity function A(q) which goes as
q+" '. We want to know what contribution A (q) makes
to the scattering amplitude F(q) at small q. It is easy
to see that when n) 3, the contribution coming from
the long-range interaction, i.e., the values of A (q) for
small q, are small compared to the short-range contri-
bution, i.e., the values of A (q) for non-small q. To see
this, we write F (q) as a sum of terms, one coming from
small q, say less than qo 10 MeV&'c, and a remainder

F(q)=
"A (q')q'dq'

+
q+q

"A (q')q'dq'

w 0+0
(5.3)

number of photons is the same for particle and anti-
particle, while that coming from exchange of an odd
number is opposite for particle and antiparticle. As a
result of this, the exchange of an odd number of photons
gives a force which can convert a E~' into a E2'.
Furthermore, the Ei -E2 mass difference is so small,
and the properties of these mesons are so different, that
the regeneration of E&' mesons in a beam of E2' would

probably be the most sensitive test of the occurrence
of such a force. %'e have seen that the existence of a
long-range force is equivalent to a certain behavior of
the scattering amplitude at very small momentum
transfer. Therefore, it would seem that it would be best
to look at such regenerations at very small angles in the
hope of distinguishing the effect of the long-range force
from that of short-range interactions with the nuclei of
atoms.

A number of experiments which examine the re-
generation of E&'s from E2's have been carried out. Two
of the most recent ones are those of Leipuner et al. ,

'
and of Eisler et a/. ' In these experiments, the regenera-
tion is examined for angles satisfying cosa&0.999,
which for mesons of momentum 1 BeV(c corresponds to
momentum transfers on the order of 10 MeVy'c.
Clearly, if the effect of rnultiphoton exchange is to be
important in these experiments, it is necessary that
the multiphoton contribution to the scattering arnpli-
tude at such small momentum transfers be comparable
to the contribution of the strong interaction. Therefore,
we will use as our reference scattering amplitude the
one obtained by exchanging a p meson between the
E' and the proton

AVe note that the second term will in general behave
like a constant, independent of qo for small q. On the
other hand, in the first term, we substitute the small-q
approximation to A(q), i.e., A(q) q" '. Then we get
for Fi as q

—+ 0

F C+Xq"—'Dnqj, (5.4)

where the bracket indicates the presence or absence
of a lnq depending on whether n is odd or even. The
effect of short-range interactions is represented by the
constant C, and X is another constant. Clearly, if n&3,
the long-range interaction is dominated by the short-
range interactions, even when q

—+ 0. Such interactions
only show up in the discontinuities of the derivat& es
of F with respect to q'. It appears hopeless to obtain
such a detailed measurement of the scattering ampli-
tude by any techniques known to us. If, however, n=3,
then

F C+X lnq (5.5)

and there is a small region about q=0 where the long-
range interaction actually dominates.

The most likely effect of the long-range interaction
to be observed is on the forward-scattering amplitude
or on the index of refraction. We see from (5.5) that if
the amplitude is taken literally at q=0, then the
forward-scattering amplitude is in6nite. There are at
least two mechanisms by which the amplitude could
be modi6ed. The 6rst of these is screening, familiar
from the Coulomb interaction. In order for this to
occur, the long-range interaction would have to act
between E mesons and electrons as well as between E
mesons and protons. In this case, the contribution of
the long-range interaction is modified at distances
beyond the Bohr radius, and (5.5) is modified by

Clearly, when n& 3, the small-momentum-transfer
region makes a contribution negligible compared to the
high-momentum-transfer region.

Since the three-photon exchange potential between
a E' and a proton goes as r ', we see that its long-range
part actually gives a contribution small compared to
its short-range part. However, the latter is obviously
much smaller than the nuclear-scattering amplitude
(5.1), as it contains three powers of the fine-structure
constant. Ke conclude that the three-photon exchange
cannot possibly account for the results of the experi-
ment of Leipuner et al. , or of the experiment of Christian-
son et al.

Let us ask what type of long-range, odd-C interaction
could be observable in regeneration experiments. If
we substitute A(q') (q')" ' into F„and ask for the
leading term in powers of q, for q((qo, then we see that
this term behaves as q

—' lnq for n-odd, or as q" ' for
even. The total scattering amplitude will then

behave as

=—FR+F2. F c+P, in(q'-+ao '), (5.6)
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corresponding to a potential,

With lI. 10 "', this would give a 10% change in the
forward-scattering amplitude from that computed in

(5.2). Such an interaction, which is much larger and
of longer range than any we can anticipate for neutral
E mesons, would probably be detectable in the current
type of experiments. Smaller interactions, such as we
have considered, are very unlikely to be detected.

If there is no screening, as would be the case if the
long-range interaction does not occur with electrons,
then the approximation of treating this interaction in
Born approximation is not su6icient. It would then be
necessary to solve the Schrodinger equation for the
interaction of two particles, with this potential. This
problem, while interesting, is beyond the scope of the
present paper.

VI. CONCLUSIONS

We have discovered some general features of the
long-range electromagnetic forces which are expected
to act on neutral particles. We have shown that the
long-range potential can be extracted directly from
the knowledge of the discontinuity function in the
momentum transfer of the scattering amplitude. This
is done by use of Eq. (2.8). In particular, we find that if
the discontinuity function A(/), coming from a set of
graphs, behaves as q"(3"") for small q, then the corre-
sponding long-range potential will go as r-"~.

The most interesting case this may be applied to is
the two-photon exchange potential for two neutral
spinless systems. For this case, an analysis of the two-
photon vertex of a neutral particle is required. This was
done, through the use of Ward's identity, in Sec. III.
We find that this vertex is characterized by seven
form factors which depend on four invariant scalar
quantities. On the photon mass shell, which is relevant
to the calculation of the discontinuity functions, there
are, of course, only two invariants, which are s and t.
The requirement that none of the form factors have
singularities as functions of the invariants then deter-
mines the behavior of the form factors for small values
of the momentum transfer variables. This behavior is
given in Eq. (3.19).

We then calculate the two-photon exchange graphs
for two such neutral systems and find that the leading
term in an expansion of A (q') in powers of q'- for small
q"- behaves as q'. The rule (2.8) then implies that the
longest range potential goes as r '. This result is in
agreement with that discovered by Casimir and Polder
in 1949.We believe that our demonstration is somewhat
more transparent because the potential comes directly
from a single covariant expression for the scattering
amplitude rather than as a cancellation between

distinct noncovariant terms, as in the calculation of
Casimir and Polder. Also, our formula is valid for any
two neutral spinless particles. '

One difference between the case of two atoms and the
case of two neutral elementary particles is that the
atoms are bound by electromagnetic interactions, while

the particles are not. Hence, the atoms have excited
states separated by energies of order n'm, from the
ground state, whereas the excited states of the particles,
if any, are separated by energies of the order of the
pion mass. As a consequence of this, the potential in
the atomic case contains terms with decreasing ex-

ponentials of the form exp( —nr/a0), where ao is of the
order of the Bohr radius, while in the particle case the
corresponding terms are exp( —r/X ), where X is the
pion Compton wavelength. For the atom, the ex-
ponential terms may dominate the true long-range
force for many atomic radii. It appears that this is the
origin of the fact that in the work of Casimir and
Polder, the r ' potential is not dominant until r (ao/a).

Finally, we have computed the three-photon exchange
potential between a E meson and a proton. This
potential is odd under charge conjugation and hence
can regenerate E~ mesons in a beam of E2 mesons. We
find that the potential falls off as r-' here also, and is
much too small to explain the anomalous regeneration
reported by Leipuner e$ al.
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APPENDIX

A discussion of the vertex functions for photon
emission by a neutral spinless particle 8 does not seem
to be available in the literature. We therefore give a
brief treatment of this topic here, from the point of view
of field theory. "

I.et P(x) and A„(y) denote the (unrenormalized)
Heisenberg fields associated with 8 and the photon,
respectively. The electromagnetic current j„(y) is
defined by

and assumed to be conserved:

(A2)

' The sign of the potential is easily obtained in the simple case
when only the form factors A, C of Eq. (3.10a) are present:. In
this case, essentially that treated in Ref. 4, there is an attractive
force between identical spinless particles. For the general case, we
have no rigorous argument about the sign of the potential,
although arguments can be given which suggest that the two-
photon exchange potential between similar particles is always
attractive.

'0 Our treatment parallels that of K. Nishijima, Phys. Rev. 119,
485 (1960), for charged particles.
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Ke shall also need the equal-time commutation
relations

LA, b),A.(y')]. ..= ig.&(y—y') (A3)

As a 6eld-theoretic delnition of the neutrality of 8
we take the relation

[job),~(*)]. ..=0. (A4)

Here, Ap' and Dp„„' are the (unrenormalized) propa-
gators dehned by

hp'(x' —x) = (T[gt(x')P(x)]) (A10a)
and

D p„,'(y y') =—(T[A„(y)A„(y')]). (A10b)

A special case of Eq. (A6) is therefore

SB
~,",D...'b-y') = bb-y')

By

Using Kqs. (A7)—(A11) we see that

8„&CI„W„(x',x; y) =0

a„a„W„(x',x;y,y) =0.(A5) and[job)~A~b')]so wo'=0

From (A3) it follows readily that

&.T[A.b)A. (y')]= T[i.b)A. b')]+~gAb y')— On transformation to momentum space, via

This is motivated by the fact that if a Schrodinger
picture is introduced at, say, 1=0, the expression for
j„'(y)=j„(y,0) will depend explicitly only on the
Schrodinger 6elds associated with charged particles and
so will commute with p'(x) =p(x 0)."In particular (A4)
holds for A„ itself, i.e.,

(A11)

(A12a)

(A12b)

and from (AS) it follows that

&."T[j.b)A.b')]= T[~."i.b) Ab')].

Because of (A2), we then have

iB
a„~„T[A„(y)A„(y')]= S(y—y').

By

We now dedne

(A6)

W„(x',x; y) = e'&&'*'-& ~&'»W„(p', p; q)d4p'&'pd'q,

Eqs. (A12a) and (A12b) reduce to

q"q'W. (p' p q) =o (A13a)

(x& x y y&) — (ex'z' n~e v+e'—v'&

XW„,(p' p q, q')&'p'&'p&'q&'q'

V.(*',*;y) = T[4'(x')4 (*)A.b)]
V„„(x',x; y, y') = T[yt (x')y(x)A „(y)A„(y')]. On writing

q"q'W (p' p; q, q') =0. (A13b)

Using the fact that p(x) and A„(y) are kinematically
independent Gelds so that

[~(*),A,b)],.=9(*),A.b)] ..=o

D» b)=
(2s.)4

Eq. (A11) reduces to

D,„,'(k')e "~d'k-

we get

o,V.(*',*;y) = T[~'(*')~(*)j.b)], (A7 )

o,V,.(*',*;y,y') = T[e'(*')~(*)j.b)A. b')]
+ig.Ab —y')T[4'(x')4(x)] (Avb)

Furthermore, from (A4) and (A2) we 6nd

a„T[yt(x')y(x) j„b)]=0 (Aga)

and from (AS), (A4), and (A2), that
~y"T[4'(x')4 (x)jpb)A. (y)]=o (A@»

We now de6ne three-point and four-point functions
associated with emission of one or two photons by

W„(x',x; y) = (V„(x',x; y)) (A9a)
and

W„„(x',x; y,y') = (V„„(x',x; y,y'))
-~.'(*'-*)D..,'b-y, y') (A9b)

"For this it is sufhcient to assume minimal electromagnetic
coupling.

k~k'D&„„'(k') =k. . (A14)

~ Vfe assume that 7& and 7&" are free of 5-function singularities.

The vertex functions F„and I'„„arenow delned, up to a
factor, by

W„(p',p; q) = (const)a, '(p")Z, '(p )I 'D,„, '(q~)

Xb(p'+q p) (A15a)—
and

W. (p' p;q q') =(const)A '(p'*)~ '(p')I'"'"'D ..'(q')

XD~. .'(q")~(p'+q'+q —p) (»Sb)

From Eqs. (A13a), (A14), and (A15a) one infers that"

qqrF& =0. (A16)

From Kqs. (A13b), (A14), and (A15b) we get

H"Dg„..'(q") =0,
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If we write Dp„„'(q") in the form

DR'...=Dg)'v Dugs' g) p

and

It fonows that
U&(x)U, '=gt(x).

but
(A18)DrH„—Dg(H q')q, '=0.

where D~ and D~ are functions of q" only, then Eq. (A17)
implies

W„(x',x; y) = —W„(x,x', y),

W„(*',*;y,y') = W„.(x,x', y,y').

On multiplying Eq. (A17) by (q')'q'" and using Eq. (A14) We then have
we see that H q'=0, so that Eq. (A18) implies

Thus, we have

and by symmetry,

H„=O.

q„F~=O

q„'F~"=0. (A19b)

UQ„(y)U, '= —A„(y),

Equations (A16) and (A19) constitute the analogs for a
neutral Geld of the generalized %ard identities for
charged Gelds.

Invariance under particle-antiparticle conjugation is
equivalent to the existence of a unitary operator U,
which leaves the vacuum invariant and is such that

F .(q, q'; P) =F.„(q',q; P). (A20c)

Equations (A20a) —(A20c) are the symmetry properties
of F„and F„„used in Sec. III of this paper.

W..(p', p; q, q') = W..( pp'—, q q')

so that, using Eqs. (A15a) and (A15b), and recalling
that P= p+p',

F„(q P) = —I'„(q; P), — (A20a)

F„„(q,q'; P)=F (q, q'; P). — (A20b)

Finally, since W„„(x',x; y,y') = W,„(x',x; y', y) so that
W„„(p',p; q, q') = W„„(p',p; q', q), we have also
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Lie Groups, Lie Algebras, anti the Troubles of Relativistic 8U(6)
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Some of the difEculties of relativistic SU(6) are examined. Those arising from the use of continuous
groups can be avoided by the use of algebras of 6nite sets of operators which are sufhcient to give the desired
properties of elementary particles. The nonconservation of probability associated with the relativistic
separation of space and spin is pointed out. Quantum electrodynamics applied to atomic structure is shown
to exhibit the type of peculiar syrrt~etry which leaves the interaction invariant but is broken by free Dirac
propagators. The implications of this analogy for SU(6) are discussed. The mixing of physical and non-
physical states (positive- and negative-energy quark states) leads to noninvariance of the vacuum under
the symmetry group, and to a degenerate vacuum in the exact symmetry limit. The existence of open in-
elastic channels for low-mass boson production is relevant to unitarity calculations and is implied in all
energy regions where the symmetry is not badly broken.

INTRODUCTION

HE successes of the SU(6)-symmetry scheme for
elementary particles' and its relativistic generali-

zations~ have been accompanied by an assortment of

'F. Gursey and L. A. Radicati, Phys. Rev. Letters 13, 173
(1964); A. Pais, Phys. Rev. Letters 13, 175 (1964); B. Sakita,
Phys. Rev. 136, B1756 (1964).

~A. Salam, R. Delbourgo, and J. Strathdee, Proc. Roy. Soc.
(London) 284, 146 (1965);M. A. B.Bdg and A. Pais, Phys. Rev.
138, B692 (1965); B. Sakita and K. C. Kali, ibid. 139, B1355
(1965). A detailed list of references to earlier works on SU(6)
and its relativistic modi6cations is given bv Sakita and Kali.

difFiculties in principle and also by some predictions in
disagreement with experiment. ' A better picture of the
relation between the successes and the diR culties can
be obtained by examining the general assumptions
underlying the proposed theories to determine which
are really necessary to obtain the desired results.
Analysis of the sources of some of the troubles may
help in Gnding ways to get around them.

' S. Coleman, Phys. Rev. 138, B1262 (1965); M. A. B.Bhg and
A. Pais, Phys. Rev. Letters 14, 509 (1965); R. Blankenbecler,
M. L. Goldberger, K. Johnson, and S. B. Treiman, ibid. 14, 518
(1965).


