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compare this result with the results of the three-body
K .3 decays,? which proceed through the vector inter-
action, because of the final-state interaction in K.,
decays. If we assume Eq. (1) to be dominated by the
axial-vector current, as predicted by most theorists,
and if there were no final-state interactions, then the
violation parameter

X=[A4(AS/aQ=—1)]/[A(AS/AQ=+1)]

#R. P. Ely, W. M. Powell, H. White, M. Baldo-Ceolin, E.
Calimani, S. Ciampolillo, O. Fabbri, F. Farini, C. Filippi, H.
Huzita, G. Miari, U. Camerini, W. F. Fry, and S. Natali, Phys.
Rev. Letters 8, 132 (1962); G. Alexander, S. P. Almeida, and
F. S. Crawford, Jr., ibid. 9, 69 (1962); B. Aubert, L. Behr,
J. P. Lowys, P. Mittner, and C. Pascaud, Phys. Letters 10,
215 (1964); M. Baldo-Ceolin, E. Calimani, S. Cia.mpolillo, C.
Filippi, H. Huzita, F. Mattioli, and G. Miari, Proceedings of the
Sienna International Conference on Elementary Particles (Societa
Italionadi Fisica, Bologna, Italy, 1963); L. Kirsch, R. J. Plano,
J. Steinberger, and P. Franzini, Phys. Rev. Letters 13, 35 (1964).
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corresponding to the parameter ao=0 would be X <0.25.
On the other hand, if there is no 7=2 final-state
interaction but the 7=0 s-wave enhancement factor
were as large as 4, then X <0.5.
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Tests of spin for an unstable boson which decays into three spinless particles, or into a spin-1 and a spin-0
particle, or into two spin-} particles, are presented. The proposed spin tests should be useful for the spin-
parity determination of the new boson resonances. Spin tests linear in the experimental test functions are
discussed in particular, in view of their general applicability independently of the production kinematics.
Explicit expressions of the test functions are reported for the lower spin assignments.

I. INTRODUCTION

HE recent discoveries of many resonant states

which decay strongly or electromagnetically into
baryons and bosons have stimulated the search for
convenient spin-parity tests, which may allow for a
determination of the spin and parity of the unstable
particle, possibly avoiding dynamical hypotheses on
the mechanisms of production and decay. Particularly
useful have been the tests based on simultaneous
analysis of angular and polarization distributions.!

In this paper we consider some possible methods for
determining the spin of an unstable boson. We discuss
its modes of decay, into three spinless particles, into a
spin-1 and spin-0 particle, and into two spin-% particles.
In each case we look for relations among the coefficients
of the final distributions which do not depend on the
elements of the density matrix of the decaying boson.
We obtain a general method for spin determination

1R. Gatto and H. P. Stapp, Phys. Rev. 121, 1553 (1961);
N. Byers and S. Fenster, Phys. Rev. Letters 11, 52 (1963); M.
Ademollo and R. Gatto, Phys. Rev. 133, B531 (1964); N. Byers

and C. N. Yang, #bid. 135, B796 (1964); S. M. Berman and
R. J. Oakes, ibid. 135, B1034 (1964).

which appears to be more powerful than methods based
on the reconstruction of the density matrix. The rela-
tions to be tested are in fact linear in the experimental
averages and independent of the production process,
making it possible to average on all the events, inde-
pendent of the production kinematics. Such a possi-
bility is especially useful when the number of events is
relatively small.

In Sec. IT we discuss the decay of a boson into three
spinless particles. The spin tests we derive for this case
could be of use for the spin-parity assignments to
recently found three-body resonances such as 3, g7,
Knm, etc. The final distributions are first expressed in
terms of a suitable set of parameters which are subject
to a number of constraints. Symmetry principles or
possible identity between two of the final particles
produce further relations. The different spin tests are
discussed in Sec. 2.3 and are written down explicitly
for spin one. Their explicit forms for spin two and three
are reported in Appendix A. In Sec. IIT we discuss the
mode of decay into a spin-1 and a spin-0 boson in view
of applications to spin-parity tests of the 7w and p



SPIN TESTS

resonances. The spin tests are elaborated in terms of
directly measurable quantities which must be expressi-
ble in terms of geometrical parameters. In Sec. IV a
very short account of possible tests applicable to decay
into two fermions is given.

II. DECAY INTO THREE SPINLESS BOSONS
1. Angular Distributions

We consider here the decay of a boson B of spin j into
three spinless bosons. Our results may be useful for the
spin assignment to recently discovered boson resonances
which decay into 3, grr, Krr, etc. We shall not discuss
the properties of the Dalitz plots which have been
widely discussed in the literature.? The spin tests that
we shall present are based only on the angular-distribu-
tion analysis, and are, in a certain sense, complementary
to the Dalitz-plot method.

We briefly describe the basic idea of the method. The
fina] state depends in general on 2j+1 dynamical
coefficients which depend on the energies of the final
bosons. When we integrate over the energies, all inter-
ference terms appear, giving a total of (2j+41)? param-
eters that we can arrange in a matrix of dimension
2j+1. This matrix has the properties of a density
matrix. The number of independent parameters is
greatly reduced by the possible symmetries (such as
parity conservation in the B decay, or symmetry under
the exchange of two final bosons) and in many cases the
parameters can be completely determined.

The final state of the three bosons in the center-of-
mass system can be labeled by the following parameters:
the direction of the normal n to the decay plane; the
azimuth ¢ of one of the final momenta, say p;, around n;
and the energies w; and w; of two final bosons. Another
equivalent set of parameters is: the unit vector u, along
p1, the azimuth ¢ of p; around uy, and the energies w,
and ws. According to the two choices we shall indicate
the final-state vector by |ngwiws) or by |uwiws). We
denote by P the complete density matrix of B and by
M the transition matrix. The final distribution, for the
first choice of parameters, is

I(n<pw1wg)=(ngacolwlePMT[ngowlwz) (21)

and is normalized such that

/I(nwlwg)dqodwldwzdﬂ..: 1, (2.2)

the corresponding normalization factor being included
in M. To evaluate the matrix element (2.1), it is con-
venient to make a rotation R of the frame of reference
such that the normal n is directed along the z axis of the
new frame. If D(R) is the corresponding operator, we

% An extensive analysis of the 3r-decay mode can be found in
the paper by C. Zemach, Phys. Rev. 133, B1208 (1964). Many of
‘tjhe results of this paper can be extended to other three-body

ecays.
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have

I (npwws)
=(n=k pwiw;| D(R)MPM'D'(R) |n=k gwiw,),
(2.3)

where k is the unit vector along the polar axis, D(R)
=D(0,¢,) follows the convention of Edmonds,? and
&, n are the polar coordinates of n in the original frame.
By using the rotational invariance of M and inserting
in (2.3) complete sets of angular momentum states
of B, we obtain

I(nguwws) =2 (n=Kk puwws| M| ju)(ju| DPD*| ju')
"’ X (' M | n=k o)
=Z, Julpwiws) fur™ (owiw2)
) X(u DPD-1 '), (24)
where we have called
fulpwiwe) ==Kk pwiws| M| ju). (2.5)

By performing a rotation of A around z and using again
the invariance of M, we easily obtain

fulotN, wiws) =€ f, (p,w105)

and therefore
Ju(pwiws) = €2 f, (Owiws) = €2 f,, (w12) .

Using the properties of the rotation matrices, we have

(2.6)
(2.6")

(jlePD_lljp’>=Z 5)”(:')‘,”,50‘,,“,(1')—1

=3 (=1 D DDy, O

774

=Z (_ l)ﬂl—vlpvv’ Z (j”yj_llvl[LM’)
LMM'

24

X (G j—v' [ LM) D™, (2.7)

where we have denoted by p the spin-density matrix
of B, (ju,j—u'|LM’) are the standard Clebsch-
Gordan-Wigner coefficients and Djpx® stands for
Dy u®(0,£,m). By virtue of (2.6") and (2.7), the final
distribution (2.4) can be written as

I(npwiws)=[(2j+1)/(87%)]
X Z p(L,M)F*(L,M',wle) D™ (%5’7)) )

LMM’

(2.8)

where
o(LM)=(L/3) T pw (jv',.LM | j»),
[L=(QL+1)] (2.9)

? A. R. Edmonds, Angular Mom in Q Mechanics
((:Il’g'nciton University Press, Princeton, New Jersey, 1957),
p. 4.
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F(LM' ww:)=(L/j) Z, Fup (w01w2)

X (', LM’ | ju), (2.10)
F* (L>M/’wlw2) = (_ l)MIF (L;_M’;w1w2) ) (210’)
Fuypr (01w2) = f,* (w1009) fur (w1009) . (2.11)

From the normalization condition (2.2), and since p is
normalized to unit trace, we obtain

2 fFMM(wlwz)dwldOJz: 1. (2.12)
m

From (2.8) we obtain in particular the distribution of
the normal n by integrating over the other parameters:

Im)=2 a(L,M)Y ¥ (n), (2.13)
a(L,M)=A(L)p(L,M), (2.19)

AL)=[Qj+1)/4x ] T Fu(ju,L0| ju), (2.15)

FMM'= /FML’ (wlwg)dwldwg. (2'16)

The energy distribution is

I (wws) =3 F,u(wws). (2.17)

The calculation of the final distribution 7 (upywiws) can
be carried out exactly along the same lines. In the
above equations we must only make the substitutions

n(tn) > wlep); ¢—y¢; D0, — D(0,e8);
fﬂ(‘*’l"-’i’) - gn(‘*’l‘*’2> i Fuw— G,
where
gu(@we)=(Wi=ky=0wiwe| M| ju).  (2.18)
For example the distribution of u; will be
I(U1)=Z b(L,M)YLM(lll) y (219)
L
b(L,M)=B(L)p(L,M), (2.20)

B(L)=<2j+1

™

1/2
) 2 G, LO[ ju) . (2.21)

In the angular distributions (2.13) and (2.19), the
coefficients a(L,M) and &(L,M) are products of a factor
p(L,M) depending only on the production process, and
of a factor depending only on the decay. The matrix
elements F,, or equivalently G,, play the role of decay
parameters and are unknown, apart from relations
among them, unless the decay process of B is specified.

The matrix F is a Hermitian non-negative definite
matrix and its elements satisfy the conditions

0<F,<1, TiF=1, (2.22)
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and the Schwartz inequalities
|Fu|2<FF,, (2.22H

as it follows from (2.11) and (2.16). The same holds
for G. Furthermore F and G are related by a similarity
transformation. In fact by comparing (2.5) with ¢=0
and (2.18), we see that the final-state vector of (2.18)
is obtained from that of (2.5) by a rotation of the
reference frame of R= (w,r/2,x/2). Therefore,

g (wiws) = Z, S (@102) Dy @ (R)

or
G=D-'FD,

where D stands for D@ (zr,w/2,7/2).

(2.23)

2. Symmetry Properties

The final angular distributions are thus dependent
on the matrix elements of F. Taking into account the
Hermiticity of F and the condition (2.22), the matrix
elements depend in general on 4j(j+1) real inde-
pendent parameters. However, this number is reduced
in many cases because of symmetry properties.

Let us suppose, for instance, that parity is conserved
in the decay of B. Then from (2.5), calling e the product
of the intrinsic parities of the initial and final particles,
we have
(2.24)

and, by virtue of Eq. (2.6), we have the selection rule
(—1)r=ce.

For the matrix elements F,, we thus have

Juloyw2) = efu(otmwiws)

F,,=0, unless (—1)*=(—1)"=e. (2.25)
The corresponding property for G is
Gu=e(—1)*G_,,= (—1)*G_,_,.  (2.26)

In this case we see that F depends on j(j+2) real
independent parameters for e=(—1)7 and on j2—1
parameters for e= (— 1)1,

Furthermore, in many cases, at least two of the final
particles are identical or are simply related by charge
conjugation or isospin rotations. We can then exchange
the two particles in the amplitudes (2.5). We can see
this in two examples. The resonance KKr of 1410 MeV'*
with Q=S5=0 is supposed to decay strongly satisfying
charge independence. In each of the two observed
decay modes, K°K~—z+ and K+K'r—, the KK system is
in a pure triplet state of isotopic spin and therefore the
decay amplitude is even under the exchange of K and
K. We also remark that since the resonance is neutral,
the final states of the two decay modes are related by
charge conjugation in a definite way and therefore, the

*R. Armenteros, et al., Proceedings of the Sienna International
Conference on Ildementary Particles (Societa Italiana di Fisica,
Bologna, Italy, 1963), Vol. 1, p. 287.
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amplitudes are equal, apart from the sign. Next, let us
consider the #*tr—n resonance of 960 MeV? called X°.
Charge conjugation exchanges the two pions and the
decay amplitude takes a factor of &1 under this ex-
change depending on the X° charge-conjugation
number.

Now, if the final distribution is symmetrical under
the exchange of two final particles, say 1 and 2, we
must have

(2.27)

where 6=0(wiw:) is the angle between the two particles
and w;,w. are their energies. From (2.8), (2.10) we then
obtain the conditions

Fuw (wlwz) =e—i0‘—",)0F—u—n’ (“’27‘*’1) .

I(l’l(pwlwz) —_—I(_ n,— ¢_0aw2wl) ’

(2.28)

The same conditions could also have been obtained
directly from (2.5) and (2.11). However, when Eq.
(2.28) is integrated over the energies any symmetry
property of the nondiagonal matrix elements of F
disappears, and we get only

Fu=F_y, (2.29)

which in turn implies 4 (L)=0 for odd L in Eq. (2.15),
as necessary for I(n)=1(—n).

To exhibit simpler symmetries it is convenient to
consider the distribution of the bisector of the momenta
of the particles 1 and 2, instead of the two momenta
separately. Referring to Eq. (2.8) we label the final
state by the azimuth of the bisector, x=¢-+36, and
we have

I (nywiws)=[ (2j+1)/87%]
>< Z p(L,M)fI)* (Lle1wlw2)gDM'Jll(L) (X;Eﬂ?) )

LMM’

(2.30)

where

(LM w1w3) = (L/ ) T By (0r02) (', LM | ju), (2.31)
up’

B, (wiwe) =€t W HIO2E L, (wiws) . (2.32)
From (2.28) we have for the new matrix ®:
P =Py (2.33)

to which we must add the analog of (2.25) when parity
is conserved. These relations greatly reduce the number
of decay parameters. The number of real independent
parameters is now $[2(j+1)>+ (—1)7—3] for e= (—1)"
and $[25°— (—1)7—3] for e= (—1),

The angular distribution of the bisector is given by
a formula analogous to (2.19) which is obtained by
replacing G in Eq. (2.21) with a matrix I" given by

I'=D"9%D, (2.34)
where D is the same as in Eq. (2.23).

_ 5G. R. Kalbfleisch et al., Phys. Rev. Letters 12, 527 (1964);
13, 349 (1964); M. Goldberg ¢f al., ibid. 12, 546 (1964); 13, 249
(1964) ; P. M. Dauber e al., ibid. 13, 449 (1964).
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2.3. Spin Tests

There are different ways of using the results of the
preceding subsections to derive tests for the spin of B.
Let us consider for example the angular distribution of
the normal n given by Eq. (2.13). The conditions that p
and F be non-negative and of unit trace, give some
limitations on the angular distribution coefficients with
M=0. From (2.14), (2.15), and (2.9) we have explicitly

a(LM)=[QLA+1)/4x]"* 2 F,u(ju,LO| ju)

X Z’ Py (jV’aLMI ]V) » (2.35)
from which we easily obtain
|a(L,0)| <[(2L41)/47 ]2 max, | (ju,L0] ju)|
Xmax, | (j»,L0|jv)| (2.35")

and the stronger limitation
> [a(L,M)[*<[(2L+1)/4r] max, | (ju,LO] ju) |*
M

Xmax, | (j»,L0|j»)|%, (2.35")
where max, , means the maximum value of the argu-
ment with respect to the allowed values of x and » in
(2.35). For example, if parity is conserved in the B
decay, u must satisfy (—1)*=¢, as we know from
(2.25). Analogous limitations hold for the coefficients
b(L,0) of Eq. (2.19).

More precise tests can be obtained by determining
the parameters F,, as we shall see in a moment. We
define the test functions

2T T 27T
T(LMM)= / de / sintdt / dn
0 0 0

XI(E,"),(P) ‘(’DM’EI(L)* (<P;E,7I) ) (236)

where I(£,1,¢) is the distribution (2.8) integrated over
the energies wy,ws. As is clear from the derivation of
Eq. (2.8), the angles &, 7, ¢ have to be measured as
follows: £, 5 are the polar coordinates of the normal to
the decay plane,

n= (p1Xp2)/ [P Xpe|,

in a B rest frame defined from the production reaction®;
¢ is the azimuth of p; measured in the frame obtained
from the B rest frame by a successive rotation of 7
around the z axis and of £ around the new y axis, in such
a way as to carry the z axis of the new frame in the
direction of n.

¢ For example, if B is produced in a two-body reaction such as
w+N — N+B, one first takes the reaction center-of-mass system
with the x axis along the incident pion and the z axis normal to
the production plane; then one goes to the B rest frame by a pure
time-like Lorentz transformation.
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From Eq. (2.8) we obtain

T(L,M,M")=[(2j+1)/ (2L+1) Jo(L,M)F*(L,M’).
(2.37)

The coefficients T'(L,M,M’) determine in particular the
angular distributions of n and of u, as given by Eqgs.
(2.13) and (2.19), respectively. In fact, by comparing
(2.14), (2.15), and (2.37) we have simply

oL M)=[QL+1)/4xFPT(LM0).  (2.38)

Also using (2.20), (2.21), and (2.23) we find after some
manipulations

b(L,M)=Z, T(LMM)Y M (x/2,x), (2.39)
where )
Y™ (w/2,x)=cos[ (I-++m)r/2]
1 22l41\'2 [(I+m) (l—m) 12
e ) B0-+mIT—m]

To determine the matrix elements F,, one can proceed
as follows. One first determines the experimental values
of the ratios

R(LM' M")=T(LM,M")/T(LM,M") (2.41)

(2.40)

for all the independent values of L, M’, and M". These
ratios are independent of the B density matrix and are
given, from (2.37), by

R(LM' M"y=F (LM')/F* (LM"). (2.42)

By virtue of Eq. (2.10) this is equivalent to a system
of linear equations in the F,, of the kind?

2 Fu(ju,LM'| jv)=R(L,M',M")
ny

X2 Fuy (jﬂ,;LM”] ].V,) . (243)
u'v

Let us briefly discuss the utilization of this method
in the different situations. In the general case of parity
nonconservation, and provided that p(Z,M)>0 for all
the values of L, 1<L<2j, the independent equations
are at most 25(2j41) (taking into account also the
complex conjugate of each equation) and they are not
enough to determine the 45(j4-1) parameters. A total
of 2 real parameters will remain undetermined and we
may choose them to be the diagonal elements F,,. The
test will then consist in the verification that a solution
exists such that the conditions (2.22) and (2.22') are
satisfied and the whole matrix is non-negative definite.
The situation is quite different for a parity-conserving
decay. In this case, because of (2.25), we have

T(L,M,M')=0, for odd M’ (2.44)

7 The system of Egs. (2.43) is actually nonhomogeneous because
of the condition 2, F,,=1.
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and the independent complex Egs. (2.43) are 3% or,
equivalently, 252 real equations, which will in general
be sufficient to determine all the parameters. In some
cases the number of equations is larger than the number
of parameters and we have a number of consistency
relations to be verified. Finally, we consider the case of
parity-conserving decay with an additional symmetry
under exchange of two final particles, as discussed in
subsection 2.2. Here we may refer to the matrix ®
instead of F, replacing ¢ in (2.36) by the azimuth of
the bisector x. From (2.31) and (2.33) we have now,
in addition to (2.44):

&(L,—M)=(—1)®(L,M). (2.45)

The Egs. (2.43) are therefore real and their number is
j(G—1)+1, (21). The parameters $,, can in general
be determined, except for special cases. The matrices F
and & constructed by the above method, must be non-
negative and have to satisfy the limitations (2.22)
and (2.22').

We illustrate the method for the 3-body decay of a
j=1 boson. For positive parity e=41 (e.g., w — 3m),
by virtue of (2.25), the only nonzero matrix element is
Foo= 1. The angular distributions are completely deter-
mined from the density matrix and contain only the
even-L terms. From (2.14) and (2.15) we get

a(2,M)=—(3/10%)%p(2,M). (2.46)

From (2.26) the diagonal matrix elements of G are
Gu=G_1_1=% and we obtain, by use of (2.20) and (2.21)

b(2,M)=1(3/10x)12 (2, M). (2.47)

These results essentially coincide with those found by
several authors,® using different techniques, for the
decay w — 3. From (2.46) and (2.47) we also obtain

a(2,M)/b(2,M)=—2 (2.48)

independent of the production process.

Let us consider the case e=—1. F,, has now four
nonzero matrix elements, those with u,v0. We have
only one ratio of the kind (2.41), namely, R(2,2,0)=«
and the corresponding Eq. (2.43) gives

Fi1=a/4/6. (2.49)
Since (2.22) and (2.22") imply
|Fu| <3, w#v (2.50)
we have the condition
la| <4/3. (2.51)

The coefficients of the angular distribution of the
normal are given by

a(1,M)= (3/8m)' *(Fu—F_11)p(1,M), (2.52)
a(2,M)=1%(3/107)12p(2,M). (2.53)
8 G. Feldman, T. Fulton, and K. C. Wali, Nuovo Cimento 24,

278 (1962); M. Jacob and A. Morel, Phys. Letters 7, 350 (1963);
see also Ref. 9, Eq. (3) and footnote 13.
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We can find the limitation:

% l[a(L,M)[2< (1/16m)(3—2[al?).  (2.53)

We notice that, if there is exchange symmetry, we have,
by use of (2.29), Fiu=F_;_1=% and ¢(1,M) vanishes.
The angular distribution of the momentum wu; can be
expressed in terms of the ratio a. From (2.39), (2.38),
and (2.40) we obtain

b(2,M)=13%a(2,M)[(+/6) Rea—1]. (2.54)
The limitation (2.51) gives
—2<b0(2,M)/a(2,M)<1 (2.55)

and the value of the ratio 4/a is the same as for e=-1
when Rea=0.

In Appendix A the discussion is extended to j=2
and j=3. We conclude this Section by the following
remarks:

(1) We have always disregarded the energy de-
pendence in the final distribution. However, the same
analysis can be carried out for each value of the energies
wiwe. Of course Eqgs. (2.22) and (2.22") will then be
replaced by (2.17) and (2.11), respectively. In this case
all the parameters F,,(wy,ws) are expressible by the
Su(wiws).

(2) Spin tests additional to those considered above
can be carried out from analysis of the density matrix.
Once the parameters F,, have been determined, the
density matrix itself can be obtained, by use of Eq.
(2.37), for events having a given production kinematics.

III. DECAY INTO A SPIN-1 AND A
SPIN-0 BOSON

We consider the decay process
B — bo+b; , (31)

where B is boson of spin 7, b is a spin-0 boson, and &,
is a spin-1 boson. We also assume that parity is con-
served in the decay process (3.1). Our considerations
apply in particular to the mw resonance and to the mp
resonances. We have already discussed the decay of
the B meson in a recent letter® and we shall mainly
refer to the results contained there.

We call p and o the density matrices of B and &, in
their respective rest systems and we denote by M the
transition matrix in spin space. We have

I(v)o=MpM?*, 3.2)

where v is the unit vector along the ; momentum in
the B rest system and

I(v)=Tr(MM?) 3.3)

9 M. Ademollo, R. Gatto, and G. Preparata, Phys. Rev. Letters
12, 462 (1964). See also S. U. Chung, Phys. Rev. 138, B1541
(1965). The coefficients 0.3586 in the expression for 4 (42,2¢)
in Table II of the first paper should be replaced by 0.4811. We are
grateful to Dr. Chung for pointing out this error to us.
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is the b; angular distribution. Since M is invariant
under spatial rotations, its matrix elements have the
general expression

(vxylMljp'>=lZ Tl(lmylylju)ylm(v)y (3~4)

where |v), (—1<v<1), and | ju) denote the spin state
of b; and of B, respectively, and T are the reduced
matrix elements for B decay. They satisfy

| Th|2=1. (3.4)
l
From angular-momentum and parity conservation we
have
=3 for e=(—1)7,
I=j+1 for e=(—1)", 3.5)

having denoted by e the product of the intrinsic parities
of B, by, and b;. From (3.2) we have, by use of (3.4)

I(v)o'n’=§ TlTl" Z Pup’ Z (lm:1V| ]l“)
’ ' mm'

X @m' 1| )Y (VY e (v). (3.6)

It is convenient to introduce the expansion of the
density matrices p and ¢ in terms of irreducible tensor
operators, in analogy with (2.9):

P(f: ¢)= (f/j) Z' Puw (jﬂ"f‘Pl ]ﬂ) ) (37)
o (kx)= (E/V3) Z, o (10 kx| 10). 3.8)

In (3.6) we also use the formula
Yim ()Y (v)= (= 1) [/ (4m)']

1
X —E(lo,l'olLO) (m ' —m'| LMY L™ (v)  (3.9)

and we obtain, after summation on the magnetic
quantum numbers in the standard way, the following
expression for the polarization distribution of &;:

I(V)o(kx)= ?74 a(kx, LM)Y LM(v). (3.10)
a(kx,LM)= (4m)12E(25+1)
><§ p(f,0) (ke,LM | fo)
! j 1
XX (=TT (00| LO)XS Y 7 1p, (3.11)
u Lok

where X is the Wigner 9— j coefficient. We notice that
the angular distribution (3.10) contains only even-L
terms, due to the presence of the Clebsch-Gordan
coefficient (J0,/’0| L0) in (3.11), as it must for a parity-
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conserving two-body decay. For k=0, ¢(0,0)=1/V3,
Egs. (3.10), (3.11) give the b; angular distribution.
The coefficients a(kx,LM) satisfy the relation

@ (b, LM) = (—1)=Mg(h—x, L—M).  (3.12)

They can be obtained directly from experiment by the
following procedure. To each event one associates a B
rest frame and a b; rest frame. These rest frames have
to be obtained from the center-of-mass system for the
reaction in which B is produced, by two successive pure
time-like Lorentz transformations,® in order that our
noncovariant formalism be relativistically correct. In
the b, rest frame one measures the polarization coeffi-
cients o (k,x) from the b, decay. In the B rest frame the
coefficients a(kx,LM) are obtained as the averages

a(kk, LM )= {a(kx) ¥ L (v))v (3.13)

over the 4; angular distribution. The coefficients o (k,k)
are also obtained as averages over the angular distribu-
tion of the &, decay products. We consider the examples
of p decay and w decay. For p— 27 we have®

o(20)=— (10n/3) Vo @)a,  (3.14)

where u is the direction of any one of the final pions.
For the decay w — 3w we can apply the equations (2.46)
and (2.47), respectively, for the distribution of the
normal and of the momentum. In both cases the
coefficients vanish for £=1. With the aim of obtaining
spin tests independent of the density matrix, it is
convenient to introduce the test functions!

T(Lk,fo)= (12m)'2 L a(kx,LM) (kx,LM | f¢), (3.15)
M«

the normalization being such that 7°(00,00)=1. From
(3.11) we have

T(Lk,fo)=jB(Lkf)p(f,¢), (3.16)
B(Lkf)=V3kj
1 41
x; (=TT Il Q00| LOYXS Y § 1¢, (3.17)
L f &k

[the normalization is B(000)=17. The spin and parity
assignment can be made by verifying the following
conditions: If e= (—1)7 one has I=0'=j and | T};|*=1;
the B(LEkf) are known numbers depending on the
assumed spin ;7. The following conditions must be
satisfied by the experimental test functions T(Lk,fo):
(i) T(Lk,fe)=0 for f+k=o0dd, due to the vanishing
of the X coefficients: (ii) 7°(22,00)=1/v2, for any value

10 M. Peshkin, Phys. Rev. 123, 637 (1961).
1 The test functions defined in (3.15) are slightly different

from the analogous test functions 4 (Lk,f¢) defined in Ref. 9. The
relation among them is

T(Lk,fo)=(=1)/*kA*(Lk,fo) = (—1)eA (Lk, [~ ¢).
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of j; (iii) the ratios T'(Lk,f¢)/T(L'%',f¢) are known
numbers depending on j. If e= (—1)7*! it is convenient
to introduce the decay parameters

a=2Re(TiaTjn"),

8=2Im(Tj1Ts1"), (3.18)
v= T’ = Tinl*,
satisfying the condition
a?+p+y=1. (3.19)
Equation (3.17) takes then the form
B(Lkf)=aa+1ibB+cy+d (3.20)

where a, b, ¢, and d are real geometrical coefficients
depending on L, %, f, and j. The symmetry properties
of the X coefficients require that 6=0 for f+k=even
and ¢=¢=d=0 for f+k=o0dd. The ratios T'(Lk,f¢)/
T(L'®,f¢) are independent of the production process
and give a set of linear equations in the decay param-
eters, in a way similar to that discussed in the previous
section. The consistency of the solution, taking also
into account the condition (3.19), indicates the correct
value of j, and the decay parameters themselves can
then be determined. The coefficients B(Lkf) for
j=0,1,2 are tabulated in Table I for e= (—1)7 and
in Table II for e= (—1)7,

IV. DECAY INTO TWO FERMIONS

In this Section we include for completeness a brief
discussion of the decay of a spin-j boson into two
spin-% fermions. We write the density matrix of the final
fermions, in the rest frame of the boson B, in the form

P(!) = Z Pyv’ (B)TlsTl’s'* (s#l %Vl;%VZ)
X (s | 3o 5vd) (v | mysu) (5 | U s”)
X Yzm(V)me’*(V) | V1V2><V1,L'2,| , (4.1)
where p® is the boson-density matrix, v is the decay

direction, and 7', are the reduced decay-matrix
elements.

TasLE 1. The coefficients B(Lkf) for e= (—1)i.

]4

o+ B0O00)= 1

1- B(000)= 1
B(220)= 0.7071
B(202)= 03162
B(0 2 2) = —0.5000
B(222)=-2.2136

2+ B(000)= 1
B(220)= 0.7071
B(202)=—0.2673
B(022)=—0.5916
B(222)=—0.5051
B{422)=—02711
B(404)=—0.3564
B(224)= 0.2020
B(424)= 3.3128
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TasLE II. The coefficients B(LEf) for e= (—1)i*1,

j(

0- B(000)= 1
B(220)=—1.4142

1+ B(000)= 1
B(220)= a+0.3536y—0.3536
B(221)=—0.8660i8
B(202)= 0.44722+0.1581y—0.1581
B(022)= 0.4500y-0.5500
B(222)= 0.5916a—0.0598+0.0598
B(422)=—04811y+0.4811

2- B(000)= 1
B(220)= 1.0392¢40.2121y—0.3536
B(221)= 0.8744i8
B(202)= 0.1309a—0.4009y+0.0267
B(022)= 0.2133y+0.3803
B(222)= 0.56772+0.1611y+0.0196
B(422)=—0.21792—0.2711y+0.2711
B(223)= 024988
B(423)=—0.3938;
B(404) = —0.4364c+0.0891y —0.0891
B(224)= 0.04950—0.4377y—0.4108
B(4 2 4)=—0.32450—0.3333y+0.3333
B(624)= 0.2205y—0.2205

The polarization of one of the two fermions, say fi,
is described by the density matrix p™, obtained from
p" by taking the trace with respect to the variables
of fo. The angular distribution and polarization of f;
are given by

I(v)=Tr[p"],
I(v)P=Tr[p®e®]. (4.2)
One finds

I(V)=2 a(L,M)Y LM(v),

LM

(4.3)
where
a(L,M)=(1/(25+1))

XLQLA1)/(4m) ' PA(L)S(L,M)  (4.4)
and

S(LM)=3 puw® (jv',LM | j) (4.5)

are the coefficients of the multipole expansion of the
density matrix of B; furthermore, we have put

AL)=X (10,54 ju)A+A44"
s

with i
Ad=3" 1T (10,51 ju) .
1

An explicit expression of these quantities in terms of
the matrix elements 7', is

Ad=Tjo(2j+1)'2;
AL=T 117" = Tiaa G+ DM,
A= QAN [T V7
= T51 27+ 1D+ T, (G+1)12],
A= ANV [T,V §

+ 1512+ D)+ T (j+1)]. (4.6)
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Normalization in the solid angle is expressed by

‘IL [Tw|?=1. 4.7)

An expression for 4 (L), quite convenient for spin tests,
is

A (L)=(L0,50] jO)L|Ac|*4] 4[]

+ (L0, 71| DL A2 4 (= D)= 472,
In terms of the three orthogonal unit vectors
ve=nXv/|nX V|, v;=v;Xvy,

(where n is the normal of the production plane), we
obtain

I(WV)P-vi= 3 b(LM)V M (v),

(4.8)

Vi=YV,

(4.9)

b(L,M)=(—1)T2x(25+1)T2Do(L)S (L, M) ,
I(VP-vo=—(G/N2)[ T cr(L,M) D12 P (w)

(LMD ()],
IWP-vi=Q/ V[ T a1(L,M) D13 (w)

—Ca (LyM) 3)—1M(L) (w)jy (4- 10)

where
cx1(L,M)= (—1)7(V2/4r)
XLQ2LA1)/ 25+ 1)12Dsi (L)S(L,M)
and DyxP(w) are the well-known elements of the
rotation matrices, depending on the Euler angles
w=(¢,0,0), [v=(8,¢)]. The quantities D; appearing
in Egs. (4.9) and (4.10) are defined as
Do(L)= (1/v2)[(j0,70| L0)2 Re (A4 L4.>)
— (7L, —1[L0) (|42 [*— [4:719)],

Dy(L)=D_y(L)*=— (1/¥2)(40,51| L1)

XLACHANA P (—1D)E(AP— 4041, (4.11)
When f; is a left-handed neutrino, one has the condition

2 A (su|3n3—H=0, (4.12)

and the preceding equations become in this case
a(L,M)=2[ (2L+1)/ (4) ]S (L, M)
X[(L0,50] 0)| Tjo|*
+(L0,71] j1)| T;4]%],
b(L,M)=—2[ 2L+1)/ (4x) ]S (L, M)
X[(L0,70] j0)| T;o|*
— (L0,1] i1 T;4]%],
a(L,M)=[(=1)"+/2x][2(2L+1) 25+ 1) ]2
X (70,1 L) TnT'S(L,M),
o (L,M)=[(=1)"*/2xJ[2(2L+1) (25+1) ]
X (JO, U L) T" TS (L, M) .

(4.13)

(4.14)

(4.15)

(4.16)
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The results agree with those of Durand, Landovitz and
Leitner.”? When parity is conserved in the decay, we
distinguish, according to the two values of PpPy s,
between two cases:

(a) PpPyyy=(—1)
The only nonvanishing amplitudes are T, and T},
so that we have
a(L,M)=[(2L+1)/4x}"2[ (L0, 0| j0)| Tjo|*
+(L0,j1| 1) [ Tn[*1S(L,M)

for even L,
=0 forodd L; (4.17)
b(L,M)=[(2L+1)/4x (L0, 51| j1)| Ta|*S(L,M)
for odd L,
=0 for even L; (4.18)

a(L,M)=[(—1)i/4x]
X [%(2L+1) (254+1)T2(40,71| L1)
X[TjTin'— (— 1) T3 Ti]SL,M), (4.19)

e (L,M)=[(—1)i/4x]
X[3(2L+1) (254+1)T"(50,71| L1)
X[Ti'Ti— (—1)ET;Ti"1S(L,M). (4.20)

(b) PpPpy,=(—1)""
In this case we have
a(LM)=[QL+1)/4xTP[S(L,M)/(2j+1)]
X[(L0,70] j0)| 4:°[*42(L0, 71| j1)| 41'[*]
for even L,
for odd L;

=0 (4.21)

b(L,M)=[(2L+1)/4x T LS (L, M)/ (25+1)]
X2(L0,71|71) forodd L,

=0 for even L. (4.22)
(—1)# /2L 41\ 112
)= s
2j+1
21 Im(A4,L4*) even L
X (j0,31120)]
2Re(4,°4*) odd L,
c1(L,M)= (—1)H¢ (LM). (4.23)

From proper averages on the angular and polarization
distributions we can derive the various coefficients

127, Durand, L. F. Landovitz and J. Leitner, Phys. Rev. 112,
273 (1958).
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a(L,M), b(L,M), and cy1(L,M). Putting
g=40"+ 40,
7= |4:(*,
e=l4r,
a=(AL+A4,)47,
B=(A,—A)4L,
60=2 Re(4,4,"),

it is easy to show that in the general case

oLM) (—1)

= forodd L, (4.24)
BLM) ()
a(LM) ((10,0] jO)E-+ (0,1 1) (rP+5)
B(LM)  ((L0,0] j0)0+ (LO,1] 1) (m—1%)
for even L. (4.25)

From the solution of these equations one can obtain
the parameters £, 7%, {2 and 6. Furthermore we have

¢1(L,M)/a(L,M)= (known number) X (a+p)

for even L, (4.26)
ci(L,M)/a(L,M)= (known number)X (a— @)
forodd L. (4.27)

From (4.26) and (4.27) we can get @ and 8 and test the
consistency of the spin assignment by the relations

|a|?= (£+0)%, (4.28)
[B]2= (8—06)n*. (4.29)

These equations provide us with a general test for the
spin of B.

Note added in proof. We have received an unpublished
report by C. Zemach in which a similar analysis is de-
veloped. There is a strong correspondence in basic
formalism between the two approaches. In particular,
Eq. (2.28) of Zemach’s report is essentially the same
as our Eq. (2.8), with ¢ corresponding to our
F*(LM wws), with Zemach’s Eq. (2.25) corresponding
to our Eq. (2.10), and so on. Also doxaa in Eq. (2.29)
of Zemach’s paper is equivalent to our T'(L,M,M’) in
our Eq. (2.36). We thank Charles Zemach for sending
us this information before its publication.

APPENDIX A
Three-Body Decay of a Higher-Spin Boson

In this Appendix the method is applied to the three-
body decay of a boson of spin j and parity e (¢ denotes
the product of initial and final intrinsic parities) and the
relevant spin tests are derived. The case j=1, for both
cases of parity, is discussed in the text (Sec. 2.3). The
discussion is here extended to j=2 and j=3.
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=2

The nonzero matrix elements F,, are those with
p,v==1. There are four independent ratios (2.41), and
the Egs. (2.43) give

R(2,2,0)=—2.450F_,,, (A1)
R(4,2,0)=1.581F_,, (A2)
R(3,2,0)=R(4,4,0)=0. (A3)

From (A1), (A2), and (2.50) we have
R(2,2,0)=—1.55R(4,2,0), (A4)
|R(2,2,0)| <1.22. (A5)

The coefficients of the distribution of the normal
[Eq. (2.13)] are

a(1,M)=[0.915/ (4m) *](Fu—F_1-)o(L,M),  (A6)
a(2,M)=—[0.600/ (4m)""Jo(2,M), (AT)
a(3,M)=—[1.197/(4m)'*}(Fu—F--1)p(3,M),  (A8)
a(4,M)=—[0.800/ (4m)"*Jp(4,M) (A9)

and those of the momentum distribution [Eq. (2.19)]
are
b(2,M)=—3%a(2,M)(6 ReF_1;+1),

b(4,M)=a(4,M)(0.375—1.250 ReF_y,).

(A10)
(A11)

For the X" u |a(L,M)|? we can give limitations analo-
gous to (2.53’) by using

(2L+1)
> |p(LM)|*<——— max, | (ju,L0| ju)|* (A12)
M 2j+1)
(Fu—F_i_1)*<1—4|F14|2. (A13)
We find

(4m) % la(1,M)]2<0.335(1—4|F11]?), (Al14)
(4m) 2 [a(2,)[*<0.103, (A15)
(4r) % |a(3,M)[2<0.573(1—4|F11]?), (A16)
(4x) % [a(4,M)[*<0.329. (A17)

For the ratios b(L,M)/a(L,M) we find the following
limitations

—25b6(2,M)/a(2,M)<1, (A18)
—0.250<b(4,M)/a(4,M)<1. (A19)
je=2v

The nonzero matrix elements F,, are those with
u,v=0,42. The Eqgs. (2.43) give in this case:
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(F02+F~20) =R (2)210) (1 - 2F00) ) (AZO)
Foy—F_50=0.44TR(3,2,0) (F;—F_s_5), (A21)
(F02+F_20) - R (4,2,0) (0259+ 1289F00) y (A22)
F_32=R(4,4,0)(0.1204+0.597F ). (A23)

These equations together with the relation Fgo+Fse
+F_» 2=1, are sufficient to determine the matrix F,,
completely. The ratios R have to satisfy the limitations

|R(4,2,0)| <3.87, (A24)
| R(4,4,0)| <4.20, (A25)
|R(4,2,0)/R(2,2,0)| <3.87. (A26)
The coefficients a(L,M) are
a(1,M)=[1.823/(4m)"*](Faa— F_s2)p(1,M), (A27)
a(2,M)=[1.195/(4m) #](1—2F 40)p(2,M) , (A28)
a(3,M)=[0.600/ (4x) /) (Fas— F—22)p(3,M), (A29)
a(4,M)=[1/(4x)2](0.200+ Foo)p (4,M) . (A30)
The coefficients b(L,M) are given by
b(2,M)=a(2,M)[—0.500+1.225 Re{R(2,2,0)} ],
(A31)
b(4,M)=a(4,M)[0.375—0.791 Re{R(4,2,0)}
40,956 Re{R(4,4,0)}]. (A32)

The a(L,M) are subjected to the limitations

(4m) 2 [a(L,M)[?<1.329(1—4|F24[?), (A33)
(4m) 2 |a(2,M)[*<0.408, (A34)
M

4r) > |a(4,M)|2<0.741. (A36)
M
We have also the limitation
—6.650(4,M)/a(4,M)<7.4. (A37)
je= 3+

There are nine (eight independent) matrix elements
Fyy for u,y=0,42. The Egs. (2.43) give explicitly:

F02+F_2o= 0.894R (2,2,0) (F22+F_2_2— 1) ) <A38)
Foo—F_30=—R(3,2,0) (Fee—F—-23), (A39)
Fost+F_s0=R(4,2,0)

X [7.486 (FartF_s_5)—3.457], (A40)

F_zz = - R (4,4,0)

X[1.555(FartF_p2)—0.718], (A1)
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Fos—F_20=0.755R(5,2,0) (Fos— F o) , (A42)
F02+F_2o= - .R (6,2,0)
X [0.936 (Foet+F_5 5)—1.3417, (A43)
F_22 = R (6,4,0)
X[0.556(Fa+F_5 9)—0.796], (A44)
and also
R(5,4,0)=R(6,6,0)=0. (A45)

Equations (A38)-(A44) are, in general, sufficient to
determine the matrix elements F,,. Furthermore the
following consistency relations have to be satisfied
among the experimental ratios:

R(5,2,0)/R(3,2,0)=—1.324, (A46)
R(4,4,0)/R(4,2,0)=—2.9R(6,4,0)/R(6,2,0), (A47)
0.894R(2,2,0)—3.457R (4,2,0)
0.894R(2,2,0)—17.486R (4,2,0)
1.341R(6,2,0)+3.457R (4,2,0)
= . (A4B)
0.936R (6,2,0)+7.486R (4,2,0)
In addition, we have the following limitations:
|R(6,4,0)| <2.12, (A49)
| R(6,2,0)/R(2,2,0)| <0.63, (A50)
| R(6,2,0)/R(4,2,0)| <10. (A51)

j=3-

We have in this case 15 independent matrix elements
F,, with y, v odd. The Egs. (2.43) are
F_11+0.644(F_3_1+F13)

=R(2,2,0)[1.632(F 33+ F_3_3)—0.611],
F_;;_]_— F13= R(S,Z,O)[O707 (Fss'—F_g_s)

+ (F-n—F_n)],
—F_1+1.161(F_3_1+F13)

= R(4,2,0)[0.316(Fay+ F—s_5)+0.1597,
F_pn+F_13=R(4,4,0)[0.308 (F3;+ F_3-3)+0.155],
Foy 1= Fiy=R(5,2,0)[0.267 (Fss—F_s_s)
F1129(Fy—F_y )],
F_yi— Fro=R(5,4,0)[0.307 (Fsy— F_s_s)

+1.300(F1;—F_11)],
F_11740.259(F_3 1+ F13)

=R(6,2,0)[0.731—0.683 (F33+F_s_3) ],
F_s1+F_13= R(6,4,0)[1.034—0.966 (F35+F_3_3) ],
F__.33 = R (6,6,0)[0.5 - 0.460 (F33+F_33)] .
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The matrix F can be determined, apart from one rela-
tion among the diagonal matrix elements. The following
consistency relations have to be satisfied among the
coefficients R:

0.043R (4,2,0)4-0.611R (2,2,0)+0.929R (6,2,0)
1.632R (2,2,0)—0.066R (4,2,0)+0.868R (6,2,0)
1.034R (6,4,0)—0.155R (4,4,0)
" 0.966R (6,4,0)+0.308R (4,4,0)
0.611R(2,2,0)40.586R (4,2,0)43.427R (6,2,0)
1.632R(2,2,0)—3.378R (4,2,0)— 1.936R (6,2,0)
1.034R (6,4,0)— 0.155R (4,4,0)
" 0.066R (6,4,0)+0.308R (4,4,0)

We add a few remarks for the case of exchange sym-
metry, considered in Sec. 2.2. It is convenient to
consider the matrix ® instead of F. The matrix elements
&, satisfy the same conditions that F,, and, in addition,
the symmetry condition of Eq. (2.33). The test func-
tions T'(L,M,M") will satisfy Eq. (2.44) and,in addition,

T(L,M,0)=0 for odd L, (A52)

deriving from (2.37) and (2.45). The ratios R(L,M,M")
must be real. For the specific cases of <3, the equa-
tions for the ®,, can be obtained as particular cases of
the corresponding equations for the F,,, by taking into
account the preceding considerations. Some of the
limitations on the ratios R are actually stronger.
Specifically, we have

for je=2*, instead of (A24), we get

[R(4,2,0)| <1.12; (A53)

for je=3*, in addition to (A49)-(A51), we have

| R(6,2,0)]| <0.96; (A54)

for j¢=3-, the limitations are the following—

|R(4,4,0)| <1.84,
|R(4,2,0)|<6.3,
|R(6,2,0)| <1.43,
|R(6,4,0)] <1.86,
|R(6,6,0)| <15,

0.15<|R(6,4,0)/R(4,4,0)| <6.5. (AS55)



