
PH YSICAL REVIEW VOLUME 139, NUM BER 6B 20 SEPTEMBER 1965

Possible Effects of CP Violation in X+~3~ Decay*
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The effects of CP violation in E ~ 3m decay have been investigated. In a linear energy approximation for
the decay matrix elements, one can prove, using the TCP theorem alone, that the partial decay rate of the
v (or v') mode (and also 8 modes) for the E+ meson is nearly equal to that for the E meson, provided that
one can neglect contributions from the final I=3 pion configuration. Also, effects of final pion-pion inter-
actions have been computed by extending the dispersion-theoretical treatment of Khuri and Treiman.

I. INTRODUCTION AND SUMMARY OF RESULTS

HE existence of the decay mode E20 —+ 2w has
been reported by Christenson, Cronin, Fitch,

and Turlay, ' and this has been subsequently confirmed

by others. ' Although several possible explanations' of
this phenomenon have been advocated, the simplest is
undoubtedly that of assuming CP violation4 in the
weak interaction. In this paper, we shall adopt this
viewpoint and will investigate its consequences for the
E+~ 3~ decays:

(1a)

E+—+ m +x'+x+, (lb)

(1c)

E--+ m +vro+x-. (1d)

If CP invariance holds true, then the decay modes Eq.
(1a) and Kq. (1c) must have the same pion energy
spectrum and the same decay rate. The same is true
for decays Kqs. (1b) and (1d). Since we do not assume
CP invariance in this paper, these are no longer valid,
although the CPT theorem' demands that the sum of
the decay rates of Eqs. (1a) and (1b) must be equal to
that of Eqs. (1c) and (1d), as we shall see in the next
section. However, we shall show also in the next section
that the decay rate of Eq. (1a) must be equal to that
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of Eq. (1c), if we use the linear-energy approximation
for the decay matrix element and, furthermore, if we
can neglect contributions from the final I=3 pion state.

The second assumption essentially corresponds to
the usual hypothesis of assuming the dI =-,', -', selection
rule but not AI=-,'. Thus, the experimental near-
equality of partial rates of Eqs. (1a) and (1c) does not
necessarily require CP invariance. To test that, we
have to look at the energy spectrum of the final pions.
We have performed a detailed computation of this
problem in Secs. III and IV using a dispersion-theoretic
technique which is a certain generalization of the
method used by Khuri and Treiman. It is pointed out
that the present experimental data Inay be consistent
with the possibility of maximal CP violation in IC —+ 3m

decays.

StS=1.
If we set

S=1+8)
then we can rewrite Eq. (2a) as

St+StR = 1.

(2a)

(2b)

(2c)

Taking the matrix element of Eq. (2c) for E—+37r,
and Jf —+ 3m decay, one finds

(37rlstlz&+Z. (3s'Istlm)&~lail~&=o,

&3~Is'Ilt&+Z. &3~Is"I~&&NI&l&&=o (3b)

The intermediate state In) on the left-hand side of
Eqs. (3a) and (3b) must include all possible decay
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II. PHENOMENOLOGICAL ANALYSIS

It is well known" that the CPT theorem requires a
particle and its antiparticle to have the same lifetime.
However, for partial decay rates, this may not be true'
unless C or CP invariance holds, if we have strong
interactions in its final state.

Now the unitarity condition gives us'
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modes of E+. Now, since we are considering a weak

process, we can neglect higher order sects with respect
to the weak interaction. Thus, the intermediate states
lzo& can be restricted to only 2)r or 3)r states, if we

neglect electromagnetic decay modes.
Furthermore, a 2m —+ 3g transition corresponding to

(3)rlStl2)r& cannot proceed by strong interaction, be-
cause both the 2+ and 3w states must have zero angular
momentum and parity must be conserved. (Or, we

may alternatively use G conjugation. ) Therefore, we
can restrict the summation in Eq. (3) to only the 3)r
intermediate states.

When one sets

isospin I. Again, when we define

wz(K —) 3zr)=2zr P lMz(K + f—)l'b(Eo Ey),

wz(K 3)r) =2zr P lMz(K + —f) l'b(Eo E—y),

w (K~ 3)r) =Pz wr (K ~ 3)r),

w(K +3)r)-=Pz w(K —o 3)r),
(13)

then we find

wr(K~ 3zr)=wr(K~ 3)r) (I=O, 1, 2, 3). (12)

Because

Eq. (8) follows immediately.
Now, as an application of Kq. (12), let us first

consider the case of I=1.Then we can set, as usual, '(flSlo&=by, 2mib(E, —Ey)M(i ——) f) (4)

and notes that the CPT theorem gives

&flS'ii&= (&flslo&)*,

then Kq. (3) can be written as'

Mi(K —+3)r)=a(g y)A+)(y a)B+y(a g)C, (14)

Mo(K~ f)=Q S*(f~ n)M(K~ n),
M'(K —+ f)=P S"(f~n)M(K~zz),

A (Ti,To,To) = C(To, To,Tz),
B(Ti To))To) C (Tz)T3)To) )

C (Ti) To) To) C (To)Ti)To)

where f is the 3)r 6nal state of E decay and f is its
CI'T conjugate state. The summation in Eq. (6) is
restricted to 3w states as we noted in the above, and
S(f—+ n) designates the S-znatrix element for strong
interactions alone.

Now, the total decay rates for K~3+ decay are
given by

(15)

Choosing particles 1 and 2 to be the identical ones, the
matrix elements for E+ decays are now given by

Mi(E+ +)r+ (1))r+(2))r (—3))
=A (Tz,To, To)+B(Ti,To, To), (16)

()
where vectors a, g, and y are the isospin of pions 1, 2,
3 and A, 8, C are scalar functions of the kinetic energies
T&, T&, T3 of the three pions in the rest system of the
kaon. Owing to the Bose statistics obeyed by the pions,
we have

w(K —) 3)r) = 2)r Q l
M(K ~ f) l'b(Eo Ey), —

/MAL (7)
Mi(E+ ~ zro(1))zo (2))r+ (3))=C(T TiTo).o(17)

w(K +3)r).=2)r P—lM(K~ f)l'b(Eo Ey). —

w(K —) 3)r) =w(K ~ 3)r)

or, explicitly, that

(8)

Then, from Eq. (6) and the unitarity of the S matrix,
we find

The corresponding matrix elements for E decay may
similarly be written as

Mi(K ~zr (1))r (2))r+(3))
=Z(Ti)To)To)+B(Ti)To)To) ) (18)

Mi(K ~)r'(1))z (2))r (3))=C(Ti)To)To). (19)

It is more convenient to use the S;, defined by

w (K+~ w+zr+zr )+w (IC+ ~ )ro+)ro+)r+)
=w(K +zr +zr +zr+)+-w(K — )+)ro+oz)))r.—(9)

S,= T,——',Q,

Sr+So+So =0.
(20a)

(20b)

This result has been already noted by t.uders and
Zumino. ' However, we can sharpen Eq. (8) as follows.
We note that the final pion states can have total isospin
I=O, 1, 2, 3. Then, define Mr(K~ 3)r) as the 'decay
matrix element for E ~ 3m. with 3m total isotopic spin
I. If we notice that the strong interactions conserve
isotopic spin, then Eq. (6) can be written as

Mro(K ~ f)=Q Sr*(f +N)Mr (K ) zr), —
Mr*(K~ f)=g Sr (f~zo)Mr(K~I), (10)

where S~ is the 5 matrix evaluated between states of

where Q is the Q value of K~ 3)r decay [i.e., Q
=ziozr —3z), where zzz)r (z)) is the kaon (pion) massj.

Taking into account the experimental fact tha, t the
Dalitz plot for E+—+ 3m is almost isotropic and since
the S; are rather small quantities, we expand 2, 8,
and C in S;, retaining only the 6rst-order terms' "

C(Sz,So,So) =)z+c(Sr+So)+dSo)

9 For example, M. Gell-Mann and A. H. Rosenfeld, Ann. Rev.
Nucl. Sci. 7, 407 (1957).

1o S. Weingerg, Phys. Rev. Letters 4, 87 (1960)."R. Sawyer and K. C. Wali, Nuovo pimento 17, 938 (1960);
and Phys. Rev. 119, 1429 (1960).
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where Eq. (15) has been taken into account, and a, c, d and (2a), etc. :
are some constants. Using Eq. (20), we can write this, , + + +
in the following form. =Pg[M(E——o or

—or-or+) I'
C (Si,Si,Sa) =a+ bSo. (21a) or

(29a)

Then by (15) we have

A (St,Ss,So)= a+bSi,

B(St,Ss,So) =a+bSs (30b)w (E+~ orooroor+) =w (E ~ oroor'or )

w(E+ ~ or+or+or
—

)=w(E —+ or or or+), (29b)

(21b)
PrlbI(E+~ ~'~'~+) I'=Zf [3I(E ~ ++~ ) I' (30a)

(21c)

w(E+ —+ or+or+or
—)/w(E+ ~ oroor'or+) =4 (31)

(22)C= a+bSo, 8= a+5Ss,
w(E—~ or-or-or+)/w(E- ~ or'or'or ) =4. (32)

Similarly, the matrix elements for K decay are given besides the well-known branching ratios" "
by

2z So= s 21 (Si+So+So) =0 (2&)

where the summation is taken over the phase space,
and also we have neglected the mass difference between
or+ and or . Now, by virtue of Eqs. (11) and (12), this
results in

which gives

g 2 g 2 (28)

If we assume the AI=~ rule, then we have only an
I= j final state. Therefore, we can replace M& by M
and, we find equal partial-decay widths for Eqs. (7a)

The absolute squares of the matrix elements are,
neglecting quadratic terms, in 5;,

[3fi(E+~ ~+&+~ ) I'=4CI a I'—Re(a*b)So] (23)

I
M, (E+~ or'ores. +) ['= [a['+ 2 Re(a*b)ss, (24)

I Mi(E ~ or-or—or+) I'=4LI a['—Re(a*5)So], (25)

I3f t(E ~ ~o~'~ ) I'=
I
al'+ 2 Re(a*5)So. (26)

Now we note the formula

The relations (29)—(32) hold true even if we take
into account the I= 2 term, because this term does not
contain a symmetric space part in the linear approxi-
mation. Ke note that these relations were obtained
without using CI' invariance.

If an I=3 term exists (b,I=os rule or IiI=s7 rule),
these relations (29)—(32) must be modified, " because
of interference between the I=1 and I=3 symmetric
final states. Experimentally, relation (29) seems to be
well satisfied, indicating that I=3 is absent or very
small. Also in the K~0 —+ 3m decay, the AI= —', inter-
action appears to be small experimentally. Therefore
we do not consider the possibility of a nonzero I=3
term hereinafter. Thus, we conclude that Eqs. (29)
and (30) hold if the linear matrix approximation is
good and if we have no I=3 6nal state of the pions.
Now we consider the energy spectrum of the unlike
pion.

If CP invariance holds, (1a) I (1b)] has the same
spectrum as (1c) L(1d)], respectively. However, if CP
invariance and C invariance do not hold, the spectrum
has in general diferent shapes and will satisfy the
following relation:

[Mr(E+ —o or+or+or-)
I

'—
I
Mr(E- —o or-or-or+)

I

'
= —2 for I= 1

I
Mi(E+ o or or or+)

I

s—
I
Mr (E —o or or s=)

I

=+2 for I=2.

(33)

We characterize the energy spectrum by defining a
slope Xl so that, for example, the spectrum of the
unlike pion in decay mode (1a) is given by

-1+)r(E+ &or+or+or-)So. —
Then the above relation can be expressed in terms of X~ ..

) r/E+ ~ ~+~+~ ]—) rLE ~ ~ ~ ~+)
= —2 for I=i

)trLE+ ~ e~'~+]—).,LE-~ WW~-]

=+2 for I=2.

Similarly, we have the following relation:

) rDE+ ~ or+or+or )+(E——+ or
—or-or+)]

for I=1
hrg(E+ o or or~or+)+ (E o or'oroor )]

=+-,'- for I=2.
(36)

~ C. Zemach, Phys. Rev. 133, 31201 (1964)."In this case, we have

l~r(&+ + or+or+s ) I
Zo[ arq+2a 'o

&r[M(X+ ~ orooroor+) I'= ~r la& —2aol'
Zf I[31(IC + x x K ) [ Zf (2a1+gg[
Zx l~(& ~ oosoor ) Io=&I [ai—2aol'

with la~Is= la~Is, lao['= [aol', where ao (ao) is a constant term
which comes from I=3 6nal-state amplitudes.
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Finally, we remark that the same method is also ap-
plicable to Ko —+ 3x decays. " Restricting ourselves to
the J= 1 state alone, we may expand

M&(Kp ~ 7r+(1)o.-(2)s'(3))=&t'+b'Sp, (37a)

Mg(Kp~ vr'(1)n (2)w'(3))=3&t', (37b)

Mg(go~ pr (1)s+(2)7r (3))=a'+O'Sp, (38a)

Mg(Ko —+ so(1)pr (2)pro(3)) =3a', (38b)

which are the analogs of Eqs. (21a)—(21c) a.nd (22).
Again, Eq. (12) results in

(39)

If we assume the AI =-,'rule furthermore, we get

&t'= a/V2, b'= b/V2,

&t'= &t/v2, 5'= 5/v2.

Hence, when we write

K+ —+3m decays when CI' invariance does not hold.
Here we shall restrict our discussion to the I=1 6nal
state and write 3f instead of M i. This would be justified
if the AI=-,'rule holds.

Following Khuri and Treiman, ' we may use the
following artifice to simplify some of the writing. Since
we suppose the pions to come out in an I=1 state we
can, as a matter of convenience, pretend that the K
meson has isotopic spin unity and that isospin is con-
served in the decay. In this sense, we denote by p the
charge state of the E meson. Invariant matrix elements

Hap py and Mp p~ are now introduced by

(16&o«o,&o,E~)'&'S(E&» ~ s & & (1)s &» (2)s.&» (3))
= —(2or)'ob'(prr pg pp

—po—)M o—.p„, (44a)

(16&o«pp&ooE~)'&'S(Z&o' ~ or& '(1)o &p'(2)7r'"(3))
= —(2pr)'ib'(pr& —

pg
—pp —po)Mo. p„, (44b)

where

I
Iti'& = p I &o&—

q llano&,

I
&p'& = pl &o&+a lI~'p&, I p I'+

I el'=1, (41)

Mpapy= Abpabpy+&bppbya+Cbppbap y

Mo p~=Abo bp, +Bboph„+Cbog p (45b)

we find.

h(lt, o ~ pr+(1)pr
—(2)o.o(3

= (K2) '(Pa+ I7&t)+ (W2) '(Pb+qb)So, (42a)

Mg(Epo ~ 7r'(1)oo(2)pro(3)) = (3/v2) (p&t+pa), (42b)

Mg(Eg'~ pr+(1) pr (2)o'(3))
= (v2)-'(p&t —qa)+ (v2)

—'(pb —gb)So, (43a)

M&(Ep ~ prp(1) pro(2) pro(3)) = (3/V2)(pa —g&t). (43b)

From Eqs. (42a) and (43a), we notice that in our ap-
proximation w+ and ~ in the E&' and E2' decays have
symmetrical energy spectra. Hence, if one Ands an
asymmetrical energy spectrum for x+ and ~, this
means that we must have an I=2 final pion state.
This conclusion is independent of the AI=2 rule, and
also of the presence of I=O and I=3 pion states. In
the future, we hope to be able to check some of these
predictions.

III. DERIVATION OF THE MODIFIED
KHURI-TREIMAN RELATION

In this section, we shall discuss the effect of the
final-state interactions on the energy spectrum of

Actually, our A, 8, C, A, 8, and C are essentially the
same quantities as those introduced in the previous
section, apart from a common multiplicative factor,
and this is the reason we use the same notation.

Now, let us introduce the usual Mandelstam variables:

Then we have

s K 1 )

t = —(px —po)',

u= —(pz —po)'.

s+t+u= mrr'+3/i',

(46a)

where p, is the pion mass. In the rest system of the
E meson, s, t, and u are related to the kinetic energy
T; of the pions by

s= (mrr —t&)'—2mr&Tg,

t = (m~ —t&)"-—2m~To,

u= (m~ —t&)'—2m~To.

(46c)

Hence, A, 8, C, A, B, and C' can be regarded as func-
tions of s, t, and u.

Similarly, we may define the T matrix for 3m-3x
scattering by

(S 1)- P v, -Pv—= (2~)'ob"'(P—&+Ps+Pa —P&' —Pp' —Po') T.p, .p, .
Then, we can rewrite Eq. (6) as

M, p, (s,t,u) Mo p,*(s,t,u)—

(47)

(&dipoo&do)= —(2s.)4i
spy cPp2~d p3

b'(pi'+pp'+po' prr)Mo p, *(s't'u')—T .p;, p„, (I)
(2pr)' (~&'&pp'&po')'&'

"There is an experimental datum on E10~ 27+~ 2t which is compatible with CE conservation pJ. A. Anderson, F. S.Crawford, R.L. Golden, D. Stern, T. 0. Binford, and V. G. Lind, Phys. Rev. Letters 14, 475 (1965)j."N. N. Khuri and S. B.Treiman, Phys. Rev. 119, 1115 (1960).
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M, p„(s,t,u) M— , p,*(s,t,u)

(4)&&L&2&L&&)
&

= —(2&r)4i
3f

d'p&'d'p2'd'pg'

(2&r)'
b'(p&'+p2'+p3' p—~)M, - p *(s't'u')T- p v -p . (II)

(&L&1 602 &03 ) &

For the 3m-3x scattering amplitude T, we make the approximation that only one pair of pions interact at a time.
This is expected to be correct for the relatively weak final-state interactions. Suppose first that pion 2 and pion 3
interact. Ke have

1 d'P). 'd'P2'd'P3'
M p~p, (s, t)u) Mp—~p, *(s,t,u) = ( &)

—(27r)'(co&co~3)' ' — b'(p, +pg+ p,—p, ' —p,
' —p, ')

2! (2&r)'

M perp~ yr

X Q — Tp, , p, (2~)'b'(p&' —p&), (4g)
p'& '

(&a, '~g'co&') &"-

where Tp, p~ is the w-x scattering amplitude.
Since the Q value of the E+ +3x deca—y is rather low, we assume that the dominant contribution comes from

the pion-pion 5-wave scattering and neglect the contributions from intermediate states with high mass. We take
the point of view" that the high-mass contributions may aGect the total decay rate, but not the spectrum shape
which concerns us here. Tp. ~. ,p~ can be expressed in terms of the w-w scattering phase shifts in the center-of-mass
system as follows:

Tp.„,p, (s)= (I/s)bp. ;,p„(s).

bp, ,p„= ', (b ' -b" )b—p. , bp, +-,'b '
(bp pb;, +bp, bp, ),

b&'& (s) =—32&r[s/(s —4t&') ]"'e*""&'& sinb "& (s)

where 5( ' is the pion-pion S-wave scattering phase shift in the isospin state I.
Substituting these formulas into Eq. (48) and performing the isospin summation and momentum integration,

we obtain

M.-p. M, -p.*—=»(b, -bp. [As*(s)f"'(s)+(Bp*(s)+Cp*(s))p(f"'(s)—f"'(s))1
+b„b.,[-,'f "& ( )(B,*(s)+C,*(s))]+b,„b.,[-,'f &"-& (s)(B *(s)+C '(s))]},

where f&r&(s)=e'&&""& sinb&r&(s) and Ap(s), Bs(s), and
Ce(s) are the 5-wave amplitudes of A, B, and C,
respectively, in the c.m. system of pion 2 and pion 3.

Now we include the interaction between particle 1
and particle 3 and the one between particle 2 and
particle 1. This is easily done if we notice the boson
property of pions.

Combining, we have

M,.p„(s,t,u) M,.p„*(s,t,u—)
= 2i(b p.bp, [U(s)+ V (t)+ V (u)]

+b„b.,[V(s)+U(t) y V(u)]
+b„b-p[V(s)+ V(t)+ U(u)]),

where

U(x) = f A e*(x)+-', (Be*+Cp*))f&0& (x)
—~~(Be*+Ce~)f&2&(x), (50a)

V(x) =-,'(Bp*(x)+C *(x))f"'(x) (x=s, t, u) . (50b)

We can write this in the following form:

A (s,t,u) A" (s, t,u—)= 2i[U(s)+ V(t)+ V(u)), (Ia)

B(s,t, )—B*(s,t,u) = 2 [V(s)+U(t)+ V(u)], (Ib)

C(s, t,u) —C*(s,t,u) = 2i[V(s)+ V(t)+ U(u)]. (Ic)

However, these relations are not independent since we
have

A (s, t,u) =C(u, t,s), B(s,t,u) =C(s,u, t), etc. (51)

(Ia) and (Ib) are automatically satisfied if (Ic) is, so
we consider only the relation (Ic) hereinafter.

(Ic) can be written

U"'= [A ~+ '(B ~+Cs*)]e""-'sinb&'&,

U "&= '(B *+Cp*)e"—"'-sinb "&

V(o) p

V&'&=-", (Bs*+Cp*)e""'sinb&'& (=——,'U&").

Now if we start from relation II instead of I, we get

C(s,t,u) —C*(s,t,u)

2i P [V&r&+ V &r& (t)+ U&r& (u)] (54
Im, 2

where

U"' = (A p*+ ', (Bp*+Cp*))e'"' sin-b&'&,

U"' = ——'(Bs*+Cp*)e'p"' sin8 "&

P(0) 0
V"&=-'(Be*+Ce*)e""&sinb "&.

(55)

C (s,t,u) —C*(s,t,u)

=2i P [V' '(s)+ V&r&(t)+U& '(u)], (52)
Im, 2

where
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Comparing Eqs. (52) and (54), we find

g(s)+g(t)+ f(u) =0,
where

(,) E L-V(r)(s) (V(.)(s))*7

f(u)= Z—LU'"(u) —(~("(u))*l.

L (') =X(') sins(o)e —' o, V(') =0,
L'('2) = —-'V(" = —~X(2) sinb 2 e '&'.3 3

(62a)

(62b)

If CP invariance (or C invariance) holds, then we have
go= g2=o.

Since the right-hand sides of Eqs. (52) and (54)
consist of the contributions from the I=0 and I=2 2x
states, we may separate C and C by

C—C(0)+C{2)

Q —t. (o)+t. (") (63)

with the condition

C(r) C(r)+ —2tfV(r)(s)+V(r)(t)+P'(I)(u)g
(I=0, 2), (64)

Noting Eq. (46b), i.e., s+t+u=mz+3u2, we see
that Eq. (56) is a function equation which holds for
arbitrary values of s and t within a certain range of
kinematically allowed values. If we assume that g(s)
and f(u) are differentiable with respect to s and u,
respectively, then we can easily solve this function
equation with the following general solution:

f(u) =a+bu,
58

g(s) = '~+bfs ', (~—P-+3u') j,
where u and b are arbitrary constants. Now note that
the pion-pion phase shifts b(s)&r&(I=0, 2) go to zero in
the zero-energy limit, s —+4@,'. Then, from Eqs. (53)
and (55), we see that g(s)~0 and f(u)~0 for
s —+ 4p', e —+ 4p, ', provided that A or A* remains finite
in that limit, which is reasonable experimentally. There-
fore, we conclude from Eq. (58) that s—=b=O. Thus
again f(u)= g(s)=—0 by Eq. (58). Hence, Eq. (57) now
reads:

&e+s(~e+Cs) =L's*+s( e*+Ce*)j~""', (58)

e+Cs=[&e*+Cs*je'*'"'

When we introduce two real functions X&r'(x) and
sr(x) by

~e(x)+e(Bs(x)+Ca(x}j=X"&(x)e'+«*'e"""*' (60)

Be(x)+Cs(x)=X"&(x)e'+'(*)e""'&*), (61)

it follows from Eqs. (58) and (59) that

As(x)+xi[Be(x)+Ce(x)]=X(')(x)e'+".)e""'(')-, (60a)

Be(x)+Ce(x) =X(')(x)e '+'(*)e""'(*).(61a)

Comparing these with Kq. (53), we have

C(r) esyrC(r)

C{r) e-.~iC(r) (68)

and then Eqs. (64) with Eq. (62) gives

ImC(') =sinb(0)(u)X&)(u),

ImC&'&=2 sink(-')(s)X&'&(s)+i sinb(')(t)X&'&(t)
——', sinb(')(u)X("(u). (69a)

(69)

Now, the real parts of the C( ' can be determined by
using dispersion relations. %'e assume that the C'r)
(but not the C&r') satisfies the once-subtracted dis-
persion relations of Cini and Fubini. '

%'e summarize the above procedure. Ke write C and
t. in the following form:

ei«C(o)+esy2C(2) (70)

C= e-'«C(o)+e-'ft 2C(') . (70a)
I6 M. mini and S. Fubini, Ann. Phys. (N.Y.) 3, 352 (19M).

so that Eq. (54) is automatically satisfied. Of course,
the decomposition Eq. (63) is not unique. In fact, for
an arbitrary complex number n, we may change C(r)

and P(r) as
C(o) ~ C(o)+o

Co) ~ C(2)

C(o) —+ C(o)+a*
C'( ) (, (2)

withoutaffecting Eqs. (63) and (64). Taking advantage
of this freedom, we can normalize C() and C() so as
to satisfy the following additional condition:

(I=o 2) (65)

provided that we have

Im{(V"'(s)+V"&(t)+U&'&(u}]*
XLV'-'(s)+V' (t)+U "(u)i}~0. (66)

Noting Eqs. (62), this condition is equivalent to

sin(+0 —ran}~0. (67)

If CP invariance is violated, then Eq. (67) would in
general hold. If CP is conserved, then Kq. (67) is not
true. But in that case, we can use the result of the
calculation of Khuri and Treiman" and there is no
problem. At any rate, the case sin(q» —q»)=0may be
regarded as the limiting case of Eq. (67). Indeed, our
final formula agrees with that of Khuri and Treiman in
the limit of yo—p2 —+ 0. Therefore, we believe that we
can assume Eq. (67) without having any difhculty.
Then, we can set the additional condition Eq. (65) as
has been noted in the above. Thus, C&r& and C&r& may
be written as

C(I)—e.rC(I) C(I) e '8&C(r) (I——02)
where Hr is a real number. Inserting these into Kq. (64)
and using Eqs. (53) and (62), we find that we must
have Hr=—q r. Thus we obtain
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I&'&(x) =

C& '(s, t,u)=D' &+W&r&(s)+W' &(t)+Z& '(u) (71)

Then from the CI'T theorem, we determine ImC'( ) by where

Eqs. (69) and (69a). ReC&r& can be determined from

the dispersion relation, so that finally we obtain
e '""&*'&sinb&'&(x')

dx' (x= s, t, u) .4„(x'—xp) (x'—x—ip) .
(79)

where

W&o& (x) =
X XQ sinb &'& (x')X&'& (x')

dX
(x' xo—) (x' x—ip—)

(72a)

1X XO
W&'& (x) = ——

3 ~ 4t&t

sinb &'& (x') X&'& (x')dx', (72b)
(x' —xp) (x'—x—ip)

A = e'~Z&o&+e'PQ &'&

g —~~sop (0)+~~a ag (2)

A =e-'~A &'&+ e-'poZ&'&

~
—ivor (0)+~sq gg (2)

(8o)

(81)

(80a)

(81a)

From Kq. (51), we can write down A, B, A, and B
immediately;

with

Z"'(x) —=——,'W&'& (x),

Z&»(x) =0,

X«& = e
—""&[Ae+ ~g (Bs+Cs)],

X"'=e *'"'LBs+Cs].

(72 )
with

(72d)

(73)

(73a)

Z&o& =D«&+ (5/3)DI &" (s), (82)

A &'-& =D&-"&+D[——,'I &'-& (s)+I&"(t)+I&'& (u)], (82a)

B&o& D&o&+(5/3)DI&o&(t), (83)

B'"-'=D "+DLI"(s)—pi"'(t)+I"'(u)] (83a)

On the derivation of Kqs. (73) and (73a), we have
replaced As, Bs, and Ce by Ze, IIs, and 6'e in Eqs.
(60a) and (61a). This is justihable because the com-
bination As+~a(Bs+~s) and Bs+Cs correspond to
the pure I=0 and I= 2 2' states, respectively. D(~) in
Eq. (71) is a subtraction constant which is chosen so
that

C"'(xo,xo, xo) = D "& at s= t= u= x, . (74)

In order to maintain a correspondence with the pro-
cedure used by Khuri and Treiman, it is more useful
to consider the quantity C defined. by

Q—Q(0)+ C(2)

and also to introduce a subtraction constant D by

C(xo,xo, xp) =D at s= t= u= xp.

Then, we have

D =D(0)+D(-)

(76)

It can be easily seen that our expression for C reduces
to the complex conjugate form of the expression C
given by Khuri and Treiman if CI' invariance holds.
The integral equations are solved by the iteration
method, replacing A&, B&, and C8 by the constant
D.""This corresponds to small final-state interactions
which may be reasonable because of the experimental
evidence that the matrix element of E+—+ 3x is practi-
cally a constant.

Then we have

C"' =D"'+ (5/3)DI'(u) (78)
C"'=D&o&+D[I&o& (s)+I&"(t) —-',I&'& (u)], (78a)

D&'& = [Sap/(Sap+4ao)]D,
D&'& = [4ap/(Sao+4a, )]D,

where ar is the scattering length. [See Eq. (88).]
Our model shows then that

(87)

(87a)

Now the absolute square of the matrix element for
E+—+ 2x'+~+ is

I
CI'=

I
C&"

I
'+

I

C"'
I
"+2 cos(&t 2 &oo)

&(Re[8&'&Co*]—2 sin(pop —
pop) Im[C "&Coo], (84)

while that of E ~ 2~'+z is

I
C I'=

I

C"' I'+
I

C"' I'+2 cos(«p —«)
XRe[8'&'& 6*]—2 sin(pop —

pop) Im[C"'C'*), (85)

where C&r& is given by Kqs. (78), (78a), and (79).
Similar expressions are obtained for I A+BI' and
IA+Bl'. At first we check the CI'T theorem, i.e.,

Zf [ICI'+ IA+Bl']=pf [ICI'+ IA+Bl'] (86)

It is equivalent to show that

Qt f Im[C»C&'&']
+1m[(Z&"+8&'&)(2&'&+B&o&)P])=0.

Had we used the nonsubtracted dispersion relations
for 2, B, C, this could be easily shown. If we use the
once-subtracted dispersion relation, the above identity
will not hold in general due to the arbitrariness of the
subtraction constants D(0) and D('), although these
are connected by D=(D&'&+D&'&). However, it is
reasonable to choose D(') and D(') so that the above
identity holds even after a subtraction. In the scattering-
length approximation for the pion-pion scattering, D("
and D( ) are given in this way by

"The Khuri and Treiman equation has been investigated ex-
tensively. See, for instance, I. J. R. Aitchison, Phys. Rev. 137,
81070 (1965). Earlier references will be found in this article.

ZflCI'=ZflCI'

2 f1 A+BI'-=ZflA+BI'-.

(3o)

(29)
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Also from Eqs. (91) and (96) we have (see the next of the pion-pion problem obtained by Chew and

section) Mandelstam. "%ith this form we have

Z IA+Bl'=4ZrICI' (31) e-"'" sinh "=
I (x—4&r')/x]' 'ar, (89)

IV. SCATTERING-LENGTH APPROXIMATION
AND COMPARISON WITH EXPEMMENT

Since our model is closely related to Khuri and
Treiman's" approach, we follow their approximation
in the following. The scattering phase shift for S-wave
pion-pion scattering is expressed in terms of the
dimensionless scattering length as

L(x—4&r )/x]'I' cotl&(r&(x) 1/ar (88

which accords well with the S-wave dominant solution

which is consistent with the weak pion-pion interaction.
Under this approximation, I&r&(x) is evaluated to be

with
I &r& (x) J &r& (x) J&r& (xp) (90)

J (x) = (ar/x & )$(x 4p —) I p (x——4y')/pry]. (90

To calculate further, we neglect the quadratic terms of
the final state interactions assuming that the anal-state
interaction is small. After some calculations, we 6nd

I
Cll'= ID I'(I 1—(80k/(5+45)')»n'(ly)] —(20/3x)aotr(N) L1—(+(2k/(5+4$))»n'(-'y)]

—(10)ap siny/(5+4&))I n(s)+n(t) —2n(u)]), (91)

ICI'=Eq. (91) with y
—+ —y, (91a)

where

(92)

(93)

(94)

(95)

P= +2 Pop

k = ao/ao,

h(x) = (* *o)/2& xo'—t',

n(x) = L(x—
4& ')"'—(xp—4&r')'&']/x, '&' (x=s, t, tt).

Similarly, the square of the matrix element for E+~ 7r+~+m decay is given by

IA+Bl'=4IDI'(Ll-(8«/(5+4()')»n'(ly)]+(»/3 )"I(.)I I-~+(2&/(5+4&))»" (!y))
+(5&ap siny/(5+4$))l n(s)+&t(t) —2N(tt)]), (96)

IA+Bl'=Eq. (96) with y~ —y. (96a)

h(u) and rt(x) can be expressed in terms of the variables 5; introduced in Sec. I.

3 (mrs/tr)'
h(N) = —Sp-

(mrr'+3t&, ')
(94a)

r&(s)+n(t) —2&t(N)= L(8 Sr)'& +(8 Sp)" 2(8 5 )' P]
7ÃQ+ 3p

(97)

with 8= (r&oz' —9tr')/6r&t&r. If we select experimental
points so that 8&&S~, S~, S3, then we can expand this as

rt (s)+I(t) 2&t (u) =—9Sp(rr&rr'/(err'+3tr') (mrr' 9tr') )'&'—
for 5&, Sp, So((8. (97a)

Now we consider the following quantities:

I
C I'—

I
C I'= —

I
D I'(20(ao »ny/(5+4())

XLN(s)+ro (t) —2n (u)] (98)
and

I
A+BI' IA+Bl'= IDI'(40&ao sin—y/(5+4&))

XI N(s)+N(t) —2rt(u)]. (99)

If CI' invariance does not hold (sinyWO), the spectrum
of E+—+ 2m m+ decay and that of E —+ 2m'z —will have
a di6'erent shape and the difference will be given by
the above formula. ln particular, the energy depend-

ence of the difference will be proportional to S3 in the
region where all S; are small compared with 8. The
same thing is true for K+ —+ 2m+m and E —+ 2m m+.

lf CI' invariance is violated, we get the "DJ=~ rule"
prediction

(I A+BI' —IA+BI')/(ICI".—
I
CI') = —2 (33a)

Other experimentally interesting quantities are
I
C

I

'-

+ I
C

I

' and
I
A+8 I'+ IA+B

I

-'. The energy spectrum
of the unlike pion in the E+—+m ~ m+ decay has the
following form:

I
C I'+

I C I '--1+3 L(K+ &r'&r'&r+)

+ (E —+ xo&ron. )]So,—(100)

» J. Kirz, J. Schwarz, and R. D. Tripp, Phys. Rev. 126, 763
{1962);G. F. Chew and S. Mandelstam, ibid. 119, 467 (1960).
B. P. Desai, Phys. Rev. Letters 6, 497 (1961).
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where the slope A, , introduced in Sec. II, is now ex-
pressed by

XI (E+ 2xovr+)+ (E +2oro—x )j
1—(+I 2$/(5+4$)7 sin'(y/2) 20 pq 3mx'

1—
I 80$/(5+4/)'$ sin'(y/2) 3~ IJ, mx'+3q'

(100a)

Similarly, the slope of the energy spectrum of the
unlike pion in E+—+ m+x+m+ decays is given by

X$ (E+~ 2~+~-)+ (E-~ 2or-7r+) j
1—$+ I 2g/(5+4() g sin'(y/2) 10pp 3mx'

1—L80$/(5+4$)'] sin'(y/2) 3s. p mx'+3p'

(101)

The ratio of these slopes gives the "lU=-', " prediction

XI (E+~ 2~+s )+(E ~— 2or-~+-) j
(101a)

XL (E+—+ 2s's.+)+(E —+ 2n's )$

Now, let us compare our theory with the experimental
data on E —+3m decay. First of all, we note that the
experimental decay rates of the E+ meson for the 8, r,
and 7' modes are experimentally almost equal" to
those of the K Ineson in the corresponding modes.
The equality of the 8 modes can be readily explained'
by the CPT theorem alone, if we use the method ex-
plained in Sec. II. To explain the equality of the r and
r' branching ratios of the E+ mesons, we can appeal
to the theorem of Sec. II. Therefore, the experimental
near-equality of these E+-meson decay rates can be
understood by the CPT theorem without having re-
course to CP invariance.

The energy spectra'~" of the unlike pions in the
E+ —+7r+m+m+ decays, appear on the basis of present
experimental error. The simplest explanationof this fact
is certainly to assume CP invariance. However, there

"W. Seeker, M. Goldberg, E. Harth, J. Leitner, and S. Licht-
man, Nuovo Cimento 31, 1 (1964);F. S. Sharklee, G. L. Hensens,
B.P. Roe, and D. Sinclair, Phys. Rev. 136, $1423 (1964).

~ G. E. Kalmus, A. Kernan, R. T. Pu, %. M. Powell, and R.
Dowd, Phys. Rev. Letters 13, 99 (1964); S. Mckenna, S. Natali,
M. O'Connel, J.Tietge, N. C. Varshnega, Nuovo Cimento 10, 763
(1958); S. Bjorklund, E. L. Koller, and S. Taylor, Phys. Rev.
Letters 4, 424, 475 (1960). M. Ferro-Luzzi, D. H. Miller, J. J.
Murray, A. H. Rosenfeld, and R. D. Tripp, Nuovo Cimento 22,
1087 (1961);D. Luers, I. S. Mittra, W. J. Willis and S. S. Yama-
moto, Phys. Rev. 113, 81276 {1964).

"These data are taken from V. Sisi et a/. , Nuovo Cimento 35,
768 {1964).Our X is written in terms of their u as ) =2u(et~/p)
(T /Q)3=13.63a/p, , where Q=Q value t =75.0 MeVj and T
=maximum kinetic energy of a pion {=48.3 MeV). Substituting
the world average u=0.091&0.12 we obtain A = (1.24~0.16)/p, .

~L. T. Smith, D. J. Prowse, and D. H. Stork, Phys. Letters
2, 204 (1962).

is also another possibility. As is seen from Eqs. (98)
and (99), identical energy spectra. of unlike pions for
the E+ —+x++7t-++m+ decay can be obtained if we

have siny=0, i.e., y=0 or ~. The 6rst choice y= 0 corre-
sponds to the case of CP invariance, while the second
one, y=x may be said to correspond to the case of
maximal CP violation. Then, we get

(i) 4 I
3+8I'= 1—1.645ao(So/g) (1—$)

for y=0 (CI' invariance),

(ii) 4 I
4+2' I'=1—(808'(5+4&)')

-1.645"(5 /~)I1-~+(2t/5+«) j
for y=s. (maximal CI' violation).

From comparison with the data we obtain"

a2—ao= 0.95

for case (i), while case (ii) is consistent with the spec-
trum if, for instance, we have ao———1 and +&1, al-

though the determination is not unique. Unfortu-
nately, these values of ao and ao ——cod determined from
K+ —+ 3x decays are inconsistent with values from other
sources """For instance, Hamilton et al." gives
a0=1.3~0.4 with a2 also positive but much smaller.
Therefore, if this discrepancy is really essential, then
our assumption of neglecting P-wave pion-pion inter-
action may be questionable. However, we must bear in
mind that the experimental data for the E decay spec-
trum is far from Unambiguous, especially near the origin
of the Dalitz plot where the linear approximation we
made is applicable. Hence, there is a possibility of
having nonzero siny giving rise to diGerent spectra for
E+~ 3x decays. In such a case, we must select experi-
mental points only near the origin of the Dalitz plot so
as to maintain the validity of the linear approximation
for the function e(x) Lsee Eq. (97)). However, the
existing experimental data are not accurate enough to
permit such an analysis at the moment. For a different
approach to E —+ 3x, see the recent article by Gaillard. '4

Rote added in proof. After completion of this paper, it
came to our notice that S. L. Glashow and S. Weinberg
I Phys. Rev. Letters l4, 835 (1965)j have arrived. a.t a
similar conclusion of maximal CP violation in K~,20

decay.
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