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and Ã."This type of mass-splitting is impossible if the
baryon representation is any of the other three-quark
representations of SU(6), i.e., (1,1,0,0,0)", (0,0,1,0,0)~,
(2,0,0,0,1)'" or (0,1,0,0,1)~, for in these cases the
number of SU(2)SU(3) multiplets in the SU(6)
representation is greater than the number of SU(2)
SSU (2) multiplets in the corresponding representation
of SU(4).

In conclusion, the requirement that the baryon

"Since the mesons are emitted in P waves in the static limit,
it is convenient to identify the spin-1 singlet with the pseudo-
scalar Xo particle, rather than with a vector meson. This point
is discussed in detail in Refs. 2 and 3.

multiplet correspond to a single irreducible representa-
tion favors strongly the group SU(6) to the direct
product group SU(2)SU(3) as the basic syrmnetry
group. The 56-fold representation is favored over other
simple representations for the baryons, but not very
strongly in some cases. However, the bootstrap hypothe-
sis does provide a possible reason for the nonexistence
of the fundamental multiplet of SU(6).
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The recent experimental evidence for a rapid rise in g production near threshold in the reactions
~-+p —+ ~0+n and g-+p —+ go+A is analyzed on the basis of a constant-E-matrix formalism. Repre-
sentative scattering lengths for the q-baryon systems are introduced to illustrate pertinent features of the
presently known experimental data. A dynamical basis for the physical situation is discussed in terms of
possible new baryon states due to virtual or bound states of the q-baryon systems. Comparison of the results
with expectations from a conjectured p octet of baryon {$-)states for SU (3) symmetry is briefly referred to.

1. INTRODUCTION
' 'T is well known that because of the lack of orbital
i - angular momentum to give centrifugal barrier con-
tainment, S-wave pseudoscalar meson-baryon inter-
actions do not in general form favorable situations for
resonances or peak enhancements. Some years back
Dalitz and Tuan' showed that for a coupled two-channel
problem, owing to strong attractive forces in the closed
channel in the S state, a quasi-bound state can be
formed which will esueifest itself as an S-wave resonance
in the open channel. Likewise, several papers have dis-
cussed threshold eBects or cusps' in strong interactions
involving particle reactions. It has been noted'4 that
both classes of phenomena are attributable to poles of
the S matrix in appropriate unphysical sheets of the
two-channel problem. To establish an unambiguous

*Work supported in part by the National Science Foundation
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terminology we call the former the quasi-bound-state
problem with a corresponding bound-state pole, the
latter, a virtual-state problem with a virtual-state pole.
Threshold eGects involving only particles stable in
strong interactions do produce large cusp eBects, when
there exists a virtual-state pole in the S matrix close to
an S-wave threshold on the unphysical sheet reached
by passing through the branch cut associated with the
threshold. Note that in both classes of phenomena, the
existence of an Sj~e resonance or cusp effect for an open
meson-baryon channel is due to the dynamical in-
fluence from an additional second channel present. A
simple illustration of the physics involved is to take the
analogous situation of the 'S (bound-state deuteron)
and 'S (virtual state of deuteron) of the n-P system;
here only one channel, corresponding to the second of
the above channels, is present.

Recently, Berley et a/. ' have raised the question
whether the rapid rise and subsequent sharp drop in
q' production (over a small range of energy) from
E +p —+ g'+h. ' is a p—ossible dynamical manifestation
of a quasi-bound-state of the p-A system. Bulos et al. '

~ D. Berley et al. , Proceedings of the International Conference on
High Energy Physics, Dgbna, 1064 (Atomizdat, Moscow, 1965).' F. Bulos et at, Phys. Rev. Letters 13, 4S6 (1964).
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and Peterson e] al. ' have found a similar rapid rise in
inelasticity due to threshold production of g' from
2r +p~q'+22, though here the subsequent drop in
production cross section is less marked. The existence
of an q+Ã cusp effect was suggested some time ago'
to account for the anomalously sharp peak in

y+p ~ 2r++I at E„=700 MeV'; there has been con-
Grmatory evidence for this type of behavior from the
elegant phase-shift analysis of Auvil et a/. "which lends
support to the idea of a postulated virtual baryon state
in a neighborhood of the g+X threshoM. "The appro-
priate quantum numbers for the baryon states in the
two cases are of course (T=O, J=—', ) for the q+A
system, and (T=22, 5=22 ) for the g+,V system. An
important question to ask at this stage is (a) whether
these phenomena are associated with well-defined poles
(corresponding to bound or virtual states of the 2t-

baryon systems) of the S matrix and (b) their role as
input baryon states in an SZ (3) classiiication of par-
ticle states. The importance of the latter consideration
has recently been underlined by Pais"- in connection
with the possible existence of the 70 dimensional repre-
sentation of SZ&(6) symmetry, where, among other
things, an octet of (1/2—

) baryon states is ca,lied for.
It is evident that to obtain definitive answ'ers to the

above question, considerable improvement in the ex-
perimental information is needed. %hat we can hope
for at the present moment is some qualitative guide as
to the nature of these interactions, in terms of a E-
matrix formulation for two-channel processes. In Sec. 2
v e summarize the relevant properties of the E-matrix
formalism for convenience of reference; the emphasis
here is on the scattering-length approximation. In
Sec. 3 this formalism is speci6cally applied to the q pro-
duction problems K +p~21+A' and 2r +p~2t+22;
representative scattering lengths for the q-baryon
systems are obtained (together with their corresponding
virtual- or bound-state poles) to illustrate salient
features of the physical picture. The concluding section
is devoted to a discussion of the theoretical analysis and
its implications for the existence of an rt octet of (1/2 )
states. Particular attention is also made, especially in
relation to the reaction n+p ~ .q'+ 22, of those aspects
of the experimental situation which will bear most de-
cisively on the theory.

2. FORMALISM

It has been usual to characterize the relationship
between the T matrix and the E matrix as

T—ixEpT=K,
V. Z. Peterson et al. , University of California Radiation Labo-

ratory Report No. UCRL-11576 (unpublished).
J. J. Sakurai, Phys. Rev. Letters 7, 355 (1961).

~ L. Hand and C. Schaerf, Phys. Rev. Letters 6, 229 (1961).' P. Auvil, A. Donnachie, A. T. Lea, and C. Lovelace, Phys.
Letters 12, 76 (1964). See also P. Auvil and C. Lovelace, Nuovo
Cimento 33, 473 (1964).

"&.P. Gyuk and S. F.Tuan, Phys. Rev. Letters 14, 121 (1965)."A. Pais, Phys. Rev. Letters 13, 175 (1964); M. A. B.Bdg and
V. Singh, Phys. Rev. Letters 13, 509 (1964). See also Ref ~ &

From the Hermiticity of the Hamiltonian and the re-
quirement of egect22e time-reversal invariance in strong
interactions, " the elements of the E matrix

are real, where

a = (mrM2 l K l mqM2), P= (miM2 l
K

l m2M4),
(3)p= (m2M4 l K l m)M2), p = (m2M4 lK lm3M 4),

and for the two-channel problem the transpose P=P.
Likewise we may introduce two-by-two matrix repre-
sentations for T with T(2j lkt) = (m, M, l

T
l m2M, )

= T(kl l ij ) under effective time-reversal invariance, and
a diagonal representation for the phase-space density p
where

p12 (12 lp I 12), p34 (~4 I p134) .

Using relativistic normalization for the particle wave
functions, the diagonal elements of p for c.m. energy E
in this representation are of the form

5 (co,+E,—E) (22r/co;) (M;/E, )42rk2dk/(22r)'

=P,,= (M,/2rE)k, (4)

where (d;= (mP+k')'" and EJ=(MP+k')'" are the
meson and baryon total energies for the channel under
consideration and E is the total c.m. energy of system.

Since we deal with 5-wave meson-baryon interactions
in both initial and 6nal states, it is convenient to intro-
duce a scattering-length approximation for one of the
two sets of channels, say the (1,2) channel which we
presume to have the higher energy threshold; hence

k» cotb» ——1/A = 1/(a+2b) .

Again it was shown some years back, ' that this type
of parametrization led to the following simple closed-
form expressions for elastic and production cross sec-
tions for the two-channel processes:

42r(u2+ kP)
~(12l12)=

(l +kk) 2)2+g2k12
(6)

"Recently, Professor T. D. Lee (private communication) has
raised the question of possible time-reversal noninvariance in-
volving reciprocity relations in strong interactions. Such correc-
tions to the amplitudes are, however, expected to be only of order
10 ' of the T-invariant amplitudes; hence we assume effective
time-reversal invariance in the present discussion. For a detailed
presentation of the underlying theory, see T. D. Lee and L. Wolf-
enstein, Phys. Rev. 138, 81490 (1965).

where p denotes the matrix of phase-space densities.
For a two-channel problem, let mi and 3f2 be the

initial meson and baryon in channel I and ms and M4
be the final meson-baryon system (channel II). We are
interested in the following scattering and reaction
processes:

m, +M2 —+ m, +M2, mg+M2-+ m2+M4,
(2)~,+~,~m,+M„~,+BE,~~,+M4.
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o (34112)=4s.(k,2!kgb) (M2M.&!I". )

X
Ll+ (M & &/i 2)k''-p~)L(1+bk )2+a k»2)

(&)

Igj~
o (34 j 34) = 4or (M4/E)'

)1 i—(M4/E)k, Z)' '

Z=y+ip'(M2/E)kg2/1 —i(M~/E)krma (9)

in terms of a scattering length approximation for the
(1,2) system

~= (E/M, )L~+bv(M4/E)k„) . (1o)

In the derivation of these results on cross sections, it
was tacitly assumed that the c.m. energy E was such
that all of the channels considered were energetically
permissible. However, since it is known as a consequence
of causality that the scattering amplitudes are the limit-
ing values, as E approaches the real axis, of functions
analytic in the upper half of complex E plane, we can
conclude that the expressions for the T-matrix elements
will remain valid as the energy E decreases below the
(m&, M2) threshold, despite the fact that some elements
of p must then be taken imaginary. The correct continu-
ation for these elements of p is settled by appealing to
the analytic property just mentioned: —For a two-
particle channel (ij ), the value of p;, below its threshold
is to be taken as +i

~ p,;~.

To take an example, the expression for the (3,4)
elastic cross section below the (3,4) threshold will
become

(34~34) =4e(M /E)', (g')
1+ (M4/E)'k342Z'

p'(M2/E)
i hamiz (9')

1+Ps+~(M./E)k, 4)
~
k„~

Note that (9') is now a real quantity.
The following remarks deserve emphasis:
(1) Artatytieity of E Matrix Elem-ents. The expres-

sions presented above were derived on the basis of the
mixed-boundary-condition approach' where each of the
two channels under discussion is at least partially open
in the energy range under consideration. This procedure
ensures that the E-matrix elements a(E), p(E), and
y(E) are free of threshold singularities due to, say, the
opening of the second channel at m~+M2, in fact these
matrix elements become analytic functions. "Such ana-
lytic properties of the E matrix make it possible to ap-
proximate n, p, and y by constant parameters (leading
to a constant X matrix) in an immediate neighborhood
of the esI+M~ threshold.

It must be remarked however that for the physical
examples under discussion in Sec. 3, the energies are
such that several other open channels are available in
addition to the coupled two-channel problem we seek
to emphasize. For example, in the neighborhood of the
g+e threshold, the two two-body channels of im-
portance are x. p and qrt, though the multiparticle open
channel x. +p ~ cV+m.+s- is in competition throughout
this energy range. Since speci6cation in detail of the
features of this competing process is not of obvious
interest to the discussion at hand —namely, analysis of
possible cusp and bound-state manifestations at the
vicinity of the p+n threshold, we have adopted, essen-
tially, the "equivalent reaction A. -matrix" formulation"
here.

(2) f'se of Scattering Length Approximation Jack.son,
Ravenhall, and Kyld' 6rst emphasized the importance
of the zero-range approximation in connection with the
phenomenological analysis of data. The basic premise
here is that the range of interaction 8 of a meson mI and
baryon M2 is generally of order /hm& eor s,t most
h/2m c; hence the e6'ective-range term oak' can be
considered in the context of the general formula

k(2 cotb»=1/(a+tb)+28k»', (ll)
where k» is the c.m. momentum of the (m&,M2) system.
For c.m. energy of the order of a 50-MeV neighborhood
of the threshold, it has generally been appropriate to
neglect the second term of (11)—if the S-wave scatter-
ing lengths involved are of the order of a fermi (10 "
cm). We shall assume the scattering length approxima-
tion in the phenomenological analysis of Sec. 3.

(3) Cusp Behaoior irt o (34~34) at m~+M~ Threshold.
The cross section o (34~34) given by Eqs. (g)—(10) above
m&+M2 threshold, and by (8'), and (9') below m&+Mm, is
expected to manifest cusp properties due to diBerent
analytic forms for the kinematical variable k» in a
neighborhood of this new channel threshold. As a func-
tion of c.m. energy E, do (34~34)/dE assumes the fol-
lowing forms:

do (34 i 34)/dE=C(E)y(0)L(mg+M2) —E) 'i'-,

(E&mg+M2)

d&r (34
~
34)/dE =—D (E)P-'(0) LE—(my+ M2))

—U2,

(E&nsg+M2),

where C(E) and D(E) are slowly varying positive de6-
nite functions of E in an immediate neighborhood of the
threshold and y(0), P(0) are threshold values of y, P. It
is evident from Eq. (12) that the cusp has upward
(downward) curvature for positive (negative) y(0)—
below m&+M2, and upward curvature only above
m~+M2. These points are illustrated (cf. Figs. 3 and 5)
for typical cases encountered in practice in Sec. 3.

'4 A. particularly lucid account of the analyticity properties of
the E matrix in a relativistic context is given by R. Oehme, Lec-
tures on High Energy Physics, Sixth Summer Meeting of Nuclear
Physicists in Hercegnovi, Yugoslavia, 1961 (unpublished}.

'~ See, for instance, R.H. Dalitz, Rev. Mod. Phys. 33,471 (1961);
also R. H. Dalitz, Ann. Rev. Nucl. Sci. 13, 338 (1963).

'6 J.D. Jackson, D. G. Ravenhall and H. W. Wyld, Jr., Nuovo
Cimento 9, 834 (1958).
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Physical Sheet of E Plcee (Sheet 1 ) the process
m1+m1~ m +m,

E (io Sheet IV)

(~+M4) Physical Region ™i™&)
I

/

Sheet 0
~t

Sheet K

(4) Itou23d- and Virtual State I-'otes of (m1,M2)
Cka523et. Quasi-bound and virtual states will correspond
to appropriate poles of the scattering amplitude in
sheets II and IV (Fig. 1), respectively. These poles are

determined from:
For bound state: 1+42' (k12

~

=0,
FOr Virtual State: 1 o/'~k12~ =—0;

E„—(m '—
( k12 (

2)'/'+ (M22 —
( k12 (

')'/'
(13)

Here a'= a+tr//(M4/E)k34 (M2/E)42, ——and E„is an ap-
proximate expression for the real part of the 5-matrix
pole in the energy plane. The two physical situations
of bound state and virtual state correspond, respec-
tively, to o,'&0 and o,'&0. Actually the complete ex-
pression for the pole in the complex E plane is to be de-
termined from the following implicit relation':

[1—i(M2/E)k1242][1 —i (M4/E) k 34+j
+ (M2M4/E')P'= 0. (14)'

Note in connection with Fig. 1, that the virtual-state
pole E, "appears" to lie in the upper E-plane, the so
called sheet I or physical sheet. The fact is that E, is
really in sheet IV and is reached from the physical
region by analytic continuation erst across the cut
between (m3, M4) and (m1,M2) into sheet II and then
back across the real axis above (m1,M'2) into sheet IV.
Because of its substantial distance from the region of
physical energies, such virtual state poles are expected
in general to have only marked cusp manifestations on
scattering processes' when they are in the vicinity of the
(m1,M2) threshold. It is of course well known that the
bound state pole Et, is in the unphysical sheet II and
hence directly accessible to the physical plane.

(5) Limitatiorts to tke Reat IC Matri2/ Formutatiort. -
The scattering and reaction matrices, as a function of
E, should exhibit an analytic structure rejecting the
nature of dynamical interactions which give rise to the
processes observed. For m&+&2, the dynamical singu-
larity lying closest to the m~+3f2 threshold is due to

FIG. 1. Schematic diagram of the positions of bound- and
virtual-state poles in the complex E plane. Sheet II is the un-
physical sheet reached by continuing from the physical sheet
(sheet I}across the cut in interval (me, M4) to (mI, M2); sheet III
is the unphysical sheet reached by continuing from sheet I across
the cut in interval above (ms, M4). The bound-state pole Eq is in
sheet II; the virtual-state pole E, (in sheet IV) is reached from the
physical region by continuing erst across cut below (mI, M2) into
sheet II and then across cut above (A&I,Ms) into sheet IV. A typical
path is drawn for illustration in the diagram.

where mi is the antiparticle of m~. This leads to a
branch cut (E&E2,) beginning at the energy value

—(M22 m 2)1/2+ (m 2 m 2)1/2 (15)

This branch point is present for T(12(12) but not for
T (12 (34) and T(34 (34), at least in the energy range of
interest. However, the indirect eBect on coupled
channels will be felt since the existence of the singu-
lar1ty will render a, p, & complex for E&E2 . It is also
known'3 that the threshold behavior of T(E) near E2
is governed by

ImT(12 (12)—f(E, —E)3/2 (16)

where, in lowest approximation, f is proportional to the
phenomenological coupling constant for (m3m, m m )
interaction. In the absence of low-lying xm resonances,
f is expected to be small and this singularity may be
expected to have a relatively weak effect (reflecting this
smooth behavior near branch point) on elements of
T(E), even for energies E&E2 .

For the speci6c problem of g-baryon interaction, with
a central mass appropriate for a baryon octet used, Eq
is about 30 MeV below the corresponding q+8 thresh-
old (taken as m1+M2). The 2/+2/ system is not coupled
in strong interaction to any of the better established
meson resonances below 1 BeV in mass. Hence, taken
in conjunction with the limitations imposed by the use
of the scattering length approximation, the constant
E-matrix formulation is expected to be reliable at least
for an energy range of about &50 MeV of the m1+M2
threshold.

3. TWO CHANNEL g-PRODUCTION PROBLEM

We discuss here two concrete cases for which limited
experimental data are currently available. The paucity
of data does not warrant a detailed computer search for
over-all best Gts to the scattering lengths involved for
either case; rather we seek to illustrate the general trend
by presenting representative solutions not inconsistent
with the data.

Case (A). m1=m„M'2=My, .m3 mx-, M——4 Mr Th——e.
two pertinent channels are

X +P~E'-+P, g—+P —+ 2/+go

The available experimental information"' is con-
sistent with a sharp rise in p production, followed, by a
sharp drop, in a limited energy interval (just above
2/+A' threshold) for the reaction IC +p —+2t+A'. As
emphasized earlier, ' this type of behavior can be re-
produced in the E'-matrix formalism by assuming a large

"See, for instance, S. F. Tuan, Phys. Letters 2, 62 (1962).» P. L. Bastien ef a/. , Phys. Rev. Letters 8, 114 (1962); P. L.Bastien, University of California Radiation Laboratory ReportNo. UCRL 10779 (unpublished).



YON INN TERAC TIONSBARDYNAM IC BASIS
~

ver-aQ energy vana
'

tiot.2 '

).a.
Jh.
E

.8
t

25 50
n

s IoO CS

alanentuta te C.alallOtl

the q —4' system, with ath A=a+zb for e g-
d liibl '

y

pand t us
ation on the szgn 0

For hysical proces

od to 't 1 t
Thp d

ss section
E 8 (10) d (8'), (9')j

plotted with the 6t (Ps=

o= . b=05F, y=+05F,
virtual-state solution)

(18)
b =0.5F, y = —0.5F,

d- tate solution) .(boun -s a

nitude"cm . The choice of magn'
b d n ' dfo

th +so hcross section ythe 5-wave
an accurateold, or a er y

+A'productio cro
~a

'
S-wave interaction,assuming -wa

not warran t such a detai eavailablee data do

g-—p ee Ref. 1},there does
tin betweenhod of diGerentiabngot appear her

1 d In the tt —It SPS B
Nuovo C),mento

theonance energy lying qm(,M } there can bes
h t '

n,d ....,.
additional param

an so a
meters are i

hll fihi ore general form, wes a'
iht fo thsimplest possib). y

ection (in

The experimental porn s a m Her ey

n under considera-and, since the o
F' 3), the exact tn ga nitude

-11 t . Thl 6 tthof+ wl n
18) to accentuateade in

h +A.' th h lde nsat theyt es of solutio h
d eneraHy in the prece

'

h
'lce

b l'E~ see Fig. 1 canstate pole E~ (see . d a roxt
mately by Eq .s. 13) an

1 MeV. (19)E„166
'

h the maximum inonsistent wit e
f h b d

"nv te
( 'g

the pronounced

E dE '
h 1

own by the vir
x E lane

E . (14).d termined from q.""'"
= M=MCo$8 (8). tsI= toast

tw

~ s —+P, Ir +P ~ Ild+SS.

erimental data' 7 on gBoth sets of experim

I

'lt - h, Threshold

It
II
II
I

I
I
I

I I
I I
I
I
I I
I

I
Cl
EI

~ I

I I
I I

I I

I

Bound Stoto
Solution

I
I I
I
I

CS
1

I

lh
II
I

I I
I

I
I

1I
I
I I
I

II

I I
I I
t

'I

I
'I

I 1
I I

25

C0

~B0
O

Y
b

IO

Vir tual State Solut&an

I
I

4
I
I

"5I
I

I
I
I
I
I
t
I
I
I
I'~

l66l l665 l665 1667

.M.) Energy (MeV)

I657 l659 l661 l6

1

K -P (C.

mb} ca-cross sect&on ine S-wave
1' '

lott dis of the constant E--matrix forma i
nergy jv a g

hich in tur determines u
s. (8}and (9}jis arbi

ade to accentuate
q.

th ll t to o'e
h +Z ha 1the opening of t e q



8 1398 S. F. TUAN

2

5.0

2.8
Al

g 2S.
C'

2.4

2.2

2.0

l.s

l.4

~.a
.1

l.o
b

.s

.2

~ 8

~ autos et ol.

h, Peterson et ol.

4 4

IOO I50 200 250 300

q meson C. M. Momentum (McV/C)

expected to be reasonable; in particular the 6t for low

momentum is poor. The corresponding virtual-state
poles are

Solution I: E„—1418 MeV,

Solution II: E„—1255 MeV.

4. DISCUSSION

The qualitatively similar behavior of p production
f-.om ~—+p ~ vp+n and K +p —+ go+AD close to their
respective thresholds, has given rise to a natura. l

speculation a,bout the possible existence of an p-baryon
octet of -', states with the remaining members asso-
ciated with the q+Z and q+ thresholds. " Such an
"z octet" of baryon states 8 is expected to satisfy an
octet-type mass formula in SU(3) symmetry

2 5+=")= 4-(»+&) (24)

Indeed a cursory examination of the simpler Feynman
graphs for q-baryon production from meson-nucleon
initial states shows a marked similarity in production
mechanisms; in particular, g production does not neces-

Frc. 4. Two Gts to the s- +p —+ q +n production cross section
(in mb) are plotted versus q meson c.m. momentum (MeV/c).
Solution I corresponds to scattering parameters (A =aiib) with
a=0.8304F, b=0.05F, y=+1.2526F, krP =4.122F; Solu-
tion IJ corresponds to scattering parameters a=0.52F, b=0,
y =+1.2526F, and Sr+=3.469Fs. The sign and magnitude of y
are chosen in rough agreement with the phase shift analysis of
Auvil et al. (Ref. 10}.The experimental points are taken from
Refs. 6 and 7, with the multiplicative branching-ratio factor
q' -+ (all)/2y ( 2.83) incorporated to obtain the complete pro-
duction cross section for g0.

q- hi 7hreshold

20

from threshold to a maximum at about 60 MeV above
q'+n threshold in the barycentric system, and a
gradual tapering oB above this energy. In Fig. 4 we
present two sets of solutions, I and II, as a rough 6t to
the m +p -+ rf+n production data where

Solution I: a=+0.8304 F, b= 0.05 F
(21)y=+1.2526 F, 4sP'=4. 122 P;

Solution II: a=+0.52 F, b=0
(22)y= +1.2526 I', 47rP'=3 469 F'-'. .

The sign and magnitude of y as well as the sign of d' are
chosen to be in crude agreement with the phase-shift
analysis of Auvil et a/. "which suggests a cusp eHect
(virtual state solution) in m p scattering at the energy
of the go+a threshold. In Fig. 5, we have plotted the
S-wave s p scattering cross section as a function of
c.m. energy E for solution I (solution II is not markedly
different in this case), again emphasizing the cusp effect
at threshold.

It is evident from Fig. 4 that neither solution repre-
sents a completely adequate 6t of the data for the range
of g c.m. momentum from 0 to 250 MeV/c, where the
use of the scattering length approximation might be
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FIG. 5. A plot of the 5-wave x —p cross section (in mb) versus
c.m. energy of the (~ —p) system. The parameters of solution I
are used to illustrate this example. The choice of a positive real
part for the scattering length of the (g —n} system is made so as
to be consistent with indications (Refs. 8-10} of a sharp cusp
effect due to the opening of the y'+e channel. %'e must emphasize
however, that the cross section here plotted is meant as a guali-
taA'ee indication of the possible shape form to be expected. The
scattering parameters are insufBciently well determined from
empirical data to warrant a quantitative statement of the S-wave
x —P scattering cross section.



D Y NAM ICAL BASIS FOR g —BARYON I NTERACTIONS

sarily test strangeness of incoming meson" (we expect
of course the strength of interaction to be diferent from
member to member, since this does depend sensitively
on the strangeness and form factors involved). Dy-
namically we have shown in the preceding sections, that
these phenomena can be understood in terms of bound
or virtual states of the p-baryon system with well-
defined S-matrix poles. This circumvents the usual

difhculty about visualizing S-wave resonances because
of the lack of centrifugal barrier containment. The ex-
perimental data on production does not enable one to
infer whether the virtual (+u) or the quasi-bound

(—o) solution is appropriate to the physical situation. "
Ke are aware that the phase-shift analysis of Auvil
et al."on n p scattering is more consistent with a sub-
stantial cusp eGect due to the opening of the g+n
channel. Based on the argument of "dynamical simi-
larity" for the various members of the q-octet, we are
tempted to infer by analogy that all members of the
octet correspond to virtual states with possible cusp
manifestations at the g+8 thresholds. However, no
firm conclusions are warranted at the present stage.

In a recent study of SU(6) mass formulas, Gyuk and
Tuan" postulated the existence of an "g-octet" of
baryon states with the S(T= 2, J='-', ) and X(T=0,
J= -', ) members associated with the g'+ n (1488 Me V)
and vP+4 (1663 MeV) thresholds. This is a somewhat
novel procedure of assigning baryon states as "input"
into symmetry mass formulas, since, whereas the physi-
cal phenomena in the form of cusps, shoulders~'0 etc.
are indeed associated closely with the positions of these
thresholds, the positions of the corresponding S-matrix
poles are likely to reflect the diferent strengths of inter-
action of the various members of the octet. Ke see from
Eqs. (18), (21), and (22) that the scattering length for
the q' —A system is substantially 1.arger than that for
the g' —e system; this in turn yields pole positions
which can be near Lcf. Eq. (19)7 the former threshold
and relatively distant from the latter threshold
[Eq. (23)].A conventional viewpoint would be to apply
group-theoretic mass formulas only to the positions of
the S-matrix poles; this will introduce some ambiguity
into a discussion of the g octet, at least if current ex-
perimental data hold up. As emphasized by Rajase-
karan, "even for the decuplet pa~2 states of SU(3), the
range of interaction is not small enough to derive group-
theoretic results such as the sum rules for masses and
amplitudes if these are defined as the poles of the

"I am indebted to Professor Joseph Sucher for calling this point
to my attention.

~The existence of a T=0, J=$ quasi-bound state of the
g —A0 system at about 1661 MeV need not be in conQict with ex-
perimental data in E —p. It is well known that a F~*{1660)is
present at this energy and has a substantial width F/2 =20 MeV.
The proximity of this latter resonance will have a "masking" effect
on the very narrow ($ ) state (Fig. 3). A set of degenerate
baryon states is likely to raise interesting problems for the deter-
mination of the parity quantum number for either state."G. Rajasekaran, Ph.D. thesis, University of Chicago, 1964
(unpublished).

T'(= k 'Tk ') matrix —though such sum rules are valid
for the poles of corresponding E' matrix. For S-wave
interactions, the combined requirement of smooth
motion of the resonances as the thresholds move and the
purity of the appropriate SU(3) wave functions" can,
in principle, be satisfied. However, the lack of orbital
momentum barrier here, among other points, "can cause
the 5-matrix poles to be substantially shifted by changes
in thresholds as we move from perfect symmetry to
broken SU(3). Our analysis gives qualitative support
to this picture and hence the logical foundations of
S-wave mass formulas in terms of "poles" are less clear
than the corresponding formulas for P, D, ~ waves.
On the other hand, especially in view of the growing
empirical evidence for possible cusp (or bound state)
phenomena at the vicinity of (qoAO)' and (yon)"
thresholds, it is certainly not ruled out that an egmtiee
S-wave q-baryon mass formula of the octet type is
present in nature. The study of g-Z+' and q- ' inter-
actions near their respective thresholds (1740 and 1866
MeV) is thus of very great interest.

Ke conclude this work with some brief comments
about features of the n +P —+ qo+ts interaction with-
out prejudice to a specific model of interaction. It is
known from the data of Bulos et al. ' that the angular
distribution for production remains isotropic for a wide
range of energy above threshold. This result is con-
sistent with S~~~ or P~~~2 production but is inconsistent
with a large P'@2 or D3/2 component throughout the
energy region measured. %'e are aware of the possible
existence of a T=~ X~(1512) with spin-parity (-',-)
which is energetically allowed to decay into q+E; in
addition, there is evidence of a large P~~ phase shift in
7r p scattering at E,. 1410 MeV—though perhaps
not resonating. ~e It is at least consistent for the tail from
such a large P~j interaction to play a role at energy
E&1488 MeV (g+nthreshol, d). A sensible phenomeno-
logical analysis in terms of partial waves, '~ should
proceed in terms of three possibly important complex
reaction amplitudes for production, S~, P~, and D3. The
appropriate expressions for the differential cross section
and polarization are

k'da/dQ= ((Sg—Dg ['+ ]Pg (')+2 Re(S+2Dg)~
X (P,) cosa+3(Re(SDS*)+ (DI [') cos'e (25)

(k'do/dQ) P=n sin8$2 Im(S—Da)*Pi

+6 Im(S~D, ) cos87, (26)

~ C. N. Yang, Proceedings of the Argonne User's Group, 1963
(unpublished); R. J. Oakes and C. N. Yang, Phys. Rev. Letters
11, 174 (1963).

~~ In particular (see Ref. 23), S-wave quasi-bound-state reso-
nances raise special problems of interpretation if they belong to an
SV(3) multiplet, rather than as unitary singlets )like the
F,*(1405)j.

~'R. H. Daiitz and R. G. Moorhouse, Phys. Letters 14, 159
(196S).

2' Some of these results on the partial wave analysis have also
been obtained by S. Minami (unpublished).
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where k is the incident c.m. momentum and n=k;
Xkj/ tk, Xkg ( is the normal to the scattering plane.

An isotropic distribution for production then im-

poses the following restrictions among the three com-
plex amplitudes S~, I'l, and D3 ..

2 Re(S,+2D,)*(P,)=0,
(27)

(ISiI/ ID3 I) cos(y8 q—D) = —1(if ID, I W0),

where

and

The simplest way to understand the isotropic pro-
duction angular distribution is to assume a dominant
S~ amplitude )which in theconstantK-matrix formalism
is simply related to Eq. (7) for the production cross
section] with negligible P~ and D3 amplitudes. "This
will require that the known large P» phase shift at the
lower energy must be suppressed or attenuated in the
q+e channel at energies greater than 1488 MeV.
Despite the presence of X~ (1512), a small D~ amplitude
can perhaps be understood qualitatively in terms of the
small amount of phase space available for decay into
g'+e.

Models which analyze the data in terms of two domi-
nant reaction amplitudes, like (i) S~ and P~ present but
no Dq and (ii) S~ and D3 present but no P~" can fit the
isotropic production angular distribution, but require
special phase relationships among the amplitudes like

yp —cps= (2r+ 1)m/2, r an integer, for case (i) (27')

and the second condition of (27) for case (ii); y~ is the
phase angle for the reaction amplitude P~ (P~ (

e'&P. A——
general discussion in terms of all three amplitudes
present will of course impose much more stringent inter-
ference and phase conditions PEq. (2'7)j to obtain the
necessary isotropic angular distribution.

%'e have remarked in Sec. 3 that neither of the solu-
tions I and II presented, is a good Gt to the low-
momentum region of m +p —& rf+u production cross
section. Indeed, extrapolation of solution I in Fig. 4 to
higher momentum (and hence beyond the normally
expected range of validity of the scattering length ap-

"An equally simple, but less attractive hypothesis, is to assume
S1=D~=0, and P1&WO. This will give an isotropic angular dis-
tribution as well as zero polarization of the recoil nucleon from
Eqs. (25) and (26). The con8ict of this assumption with the large
S1& cusp effect noted by Auvil et alt. (Ref. 10) is then somewhat
disturbing.

+ @le discard the case of P~ and Dg but no S1 since this will
contradict both the S-wave pion-nucleon phase shift (Ref. 10)
and the isotropic angular distribution t cf. Eq. (25)g of Bulos eE al.
{Ref.6).

proximation) will give a poor fit to the higher energy
points of Bulos et al. '—though the experimental angular
distribution remains isotropic until an q c.m. momentum
of order 443 MeV/e. A speculative solution is possible
here, if we accept for instance case (ii) that both S~ and
Da are present in the production mechanism for g'+n
at low and moderate qo momentum. According to this
picture, the S~ amplitude will give rise to a sharp en-
hancement and drop in cross section akin to the g'+h. '
system (Fig. 2); the less marked drop actually noted
experimentally'~ can perhaps be attributed to D-wave
contributions Lsay from X*(1512))filling in. The ad-
vantage of this heuristic interpretation is that it allows
then for the possibility of a virtual state pole of the
S-wave go-n interaction closer to threshold —for con-
sistency with the q octet concept. Some cos'8 terms in
the angular distribution are generally expected here,
unless the phase condition of Eq. (27) is rigidly satisfied
throughout the low g-momentum range.

It is evident that further experimental information
on the general shape of the x +p ~ g'+e total pro-
duction cross section, the angular distribution (es-
pecially for the possible presence of a cos"-8 term), and
the polarization of the recoil nucleon, in the low and
moderate q-momentum range, will be of the greatest
value.

Pote added is Proof. Professor Peter Dobson (private
communication) has emphasized to me, that using the
g-X phase shifts from 300—700 MeV of the University
of Hawaii High Energy Physics Group (see, for instance,
Robert J. Cence, UH Report HEPG-3-65, to be pub-
lished) as input data, quite adequate fits to the q-nu-
cleon S~& threshold interaction can be obtained on the
basis of a two-channel constant E-matrix formulation
mitholt appreciable background contributions. The posi-
tion of the virtual state pole in Dobson's analysis (to be
published) is around 1465 MeV. This is then in quite
satisfactory agreement with the input assumptions of
Gyuk and Tuan [Phys. Rev. (to be published) see
especially solutions (a) and (b) therein) about the
possible existence of a 70- multiplet in SU(6) theory.
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