
PHYSICAL REVIEW VOL UME 139, AU MBER 5B 6 SFPTEMBER 1965

Po&es and Resonances in the Process ~++p ~ x++ g+ t
W. G. HOLLADAY

Department of Physics and Astronomy, Vanderbilt University, 1VashvNe, Tennessee
(Received 12 April 1965)

Several models considered in successively greater degrees of complexity are discussed for the T= —,
' process

~++p —+ g++E+. The ingredients of the model are h, and X*poles, the pa/~, 1238-MeV resonance and an
f7f2 resonance at 1925 MeV. Although various combinations of these terms yield generally good results for
the total and differential cross sections from threshold (beam momentum of 1021 MeV/c) to 1.76 BeV/c,
calculated X+ polarizations are too small. Much better agreement is found with the polarization if the pole
terms are multiplied by e'~ where 5 is taken to be a constant of magnitude 40-50'. Such a term may arise from
the presence of other open channels. The quantum numbers f7/2 for the 1925-MeV resonance are consistent
with the notion that this resonance is a Regge recurrence of the p3/2, 1238-MeV state.

g. Qf&RODUCTION

EVERAL experiments 3 on the total and differ-
ential cross section and the polarization of the Z+

have been performed for the process ~++p —+ Z++E+
from just above threshold (laboratory pion kinetic
energy T of 891 MeV) to 1630 MeV. The total cross
section rises steadily from threshold and peaks at about
1350 MeV. The diGerential cross section shows some
forward peaking of the Z+ at 920 and 980 MeV, with
some interesting oscillations beginning to appear at
&040 MeV and becoming quite dramatic at j.260
MeV. '" At the latter energy the differential cross
section reaches a maximum of over 60 pb/sr at cosgz
=0.5, drops to less than 10 pb/sr at costs= —0.5 and
begins to climb rapidly as cos8z approaches —1. (The
quantity 8z refers to the angle in the center-of-mass
system of the produced Z with respect to the pion
beam. )

The polarization of the Z+ (or rather a'P) has reached
approximately 60%%uo when T is 920 MeV, which is only
30 MeV above threshold. As the energy increases, there
are some indications that the polarization decreases, but
the experimental situation is not very clear. The partial-
wave analyses which have been made of these data
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show that s and p waves are needed' at 920 MeV; s, p,
and d waves' at 980 MeV; s, p, d, and possibly f waves"
at 1040 MeV; and s, p, d, and f waves at 1090 and
1260 MeV.

When the work reported in this paper was started, "
very little in the way of explicit dynamical considera-
tions had been attempted for the process under dis-
cussion. In the meantime, a paper by Evans and
Knight" has appeared with a viewpoint very similar to
that presented herein. However, there are some diGer-
ences in details and conclusions; furthermore, some new
data" have appeared with which to compare the
computations. The approach in this paper is to compute
the Z-E production amplitudes using what is known
about the resonances in the direct channel together
with certain pole terms in the crossed channels. The
constants that appear in these contributions are either
known or are fixed to give as good agreement as possible
with the existing data on cross sections and Z+ polar-
izations. Several models consisting of various combi-
nations of these poles and resonances are discussed.

The aim is to discover to what extent simple resonance
and pole contributions constitute an adequate descrip-
tion of two-particle reactions involving strongly inter-
acting particles. Many reactions can be studied on this
basis. In addition to the one discussed here, some
of these are s. +P~ A+K, ~~ s +P~Z +E+'
~++p —+ p+p+, 7r

—+p —+ m+g, y+p ~ A+K+, '~2S
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y+ p —+ Z++IP,2() ~ and others. The two reactions
m +p ~ A+X' and ~++I~ Z++E+ have three prop-
erties which are especially meritorious within the frame-
work of our discussion. First, they take place in a pure
state of isospin T=~ and T=~3, respectively, a fact
which simpli6es the computational e6ort. Second, be-
cause of the nonconservation of parity in the decay of
the A and Z+, the polarization of these particles is
relatively easy to measure. These measured polariza-
tions provide a very sensitive test of any method of
computing the production amplitudes. Third, cross
section and polarization data exist at various energies for
these two reactions. For these three reasons we have
concentrated our effort on these two reactions. ' "The
hope is that the insight gained concerning the mech-
anism of these two processes can be used to study some
of the more complicated reactions listed above.

Center-of-mass amplitudes fi and f2 can be defined

by the relation

4mW e qxk.() )» (() = ei, f+ ) x'), ())
(VZ)'(2 qk

where I, and py are initial- and final-state Pauli spinors,
and lV is the total energy in the barycentric system. It
then follows that fi and f2 are related to A and B by

fi (8~W—) L(Ei++)(E2+g)] I2

XjA+ (,' (X+-Z) W—)B]+f2 cos8, (4)

f2= —(qk/8m W)L(Ei+cV) (E2+Z)] "'
XLA+(-', (V+Z)+W)B], (S)

where q-k= qk cos8.
In terms of fi and f2 the differential cross section and

polarization of the Z+ can be written as

II. KINEMATICS d(r/dQ= (q/k)L] fii'+sin'8] f,['] (6)
Since Z production by the bombardment of nucleons

by pions involves two spin--,' baryons and two pseu-
doscalar mesons, the kinematical structure is very
similar to that in pion-nucleon elastic scattering. "How-
ever, inasmuch as the various conventions and normal-
izations are not completely standardized, we dedne our
notation in this section. The four-momenta (three-
momenta and energy) of the ~, p, Z, and It are, respec-
tively, k(k,~&), pi(pi, Ei), p~(p2, E2), and q(q, ru2). The
total center-of-mass energy is 8'. %e write the 5 matrix
as

Xz
Sr, —— i)'(k+ pi —q

—pg)
(2')' 4E~E~~co2

X (Nz(p2) TIN(pi) ), (1)

where E and Z represent the mass of the nucleon and
sigma, respectively, and where the Dirac spinors satisfy
the equation

(M+iy p)N=O

jn whjch y ~ p= y p—&0 po. The z's are Hermitian and
go= iy4 is anti—-Hermitian. Here, po= (p'+M')'". The
positive energy spinors are normalized by the condition

where I=u~y4. They can be written

M iy p—
L2M(E+M)]'" 0

where the y is a Pauli two-component spinor. The
quantity T in Eq. 1 can be written in terms of two
invariant amplitudes A and 8 in the form.

T=A+2iiy (k+(2)B.

~ T. K. Kuo, Phys. Rev. 130, 1537 (1963).~ J. Dufour, Nuovo Cimento 35, 860 (1965)."G. F. Chew, M. I.. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1337 (1957).

III. POLES AND RESONANCES

Several pole terms can contribute to Z production.
Among these are the E*,A, and Z poles. In addition, in
the crossed channels where these poles occur, other
singularities, in particular branch cuts, appear. Ke
assume that the contribution of one of these crossed
channels to the production amplitude can be represented
by the E~ pole and from the other channel by the A
pole. It is expected that in the energy region under
consideration the energy and angular dependence of the
amplitudes thus obtained will be fairly accurately repre-
sented, but because other singularities are being ignored,
it is doubtful that much faith should be placed in the
proposition that the residue at these poles accurately
represents products of coupling constants.

The contribution of the A pole to the invariant
amplitudes A and 8 of Eq. 2 can be written

G&24~(-,' (.V+Z) —X)
Ag=

A2 —I (10)

2 sinH Im(fif2*)I'=
ff, f+ if, [

sing

where the polarization is defined with respect to the
direction q x k.

The functions fi and f2 admit the following partial-
wave expansions:

fi ——P & Lf(+(l+1)+If;]P&(co%), (8)

f2=K( pf( f(+]&(', — (9)

where f(+, which are functions of the total center-of-
mass energy 8', are reaction amplitudes in the state of
total angular momentum j=l+2.
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where
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Tmx, EI.Some properties of the resonances at 1238and 1925 MeV.

and

gszxgz~~6=
4n-hc

I=—(pg —q)'= E'+ V' 2(a—&g 2'—ls,

8'g I'g
(Mev) (Mev) P&(z) o)(x)

1 $ 1238 120 z x'/(1+x')
3 q 1925 150 $ (Sz' —3z) x'/(x'+6m'+45@ +225)

with the last equality holding in the barycentric system.
The contributions to A and B of the E~ pole are given

2 ~

(z*'—~)-
+p'(E' —s'), (12)

X*2

(13)

where G'=glc~rr gr~E./4nkc and where the terms in-
volving the constants p and p' arise as a consequence of
E* being a massive particle with spin 1. En these
expressions

(Pz Pm)2= —(q k)2=I—C2+7r2 2(el(02—+2q lr,

s= —(pg+ p2)'= W'

where the last equality in each of these two relations
holds in the barycentric system. The p' term in A z' is a
constant; furthermore, the p term does not have drastic
energy and angular dependence. Consequently, the
e6ect of these two terms is not likely to be too pro-
nounced and they are dropped in the remainder of the
dlscussloll.

The resonance terms to be included in the model will
be taken to have the Breit-signer form. " More ex-
plicitly, f~+ of Eqs. (g), (9) is taken to be

the other models, F ~+ is taken to have the form

1')+= 2k'(+s(+(kR),

where the reduced width y+ is chosen to yield a certain
total width at the position of the resonance.

The resonances to be considered are the excited T= ~3

states at 1238~ and 1925 MeV." The characteristics
that have been used for these two resonances are listed
in Table I.The width and position of the 1238 resonance
are taken from Gell-Mann and Watson. ~ The position of
the 1925 resonance is taken from Refs. 35 and 36, which
indicate that the width is in the vicinity of 150 to 175
MeV. We have reported results for F3= 150 MeV. See,
however, the discussion in Sec. V. The results of Helland
et al." on the angular dependence of s+-p elastic
scattering show that the total angular momentum j= —,

'
for this resonance. Studies by Auvil et cl.' and
Donnachie et al.39 further suggest that the state has
even parity (1=3). All the results reported here are for
R=1.0h/(m c).

T = 920 MeV

Vl o

8-
c
b
O

where 8'~ is the position of the resonance, Fg+ is the
total width of the resonance and FP (i or f) is the
partial width of the entrance or exit channel, respec-
tively. The partial widths are written in the form I.0

I

0.2
1

-0.2 -0.6 -b0

1'(+(i)= 2k'(+(i)s)+(kR),
1"i+(f)= 2qRv~+(f)»+(VR)

(15a)
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where E. is a distance associated with the radius of the
interaction, y is the reduced width, and the penetration
factors e~ can be found in Ref. 33. The quantity Gt
=R)yg(i)y~+(f)]"'/Igc is a measure of the strength of a
resonance. In one of the models discussed below, the
total width of each resonance is taken to be constant. In

Cos ez

FIG. 1. Angular distribution of the produced Z+ at pion labora-
tory momentum of approximately 1050 MeV/c. The data are from
Fig. 2 (a), Ref. 9. The solid curve is calculated with Model I; the
curve ————with Model III; the broken curve —from
Model IV, and the dashed curve ————from Model V.
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8515 (1964).
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IV. MODELS

Several models involving various combinations of the
poles and resonances discussed above will now be
considered, beginning with Model I, which is simpler
(and also yields less satisfactory agreement with the
data) than the others .

Model I
In this model only the 4 pole and the f7&2 resonance at

1925 MeV are used. Apart from a scale factor, there is
only one adjustable parameter in the model, namely the
ratio of the strengths of the pole and the resonance,
G/G8. The values of G and Gq given in Table II are
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chosen to give an acceptable Gt to da/dQ at T=1090
MeV and yield the solid curves drawn in Figs. 1—14.
This mod. el yields tolerable fits to the total cross section
through the highest energy (T= 1630 MeV) considered
here. The general structure of the differential cross
section is also reproduced from T= 1040 to 1350 MeV.
It has two serious defects: The differential cross section
is much too Qat at the energies just above threshold, and
the angular dependence of the Z+ polarization as well as
the magnitude of the average polarization I' are in gross
disagreement with the available data.

Models II and III

In an attempt to remove the defects of Model I, the
pcs resonance at 1238 MeV was included. The three

FIG. 3. Angular distribution of the produced Z+ at pion labora-
tory momentum of 1170 MeV/c. The data are from Ref. 10. The
caption of Fig. 1 gives the meaning of the curves.

parameters which characterize the strength of the three
contributions in this model were chosen to give good fits
to da/dQ at T=920 and 1090 MeV and are listed in
Table II. The results of this model are substantially the
same as those of Model III, which gives the curves in
Figs. 1—14 of the form ————.The presence of the
p wave improves (compared to Model I) the angular
dependence of da/dQ just above threshold. and does no
violence to the agreement attained in Model I with the
total and diGerential cross sections. Furthermore, the
angular and energy dependence of the Z+ polarization
are in qualitative agreement with the measured values.
Quantitatively, however, the calculated values of the
Z+ polarization are much too small.
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FxG. 2. Angular distribution of the produced Z+ at pion labora-
tory momentum of 1111 MeV/c. The data given by the solid
circles are from Ref. 3 and by the open squares from Ref. 13.The
caption of Fig. 1 gives the meaning of the curves.

FrG. 4. Angular distribution of the produced Z+ at 1220 MeV/c.
The data are from Ref. 7. Similar Gts exist for the data at 1206
MeV/c from Ref. 13. The caption of Fig. 1 gives the meaning of
the curves.
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0.8
I.?-

0.6-

0.8-
T. I040MeV

0.4-

E

b

0.2-

CD

0.4-
0

I

l.0
I

I. 2
I

l.4

Pv (Be VIC)

l.6

FIG. 9. The total cross-section for the process a++p —+ Z++E+
as a function of pion laboratory momentum. The data represented
by the closed triangle ~ are from Ref. 7; the open circle o, Ref. 9;
the asterisk ~, Ref. 13;the open square Q, Ref. 3; the closed square
g, Ref. 6; the closed circle o, Ref. 10; the open del V', Ref. 1; the
open triangle ~, Ref. 11; the cross X, Ref. 12. Figure 1 gives the
meaning of the curves.

resonances are taken to be constants as opposed to the
energy dependence given in Eq. (16).Results for Model V
with parameters given in Table II are plotted in Figs.
1—14 as the curves ———.It is apparent that no very
distinctive differences exist between the results of Model
V and Model IV.

Note that in Model V the E*pole is not used. . This is
not particularly signi6cant except insofar as it points up
the lack of sensitivity of the results on the presence or
absence of the E* pole (compare also Models II and
III). Because of this lack of sensitivity, very little
weight should be attached to the values of 6' in Table II.

V. DISCUSSION AND CONCLUSIONS

It is apparent that a relatively simple model yields
fair agreement with the available data on the total and
differential cross sections for the process x.++p-+
Z++E+ through the 1925-MeV resonance. It has been

I.2

0.6
I

0.2
I I

-0.2
Cos 8~

I

-0.6 - I.O

FIG. 11.The polarization of the Z+ as a function of the produc-
tion angle in the center of mass at pion laboratory momentum of
1170 MeV/c. The data on a'P (8) are from Ref. 10.The caption of
Fig. 1 gives the meaning of the curves, which are the computed
polarization (plotted here as if a =1}.

I.2-

T l090 MeY

diKcult to obtain a large enough value of the Z+
polarization. Considerably better results have been
obtained for this quantity through the introduction of
the purely phenomenological parameter b. It will be
interesting to see whether this parameter has any utility
in the description of other similar processes. Experi-
ments on the Z+ polarization almost anywhere in the
energy region under consideration would be helpful in
assessing the value of the models discussed above. Even
so, the generally favorable agreement with the data
provided by these models lends strong support to an
l= 3 assignment for the 1925-MeV resonance, which is in

T 980 MeV

CD

CL ~f'

p-

+r.rr'

0.6 0.2 -0.2I.O
Cos 8z

FIG. 10.The polarization of the Z+ as a function of the produc-
tion angle in the center of mass at pion laboratory momentum of
1111MeV/c. The data on a'P(8} are from Ref. 13.The caption of
Fig. 1 gives the meaning of the curves, which are the computed
polarization (plotted here as if ao =1).

I cL Q, 4-

-0 4-
I

0.6 - I.Q0.2
I I I I

I.O -0.2
Cos 8~

FIG. 12. The polarization of the Z+ as a function of the produc-
tion angle in the center of mass at pion laboratory momentum of
1220 MeV/c. The data on aoP (8}are from Ref. 7, Table V. Similar
Gts exist for the data at 1206 MeV/c from Ref. 13.The caption of
Fig. 1 gives the meaning of the curves, which are the computed
polarizations (plotted here as if ao= 1).
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I, 2

0.8"
T ~ II35MeV

I 04-

-0.4-

I.O
I

0.6 0.2
Cas eg

-0.6 - I.O

Fzo. 13.The polarization of the Z+ as a function of the produc-
tion angle in the center of mass at pion laboratory momentum of
1265 MeV/t...The data on 0.'P(8) are from Ref. 13.The caption of
Fig. 1 gives the meaning of the curves, vrhich are the computed
polarization (plotted here as if ao =1).

accord with the hypothesis that this resonance is a
Regge recurrence of the ps/2 1238-MeV resonance.

None of the models considered above 6ts very well the
angular distribution of Z+ production at beam mo-
mentum 1760 MeV/c. This result indicates that some
other contribution to Z+ production is beginning to
appear at this energy.

Choices of the width and position of the 1925 reso-
nance other than those which appear in Table Ij: have
been considered. The angular distribution at 1260 MeV
is fairly sensitive to the position of this resonance, and
results at this energy were not quite as good when 8'3
is taken to be 1900 and 1940 MeV as for 8"3=1925. The
poor statistics in the data prevents this conclusion from
being too cogent. Additional data at this energy would
be useful in this regard. Similarly, the data are not really
able to distinguish between choices of F3 ranging from
125 to 175 MeV.

Several values for the range parameter R were also
considered. No particular dMculty is encountered if E
is chosen to be greater than one-pion Compton wave
length. However, values of E less than this cause the
total cross section to be too large at and above the
position of the 1925—MeV resonance.

It should be noted that (as Evans and Knight" also
found) the introduction of the ps/~ resonance is neces-
sary in order to obtain the correct angular distribution
at beam momentum within 100 MeV/c of threshold. In
addition, the success of the models at higher energy has
been attained, with quantum numbers off7/2 for the 1925-
MeV resonance. Studies are under way with quantum
numbers of go~2 for this resonance, and preliminary re-
sults, which need further attention, indicate that the
f7/Q is preferable to g7/2 in agreement also with Evans
and Knight.

Some additional comments of comparison between
the results of this paper and those of Evans and Knight"

I,O

0.6-

0.4-

]
l

O2- &

-0.2.

-0 4.

I.O I.2

Pz t BeV&e)

I4 I.6

Fro. 14. The average polarization of the Z+ as a function of the
pion laboratory momentum. The data on a0P are represented by
the open circles o, Ref. 9; the open triangle ~, Ref. 2; the asterisk
*, Ref. 13; the open square Q, Ref. 5; the solid circle ~, Ref. 10;
the closed square g, Ref. 8; the closed triangle z, Ref. 7. The
caption of Fig. 1 gives the meaning of the curves, which are the
computed polarization (plotted here as if a'=1).

may be in order. First, it is clear that the general content
and conclusions of the two models are similar. The
diBerence originates in that they have used a barrier
factor in their expression for the total and partial
widths as given by Glashow and Rosenfeld~ with a
range parameter corresponding to 0.4h/(m c). With
such a choice the total widths of the resonances, which
determine the imaginary parts of the production ampli-
tudes, increase rapidly with energy, and lead to fairly
sizeable polarization. On the other hand, the older form
of the barrier factors" with a larger range parameter
R of 1.0h/m c has been used here. The total cross section
computed with such an E does not peak at a value quite
as large as that of Evans and Knight, but neither is the
computed polarization as large as theirs (Model III
resembles most closely their model). To increase the
polarization, the parameter b (Models IV and V) has
been introduced. With 8/0, equally good results can be
obtained whether or not the total widths of the reso-
nances are made energy-dependent (compare Models
IV and V).
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