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In the framework of the static strong-coupling approximation, a model with a nucleon source and 7 and 5
meson fields is considered. Characteristically different isobar spectra result, depending on whether the ratio
of coupling constants of the nucleon to the 5 and 7 mesons is less than or greater than a certain critical
value. In the first case the spectrum of excited states is entirely uninfluenced by the y-meson fields, with the
result that the lowest lying excited state is the well-known (3,3) resonance. But if the coupling constants
are such that case II is realized, then the isobar spectrum is drastiaclly changed; in particular a 7'=1/2,
J=3/2 resonance would be expected as the first excited state. The leading term in the strong-coupling ap-
proximation of the nuclear force (potential) resulting from the nucleons exchanging = and n mesons is also

derived.

I. INTRODUCTION

HE nucleon isobar states were first theoretically
predicted! in the static strong-coupling approxi-
mation for scalar Yukawa interactions quite a long time
ago. Subsequently, in the same scheme the pseudoscalar
« meson fields were known to give an excited nucleon
(isobar) spectrum,? with the energy levels
where T stands for isospin and J for spin-quantum
numbers of the isobar. The first excited member of this
family was identified with the now well-known (3,3)
resonance which has J=T=3%,

Recently, SU(3) symmetry has had some success in
classifying the various mesons and baryons according
to the irreducible representations of the group. With
this in view, the question we would like to ask is what
baryon multiplets might be expected under the assump-
tion of an extreme (Yukawa-type) coupling between the
baryon octet and the meson octet. This has already
been studied for an octet of scalar mesons obeying the
exact internal symmetry.? However, such a treatment
for the physically important pseudoscalar mesons seems
quite complicated, so we shall attempt here a simpler
problem, possibly indicative of what may happen in
a more complete theory. Accordingly, we shall restrict
ourselves to the zero-strangeness part of the realistic
problem, our model consisting of two baryons (neutron
and proton) and four mesons (7 triplet and » singlet).
We would like to know, in particular, if any isobar
states may be expected besides those given by (1.1).
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In Sec. II we give a brief description of the strong-
coupling method, which is applied to the specified
problem and worked out in some detail in Secs. III,
1V, and V. Significantly, we find that, depending upon
the ratio of the coupling constants gwy. and fxyy,
there exist two distinct sets of solutions which must be
treated separately. In case I, which occurs when (f/g)?
is less than a certain critical value, the isobar spectrum
has the same structure as given in (1.1). We shall refer
to this case as the dominant = coupling. In case II
(dominant 5 coupling), (f/g)? is greater than the critical
value and additional excited states, not included in
(1.1), are found to occur. In particular, the lowest
lying excited state in this case has quantum numbers
J=4%, T=%. In Sec. VI, we give a brief account of the
strong-coupling approximation for the static nuclear
forces between nucleons, exchanging both # and 4
mesons. These turn out to be closely related to the
results in the conventional “weak”-coupling perturba-
tion theory. In conclusion, we note the similarities and
contrasts between our model and the Chew-Low static
theory, or equivalently (ND-!) dispersion-theoretic
calculations.

II. METHOD

Omitting the bare nucleon mass as a constant, we
may write the Hamiltonian for the problem as

H=Hy+H,

where H, corresponds to the noninteracting meson
field energy:

H=}¥ / a2 ()4 (%) (i A ()
200 () (urt— AN ()] (2.1)

¥(x) and 7 (x) are the usual canonically conjugate field
variables. The subscript p(=1, 2, 3) denotes the isospin
index of the = meson variables and the index 7 refers
to the variables of the » meson fields. No particular
simplification results if the rest masses u, and u, are
chosen to be equal, so we shall impose no restriction on
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them. The coupling of the meson fields to the (static)
nucleon source function is assumed to be of the Yukawa-
type; thus

H'=g¢ Z Bx o, (N[ Viba(x)]
+fZ /dax”‘i¢ﬂ(x)[Vi5a(x)]; (2'2)

where the spherically symmetric source function §,(x)
[which reduces to the Dirac delta function §(x) when
a— 0] represents a spatial extension of the bare
nucleon and is normalized to unity:

/d“x da(x)=1.

This “size” of the nucleon (or effectively the cutoff
parameter) is conventionally defined in the strong-

coupling theories by
—1
8. (% ):I .

a=[ / daa\:(ﬁx’éa(x)l

We shall be primarily interested in the limit e<<u. 7,
uy L In Eq. (2.2), 0; and 7, are the usual 2)X2 Pauli
matrices that operate on the spin and isospin spaces of
the nucleon. The coupling constants g, f have dimen-
sions of length and g>0, f>0 may be taken without
any loss of generality.

After Wentzel,* we introduce a complete set of real
orthogonal functions X,(x) in terms of which we may
expand the field variables:

x—x’

fdsx K.(x)K;(x)=68,5, > K,(X)K,(x)=6(x—x'),

(2.3)
Yo (x)=2 Ks(x)%m rp(X)=Z KS(X)PSM
s s (2.4)
V(=2 K:(x)g.",  m(x)=2 K.(x)p,".
The p and ¢ obey canonical commutation rules:
AL Drorgse ]=8rs8p0y AL Pr"qs" 1=0rs. (2.5)

All other pairs commute. This development serves the
same purpose as a partial-wave expansion. In the static
limit, the pseudoscalar-meson-nucleon interaction would
pick out the three p waves only, and correspondingly in
our expansion we shall need the explicit form for only
the first three of the orthogonal functions K,(x). We

4 G. Wentzel, Helv. Phys. Acta 16, 551 (1943), Sec. 3.
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choose them as®

19
Ki(x)z_ -——6,,()(),
C

Xi

i=1,2,3, (2.6)

where C is determined by the normalization condition
(2.3). C~a=5" Substituting (2.4) and (2.6) in (2.2),
we obtain

H'=gCZ O'iquip‘|‘fCZ_ oiqi". (2.7)
ip i

Here H’ is a 4X4 matrix in spin-isospin space. In the
strong-coupling theories, one first diagonalizes this
“large” interaction Hamiltonian, and then, with the
help of the unitary matrix employed to achieve this,
obtains in successive perturbative approximations the
contributions from H,.

Towards this, we find it convenient to define a new
set of variables in place of g;,, following Wentzel®:

3
—_— 7
(Iz'p—Z YnSinSpn’

n=1

(2.8)

where 7, are the positive square roots of the eigenvalues
of the tensor T';;=3_, qisqip, and s;» are the correspond-
ing eigenvectors. s,,’ are similar eigenvectors of the
tensor Tpo=2_: ¢:i,qis, which has the same set of eigen-
values 7,% Orthogonality and completeness of these
eigenvectors give

Z SinSim=O0nm s Z sinsjn=5ij-
[ n

Similarly

’ /. ’ ! —
Zspnspm '—6nm, Zspnson "a;mc
P n

Thus, clearly the matrices s:» and s,," denote rotation
in ordinary and isospin 3-dimensional spaces, respec-
tively; hence it is easy to construct unitary matrices,
Y, Y’ such that

Y*QC 05in)Y =0, and Y*( TS )Y =17y,
i )

Y acting only on the ¢ space and ¥’ on the 7 space.
We further introduce in place of the variables ¢;"

¢"=g/f 2 waSin; Un=f/g 20 ¢"in- (2.9)

Now, with Egs. (2.8) and (2.9) in (2.7), we obtain
V¥V*H' V'V =gC 3 (#20nTatno) . (2.10)

% Notation: We shall use the subscripts 7, §, £ when the indices
assume values from 1 to 3, and 7, 5, ¢ when they take all values
from 1 to . The restriction of the summation over » to »>3 will
be denoted by Z,’. Greek indices will be used to denote the isospin
subscripts only.

6See Sec. 4 of Ref. 4. See also Sec. 4 and the Appendix of
W. Pauli and S. M. Dancoff (Ref. 2) where a somewhat similar
transformation is employed.
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This traceless 4X4 matrix can be diagonalized in the
form

z* Z (7'na'n7'n+uno'n)Z

=—(y103+y2Ta+y30373); yn>0, (2-11)

where y:%, ¥9% and ys? are the roots of a certain cubic
equation (the “resolvent” associated with the quartic
equation resulting from the traceless 4)X4 matrix). The
algebraic steps involved are given in Sec. 11 of Ref. 4,
where a similar problem is solved.” We shall here need
only the coefficients of the cubic equation, expressed in
terms of 7, and #,.

Z Yn =Z(rn2+”n2)

P D DR A o DR T (2.12)

n<m n<m n
(y220).

Writing S=Y¥’Z, we have the required unitary matrix
that diagonalizes H'.

S*H'S=—gC(y105+y273+y30373) . (2.13)

The four eigenvalues of H’ are, in general, widely
separated because of the “large” factor g.8 (Actually
g>a is a necessary condition for the strong-coupling
approximation to be valid.) In the Schrédinger equation

(— E+H)F=0,

(y1y2ys)2= (r1rars)?;

substituting for the 4-component Schrodinger function

F=SF’, (2.19)
we obtain, since S commutes with X5 ¥a,
S*¥(—E+Hy+H')SF' = (—E+S*KS+A)F'=0, (2.15)
where

A=gCL(1—a3)yr+ (1= 75)yot (1—0373)ys].

In the limit of infinitely strong coupling, A vanishes for
the lowest eigenvalue of H’ (when o3=735=1) and is
+ o« for the other three, so that the lowest eigenstate is
completely decoupled from the higher ones. The system
of low-lying excited states is then described by a one-
component Schrédinger equation:

[—E+ (S*KS)owJF'=0 (2.16)

7In the case of the general vector meson interaction, the
coupling involving both the transverse and longitudinal mesons,
G. Wentzel (Ref. 4) has shown that a similar structure for H’
results (with o and 7 interchanged), and hence the diagonalization
procedure is quite similar.

8 We are, however, concerned only that the lowest eigenstate
should be nondegenerate, and infinitely separated from the other
three in the strong-coupling limit. This is satisfied if we require
at least two of the three y, to be nonzero.
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and the relevant isobar terms are contained in (S*K.S)qq.
The corrections caused by mixing between these states
and the higher eigenstates of H’ (when g is finite, but
large) are very small and will be neglected.

III. POTENTIAL VALLEY AND THE TWO CASES

In terms of the field variables p and ¢ defined in
Eq. (2.4), the free Hamiltonian H, takes the form

HO:%[Z{Z PSP2+Z Brquq.sp}

HEZ s+ Br'gr"gsm ], (3.1)
where

B,s= /d% KT(X) (,U'wz"A)KS(X) )

(3.2)
Bt [ K = K9,
Later we will need their inverse matrices
Bum [ K9 =K. 0,
3.3)

B/~ [0 K0 = 5K.0),
Z BrsBst=51't; Z Brs,Bst/=6rt-

We may note that the submatrices B,; and B;;/ (when
1, =1, 2, 3) are diagonal.

1 —A
Bi'=5i‘y1r; Yﬂ=—“/d3x5a(x)—6a X), 34
i=d1 o s 69
and
By=byV,, ¥ 1/d3 o —
=057, = % 0y (X)—0.(x). (3.5
J=ba¥a, Vim e 69

In the limit a<<u,, u, !, we have V,~V,~a? (and
when ¢>>u, 1, py, we have Vo~u. 2 and ¥ ,~u,2).

From Eq. (2.16), we see that the ¢-dependent terms
of the free-meson energy H,, together with the lowest
eigenvalue of H', —gC > . yx, plays the role of a po-
tential energy for the Schrédinger problem. This poten-
tial energy exhibits a valley in the ¢ space, the rotational
(and vibrational) motions in which furnish the low-
lying excited states. The remainder of this section will
be devoted to locating this valley or, equivalently,
finding the minimum of K as a function of the ¢
variables. In the course of this we shall see that there
exist two domains for the ratio f/g, which have char-
acteristically different solutions.
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The pertinent terms to be minimized are

K=Y Y Brgrogssty Brs'q:7q,"]—gC S v (3.6)

rs p rs

with constraints implied by Egs. (2.8) and (2.9) to-
gether with (2.12). Using Lagrange multipliers «;, and
B, we write

qu—Z O(,'pd(q:[p— Z rnsinspn/)
=X Bid(g:"— 2 (g/ unsin)=0.  (3.7)

Variation with respect to ¢,, gives

Z B”q”——z a5p53¢=0, (38)
and by varying with respect to 7., we get
i}
gC— 3 Va—2 aipSimS,m’ =0. (3.9)

Tm 7 ip

From Eq. (3.8), with the help of the inverse matrix B,
we obtain

qW:Z aipBir; qip=aipY1r- (3.10)
ip
Thus
Qip=Y 1Y taSinSpn’ (3.11)
Substituting for a;, in (3.9), we get
E
I—3% yu=rn; I'=gCV,. (3.12)
61’7,, n

Similar variations with respect to ¢,” and #, yield

¢:'=X B:B:, (3.13)
Bi=(g/NY 2 tnSin, (3.14)
9
I"a——Z Yn=tm; I'=(f/g)%CYV,. (3.15)
Um ™

On combining (3.10), (3.12), (3.13), and (3.15), the
equilibrium value of K, is readily expressed as

K, O=53 [V r2+Y 7 (¢/ )*us?—2¢Cy,].  (3.16)

It may be noted that (2.12) does not provide a simple
expression for X . y»; yet its derivatives with respect
to 7m and #. can be computed after a few simple but
lengthy operations, so that (3.12) and (3.15) may be
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replaced by the six algebraic equations:

rm{l—I'[(yl‘*'%) (yatvs) (3’3+y1)]_l[ g Yndw

Y17et3
45 i rtb zzyn]}=o (3.17)
n ¥m n
Z , yny7b’+rm2
um{1—r'[ < }}=o. (3.18)
(y1+2) (y2ty3) (yat+31)

Equations (3.17) and (3.18), or equivalently (3.12) and
(3.15), have several solutions whose K, we must now
compare to determine the over-all minimum.

Case 1. All u, are zero. This corresponds to the
situation where no 5 but only = mesons are bound. With
the help of (2.12) and (3.12), we obtain

yo=r,=T for all n.
Thus, for case I, ‘
#, =0, 7r,@O=T; K,O=—3,T. (3.19)
Case I1. uy=us=0, u35%0. Now (2.12) gives
y1,2=5{L(rit72)* Fu 1P (ri—72)*+ud 1}, ys=rs.
With (3.15) for m=23, we get
[(ritre)>fu 2=T".

Similarly, (3.12) for m=3 gives r;=T', and for m=1, 2
it gives two linear homogeneous equation in 7, and 7,
the determinant of which vanishes for IV=2T. Thus,
when I'#2T,

1nO=r,0=0, r,O=I, u®=I";

K,00=—3¢CI+T").

Notice that K,9I=K ,® according as IV=2T.

Case III. u;7#0, us%0, u3=0. Then Eq. (3.18) for

m=1, 2 requires r;=r,=r, and if 540, then Eq. (3.17)

for m=1,2 requires u;=zu,=u. With this, (2.12)
gives

yram ML+ 2T L—r 20T, yar.
From (3.18), follows

[errsft2]e=1,
and from (3.17), we get

r(—T) I

PO=— Ly O= .
21’-3r 21’-3r

(3.20)

Further, in order that # be real, it is necessary that

rO4r O LT or IV>2T.
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Thus, the extremum III (with 720) has the value
r{IT-r)
(21"—31')]’

only when I"> 2T,

K 0= ~%g0[r'+

(3.21)
In the event that r=0, then
¥1=5=0, y3= (ri?+u+u)!2.

Then, either I"=T'=y; and K,OWe=—1sCT; or
I"#T, whence 73=0 and y;= (#2+u,?)=I". Thus all
rn are zero. This situation will be taken up later as
Case V.

Case IV. All u,,40. Consequently from (3.18) r1=7,
=ry=r; and if 20, with (3.17), we get ul=us?
=us?=1u2 Then it follows from (2.12) that

y1,0=5{[4r* 430212 V3u}, yi=r.
Further, from (3.18) and (3.17), we get
[4r® 24 34, 2 2=, y©=TT"/(3["—AT).

This extremum exists only (since % must be real) when
I">2T. Then, using (3.16), we get

KQ(O)IV=—%gCI"(1+ ) (3.22)

3I'—A4r

Case V. Finally, suppose all 7,=0. This corresponds
to the situation where only # mesons are bound. One
has then y1=9,=0, y3=[>_m #,2 |'*=T". Thus

K, OV=—3gCT". (3.23)

Comparing the five solutions above, we notice that
when I"<2I, we have K,9I<K,®I and no other
solutions are valid; and when I'V> 2T, we have K,
<K OMLK OV gnd K, OT<K, OV and Case I is
not valid. Thus, we get two general solutions, depend-
ing on whether

I'/20=1(f/g)?V Y,'<1  (CaseI) (3.24a)
or
I'/a0=3(f/glY Y, >1

(Case I1), (3.24Db)

each providing the corresponding lowest potential
valley, the rotations and oscillations in which, as
already mentioned, give rise to the spectrum of low-
lying excited states. It is also seen that the transition
from Case I to Case II takes place within a very short
interval, as the ratio of coupling constants (f/g)?
changes through the critical value 2V ,¥ ;1. Indeed, the
complications through mixing of states corresponding
to Cases I and IT occur only if |K @I—K ,®1| is less
than the vibrational zero-point energy (~1/a if ua<<1),
implying

I‘I
’——— 1‘ <(a/g)*. (3.25)
r
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Excluding this narrow transition region (note a<<g), we
shall assume either Case I or Case II (unmixed).

The unitary .S matrix appropriate for diagonalizing
H’ in either case is now easily approximated. In Case I,
since in equilibrium % mesons are not bound, we are
content with diagonalizing the dominant pion part of
the H’ alone and leave the remaining small nondiagonal
terms to be treated as perturbations. Thus with Sp
=YY'Z1; Z1= (o1+Fi72)/V2,

SI*HISI= gCZI*[Z (rnUnTn+uno'n):]ZI

= —gC(rws+rarstrsosrs)
+gC{Z* (X #non)Z1} (Case I). (3.26)
Similarly in Case II, we require only terms with 7;
and #3 to be diagonal; thus with Su=YY’,
Stu*H'S1i=gC (r30373+us03)

+gC{Z2(rn¢rnrn+uncrn)} (Case IT). (3.27)

The perturbation terms (within curly brackets) in
(3.26) and (3.27) give rise to second-order corrections

in[—gC>nynl:

1
—gC 2 yu= —gC[Z rn+E > u,?] (Case I) (3.28)

n

L((r4r)? ultud
—gC > yu= —gC[rs-}-us-i——{ + H
n 2 T’ 41/
(Case IT). (3.28)

These additional terms give a contribution to the
“potential energy” at small deviations from the equi-
librium positions and give rise to a weak scattering of
the “free’’ mesons by the bound system. We shall not,
however, consider these effects in this paper.

IV. DOMINANT = COUPLING (I'"<2I')

With the help of (2.1), (2.9), (3.1), and (3.28), the
Hamiltonian describing the strong-coupling effects in
Case I is given by

K=3[3A2 ps+2 Brsgroso) —28C 2 7]

1 1 1
- " 2+ Brs/ P1Qs T ——— — " 2]-
+2[Xs:(p ) rzs 1 2v,2r Zz(q )

(4.1)

The new Hamiltonian K appears separated into 7= and
n parts, and the strong interaction (~g) survives only
in the 7 part. Then, the binding of the 7= mesons occurs
as though no # mesons were present, and the results of
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Pauli and Dancoff or Houriet? can be taken over without
any change. The main feature of this case, accordingly,
is a nucleon isobar spectrum, given by

ET=€T(T+1); T=J’ T?IT:”I’

where

27,

e=3ra/g® for aukl (g£>a),
~a%ut/g® for au>1 (g2>a%?).

T, Ts, and J, are all half-odd integers. Only isobar
states with equal spin (J) and isospin (7') occur.

We feel, at this point, it is necessary to emphasize
that the absence of strong binding of 5 mesons is %ot
to be construed as due to weak 7V coupling. This domi-
nance of pion binding persists so long as the ratio of
the coupling constants (f/g)? is below the critical
value (3.24), however large the magnitude of f? itself
may be. As the 7V coupling is increased so that (f/g)?
exceeds the critical value, the transition from Case I to
Case II takes place almost abruptly, and immediately
the n mesons begin to be strongly bound. This re-
markable distinction, peculiar to the strong-coupling
theory, is associated with the wide separation between
the two potential valleys (because of the ‘“large”
value of g).

Finally we observe that as this transition takes place,
it is simultaneously accompanied by an instability de-
veloping in the solution corresponding to Case I. The
term — (1/4Y,)(I'/2T)3_:(g:")? in Eq. (4.1) (which can
be regarded as a “pair interaction”), in conjunction
with the free n-meson Hamiltonian, causes a shift in
the eigenfrequencies wy= (u,2+%%)"2 of the ¢, field. The
continuous spectrum is unchanged, except for the lowest
eigenvalue we?, which, as I'"/2T is increased from O to 1,
detaches itself from the continuum, decreases from u,
to zero, and becomes negative as I'/2T' is further in-
creased, confirming the fact that “equilibrium I” be-
comes unstable in Case II.

V. DOMINANT » COUPLING (I'">2T)

From Eq. (3.20), we know that the potential valley
for this case is situated at

rO=7, 0= O=4,O=0, 7;O=T, y;®O=1",

Convenient polar coordinates, in terms of which the
field variables ¢:, and ¢;” may be expressed, are defined
with the help of two unit vectors

’
€i=3i3, € =593/
e;=sinf cos¢, ey=sinfsing, e3=cosd, (5.1a)
ey’ =sind’ cos¢’, e)’=sind’ sing’, e;3'=cosd’.

The remaining components of s;, and s,,” are given by

de; exp(iyp) de;
saisp=exp (W) —+ti—— —,
a0 sinf ¢
(5.1b)
de,” exp(xw) de,’
Sp1’ k18, =exp(£wY)—i—— —
ae’ sinf’  d¢’
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These definitions are consistent with the orthogonality
conditions of s;, and s,,’, since

de; de; de; de;
T e—=% t—=3% — —=0,
i 80 i d¢p i 06 I

S eiey (aei)z 5 1 (ae,-)z )
ef= —— — ) =1,
i i \90 i sinZ0\ d¢

1 36,' aej
eti+——+ — — —=0y.
sin% d¢ d¢

(5.2)

Similar relations hold for ¢,’.
The nine field variables g;, are then readily replaced:

de;de,”  de; 1 de,’
gip=ree, +E1— 2 =
a0 a6’ 90 sing’ 3¢’
1 e, de,’ 1 de; 1 e,

b— (5.3)
sinf d¢ 96’

4 ’
sinf d¢ sind’ 9¢’
where we have denoted 7; by 7, and &, &, £3, and £4 are
linear functions of 7, and 7, (<r), dependent on y and
¥/; we are not interested in their explicit form. New
variables for the remaining ¢,,(r>3) and ¢, are intro-
duced by shifting their origin to their equilibrium
values, as given by (3.10), (3.13), and (3.20). Thus

¢ro=qr,/+8C > Bireiep,; r>3,
g (5.4)
(Is”—_— Qs,ﬂ"l"fc Z B{sl&;.

The corresponding canonically conjugate p’ variables
are then defined by®

pip= Pip”*"zl )\ip,me"FZ ,Uip,sps/n y

PW’:PTP,r 1’>3, (55)

P3”=Ps’",

where, in order to satisfy the canonical commutation
relations, we have

>\ip,rw= _igc Z BjT[PiPI)ejeﬂl:I ) r>3 )
i (5.6)

=4 ./ ’
tip,s=—18C 2 Bj'[ pis'ei].
i
pi,’ are expressible as linear functions of ps, pg, per, pe',
Pr, 1, T2, T3, and w4, which are the canonical conjugates

of the field variables 6, ¢, 0/, ¢, r, &1, £, &3, and &4
introduced in (5.1,5.2,5.3):

Piﬁ,=Pi9(l)+pi9(2)+ )
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1 de,’
NI
sin%’ d¢’

where

© 1 ‘ [ae,,'
i =16 ]
Pis 7 a9’ ?

de; 1 Jde;
+8p'|:—;00+ —P¢]}+ ey
a6 sin%f d¢
(5.7
de; de,  de; 1 aep’
Pip @)= eiep/Pr_I_ - —_7|'1+
a6 o0’ 90 sinfd d¢’
1 de; de,’ 1 de; 1 ae,,’
— e — —
sinf d¢ 90’ sinf d¢ sinf’ 6q§

and the dots stand for terms containing £ variables
that are of no interest.

With the help of (5.2) and (5.7) the commutators in
(5.6) can be determined:

Nipro=— Z {eief(apﬂ eplea,)
Y te,le) (bi—eie)), r>3; (5.8)
B,/
pips=—(f/8) 2 76/ (8:5—eie) .
J T

Thus substituting the new variables (5.3,5.4,5.5) in K,
[Eq. (2.15)] we obtain
“_"%{Z, PT/2+Z(ps,”)2+Z Bs Z qrﬂlqsp’
rp 8 78 P

+3 B,s'qr'"qs"'—gC(F—l—I”) (5.9)

+Z l:pip,_l_zl )\ii’:”?“’,_*—z 'uiﬂ,spslﬂjz}—i_Ksl )

where K, is the perturbation term (3.28):
(1’1+1’2)2 u12+M22]
+ .
(4D

Ks’=—%gC[

We still have to perform another (but weaker) trans-
formation on the p variables (p'=p'@4p"). This
would separate the p-dependent terms of K into those
containing only p.,’, involving the “bound” meson
variables, and the rest that denote the “free” mesons,
only weakly interacting with the bound system. As
usual, this is achieved by a variation of K with respect
to pro’ (r>3) and p,'7, the resulting minima K,® con-
taining the required compound nucleon terms.

From (0K ,/dp.")=0, we get

P’I‘GI(O) = ”'Z xip,rapip(o), r> 3 5 (5.103)
ip
and from (0K ,/dp,'")=0, we get
P10 = — (5.10b)

Z P'ip,spip(o) )
ip
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where we have defined

i@ =pi) 2 Mo roprd’ O+ wipsps’ 7. (5.11)
Substituting (5.10) in (5.11), we derive
Dio P2 A jrpir @ =pi) (5.12)
iT
with

_ ’
Aip.fr_ Z )\ip.w)\jr,ra'i'z Mip,sMjr,s.
il’a s

Substituting for A and u from Eq. (5.8), we obtain

Nipjr=ae, e, (0ij—eie;)+Beie; 0,,—e)e), (5.13)
where
a={[=+(f/0)d )V} -1, B=(/V.)—1
with
= zwwh~iﬁmama;3§am,
=3 (B:),
C*=1/12ma when w1,
~a%u~* when u.a>1;
C?%3'=1/127ra  when pu,0<1,
~a®u, 4 when p,a>1.

Substituting (5.13) for A in (5.12) we can solve this
equation for p;,, with the result

a B
iw O =pi) ———e, 2 e, pi/ ——¢; e;p; !
p/’ p p 1+ P - p 1—’—6 ZJ: J? P

a

a B
+ (—+—)eiep’ 2 ejespil . (5.14)

14+a 1+8 jo

This, with (5.10), determines the location and the
value of K, minimum.

K,O=3 % pispin®
ip

a
=l2 e - i’e’}:e,' <!
21_}){?» 1+a?9pa P

B
———pie Z eipis
1+8

B
>117"-p €i€p Z €j€s p]ff (5.15)

+( 2
1+a 148

Now, with (5.7) for p;,/, and using the orthogonalit
Pio 13 y
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conditions (5.2), Eq. (5.15) becomes

1/ L2 L? 4
K,,(O)=—( + )-I—% 2413 72, (5.16)
2I'’°\1+4a 148 v=1

where
L2= (1/sinf) py sinfpe+ p42/sin’
L?= (1/sin6’") pe sinb’ po~+ p¢-?/sin%’ .
The rest of the terms of K are of no interest to us-since
we do not wish to study here the “free”’-meson scatter-
ing effects.
Finally, we have only to calculate S*K,©S, the

crucial term in the Schrédinger equation (2.15). We
split the unitary matrix St1 (Eq. 3.27) so that

S=SOs", (5.17)

where S© makes H'© (the value of H’ at equilibrium)
diagonal, and S” provides perturbative corrections con-
taining £, and 7, which however, play no role in our
problem. Accordingly, using (3.20), we have

H'O=4C S 0114, O+ fC L oigs"®
ip i

=gC[P Z o,—r,,eie,,'—i-I" Z aiei]. (518)
ip 7

Hence
SO*H' OSO = ¢C(Toyrs+1as).

This diagonalization is achieved by

S(0)= YY,; Y*(Z 0¢6¢)Y=0‘3, Y’*(Z Tpe,,’)Y=rg.
T P

Y = (cos¢/2—io3 sing/2) (cosf/2—ics sind/2) 5.19)
V'= (cos¢’/2—ir3 sing’/2) (cos®' /2—i7s sind’/2). '

On performing this S©® transformation on the first
term of (5.16), we obtain the isobar terms

1 [Y*LWJ Y’*L’zY’]
"o

14-o 1+8
1 p—cosfpy+i
YV*L2Y =——pp sinfps-+ ? : 4, (5.20)
sinf sin%f

1 pg?—cost pyrt+%
VLY =———py sind'po-+ : i
sind’ sin’f

LS

Substituting for @ and S from (5.13), we get

1 1
Hp=—-1(g%+ 2z’)“[— sinf
‘ 202{ gets sing S0

po2—cosbps+1 .
f +1

sin%9

por sind’ po+ - +
sin%0’

'\

1 2—cost pyr+3
" (822)_1[ 2 Poti :I}
sing’

(5.21)
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as the Hamiltonian of the Schrodinger equation for the
rotational states.

(— Ep+Hr)F'=0. (5.22)

Since ¢ and ¢’ are cyclical variables, F’ has the form
F'=gimétnd"y (0)u (6').

The requirement that F=SF’ be periodic in the vari-
ables ¢ and ¢’, with S~¢i(E¢£6")/2 restricts m and # to
half-odd integers. The eigenvalues of Hr are then

J(J+1) | T(T+1)
" _2C2(gzz+f22') I 2¢%C%z

where J2 |m|, T2 |n|, and J, T, m=J,, and n="T;
are all half-odd integers. In the limit of small @
(Kur, <Lpy ),

, (5.23)

JU+1) T(T
+1) (+1)]. (5.24)

g2+f2 ' g2

Note that the condition (3.24b) implies in this limit
12> 22

Thus, the isobar spectrum in Case IT is quite different
from that of Case I. Whereas when I'" <2T" only isobars
with equal spin and isospin could be realized, now when
IV>2T, isobars with T's##J are possible as well. In
particular, the lowest excited state has quantum num-
bers T'=%, J=4%, and is followed by states with higher
T and J values. In further contrast, when N coupling
is dominant we find that both the 7 and 7 fields partici-
pate in forming the above bound states. Their strong
cooperation is most manifest in the larger denominator
(g2+ f? in (5.24), which demonstrates that both meson
types contribute to the “moment of inertia” of rota-
tional states with spin J>$%. Higher T values can be
achieved only by binding = mesons, and correspondingly
the “moment of inertia” (~g?) is smaller.

ET,J= 67r(l[

VI. NUCLEAR FORCE

The strong-coupling approximation for nucleon-
nucleon interaction by exchange of scalar mesons was
given by Wentzel,! and the result was found to be simi-
lar to that obtained in the conventional perturbation
theory. We will seek here the equivalent form when 7
and 7 mesons are exchanged.

Consider N nucleons at rest, located x,(»=0,1---,
N—1). The interaction Hamiltonian is then

N-1
B=E /=g % [ 007,04, 8,(x-x))

s / Bx 0 (%) (Va(x— %)) (6.1)

Among the complete set of orthogonal functions, the
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first 3V will now be defined by

19
K3y+i=—a—5a(x"‘xy); v=0,--- N—1,7=1,2,3,
£2)

the orthogonality between these functions being en-
sured by assuming

|x,—x,|>a or /dsx 80 (X— X,)80 (X—X,) =0,
Thus, by (2.4)
H'=3% {gC X 0:7, 50410+ fC L 0:q3015"} . (6.2)
v ip 7

H’ is now a 4N-dimensional matrix, diagonalized by
S=]I,S,, where S, diagonalizes the submatrix H,'.
We obtain the lowest eigenvalue of H' as

N—-1 3

—8CL Ty,

y=0 n=1
with the result

K=Ho—gC3 3 y.. (6.3)

We are again interested in the minimum of K, in par-
ticular its dependence on the nucleon distances | x,— x, |,
because this gives the leading term in the strong-cou-
pling approximation for the nucleon-nucleon interaction.

In order to find the equilibrium values of the g
variables, we have to perform a variational calculation
on K, with constraints

Qaoti,p=2_ "nP5:n 50",
» (6.4)

Gsori"= (8/f) X a5
This yields

Z Brsq”z_z aip(y)63v+i,s =0 )
r [

gC

a7, 2 =2 a5 s’ =0,
Ym' "’ n ip

(6.5)
Z Brs’Qrﬂ_Z Bi(v)a&ﬂ-i,s‘:o )

d
Ee—— 2 v = (g/f) L BiVsim™ =0,
aum(”) n i

from which we derive

a

K, O=%CY [rm(”) — 3 .
vom 3

rm(”) n

+ U Z yn(v)—zym(v):l ’ (66)

U n
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L0) = B. . . )
@3uti,p" )—Z' By i spria, ™
v,

= Y‘iraip(”)_'_z Z YW—IE3H—]',3“+£

vFEp §

X2 725 M5, @ (6.7a)
n
Q" V=2 B'oyij urii”
vy

=V ,8:“4(g/f) X 2 Yﬂ—IB,3r+j,3u+i

vEu J

X2 . @55, (6.7b)

where V. and ¥, are defined by (3.4) and (3.5). In the
v#pu terms above, we have approximated for «;,*’ and
B;”, using r, and u., as though |x,—x,| were .
Substituting (6.4) in (6.7) and using (6.5), we get,
analogously to (3.12) and (3.15):

fm(ﬂ) :P

Z yn(")_l"yw—l Z Z B3V+i,3u+i

7™ n vEu idp

X 7255, )53 W5, g1 1)

n

(6.8a)

U (M) = P’

WYY T Bl s

Oy, n vEu ij
X2 @55 Psim® . (6.8b)
n

Further we may write

fn(y)=fn(0)+57’n("), Un P =1, O 54,
and consider 6r,¢*, §u,* as small perturbations. As in
Sec. III, Eq. (6.8) has several solutions, and depending
on whether I'/2I'<1 or >1, Case I or II will be
realized.

Case 1. (I'<2I'): In this domain 7,©=T=gCYV,,
%, =0 and neglecting terms ~ (8)?=1?

e > ya =1, for every ».
T'm n

2 =21,
n n

Thus Eq. (6.6) becomes

Kq(0)= —%gCFN'*_% Z VMv;
H7y (6.9)
Vyv= —g¥C? Z B3V+j.3ll+’(: Z SiP(V)SiP(“) )
iJ

P

where S:;,P=3",5:™s,,’®, which are functions of
Euler angles ©,, ®,, ¥,. Here V,, represents the inter-
action between nucleon pairs (us%£v) or rather its domi-
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nant term in the static strong-coupling limit. Since

Bovsspuri= / 0% Ko (3) (4= A) K pes(x)

1 0 9 e#=r

C2 dx; 0x; Ay’

where r=|xu—Xuy| and %= (X — X)), Eq. (6.9)
becomes

) 0 \e H
V=23 (Z Sip(u)_)(z S, )__
P\ i ox;/ 4mwr

ax,’

(6.10)

which is to be regarded as a matrix between spin-
isospin states of nucleons at x, and x,. General expres-
sions for these matrix elements have been derived by
Fierz® In particular, for the nucleon ground states
JM=T® =1 the results can be expressed by merely
writing S;, " =30,"7,", thus

2 g HxT

g
V“"=-9_(1m ) (@ - V) (¢ V)
4

(6.11)

1 v4

Except for the numerical factor 3}, this agrees with the
one-pion exchange interaction, as computed in the
conventional perturbation theory.

Case II. (I">2I"): In this case r;@»=T=gC¥,,
us @ N =T"= (f/g)*4CY ,, the rest of the  and % vanish-
ing. Neglecting the terms quadratic in & and ou, we
have

L) = ) » L) = (D=1
; 4 s dr;™ % 4 Ouz ™ % 4 ’
INORIPRO)
M= O 6.12
o 2 9 EYNC) ; In T/ » (612)
Ml,z(v)

n(r)= .
Oty s = (P+T)

Equation (6.8) then yields
73 =T+gC P Z B3V+] 3pti

vEp g
Xe; Me, (e ’(V)e '(it)

uyW=T"4¢C(f/g)* 2 2 B 3uti,3utili Ve P

v#Ep i

(6.13a)
(6.13b)

where we have set 537 =¢;, 5,5’ P =¢,/ ", Substitut-
ing (6.13) in (6.6), we obtain

K,©=—3CT+T)N+3 X Vo,

pEy

V=V @V,
e 3 (6.14)

Vi @=—gC?3" 3" BiuijsuritiPe; e, Me,/ W |
ij p
V== f2C2 3 B'suijaurie;Ve® .

i

9 M. Fierz, Helv. Phys. Acta 17, 181 (1944); 18, 158 (1945).
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Substituting for B and B, we get
Va@=g3 (ep’(u)ep’(V))
p

d 9 \e+"
XI:(Z ei“‘)———)(z e,-"’)~—) ], (6.152)
i 9x; i ox;/ 4rnr

9 \ e Hn
V= f2<2 e W — )(Z PRe )
i 0x; 47rr

For the nucleon ground states J®=T®=% we can
again write e;= 30, ¢,/=%7,. Thus,

(6.15b)

2

g 6—1417‘
V”vm__(,,(n) ,(v))li((,(u) V) (e V)4 :|

Y

2 e kT

V“v(f)=!9_(o-(n) V) (@™ V)

T

This result is again in formal agreement with a weak-
coupling theory involving single = and 5 exchange, with
renormalized coupling constants suitably defined.

VII. CONCLUDING REMARKS

The Chew-Low-Wick! static theory, considering only
zero- and one-pion intermediate states, successfully ex-
plained the genesis of the T=%, /=% resonance. It
further showed that no binding was possible in the other
channels (3,3), (3,3), or (3,3), essentially because the
dominant Born-approximation phase shifts of these
channels were negative. If isoscalar n mesons alone
were considered, then only the T=31, 7=% channel
would be found to resonate in this formalism, for much
the same reasons.

Now, for a system with both 7 and » mesons interact-
ing with nucleons, we have a multichannel problem,
involving a 2X2 matrix for the scattering amplitude.
Capps'! has made an ND! calculation assuming in N
a simple pole, the residue of which is given by the Born
amplitudes. D is then readily computed by appealing
to the unitarity requirement, and det|D|=0 provides
the resonance condition. For the (£,2) channel, this
reduces to the Chew-Low condition (neglecting the
refinements due to crossing)

1—-2w33'y,,g2=0, (7.1)
and for the (},2) state it takes the form
detD= 1+w137"g2_ w137nf2_— 4w132777vg2f2= 0 ) (72)

where v, and v, are integals involving kinematical
factors and are only weakly energy-dependent. The
other channels (3,3) and (3,3) cannot resonate, again

10G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956);
G. C. Wick, Rev. Mod. Phys. 27 339 (1955).

uR. H. Capps, Nuovo Clmento 27, 1208 (1963); see also
A. Martin and K. C. Wali, Phys. Rev. 130 2455 (1963).
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because of mnegative phase shifts in. the Born
approximation.

Clearly from Eq. (7.2), a large enough f?y, is neces-
sary to offset the g¥y, term if it is to cause a binding in
the (3,2) channel. Granting this, the relative position
of the two resonances is dependent on the ratio gly./

f?vy In particular wi3<wss, when
L/ &>yavat (7.3)

This is, indeed, at least outwardly similar to the rela-
tion I">2T or (f?/g?>2Y .Y, ) obtained in Sec. III
for the strong-coupling approximation.

Although in both theories, as intuitively expected, a
T=% resonance is enhanced only when the »N inter-
action is dominant, there is considerable difference in
their detailed mechanism. A characteristic feature of
the strong-coupling theory is the abrupt emergence of
the T=1 state as the coupling constant f is varied
through the critical value, and further manifest in the
structure of this theory is a curious interplay between
the bound = and 7 meson fields. Furthermore, the
strong-coupling theory predicts a =%, J=14 state with
its energy value lying between those of the states (3,5
and (,2), when the N coupling is dominant (Case II).
This effect is entirely peculiar to the strong-coupling
model, and specifically a J=% resonance cannot be ob-
tained by the Chew-Low approach or in any theory
that uses the Born amplitude as the boundary value,
since these dominant Born terms have negative phase
shifts. Finally, the higher excited states that arise in
our scheme may be of some relevance when more
detailed investigation of high-energy resonances is
completed.

We may now attempt to correlate the conclusions
of our model with the present experimental situation.
We notice that the lowest lying nucleon isobar is
Naje,32%(1238); thus we may associate the nucleon
interactions with Case I in our model, which in turn
implies (f¥w+/gwn-)?<2 (in the limit au<1). It is easy
to see that similar strong-coupling calculations can be
made with the & doublet (instead of nucleons) to gen-
erate S=—2 excited states. Here, however, since
/2,32 at 1529 Mev happens to be the lowest excited
state, Case II is probably realized, which would indeed

mean (fzz,/ggzx)">2.
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We could examine these inequalities in the light of
the octet version of the unitary symmetry for strong
interactions. The SU (3)-invariant interaction between
a baryon octet and a meson octet is of two distinct
types, D and F (related to dijx and fjx of Gell-Mann!'?),
and the ratio of their mixing is given by a parameter
a.!® Precisely, a=0 refers to pure D and a=1 to pure
F coupling. In terms of this mixing parameter, the ratios
of our coupling constants are easily expressed:

IEna\? [4a—17? fE=q\? 2a+1
G -5] G -lasal o
NN« \/g 8EEr (2(1—'1)\/3_
For o between 0.21 and 0.86 the above ratios are such
as to fall in the Case I domain for nucleon interaction
and in the region of Case II for Z interaction. This is
indeed the region within which the recent experimental
fit seems to fall¥ and is consistent with what we have
observed in the previous paragraph.

Indeed, it should be interesting to incorporate hyper-
charge into the scheme of internal symmetry while
diagonalizing the strong coupling interaction Hamil-
tonian, with K-meson effects properly included. If such
a unified pseudoscalar strong-coupling calculation does
not drastically change the results of our restricted
model, then we have partially established that the
lowest lying set of baryon resonances belongs to the
SU(3) multiplet {10} and not to {10}, {27}, or {8},
since the combination N3;2* and E;/2 occurs only in the
{10} representation.!®
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