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We have used thermodynamic perturbation theory to study the effect of the finite energy spread of phonon
excitations upon the possibility of three-phonon interactions which could not otherwise conserve energy.
It is shown that a proper treatment of this effect is equivalent to a consideration of higher order processes
in which the interacting phonons occur in virtual intermediate states, but that such processes cannot in
general be adequately taken into account simply by assigning a lifetime to one or more of the interacting
phonons. It is also shown that the higher order terms of conventional perturbation theory should be modified,
whether or not the three-phonon process is energetically allowed; if it is, these modified terms should be
substituted for the three-phonon contribution rather than added to it. We give a qualitative discussion of
applications to liquid helium IT and to dielectric solids.

1. INTRODUCTION

HE problem of the lifetime of a long-wavelength

phonon due to its interaction with other phonons
is of great importance in the theory of insulating solids
and also in the phenomenological theory of liquid
helium II. Provided the medium is sufficiently pure,
this lifetime will have a dominant effect upon sound
absorption, on neutron-scattering linewidths—which,
indeed, measure it directly—and on transport proper-
ties. Normally, the lifetime will be primarily due to
processes involving three phonons, that is, spontaneous
decay processes, A— B4-C, or “collision” processes,
A+B—C.

It has been noted before! that since the probability for
spontaneous-decay processes varies as the inverse
fourth power of the wavelength, collision processes
dominate the lifetime in the long-wavelength limit at
finite temperatures. However, if there is only a single
dispersion curve, and if it is convex, that is, if the
phonon velocity decreases with increasing wavenumber
—as is the case for helilum IT—it is impossible to
conserve both energy and momentum in collision
processes. This is also true for the case of longitudinal
phonons in an isotropic solid with a convex dispersion
curve. Such processes have, therefore, usually been
neglected and it has been assumed that in solids the
dominant processes are interactions with phonons from
special regions of phase space where two-phonon
branches nearly coincide? and, in liquid helium II,
“indirect” four-phonon interactions proceeding via a
virtual intermediate state.®+

However, a number of authors™’ have recently
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proposed, in connection with the absorption of sound in
helium IT, that if the energy uncertainty of the phonons
B and C is of the same order as the “energy deficit”
for the process A+B — C, then this process can take
place and will dominate the lifetime of A.® The most
detailed attempt to justify this hypothesis has been
made by Simons.® Using ordinary second-order time-
dependent perturbation theory, Simons argues that the
expression for the probability that the process A+B —
C takes place after time ¢, which is normally taken to
be proportional to sinwt/w where w is the energy
deficit,® should be averaged over ¢ from 0 to « after
having been weighted with a factor exp(—#/72) where 74
is the lifetime of B, since this factor gives the probabil-
ity that B has been present for a time #. Integrating
over w from some threshold value wgo(k2) to infinity,
Simons then gets for the lifetime 7 of A

® Ong
r“1=const><co1/ kol— arccot(wyore)dks, (1.1)

0 Ows

where w; is the energy of A, k; the wave number of B,
and 7, the number of phonons B. We note that in the
normal treatment arccotwsore would be replaced by
w0(ws0) where 6(x) is the step function [8(x)=1,
x>0;0(x)=0, x<07]. The conclusion is that the process
A+B — C is, indeed, allowed with a “weight factor”
arccotwzors.

Although suggestive, this approach seems to be
inadequate for several reasons: (i) the intuitive idea of
the “time for which B has been present” seems to be
hard to interpret on the quantum level, since B is one
of a set of indistinguishable phonons, whose number
does not change in time because the system is supposed
to be in thermal equilibrium; (ii) intuitively, one feels
that the “linewidth” effect must really be equivalent
to some higher order effects involving B, but how this
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equivalence comes about is not clear and it is, for
instance, difficult to see whether the ‘linewidth”
effect replaces four- or five-phonon effects, is added to
them, or is connected in an even more complicated way ;
(iil) it is not clear whether the assumption of an
exponential decay of B—which is inexact at very short
times—is adequate for this problem; and (iv) it is
clearly inconsistent to take account of the finite lifetime
of B, but not of the collision product C.

In the present paper we develop a method of taking
account of the finite spread in energy of the colliding
phonons which avoids most of the above difficulties.
Basically, our method consists of using thermodynamic
perturbation theory to derive the contribution to the
self-energy of A from three-phonon processes. However,
by using, instead of free-phonon propagators for B and
C, the (unknown) exact propagators, some higher order
phonon interactions are taken into account. By a
method of successive approximations we elucidate the
relation of our approach and the conventional perturba-
tion-theory approach® to higher order processes. It
turns out that Simons’ formula is, generally speaking,
incorrect, since the assumption of an exponential
decay—or, equivalently, of a Lorentzian line-shape—is
unjustified. Under certain circumstances, the generaliza-
tion of Simons’ result obtained by taking account of the
lifetime of C as well as that of B gives the correct answer.

As a by-product we obtain in a natural way a correc-
tion, previously obtained by Carruthers,** to higher
order terms of the conventional perturbation series;
this correction eliminates the unphysical divergence of
these terms as the intermediate energy denominator
tends to zero. We show that if we consider these terms
at all, they should be substituted for the mediating
three-phonon processes rather than added to it, and
that usually, if the mediating three-phonon process is
energetically allowed, the correction obtained in this
way is negligible.

In the next section we discuss the phonon spectral
function, and in Sec. 3 we derive our basic expression for
the inverse lifetime of a phonon in terms of the exact
spectral functions—or, equivalently, the exact propaga-
tors—of the other phonons involved in the three-phonon
processes. In Sec. 4 we discuss various approximations
for the exact propagators and show the relation of our
method to conventional perturbation theory. In Sec. 5
we discuss to what extent Simons’ simplified approach?®
is justified. Applications are discussed in Sec. 6, while
in Appendix A we give a justification of the Hamiltonian
used in the present paper.

2. THE SPECTRAL FUNCTION

We shall discuss systems described by the following
model Hamiltonian:
B . H=H+7T, (2.1)
111, Pomeranchuk, J. Phys. USSR 4, 259 (1941); 6, 237 (1942);
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where H, is the diagonalized second-quantized operator

IIo‘—‘Zk w(k)akfak y (2.2)
while V' is given by the equation
V=(1/0)(1/3) 2w, & Viawrwr (axt+a_s’)
X (aw~+a_w) (@ +a_xT).  (2.3)

We discuss the use of this Hamiltonian both for crystals
and for liquid helium in Appendix A; U is the volume
occupied by the system, the ax' and ax are, respectively,
creation and annihilation operators for bosons (phonons)
with momentum k, the curve w(k) (for notational
convenience we shall often write w(k)=e¢) is assumed
to be weakly convex, and we assume that the Vi
satisfy the relation (See Appendix A)

I/kk’k” = (kk/k/,)l/2§k+kl+kll X const. (2.4)

The quantity which plays an important part in our
considerations is the so-called spectral function, which
is essentially the Fourier transform of the expectation
value of the commutator [aq(),a,"(0)], that is,"®

A q(w) = i[Gq> (‘-") - Gq<("’)] ) (2~5)

with
00
o (w)=—i / daq(Dagt ), (2.60)

-+0
o) =—i / da O)as®)e,  (2.6b)

where the angle brackets (- -
over a canonical ensemble,

(++)=(Tr---eBH)/(Tre~fH), B=1/ksT (2.7)

with kg Boltzmann’s constant and 7" the absolute
temperature.
We note for future use the following relations!?

-) indicate an average

/ qu(w)dw=27r, (2.8)
TGP (@) =G (), (2.9)
Gy (@)=—i[n(@)+1]44(w), (2.10)
where
n(w)=[efo—171. (2.11)

The probability that in the system described by the
Hamiltonian (2.1) a phonon of wave vector q is created
at time /=0 and absorbed at time ¢ is proportional to

" dw 2
[ St a@e
2m

[{aq(Dag' (0))]*= (2.12)

and we thus see that 4 (w) is related to the probability
of decay of a phonon of wave vector q which is added

1B L. P. Kadanoff and G. Baym, Quantum Statistical Mechanics
(W. A. Benjamin, Inc.,, New York, 1962); our notation differs
slightly from theirs (see, for instance, Ref. 14).
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to the system in thermal equilibrium. Moreover, if
Aq(w) is of such a shape (vide infra) that it is non-
vanishing only over a range of w values which is small
compared to kg7, we can put the slowly varying
factor #(w)+1 equal to its value at the peak of 4 4(w);
the required probability is then simply proportional to
the square of the Fourier transform of 4 ¢(w).

It is convenient to express 4 ¢(w) in terms of two real
functions of w, Aq(w) and I'g(w) with I'g(w) positive,
as follows

2Pg(w)
Aq(w)=

[w—eq— Aq(w)]2+ [Fq(‘*’)]2

where €4 is the harmonic-approximation phonon energy.
The quantities Aq(w) and I'q(w) are related through
the dispersion relation (P indicates a principal-value
integral)®®
1 T'y(w)do’
Ag(w)=—P / . .

T w—w’

. (2.13)

(2.14)

We shall in the next section discuss how I'q(w) and
Aq(w) can be evaluated.

The special case of noninteracting phonons is reached
by letting I'(w) tend to zero for all values of w, and we
then get from (2.13)

A4 ¢(w)=276(w—€q). (2.15)

On the other hand, sometimes I'q(w) may tend to
zero in the region where w—e—Aq(w) is small, even
though it remains finite in some other region, say,
above a ‘“‘threshold” wo. From (2.15) it then follows
that A¢(w) remains finite and varies with w. In the region
of the “peak” where w—eq—Aq(w)~0, 44(w) will be
of the form

Aq(w)=

Sw—e),  (2.16a)

1— (04 y/dw)
where &g is defined by
€—eq—Aq(&)=0;

since in this case 0A,/dw is negative [cf. (2.14)] we
find
Aq(w)

Sw—2);  (2.16b)

14+ 19A,/60]

that is, we find a reduction of the “strength” of the
singularity—necessary in order that the sum rule (2.8)
be satisfied. In Sec. 4 we shall discuss a situation which
closely resembles this case.

The physical interpretation of Eq. (2.16) is the
following one: The “bare-particle” excitation states
a'®y, where &, is any eigenstate of the Hamiltonian,
are themselves not eigenstates of the Hamiltonian,
while the ‘“dressed-particle” excitation states are
eigenstates. If we express the ‘‘bare-particle” states in
terms of the “dressed-particle” states, they will contain
an admixture of states with arbitrary energies, including
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those states for which w is larger than the threshold
energy wo. This is indicated by the finite values of I'y (w)
and hence of 4 ((w) for w>wo. The threshold represents
the minimum energy for which spontaneous decay is
energetically possible (vide infra). At finite temperatures
I' also rises below the peak, as there exists a maximum
energy below which three-phonon collision processes
are possible.

We must emphasize that Eq. (2.13) does not neces-
sarily mean that 4 ¢(w) has a Lorentzian form. This is
only the case if Aq(w)=const=A and I'y(w) = const=T".
In general, this will not be true. Sometimes, however,
Ay(w) and T'(w) may be varying slowly in the imme-
diate neighborhood of the peak. In that case we find
from (2.12) that—at least for sufficiently large t—

[{eq(Baq' (0))[*~ce', (2.17)

1/7=2Tq(%),

where &, is the position of the peak of 4 4(w).

We must note that the constant ¢ in (2.17) is not
necessarily unity. This can be interpreted as follows:
the “bare-particle” state a¢4'®, contains, apart from a
single “‘dressed-particle” state (the amplitude of which
is less than unity), states involving more than one
“dressed particle.” The single “dressed-particle” state
will decay, corresponding to Eq. (2.17). We see thus
that (2.17) will hold for values of ¢ larger than the
time necessary for the states with more than one
“dressed particle” to be “drained off.”

Conversely, we see that for any process (such as the
absorption of sound) characterized by a “lifetime,”
we need know only I'q(é,) and it is reasonable to
approximate 4 (w) by a Lorentzian curve. Moreover,
although, strictly speaking, a departure from the
Lorentzian form should show up in neutron-scattering
experiments, which measure A44(w) directly, the ac-
curacy of the experiment is unlikely to be adequate for
this purpose for some time to come (see also Sec. 6) so
that for a comparison between theory and experiment
it is usually the “half-width” of the peak, given by
I' (&), which is of interest.!*

If we need to know the behavior of 4 4(w) far from
the peak (compare Sec. 4), it may be a very bad
approximation to replace I'q(w) by its value at the peak,
independent of whether we use a calculated value or one
deduced from sound-absorption or neutron-scattering
experiments.

with
(2.18)

3. CALCULATION OF I'q(w)

It has been shown in the literature'®:15 that I' (w) and
Aq(w) can be expressed in terms of the so-called irreduc-

14 Note that in contradistinction to many authors (e.g., Ref. 13)
we use I'q (&q) for the half-width and not for the full width.

15 A. A. Abrikosov, L. P. Gorkov, and 1. E. Dzyaloshinski,
Method of Quantum Field Theory in Statisiical Physics, translated
by R. A. Silverman (Prentice-Hall, Inc., Englewood Cliffs, New
Jersey, 1963).
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I'1c. 1. Simple bubble diagram.

ible self-energy Z,, as follows
T =3i[Zq(wtie) =2 g (w—1€e) ]= —ImZ  (w+1€) ,

Aq=Re 2 (w+ie), e— 0. 3.1)

The rules for the evaluation of Z,(z) by diagram
techniques are given in the monograph by Abrikosov,
Gorkov, and Dzyaloshinski'® to which we refer for
details. In the finite-temperature diagram technique
we need to find the single-particle propagators (2.6a,b)
for a discrete set of points z, on the imaginary axis,
2n=2nmi/B (n: integer). We note that the free-phonon
single-particle propagator is given by

Gy (z0)= (za— €9,
while the exact phonon propagator satisfies the equation
Gq(2n)= (3n—eq—Zq(2a)) ™" 3.3)
Let us first consider the contribution to the self-
energy of the simple bubble diagram of Fig. 1. It is
given by the equation
©) ok 2 G (z)
2O (z)=—(8 "1/“ G ® (3,
' (2m

(3.2)

X Gieq® ()| Vimqras 2. (3.4)

This expression can be evaluated by contour integra-
tion (vide infra) and gives for the corresponding
contribution to I'q

&’k
T'y®(w)= 7r/

(2m)?

This result could, of course, have been obtained much
more simply by ordinary time-dependent perturbation
theory. We notice that the contribution to I'q@ (eq)
from interactions between phonons of the same branch
vanishes, if the dispersion curve is convex, since in
that case the argument of the & function cannot be
made to vanish.

If we wish to take into account the finite spread in
energy of the phonons k and k—gq, it is natural to
replace the free-phonon propagators in (3.4) by the
exact propagators Gi(z,) and Gi—q(2-2). This is equiv-
alent to summing the contributions to Z,(z\) of a
certain infinite set of diagrams, of the type shown in
Fig. 2.; that is, all single-bubble diagrams in which

[ Vie—q,qx| * (g —11)

X o (w—extex_q) .

(3.5)

AND D. ter HAAR
each internal line may have an arbitrary number of
self-energy insertions (represented by the shaded circles
in Fig. 2), but in which there are no crosslinks, which
means that we neglect vertex renormalization.

The sum over » in Eq. (3.4) where we now have G in
place of G®, is most easily carried out by substituting
for G its spectral representation (cf., e.g., Ref. 13)

1
Gk (Z,,) =

™

J

o dwA k(w)
[

—0

where Ay is the spectral function defined by (2.5)-(2.6).
The summation over » can then be turned in the well-
known way into a contour integration

1 1
E; fe=—— f; n(2)f()ds,

where 7(z) is given by (2.11) and the contour encircles
the poles of f(2) in a clockwise sense. We obtain in this
way the following expression for =,(z)) :

z ok V 2 [ do | dow”
q(zh)—/(zw)3| k,-q.qka/w/ w

y L/(@"42) = f(&") A (") Ax—q (")

Z)\'f—w”‘ '

Making the unique correct analytic continuation of this
expression, and using (3.1), we find

1 / a*k

e do’
Iq(w)=5 a;)j Vi—q,q-x] [w "2;”(60)
X[ Ax—q(@)Ax(0t0) = Ax_q(0 —w)dx(w)].

(3.6)

This is our fundamental result for that part of the
“linewidth” of a phonon of wave vector q, which is due
to its collisions with other phonons to which one can
assign a finite linewidth. To see its physical significance
we shall make a slight approximation. The first term of
the integrand is large only when w~ &_, or o'~ &—w.
In cases of physical interest the inequality Q=w— &
+ &_(KksT is likely to be satisfied, as kg7 is of the
order of magnitude of the energies & and &._, them-
selves and w will lie in the region of &, so that Q is the
energy “deficit” due to the dispersion which is assumed
to be weak. IFor present purposes we shall also assume
that the widths of the spectral functions are small
compared to ksI. We can thus approximate #(w’) in
the region where the integrand is important by 7 (&_,)
and take it out from under the second integral sign.

Fr16. 2. Diagrams summed by using exact propagators.
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Approximating the second term in a similar way, we
have

@’k
Fq(‘*’)zﬂ'/ (27r)3] Vk,-q,q_kl D’L(ék—q)—”(fk)]

do’
X/;Ak(wl)Ak_q(O)’—w). 3.7)

Comparing (3.7) with (3.5) we see that the effect of
the “broadening” of the other phonons is to replace
the 6 function by a convolution of spectral functions.
This result can be interpreted physically as follows:
A ¢(0")/2m can be regarded as the probability that the
phonon of wavevector k has an energy «’. In fact, in
the special case where Ax_q (0w’ —w) =278 (ex—q— '+ w),
we find from (3.7) that the contribution to I'q(eq)
from the decay q-+ (k—q) — k is simply proportional
to Ax(eqtex—q), that is, to the probability that the
phonon which can conserve wavevector with q and
k—q can also conserve energy with them. One easily
verifies that in the limit when both interacting phonons
can be regarded as “free,” so that we can use (2.15),
(3.7) reduces to (3.5) as it should.

We now have to add to expression (3.7) the contribu-
tion from the spontaneous decay process (see Fig. 3).
The calculations proceed as before and to (3.7) we must
add the contribution

T ok V. 2[n(e € 1
@=r [ AV b T+

dw’
X/—;Ak(w')/lq—k(w—w')- (3.8)

T

Expression (3.8) also reduces to that obtained from
ordinary second-order perturbation theory if we can
use (2.15). Expressions (3.7) and (3.8) together give
us, in the approximation used, the complete expression
for I'q(w). We have neglected (i) vertex renormalization,
(ii) three-phonon annihilation processes, and (iii)
scattering by impurities or at the boundaries.

4. APPROXIMATIONS FOR THE
SPECTRAL FUNCTIONS

Equations (3.7) and (3.8) still involve the unknown
spectral functions Ay, Ax_q, and 4 ¢x. If we want to
use these expressions or want to compare them with
expressions obtained by conventional perturbation
theory, we must approximate these spectral functions
in some way. In this section we shall examine two cases
in which we may make plausible approximations to
them, in order to illuminate the relation between our
approach and the results of ordinary perturbation
theory. The first case is that of a single, uniformly
convex dispersion curve ; in this case, ordinary perturba-
tion theory gives a zero result for the linewidth in

THREE-PHONON INTERACTIONS

A 783

bz,

§2Z)

Q—E,Z)\_y

F16. 3. Contribution from spontaneous decay.

lowest order [cf. Eq. (3.5)] while the next-order result
diverges in the limit of vanishing dispersion. We shall
see that, if reasonable approximations are made for
one or more of the Ay, our method gives a result which
agrees with the ordinary higher order formula for strong
dispersion, but remains finite as the dispersion vanishes.
Our second case is a situation where the “three-phonon”
process is energetically allowed, so that the ordinary
lowest order result for the linewidth is finite; in this
case we find that our method gives a result essentially
identical to the normal one.

Let us then consider Eq. (3.7); we shall assume,
unless otherwise stated, that we are interested in the
value of T'q(w) for w= €;. Moreover, we shall generally
neglect the difference between 7 (&) and 7 (ex).

The lowest order approximation to I'y(w) is obviously
the use of (2.15) for the spectral functions. We saw in
the preceding section that we then get the usual second-
order perturbation-theory result; in particular I'q=0,
if the dispersion is normal. A better approximation is
obviously obtained by giving Ax(w’)Ax—q(0'—w) the
value calculated by second-order perturbation theory.
The resulting expression can easily be written down;
it involves four ‘‘five-phonon” terms, each of which
can be seen to correspond (in a sense to be discussed
below) to a possible pair of processes responsible for
the lifetime of k and of k— q. The expressions are rather
cumbrous. As we want to compare our results with
those of ordinary perturbation theory which usually
involve four-phonon rather than five-phonon processes,
we shall not give the results explicitly, but shall make
a further approximation, as follows: Let us consider
for illustration the case where the dispersion curve is
convex (Q=w+ &_q— &>0). In this case, in second-
order perturbation theory Ai(w’) has a pole at &
(Tk(w”) — O there) ; above &, I'k(w’) rises sharply due
to spontaneous decay processes until w’=ck’, after
which it stays virtually constant. At finite temperatures,
Tk also rises below & due to collision processes. Con-
sidering the convolution of the spectral functions
S ([do'/4r*) A (") Ax—q (0’ —w) and setting w= ¢, we
see, since by hypothesis &, &> &, that at the value
of w'—w (viz., &_q) for which A4 has a pole, Ay is in
its “spontaneous-decay range,” while at the value
where Ay has a pole (&) Ax_q1s in its “collision range.”
If we assume fairly weak interactions, by far the
greatest contribution to the convolution integral will
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F16. 4. Diagram corresponding to the process of Eq. (4.5).

come from these two points.!® Thus, in this case,
provided w is equal or nearly equal to &, it is a good
approximation to replace the integral over ’ in (3.7) by

(1/2m)[Ax (ot &)+ g (&—w) .

We introduce a certain error by neglecting the reduction
of the pole strengths; this is, however, unimportant for
the purposes of comparison with the usual treatment.
Let us first look at the term containing Ax(w+ &—q)
which we shall denote by I'q(®; it is given by the
equation

&’k
1@ =r [ Vel T (@)

X 2111( (w-l- Ek_q)
[0t &q— ex— Ar (0 &—q) PHTi (0t &y)? ’

where we have used (2.13). We shall generally assume
that Ay is slowly varying so that we can replace
ek+Ak(w+ Ek_q) by Ek.

If T'x is due to several kinds of process, we can write
I'q@(w) as a sum of terms corresponding to each of
these, but of course we must keep the full I'x in the
denominator. In the case of a single convex dispersion
curve there is only one contributing process, sponta-
neous decay, which ‘goes’ at energy w- & 4. Substitut-
ing, therefore, the second-order perturbation theory
expression for the contribution to I'x from spontaneous
decay, we obtain

re= [ (‘;: / (Z‘)s

6 (wt &q— e1—€x—1)
ch,k,l ) (4'2)
Lo+ &cq— & P4+Ti? (w04 &q)

16 We note that we are dealing here with a convolution of two
functions which have a sharp peak surrounded by a region where
the functions are practically equal to zero, while the functions
have again non-vanishing values in regions somewhat removed
from the sharp peak. In the more usual case of a convolution of
two functions which each have a more or less sharply pronounced
maximum, the convolution itself will be a function with one
maximum [compare, for instance, Eq. (4.7) below].

(4.1)
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where

Coxn=|Vi—q,0-x|% Voic,,6-1]2

X{n (&) —n(@)}{n(e)+n(a)+1}. (43)
Using the relation
nat+1 np+1 net1
= X , I ea=eptec, (4.4

na nB nc

and writing p=k—q, we can rewrite Cqx,1 in a form
not involving e; hence

D (w)=m
( / @2m)2J (27)3

X | V_p.a—p—al?| Vp', 0 —p—a|
X[y (ny+1) (g 41) = (ny+1)nyng ]
S(wtéy—epy—eqr)
[0t &— Epra PHTpre? (04 &)

/ qo(p+a—p'—1q)

(4.5)

This expression obviously corresponds in some sense to
the process of Fig. 4. The usual perturbation-theoretic
expression for the contribution to the line width of

this process is®
'@ (w)=m / /
(2m)?
5(w+ €p—

(2m)?

€y —€q')

XC(pp'aq") (4.6)

(wtep— ep+q)2

where C(pp’'qq’) is the expression appearing in (4.5).
It is obvious that (4.6) cannot be exact as it diverges in
the limit of zero dispersion; in fact, Carruthers'? has
pointed out that when the energy denominator can
vanish, it must be replaced by a Breit-Wigner type
expression. We shall return to this point in a moment,
but here want to point out that (4.5) does not depend
on whether or not the three-phonon process is energet-
ically allowed, provided only that the approximation
we have made for the convolution integral is a good one.

From a comparison of (4.5) and (4.6) we draw the
following important, if somewhat obvious conclusion:
Taking the finite lifetimes of the other phonons properly
into account is simply equivalent to an improved
calculation of the effect of higher order processes
mediated by them. In particular, there must be
available some ‘final state”—in the case under con-
sideration (p’)+ (q')— (p)—with which it is possible
for the initial state (q) to conserve energy. If the
mediating three-phonon process itself is energetically
possible, we must slightly reformulate our results
(see next section). We have chosen a particular form of
the spectral functions in order to compare our results
explicitly with the normal expression for “indirect”



‘“FORBIDDEN?"’

four-phonon processes; however, it is clear that the
general conclusion stated in this paragraph is independ-
ent of this choice through the comparison with, for
instance, ‘“five-phonon’ expressions will be much more
cumbrous.

We now consider our second case. A possible advan-
tage of the procedure outlined in Sec. 3 is that it is
applicable whether or not the mediating three-phonon
process is energetically allowed—even though hitherto
we have assumed that it is not. In our derivations we
nowhere made any assumptions about the value of
Q(=w— &+ &—q) so that our equations are valid also in
the case when Q can vanish. Let us, moreover, consider
for illustration the case in which one of the phonons
involved, say (k—q), is well defined in energy compared
to k, that is, T'xq&Tx everywhere in the region of
their respective peaks. In this case, it is again valid to
replace the convolution integral by

(1/2m)[Ax (ot &)+ Arg(&a—w)],

where, in fact, the second term will be small compared
to the first; note that in the limit I'c_<<T' this expres-
sion agrees with (5.1) below. Thus, the expansion in
terms of higher order processes remains valid and (4.5)
holds, in agreement with Carruther’s result.!?

One might intuitively think that the four-phonon
process of Fig. 4 is the one corresponding to equation
(4.5). This is, however, misleading in that (4.5) is not
an additional contribution, to be added to the usual
three-phonon process, but part of a better approxima-
tion for the latter. In the limit as 7'— 0 it should
constitute the whole of this approximation, as then the
probability of interactions absorbing two phonons
besides q is vanishingly small compared to the probabil-
ity of those absorbing one; in that case we can, for a
good approximation, substitute (4.1) for (4.5). Indeed,
we see that if 'y and the matrix elements vary slowly as
functions of £,'7 (4.1) gives exactly the same result as
the ordinary expression for decay due to three-phonon
collision processes. Thus, calculating the decay prob-
ability due to four-phonon processes mediated by an
“allowed” three-phonon process is simply an improved
way of calculating that due to the three-phonon process
itself, and in general is unlikely to give very different
results from the simple, “energy-conserving,” treat-
ment of the latter.

5. COMPARISON WITH SIMONS’ APPROACH

In this section we shall investigate the conditions
under which the approach proposed by Simons? is
essentially correct. For this purpose we consider once
more the case in which a three-phonon process which
would otherwise be an important decay mode of a long-

7 For longitudinal phonons in Carruthers’ fictitious isotropic
solid (Ref. 12) this is generally the case, since the process where
one longitudinal phonon decays into two transverse ones is always
cnergetically possible.
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wavelength phonon is energetically forbidden. However,
we now relax the very restrictive assumption, made in
the first half of Sec. 4, that a single convex dispersion
curve represents the only low-energy excitations of the
systems. We shall show that under certain alternative
assumptions, a slight modification of Eq. (1.1) gives
the correct result.

It is evident from the first case considered in Sec. 4
that, if the three-phonon process is forbidden, it is i
general by no means sufficient to characterize the
structure of the intermediate spectral function by a
single parameter T, set equal to the half-width at the
peak. Indeed, the very fact that the three-phonon
process is forbidden, while the four-phonon process is
energetically possible, must imply that I'y(&) is zero
while T'x(w+ &—q) is finite, so that it is undoubtedly
incorrect to replace one by the other. In fact, if we were
really dealing with a uniformly convex dispersion curve
in the absence of other branches, impurities, etc., this
prescription would never lead to a finite lifetime for
any phonon at all—to any finite order in the interac-
tion strength: to get a finite value of T'q(€,) by this
prescription we should need a finite value of at least
one of I'x (&), I'—q (&cq), and so we would be no further
forward. In this case, the use of a single parameter
would give too small a result; as we shall see in Sec. 6,
there are also dispersion curves for which it would give
too large a result, as there is nothing to prevent I'y (&)
from being larger than T'x(w+ & ).

In practice, of course, we never have to deal with
perfect liquids or solids with uniformly convex disper-
sion curves. In particular, it is almost certain that the
hydrodynamic model for helium II is inadequate, even
in the long-wavelength region, in the sense that there
may be present other low-energy excitations besides
phonons. Perhaps we may argue as follows: Consider
our (energetically forbidden) three-phonon process,
(q)+ (p) — (k), in which an acoustic phonon collides
with a thermal phonon of much higher momentum,
producing another thermal phonon. The experimentally
observed linewidths of the thermal phonons may well
be due, partly or even mainly, to some unknown type of
process, which we denote by (k) — ?. If this is so, then
it is very unlikely that I'x(w) is sharply varying in the
regions of interest, so that it seems legitimate in this
case to approximate the spectral functions of (k) and
(p) by a Lorentzian shape and to substitute this into
(3.6). This would be equivalent to considering the
processes (q)-+ (p) — (k) — ?, which processes might
well be the most important decay modes of an acoustic
phonon (q), even though they go via a virtual inter-
mediate state (k). For this approach to be valid it is
necessary that (a) all and only those types of processes
which “go” at & also “go” at &+Q, where Q is again
equal to w— &+ &4, and that (b) there are no direct
processes which can interfere with the indirect ones.
The first condition is equivalent to the statement that
T'k(w) varies slowly over a range comparable with ©.
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If these conditions are fulfilled, we can write for the integral in (3.7)

1 [+
D(Q)EZ—Z / Ax(w)Ax_q(0' —w)dw'

s

I kI‘k_q oo

do’ 1 2(TutTiey)

w2 o [(0' = &)+ T2 (0 —w— &_q)2+Te_o%] =E7: QA (DT g)? ‘

In order to compare our results with those of Simons,?
we put w= &, and consider the case where €;<<kgpT.
Simons has shown that in that case the integration over
angles can be turned into an integration over Q.
Instead of arccot (wgor2) in (1.1) we now have the
integral

]=1r/ D(Q2)d2, (5.2)

w20

where k2= |k—q| and 77! is related to I'q(&,) given by
(3.7) through 77'=2T,(&,). Performing the integration
in (4.8), we find 7= arccot(wqor2,3) Where

72,3= 1/ (Le+T3) = 27973/ (72} 13),

where T's and I'; are the I’s corresponding to the
phonons (q—k) and (k). Since these phonons are
supposed to be of the same branch and close in energy,
79,3~ 79 and we have formally the same results as (1.1)
provided that the energies defining Q are taken to be the
€q rather than the e,. In conclusion we emphasize that
we obtain (1.1) only when the conditions (a) and (b)
stated above are satisfied ; we shall discuss in Sec. 6 in
how far this is true for the applications considered by
Simons.

(5.3)

6. SPECIFIC PROBLEMS

We have seen that by taking into account the finite
linewidths of the phonons involved in an interaction
is equivalent to considering some of the higher order
processes mediated by them. In general, these effects
cannot be adequately described by describing the
“structure” of the phonon spectral functions by a
single parameter, 7, the lifetime. However, such a
simplified treatment was seen in Sec. 5 to be justified,

w(k)
//,-\\\
e N\
e \,
7 A -~
¢ // o
Wy+ Wg + S
Qf /
we+ B S /
A

Fic. 5. Dispersion curve for excitations in He 11.
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if (a) all and only those types of processes ‘“go” at
&—, which “go” at &, and (b) there are no direct
processes which can interfere with the indirect ones.

Condition (a) is certainly never completely satisfied
for the case of a convex dispersion curve; if it were,
four-phonon processes such as the ones considered by
Landau and Khalatnikov? would never occur. Whether
we can treat it as satisfied in practice depends on the
relative importance of the various decay mechanisms for
the intermediate phonon k and on their variation over
the energy interval Q.

A simple argument shows, for instance, that it is by
no means certain that condition (a) is satisfied in
liquid helium IT. Consider, for instance, a process where
a long-wave acoustic phonon A collides with a thermal
phonon B, producing another thermal phonon C and
assume that B and C lie near the first maximum of the
dispersion curve (Fig. 5). This process is, of course,
energetically forbidden, as the energy deficit 2 is of the
order ws. Now, quite an appreciable contribution to the
linewidth of C (wavenumber k) will come from collisions
with excitations (k’) in the roton area. Such collisions
can take place if w(k)+w (k') Sw(k4%’): the minimum
value of £’ is thus given by the intersection with the
original w(k)-versus-k curve of a similar one drawn with
C as origin (dotted line in Fig. 5). We see thus that
I'.(&) has contributions from collisions with excita-
tions of momenta greater than some critical value kc.
On the other hand, the corresponding process can
contribute to T'w(&-+Q) only, if 2’ is greater than the
value ke at which a curve drawn with respect to C’
as origin cuts the original curve. In the case of liquid
helium ko may be much greater than ¢ and may even
not exist, even if k¢ exists. The simplified treatment may
in this case thus give far too large a value for the width
of the acoustic phonon. Strictly speaking, a study of the
“wings” of the neutron-scattering peaks should be
sufficient to resolve this question; however, it is very
doubtful whether present data'®® are sufficiently
accurate to allow us to draw definite conclusions.

At very low temperatures the “thermal” phonons are
well below the first maximum of the dispersion curve
and their decay is in all probability due mainly to the
four-phonon processes considered by Landau and
Khalatnikov,® although not necessarily only their
I J. L. Yarnell, G. P. Arnold, P. J. Bendt, and E. C. Kerr,
Phys. Rev. 113, 1379 (1959).

9D, G. Henshaw and A. D. B. Woods, Phys. Rev. 121, 1266
(1961).



‘““FORBIDDEN"’

process L. It is therefore a question whether the decay of
very long wave acoustic phonons may not be due
primarily to “linewidth” effects, that is, to five-phonon
processes, such as the one of Fig. 6a, which are not just
modifications, in the sense of the discussion of the
preceding section, or possible energy-conserving four-
phonon processes. On the other hand, it is a little
difficult to see why these processes should be much more
important than, say, the process of Fig. 6b, which is a
modification of an energy-conserving four-phonon
process. Probably, the experimental data at present
hardly justify a detailed investigation of this question.

We notice, incidentally, that according to the
theory developed in the present paper, Landau and
Khalatnikov’s expression?® itself is incorrect in the limit
of small dispersion. The effect of replacing their simple
energy denominator by a Breit-Wigner type of expres-
sion will only be important if @/I'S1, where I' is the
half-width of the intermediate state. A crude order-of-
magnitude estimate using the experimental values of T
at the longest wavelengths measured? and the exper-
imental value of the dispersion indicates that this
condition is quite likely to be satisfied; if this is so, the
Landau-Khalatnikov expression® for the phonon-
phonon scattering cross section and thus also Khalatni-
kov’s expression* for the sound absorption coefficient
are likely to be too large. The situation is, however,
complicated, as five-phonon and higher order processes
may partially compensate for this effect.

We must also note that at present the experimental
data® on sound absorption in helium II at low tempera-
tures are not really capable either of discriminating
between the 7* law predicted by Kawasaki® and
Simons® on the basis of “linewidth” effects and the
T*® behavior derived by Khalatnikov,* or of demonstrat-
ing that Khalatnikov’s expression is too large, as we
have suggested here.

In the case of phonons in solids we are on more
hopeful ground. The mechanism responsible for the
decay of long-wavelength phonons in solids at low
temperatures is predominantly collisions with phonons
from regions of phase space near ‘“‘degeneracy lines.”? It
is extremely unlikely that the possibility of these
processes is critically dependent on w, so that the
simplified approach is probably justified.

Condition (b) does not present much difficulty in
practice, at least in the long-wavelength limit. The
reason is that although there are matrix elements
connecting the “true” initial and final states, namely
those due to the quartic terms in the potential energy,
in the long-wavelength limit they vanish compared to
the “indirect” matrix elements which connect them via
an intermediate state. If we assume that the wave-
vectors of all phonons involved are of the same order of
magnitude ~g, that is, that we are interested in the

20 C, A. Chase and M. A. Herlin, Phys. Rev. 77, 1447 (1955);

K. Dransfeld, J. A. Newell, and J. Wilks, Proc. Roy. Soc. (London)
A243, 500 (1957).
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(@) (b)

F16. 6. Five-phonon processes. (a) Typical process that isnot a
mere modification of a four-phonon process; (b) one that is.

limit ¢— 0, kg7 — 0, ¢’/ksT" constant, the “direct”
elements are of order ¢* and the indirect ones of order
¢*/Q. As, in general,® Q~ g%, the ratio vanishes as ¢ — 0.

In conclusion we note that there is nothing in our
treatment which limits its applicability to a system of
interacting phonons. However, there are few many-body
systems apart from the phonon system where the lowest
order collisions are forbidden; higher order effects are
therefore on the whole of less interest.
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APPENDIX A
The Basic Hamiltonian

In this Appendix we discuss the use of our basic
Hamiltonian (2.1). The derivation is a standard one
for the case of solids, if the cubic anharmonic terms are
included. We shall therefore consider only the case of
helium II. In that case we can, in the hydrodynamical
model, write for V' the expression

1 1 /hpe\*2
Vz“”(”) > S aer (RRR)IP
3140\ 2¢/  wwrwr

k) 9/
X|:3__ +~<—):!Mkuk’uk" ) (Al)
po’ kR dp\ p

where the uy are the displacement operators, po is the
equilibrium density, and ¢?=94P/dp. The annihilation
and creation operators are related to the ui by wi=ax
~+a_xt. The effects we are interested in are those when
the phonons involved are nearly parallel so that we can
replace (k-k’)/kk’ by unity, whence (2.3) and (2.4)
follow.

There is a difficulty in the case of helium II, absent
in the case of a crystal. In the effects considered in the
present paper a crucial role is played by the shape of
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the w(k) curve, and in particular by the sign of the
departure of w(k) from a linear law. In the case of a
crystal this is no problem, as owing to the finite “struc-
ture” of the lattice there is a well-defined departure
from a linear law, even in the harmonic approximation;;
in fact, for all known crystals the deviation is negative:
normal dispersion.

In the hydrodynamic theory of helium II, however,
the harmonic approximation is precisely the approxima-
tion of a perfectly elastic continuum, so that exactly
w(k)=ck; the effects of the atomicity of the liquid
enter only through the anharmonic terms. To obtain
sensible results we must replace the theoretical “har-
monic” spectrum by the “experimental” elementary-
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excitation curve as deduced, for instance, from neutron
scattering. This curve is almost certainly convex at
very long wavelengths. The Hamiltonian (2.1) should
thus give a reasonable description of the interaction of
long-wavelength phonons in helium II.

Strictly speaking, this approach is incorrect as
neutron-scattering experiments measure the energies &,
as renormalized by the phonon-phonon interactions.
We have therefore assumed that the w(%) curve is
really convex in the absence of interaction but use
experimental data to determine &, rather than eq=w(g).
The theoretical unsatisfactoriness of this approach is an
inherent limitation of the hydrodynamic model of
helium II.
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Assuming that spin-orbit interaction is the reason for the appearance of a Knight shift in superconductors
at zero temperature, we have calculated the magnetic-field dependence of the shift caused by the depairing
effect of the field. Numerical results for the spin susceptibility as a function of the field are presented.

I. INTRODUCTION

HE occurrence of a shift in the frequency of the
nuclear magnetic resonance (Knight shift)! in a
superconductor at zero temperature has been attributed
by Ferrell*> and Anderson® to the importance of spin-
orbit interaction in small specimens. Because of this
interaction, the component of the electron spin with
respect to a certain axis will no longer be a good quan-
tum number. In the superconducting state, electrons in
mutually time-reversed states will be bound in pairs.
Since this will no longer correspond to simple spin-up,
spin-down electron pairing, the electrons in a pair will
have the ability to respond with their spins to an im-
posed magnetic field. In this way a finite susceptibility
arises even at zero temperature. If the applied field is
comparable with the critical field of the sample, the
tendency of the field to break the electron pairs will
also have to be taken into account. This will affect the
* Work supported in part by the Office of Naval Research and
the National Science Foundation.
T On leave of absence from Research Institute for Mathematical
Sciences, Kyoto University, Kyoto, Japan.
1F. Reif, Phys. Rev. 106, 208 (1957) G. M. Androes and
W. D. nght bid. 121, 779 (1961)

2 R. A. Ferrell, Phys. Rev. Letters 3, 262 (1959).
3 P. W. Anderson, Phys. Rev. Letters 3, 325 (1959).

response of the paired electrons to the field. Hence the
Knight shift will become field dependent.

The pair-breaking effect of the field is incorporated
into the theory by using the Green’s-function formula-
tion of the Knight-shift problem as given by Abrikosov
and Gorkov.* The treatment by those authors, which is
valid for weak fields, will have to be generalized to
arbitrary fields. The next section deals with the details
of such a generalization. In the last section, we shall
discuss the results.

II. CALCULATION OF THE SUSCEPTIBILITY

In the following we shall restrict ourselves to cases in
which the critical field of the sample is such that con-
tributions of the Pauli paramagnetism to the free energy
are not yet of importance.® Furthermore, we shall
assume that the mean free path vpr between electron
collisions is much smaller than the coherence distance.
Since a Knight shift of the observed magnitude requires
a mean free path vp7; between spin flips of the order of

4 A. A. Abrikosov and L. P. Gorkov, Zh. Eksperim. i Teor. Fiz.
42, 1(;%8 (1962) [English transl.: Soviet Phys.—JETP 15, 752
(1962 .

8 A. M. Clogston, Phys. Rev. Letters 9, 266 (1962); B. S.
Chandrasekhar, Appl. Phys. Letters 1, 7 (1962).



