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The thermal conductivities of p-rhombohedral boron, orthorhombic (black) phosphorus, and ortho-
rhombic sulfur have been measured down to 3'K. These results, as well as some from the literature on cubic
(white) phosphorus and on boron carbide, have been interpreted by comparing them with the thermal-
conductivity-versus-temperature curves expected for simple models of molecular solids and of monatomic
solids. Sulfur and white phosphorus behave like simple molecular solids, and black phosphorus behaves like
a monatomic solid, while the behavior of boron and boron carbide, whose lattices are composed of B~g
icosahedra, lies between these two limits.

IN'TRODUCTION

ORON, phosphorus, and sulfur are nonmetallic
elements with complex crystal lattices and are

~

~

polymorphic. They dier, therefore, from the elements
and compounds of simple crystal structure whose ther-
mal conductivity E is more frequently studied. Previous
measurements on the E of the elemental molecular
solids hydrogen' and iodine' have, however, been
reported in the literature. The present measurements on
3, P, and S from 3 to 300'K combined with earlier
ones on P and S show that the heat is transported by
phonons and that the type of crystal lattice greatly
affects the magnitude of E. The molecular or pa, rtially
molecular lattices of P-rhombohedral 8, cubic (white)
P, and orthorhombic S have low thermal conductivities
at 300'K. The orthorhombic (black) P has a simpler
lattice, and its E is more nearly similar to that of
monatomic nonmetallic solids such as Si and Ge. The
purpose of this paper is to show how these results can be
understood in terms of the differences in energy trans-
port by the lattice modes and the internal molecular
modes of the molecular crystals.

SAMPLES

The boron samples used were the P-rhombohedral
form. Solid boron possesses at least three different
crystallographic modifications. ' The P-rhombohedral
form appears to be the stable one near the melting
point4 ' of 2310'K, and is the form normally produced
when boron crystals are grown from the melt. ' One of
these samples of P-rhombohedral boron, R4, was grown
from partially purified boron by F. H. Horn of this
laboratory, using the Czochralski technique and boron
nitride crucibles. It was 3.8 crn long and had a somewhat
irregular cross-section with an average diameter of 0.7

' R. W. Hill and B. Schneidmesser, Z. Physik. Chem. (Frank-
furt) 16, 257 (1958).

A. Pochettino and G. Fulcheris, Atti Accad. Sci. Torino 58,
493 (1923).

3 J. L. Hoard and A. E. Newkirk, J. Am. Chem. Soc. 82, 70
(1960),

4 J. Cueilleron, Compt. Rend. 221, 698 (1945).
L. G. Wisnyi and S. W. Pijanowski, U. S. At. Energy Comm.

TID-7530 (Part 1), p. 46 (1957); Chem. Abstr. 51, 11684f (1957).
6 F. H. Horn, J. Appl. Phys. 30, 1612 (1959).

A

cm. A thin section was studied in tra, nsmission using
infrared light and an infrared image converter. This
study indicated the presence of some precipitate par-
ticles from 5 to 50 p in diameter, and the total volume
fraction of precipitate wa, s estimated to be of the order
of 10 '. These may be boron nitride or silicon inclusions,
or small voids in the sample. The sample was poly-
crystalline with numerous columnar crystals about 1 cm
long with an average diameter of 0.3 cm. The second
P-rhombohedral boron sample R46 was a polycrystalline
sample from Eagle-Picher, grown from the melt by a
Qoating zone process. ' It was 2.6 cm long, 0.6 cm average
diameter. The crystallites of which it was composed
were columnar with an average diameter of 0.1 cm and
a length of 2 cm. The samples were analyzed for metallic
impurities by emission spectrography and the major
impurities found are listed in Table I. Silicon is seen to

TABLE I. Major impurities in the samples of p-rhombohedral
boron in units of 10's atoms/cm'.

Impurity

Al
Cu
Mn
Si
Tl
W

20

20
100

6
7

R46

0.3
0.04

~ ~ ~

0.8
&0.3

be the major contaminant in both, although 846 is
considerably purer than E4. It is not known whether
these impurities are present in solid solution in the boron
or as a precipitate pha, se. The thermal conductivity
results for both boron samples are nearly identical, so
it appears tha, t E is not too sensitive to the impurity
concentration.

The sample of black phosphorus was a polycrystalline
rod of dimensions 4.2 cm &(0.35 cm )&0.35 cm. It was
cut from a larger ingot prepared by R. H. Kentorf' of

Eagle-Picher Research Laboratory, Miami, Oklahoma, crystal
reference number M6005CP.

'R. J. Starks and W. E. Medcalf, Boron, Synthesis, Structure,
and Properties, edited by j.A. Kohn, W. F. Nye, and G. K..Gaul'
(Plenum Press Inc. , New York, 1960), p. 59.

9R. H. Wentorf, The Art and Science of Growing Crystals,
edited by J. J. Gilman (John Wiley 2 Sons, Inc. , New York,
1963), p. 176.
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this laboratory 'in a high-pressure, high-temperature
apparatus. The black P was the orthorhombic modi6ca-
tion" erst reported by Bridgman. " The present ma-
terial was made from liquid P by cooling the melt from
a temperature of 1200'C under a pressure of 2.3X10'
atm. The resultant crystallite size as judged from
microscopic observation was roughly 200 p, with some
preferred orientation of the anisotropic crystallites. The
heat Qow in the sample was approximately in the a-b

plane of these crystallites. No analysis of the purity of
the P was made, but the starting material was 99.8'%%uo

pure from the Fischer Scientific Company. "The elec-
trical properties of this specimen were measured by
R. O. Carlson of this laboratory. He found that the
sample was p type with an electrical resistivity of 3.1
0 cm, and a Hall mobility of 110 cm'/V sec at 300'K.
Its carrier concentration from measurements at lower
temperatures was 10'5 cm '. These properties are
similar to those found by Warschauer. "

The samples of sulfur were single crystals of the stable
orthorhombic modification slowly grown from a CS2
solution at room temperature during a period of about
a week. No impurity analysis of the crystals was made,
but the purity of the sulfur starting material was)99%. The as-grown samples had well-developed
crystal faces, and were transparent with a yellow color.
A few small internal growth Qaws were visible even in
the best samples studied. Rod-shaped samples about
0.7 cm long &(0.2 cm in diameter were cut from the
crystals. Sample E.124 was cut with its long dimension
in the a-b plane so that the heat Qow was perpendicular
to the c axis. In sample 2126 the heat Qow was parallel
to the t,

" axis.

THERMAL CONDUCTIVITY RESULTS

Boron

The thermal conductivity of all of the samples of
boron, phosphorus, and sulfur was measured between
3 and 300'K by using a steady-state longitudinal-heat-
Qow technique previously described. " The results for
boron samples R4 and 846 are shown in Fig. 1. The
agreement with the results of Thompson and
McDonald'5 for 4'K& T& 140'K is reasonable. Their
measurements were ma, de on a single crystal of P-
rhombohedral boron grown by a Boating-zone process,
and are lower than the present ones by a factor of 4 in
the 4 to 20'K range. This difference is probably caused
by the presence of large dislocation densities or some
physical or chemical imperfections in their crystal in

' R. Hultgren, N. S.Gingrich, and B.E.Warren, J.Chem. Phys.
3, 351 (1935)."P.W. Bridgman, J. Am. Chem. Soc. 36, 1344 (1915).

'2 Fischer Scienti6c Company, New York, New York.
'3 D. Warschauer, I. Appl. Phys. 34, 1853 (1963).
'4 G. A. Slack, Phys. Rev. 122, 1451 (1961).
'5 J. C. Thompson and W. J. McDonald, Phys. Rev. 132, 82

(1963).
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FIG. 1. Experimental data on the thermal conductivity of
P-rhombohedral boron as a function of temperature. The melting
point of boron is T p.

spite of the fact that it was a "single crystal. " In the
region from 140 to 300'K the results of Thompson and
McDonald are too high by a factor of roughly two. Their
three data points in this region also give what is believed
to be an incorrect temperature dependence for E near
300'K (see Fig. 1). The present results and those of
Thompson and McDonald both give much higher E
values than that found by Talley. " Talley's result is
probably too low because he did not take account of the
temperature drop between the boron sample and the
water bath,

Sulfur

Figure 3 shows the E-versus-T curves for sulfur based
on crystals 8124 and 8126 as well as data on poly-
crystalline material by Lees, ' Eucken, ' Kaye and

'6 C. P. Talley, J. Phys. Chem. 63, 311 (1959)."H. Kraemer and K. Schrneiser, Z. Physik. Chem. (Frankfurt)
35, 1 (1962)."C. H. Lees, Phil. Trans. Roy. Soc. London A191, 399 (1898).

A. Eucken, Ann. Physik 34, 185 (1911).

Phosphorus

The E results between 3 and 300'K for orthorhombic,
black P are shown as the solid curve in Fig. 2 for the
present sample measured in experimental run 221.
The only previous mention in the literature on the E
of black P seems to be Bridgman's observation" that
near room temperature its E is much greater than that
of glass. Since most silica glasses have a E of about
1.2X 10 ' W/cm deg at 300'K, Hridgman's observation
is in agreement with the present results. Figure 2 also
shows some recent measurements by Kraemer and
Schmeiser" for E of cubic and liquid white P from
290 to 350'K (mp=317'K). The E of black P is con-
siderably higher than that of white P.
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deSenarmont's" melted wax method. For this meas-
urement thin single crystal plates 1 cm in diameter
and 0.1 cm thick were cut with the desired orientation.
They were covered with a thin layer of phenyl salicylate
(mp= 316'K) and heated in air by a small central wire

passed through a hole in the plate. The heat input was
adjusted until about —', of the phenyl salicylate had
melted. The melted portion has an elliptical boundary,
and its eccentricity is related to E,/E, . These experi-
ments indicated little if any anisotropy in E, and all
three principal E values were equal to within &20%.
The measurements in Fig. 3 between 15 and 100'K
indicate that E, and E,b do not differ by more than
20%, where E s refers to some arbitrary direction in the
ab plane. ILNofe added iri, proof A. V. . Ioffe and A. F.
Ioffe, Zhur. Tekh. Fiz. 22, 2005 (1952) found an anisot-

ropy, for crystalline sulfur, of 1.27 near 300'K (pre-
sumably E./E, &). Their absolute values of E are about

Io'
I

3
l I I

IO 30 IOO' 300
TEMPERATUREs K ao

FIG. 2. The thermal conductivity of two allotropic forms of
phosphorus (black and white} as a function of temperature. The
dashed curves are theoretical estimates calculated from simple
models for monatomic black. I' and for molecular white I'. The
melting point is T „.The Debye temperatures 6I and el, are ex-
plained in the text.
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Higgins, ' and Greene. "The single crystal data starts
at 3'K and extends only up to 100'K. Above 100'K the
thermal radiation losses in the present apparatus be-
came too high too permit accura, te measurements.
Eucken's two results at 83 and 273'K on cast plates of
sulfur cover the gap between 100'K and the results of
the other authors whose measurements were all made
above 273'K.

Because the sulfur crystals are orthorhombic they
have three principal thermal conductivities E„Eb,
and E, along the a, b, and c crystallographic a,xes. Some
idea of the anisotropy in E that is to be expected can
be obtained from the measurements of the anisotropy in
the elastic constants, " in the thermal expansion coef-
ficients, "'4 and in the intermolecular spacings. "The
measurements show that these three properties are
quite similar in the a and b directions, but that the
c direction is different. Since the sound velocity along
the c axis is 50%%uq larger than along the a or b axes, and
the thermal expansion coeS.cient along the c axis is

4 of that along the a or b axes, one might expect
E =Eb&E,.

The conductivity ratios E,/E, and E&/E, were
determined at 316'K by using a modification of

'0 G. %. C. Kaye and W. F. Higgins, Proc. Roy. Soc. (London)
A122, 633 (1929)."S.E. Green, Proc. Phys. Soc. (London) 44, 295 (1932)."R. V. G. Sundara Rao, Proc. Indian Acad. Sci. A32, 275
(1950).

"A. Schrauf, Z. Krist. 12, 321 (1887).
24 V. M. Goldschmidt, Z. Krist. Sl, 1 (1913l.' W. L. Bragg, Atomic Structure of cVirierals, (Cornell Univer-

sity Press, Ithaca, New York, 1937), p. 55.
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"H. deSenarmont, Ann. Chim. et Phys. p. 20 (1847—8).

FIG. 3. The thermal conductivity of orthorhombic sulfur as a
function of temperature. ICq means that K was measured with the
heat Row parallel to the c axis, while for E'A~ the heat Row was
perpendicular to the c axis. The two steps in the experimental
curve near the melting point T ~ are caused by the successive
transitions to solid monoclinic and then to liquid sulfur with
increasing temperature. The dashed curves show the predicted
behavior of orthorhombic sulfur from simple molecular and
monatomic models. The lattice Debye temperature of molecular
sulfur is 01,.
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twice as large as those in Fig. 3.j The large difference
between 8124 and 8126 below 15'K is caused by
differences in the crystal perfection and is not an in-
trinsic property of sulfur. Therefore, to a good approxi-
rn.ation the E sulfur is isotropic and the previous
results" "on polycrystalline samples above 100'K can
be combined with the present data below 100'K to
yield a K-versus-T curve from 3 to 488'K as in Fig. 3.
This temperature range covers the orthorhombic (below
369'K), monoclinic (369 to 392'K), and liquid (above
392'K) forms of sulfur. Notice the changes in E as the
sulfur phases change, and that near the melting point
the K of the solid is only slightly higher than that of the
liquid. In the stable, low-temperature, orthorhombic
phase between 3 and 369'K the K-versus-T curve ex-
hibits a behavior typical of nonmetallic solids and
reaches a maximum at 7'K. The most pronounced
feature of the curve is the very small absolute value of
E in the 10 ' W/cm deg range. The explana, tion of

why the K value is so low is a major part of this paper.

ANALYSIS OF THE RESULTS

Sulfur

In order to analyze the results shown in Fig. 3 for
sulfur one needs to know some of its other physical
properties such as crystal structure, density, elastic
constants, specific heat, and electrical conductivity.
Some of these properties are given in Table II. Sulfur

above its melting point, and of the vapor" over solid
sulfur. These molecular S8 units affect most of the other
physical properties of sulfur. The sulfur-to-sulfur atom
distance within the rings is 2.04 A, while the nearest
distance between atoms in adjacent rings is 3.69 A.
This large inter-ring distance yields a room-temperature
density of 2.09 g/cm'. The measured" specific heat
capacity per unit volume Cyo T of sulfur has been con-
verted to values of effective Debye temperatures 0 by
assuming that at any temperature T the value of
CTo T, corrected to constant volume, is given by

CToT, y 3k' ——'fo (8—~/T),

where k=Boltzmann's constant, Ip=average volume
occupied by a single sulfur atom, and f3= the Debye
function. A plot of this eRective Debye temperature
0~ versus T is given in Pig. 4. Prom Pig. 4 it is quite
clear that 0 is not independent of temperature. Since
0 is a parameter that enters into the calculation of E,
it is necessary to understand the reason for the variation
of 0 with T.

The 0-versus-T variation is intimately connected with
the molecular nature of sulfur. In a molecular solid it
is possible to divide the normal modes of vibration,
i.e., the phonon frequencies, into two well-separated
groups. We shall designate the "I"phonons as those
associated with the internal vibrations of th e Ss

-SORO

TABLE II. Some physical properties of Sulfur,
Phosphorus, and Boron.

Density gb ge Oid ee T' f

Crystal gm/cms X' Q) 10'cm/sec ('K) ('K) ('K)

Ortho-
rhombic S

White P
Black P
P-Boron

2.09

1.82
2.69
2.33

8 2.97 2.5

4 3.00 1.6
1 2.67 4.0

12 1.98 8.0

100

100 . ~ 317
~ ~ 400 1300
570 1300 2310

a N =number of atoms in a molecular group.
b b3 =average volume occupied by a single atom of the solid.
& i =average sound velocity.
d 0L, =average Debye temperature for the translational and librational

lattice modes of the intermolecular vibrations.
e 8 =normal Debye temperature of the monatomic solid.
& T~~ =melting point.
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is a semiconductor' ' with a very small electrical
conductivity. Hence, phonons will be the dominant
carriers of the thermal energy at temperatures below
300'K. The stable, low-temperature modification of
sulfur exists from 3 to 369'K and consists of S8 rings
held together by Van der Waals forces. These S8 rings
of eight sulfur atoms are very stable and are the major
constituents of monoclinic sulfur, of liquid sulfur just

MEASURED--- ESTIMATED

I I I I I I I I I

0 200 400 600 800
ABSOLUTE TEMPERATURE, K

l000

FIG. 4. The effective Debye temperature versus absolute tem-
perature for several solids. This Og is that value which is calculated
from specific heat data when the data are treated as if all of the
solids were monatomic. The melting points are T p.

' C. A. Mead, Phys. Letters 11, 212 (1964).
'8A. R. Adams and W. E. Spear, J. Phys. Chem. Solids 25,

1113 (1964).

"G.B. Guthrie, Jr., D. W. Scott, and G. Waddington, J. Am.
Chem. Soc. 76, 1488 (1954)."E.D. Eastman and W. C. McGavock, J. Am. Chem. Soc.
59, 145 (1937).
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molecules. The "L"phonons will be the lattice phonons
associated with the relative motions of the various S8
molecules considered as separate, rigid units. This is
the type of separation of phonon modes used in inter-
preting the infrared and Raman spectra of molecular
solids. The frequencies of the L phonons will generally
be much lower than those of the I phonons because the
intermolecular forces are much weaker than the intra-
molecular forces. Both types of phonons contribute to
the total specific heat capacity per unit volume at con-
stant volume, CToT y. Thus CToT y is a sum over all
the internal and external modes:

CTOT, F Q &z+Z &L= Cz+Cz, . (2)
I I,

The 8g shown in Fig. 4 is a combination of contributions
from Cg and CL,. The I phonons, which have rather
higher frequencies than the L phonons, are present in
substantial numbers at room temperature and have a
characteristic temperature of 500 to 600'K. The effec-
tive 0 increases continuously from 160'K near O'K
toward a 0g value above room temperature. This tem-
perature variation has been worked out by previous
authors" '2 and found to agree with the experimental
CToT results.

The extrapolation of 0~ to a value of 160'K at
absolute zero is based on the following arguments. The
heat capacity at the very lowest temperatures near
O'K in a molecular crystal is the sum" '4 of a translatory
vibration term and a libratory vibration term. These
two terms each have their own Debye temperatures,
0' and 0". Their sum is the total lattice specific heat
capacity Cz, . Tllus

Cz„v=Cv'+Cv" 3kiU 'o '[fg)——(8'/T)+—fD(8"/T) j. (3)

Here we have made use of the fact that at T))8 the
classical specific heat of a rigid mass is just k per degree
of freedom, and there are E '5 ' such masses per unit
volume. Here X is the number of atoms in a sulfur
molecule, i.e., 8. The translatory Debye temperature,
0', has been calculated" from the elastic constants"
as 0'=103'K. This 0' is somewhat larger than that
used" " before the elastic constants were known.
Following Lord et a/. 33 it will be assumed that 8'=8".
Hence at temperatures near or below 1'K

CTOTiv CL 6kN 8 fD(8L/T). (4)

The right-hand side of Eq. (4) constitutes over 90%%u~ of
the actual CToT from 0 to 20'K, and even 30% of
CTpT at 300'K. The lattice Debye temperature 81, is

"S.Bhagavantam and T. Venkatarayudu, Proc. Indian Acad.
Sci. AS, 115 (1938).

» R. Norris, Proc. Indian Acad. Sci. A13, 291 (1941)."R. C. Lord, I. E. Ahlberg, and D. H. Andrews, J. Chem.
Phys. S, 649 (193)).

S. S. Mitra, in Solid State Physics, edited by F. Seitz and
D. Turnbull (Academic Press Inc. , New York, 1962), VoL 13,
p. 1."S.K. Joshi, Phys. Rev. 121, 40 (1961).

s Q &z4&z+ s Q &L1L&L i
I I

(6)

where v=average propagation velocity of phonons in
a particular mode, E= their mean free path, and c= their
contribution to the total heat capacity per unit volume.
The sums are taken over both the I and L phonons, as
was done in Eq. (2). In a molecular solid the molecular
groups interact only weakly, and the high frequency
internal vibrations do not propagate through the lat-
tice. In this limit all the vl are zero, and. E is determined
only by the L phonons. This zero or nearly zero group
velocity of these internal or optical type phonons is a
characteristic feature. In a monatomic solid, all of the

3' C. J. Glassbrenner and G. A. Slack, Phys. Rev. 134, A1058
(1964).

3' J. O. Hirschfelder, C. F. Curtis, and R. B. Bird, Molecular
Theory of Gases ued Liquids, (John Wiley 8z Sons, Inc., New York,
1954), p. 498.

given approximately by

8 1 (8/+ 8//)

and is taken as 81,=100 K. Thus the effective 8~ at
O'K, calculated on the assumptions in Eq. (1) that
sulfur is a monatomic lattice, is just

8~= (N/2)'"8z=, 160'K.

This value is a reasonable extrapolation of the 0~ values
determined from the specific-heat measurements, as
shown in Fig. 4.

Now that 0 versus T for sulfur is known, it is possible
to make an estimate of the thermal conductivity of
sulfur. This estimate can be based either on the assump-
tion that sulfur is a monatomic solid or that it is a
molecular solid. . It is reasonably clear that the mona-
tomic model won't work very well. However, its pre-
dictions are interesting.

For this calculation of E, we shall take the value of
0 to be temperature independent at its high tempera-
ture limit of about 550'K. With this value of 8, an
average sound velocity of 2.5&& 10' cm/sec derived from
the elastic constants, and a boundary scattering mean
free path equal to the sample diameter of 0.2 cm, the
E versus T curve labeled "monatomic" in Fig. 3 was
derived. This monatomic model is the same as that
employed for Si and Ge."The calculated curve clearly
gives E values much higher than the observed ones.
Even if a temperature-dependent 0 for sulfur is put
into the theory, the fit in Fig. 3 is not much better. The
conclusion is that the E of sulfur cannot be computed
from a monatomic model. However, much better agree-
ment is found if explicit account of the molecular nature
of sulfur is taken.

A simple model for computing E of a molecular solid
will now be given. It is similar in sprit to that employed'~
for the E of a polyatomic gas. The thermal conductivity
of a molecular solid can be considered as the sum of
two terms:
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phonon modes are L modes, all (or almost all) of them
have nonzero velocities, and hence all modes contribute
to E. The main cause of the difference in IC between
molecula, r and monatomic solids, therefore, is the
presence in molecular solids of many phonons that have
zero group velocities. For evaluating Eq. (6) we shall
use a crude theory of molecular crystals. It will be
assumed that all vi=0, all v& for both translatory and
libratory vibrations are equal to one another, and that
lL, is the same for all of the L, phonons. Thus

E 3 VQ/LCL, )

where Cr, is given by Eq. (4). The next step is to esti-
mate ll, , since zl. and CL, are known approximately. An
exact calculation of /1., which will depend on the an-
harmonic interactions and the detailed structure of the
solid, is too involved for the present order-of-magnitude
calculations. At the melting point T p of the molecular
solid the value of tI, will be assumed to be as small as
possible, that is comparable to the average distance be-
tween the molecular groups, i.e. ll,=-(EP)'1'. This type
of assumption turns out to be reasonable for molecular
solids, as we shall see. It gives too small a E for mon-
atomic solids, since the average mean free path of pho-
nons in Ge, Si, and diamond at their melting points as
judged from E measurements" is about 20 interatomic
distances. For temperatures 0(T(T p the temperature
variation of tL, will be approxima, tely

tr,=Ã't'8 (T,/T) .
Hence for T)01, the value of E is given by substituting
Eqs. (4) and (8) in Eq. P) as

E=2kvL, T ~$ 'l'8 'T '

since f& approaches unity. As T is lowered below
T=8r„Eq. (8) is no longer appropriate since the
umklapp relaxation time r„increases exponentially with
decreasing temperature. The experimental results for
sulfur below 100'K show some indication of this ex-
ponential behavior in that, with decreasing T, E is
definitely rising faster than T—' between 30 and 10'K.
For lack of a better approximation, it will be assumed"
that

r„'= (p~'T/ )8e1xp(
—8r,/3T), (10)

where p = some constant, and ar = the phonon frequency.
The Debye temperature used in Eq. (10) is just the
lattice Debye temperature 8z,. Note that Eq. (8) is
equivalent to setting r„=~r, ' at T „where cur, ——k8r/h.
As T decreases, the phonon mean free path t~ increases
until it becomes limited by isotope scattering and
crystal boundary scattering. In the boundary scattering
limit, K is calculated from Eqs. (4) and (7) with /I, set
equal to the minimum dimension of the crystals in the
sample studied. In this way the E-versus-T curve for

88 G. A. Slack, J. Appl. Phys. 35, 3460 (1964).
"G.A. Slack and S. Galginaitis, Phys. Rev. 133, A253 i1964l.

sulfur was calculated in the molecular approximation.
The various parameters used in calculating E are given
in Table II. The results are shown in Fig. 3.

A comparison of the theory with the experimental
results in Fig. 3 shows that the molecular model pro-
vides a much better approximation to the truth than
does the monatomic model. The agreement is not perfect
but it does give the right order of magnitude for E above
10'K and the correct type of temperature dependence.
The theory is, of course, too crude to exhibit the change in
E at 369'K at orthorhombic-monoclinic transition. The
factor of 10' difference between theory and experiment
at 3'K can be attributed to some unknown crystal
defects, perhaps CS2 impurities" in these solution-grown
crystals. Only above 10'K are the experimental results
considered to be an intrinsic property of sulfur crystals.

Phosyhorus

The results in Fig. 2 show that the two allotropic
forms of phosphorus have considerably different thermal
conductivities. At 300 K the E of black P is 25 times
that of white P. In both types of P, the electrical con-
ductivity is so low that the heat is transported almost
entirely by phonons. The difference can be attributed
to the difference in crystal structure and interatomic
bonding. white P is a molecular solid composed of P4
molecules" held together by Van der VVaals forces. The
black P is a three-dimensional network of single P atoms
held together by covalent bonds"; it has no distinguish-
able molecular groups. Thus the E of white P will be
estimated using the same molecular model that was
used for sulfur. The E of black P will be computed from
the monatomic model. "The physical parameters used
in this calculation are given in Table II, and the results
are shown in Fig. 2. For black P the 0 and vz, values of
8= 400'K, vz, ——4.0)& 10' cm/sec were estimated from the
bulk compressibility4' of 2.9X10 " cm'/dyn and the
density of 2.69 g/cm'. The crystallite size was chosen in
order to make the theoretical and experimental E curves
agree for T(10'K. This size is about 10% of the
visual size of 2&(10—' cm, but is plausible since the
visible grains may have possessed considerable internal
damage. The value of OL, for white I" of 01,=100'K is
based on the measured" compressibility of 2.13)&10 "
cm'/dyn and the density of 1.82 g/cm'. The calculated
sr, is 1.6X 10' cm/sec. The estimated 8s-versus-T
curve for white P is shown in Fig. 4. The value of
8z——130'K at O'K is obtained from Eq. (5) using V = 4.
At higher temperatures the internal vibrations4' of the
P4 molecule in the 350 to 600 cm ' wave-number range
become excited. These correspond to a characteristic
temperature of 600'K. There do not appear to be any

D. E. C. Corbridge and E. J. Lowe, Nature 170, 629 (1952).
'P. W. Bridgman, Proc. Am. Acad. Arts Sci. 62, 207 (1927).

4' Y. W. Richards and W. N. Stull, J. Am. Chem. Soc. 26, 399
(1904).

4'H. J. Bernstein and J. Powling, J. Chem. Phys. 18, 1018
(1950).
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published measurements of the specific heat capacity of
white P in the 0 to 273'K range44 to serve as a check
on the estimated 0~ curve in Fig. 4. Therefore, it has
been drawn to resemble the curve for sulfur.

The theoretically calculated E-versus-T curves for
the two forms of P are shown in Fig. 2. The monatomic
curve computed for a single crystal of black P is not a
terribly bad approximation to the truth. Perhaps the
experimental E curve would have been higher if a
single crystal instead of a polycrystalline sample had
been studied. The theoretical molecular curve for white
P gives the correct order of magnitude for E, and is
clearly different from the monatomic curve for black P.
The predicted temperature variation is, however, not
correct. If the theory had been more detailed, and
had taken into account the phase transition" in white
P at 196'K, and had included the apparent rotation40 4'

of the P4 groups above 196'K, perhaps better agree-
ment would have resulted. The important point is that
the crude monatomic and molecular models do explain
the large difference in E between the white and black
allotropic forms of P and give semiquantitative esti-
mates of the magnitude of E.

Boron

Now that the E of both monatomic and molecular
crystals can be explained, at least partially, by simple
models, an attempt can be made to explain the E of
P-rhombohedral boron. . Boron is a semiconductor. The
jp-rhombohedral form has a band gap46 of about 1.6 eV
and an electrical resistivity of greater than 10' 0 cm for
the samples studied for all T&300'K. The electronic
contribution to the thermal conductivity can, therefore,
be neglected, and all of the heat is transported by pho-
nons. The crystal structure of boron is complex, and
there are several allotropic forms. Hughes et al. '~ have
worked out the crystal structure of the p-rhombohedral
form, and found that it is a network of icosahedra of
12 atoms of 8, and these icosahedra are linked together
directly or through an occasional extra 8 atom. The
O.-rhombohedral form" and the tetragonal form" of
8 also consist mainly of icosahedral units of 12 8 atoms
linked together in slightly different ways. These icosa-
hedra also occur in several boron compounds"" such
as 84C and K~8 ~~H~~. As can be seen in the pictures" of
the structure of e-rhombohedral 8, the 12 atoms in

44F. E. Young and J. H. Hildebrand, J. Am, Chem. Soc. 64
839 (1942)."J.R. VanWazer, Phosphorus and 1rs Compounds, (Inter-
science Publishers Inc, , New York, 1958), Vol. I, p. 107.

4 F. H. Horn, J. Appl. Phys. 30, 1611 (1959).
4'R. E. Hughes, C. H. L. Kennard, D. B. Sullenger, H. A.

Weakliem, D. E. Sands, and J. L. Hoard, J. Am. Chem. Soc.
85, 361 (1963)."B.F. Decker and J. S. Kasper, Acta Cryst. 12, 503 (1959)."J.L. Hoard, R. E. Hughes, and D. E. Sands, J. Am. Chem.
Soc. 80, 4507 (1958).

'0W. N. Lipscomb, Boron IIydrides, (W. A. Benjamin, Inc. ,
New York, 1963).

~' V. I. Matkovich, J. Am. Chem. Soc. 83, 1804 (1961).

the icosahedral units are rather tightly bound together,
and each icosahedron can be thought of as a large-
mass-molecular-unit of 8~~. Boron thus resembles
phosphorus and sulfur in that its lattice is built up of
molecular subunits. The P4 and S8 units have all of
their bonding requirements satisfied with bonds inside
the molecular units. Hence the intermolecular forces
are of a Van der Kaals nature. The single B~~ units have
unsatisfied bonds, so that in solid boron the various Bi~
units are joined to each other by covalent bonds. This
strong bonding between molecular 8 ~~ units means that,
in contrast to white phosphorus and sulfur, the lattice
phonons and internal phonons may have comparable
frequencies. Thus a distinct separation of the phonons
into I and L modes as is done in Eq. (2) is probably no
longer possible for P-rhombohedral boron or any of the
other elemental forms of boron. Such a separation
could probably be made in a solid such as K~Bi~H~~,
where the 8» icosahedra are isolated" by the interven-
ing K and H atoms which satisfy the bonding require-
ments of the B~~ units. An indication of this effect of
separation into I and L modes is given by the tempera-
ture variation of the low temperature heat capacity
data" of 8~OH~4, where the nearly complete icosahedra
are separated by hydrogen atoms. Therefore, solid boron
is neither a simple monatomic solid like Ge, Si, and
black P, nor is it a molecular solid like white P or S. It
lies somewhere in between.

The effective Debye temperature 8&, as a function
of T for P-rhombohedral B, has been computed from
values of the specific heat at constant volume Cy de-
rived from the constant-pressure (Cs) data in the liter-
ature. " "The results are shown in Fig. 4 as the solid
curve. Note the rather erratic behavior below 100'K.
The Og at O'K can be estimated, using Bridgman's com-
pressibility data" and the density, for either the Inon-
atomic model or a molecular model with X=12. The
average sound velocity calculated from the compressi-
bility is 8&&10' cm/sec. On the monatomic model, the
result at O'K is 0&= 1300'K, and is given in the upper
dashed curve in Fig. 4. The 0~ values have been de-
fined by Eq. (1) and are the true 8 values if the solid is
monatomic. On the other hand, if boron is considered
to be a molecular solid, then the Hr, at O'K is 1300'K/1V'"
or 570'K, and 0@ from Eq. (5) is 1030'K. This result
is shown by the lower dashed curve. These two dashed
curves show what C& measurements would yield for Oz

if P boron were either a monatomic or a molecular solid.
The actual data below 100'K are open to question. '4

"J.Wunderlich and W. N. Lipscomb, J. Am. Chem. Soc. 82,
4427 (1960)."E. C. Kerr, N. C. Hallett, and H. L. Johnston, J. Am. Chem.
Soc. 73, 1117 (1951).

54 H'. L. Johnston, H. N. Hersh, and E. C. Kerr, J. Am. Chem.
Soc. 73, 1112 (1951)."S. S. Wise, J.L. Margrave, and R. L. Altman, J.Phys. Chem.
64, 915 (1960)."R. A. McDonald and D. R. Stull, J. Chem. Eng. Data 7,
84 (1962)."P.W. Bridgman, Proc. Am. Acad. Sci. 64, 51 (1929).
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New measurements of the heat capacity of a well-de-
6ned boron allotrope are needed to settle the problem.
At present either model is as good as the other in fit-
ting the 8-versus-T curve. Table I shows the two pos-
sible values of the Debye temperature for P-rhombohe-
dral boron, i.e., 8= 1300'K (monatomic) and 8r, ——570'K
(molecular).

The E-versus-T curves calculated for boron with a
boundary-scattering mean free path equal to the
crystallite size of 0.2 cm are shown in Fig. 5. Here both
the monatomic and molecular models t see Eq. (9)7
have been used. At 3'K both models are in reasonable
agreement with the results in the boundary-scattering
range. The two models both predict a higher maximum
E than is observed at 40'K. Above 100'K the experi-
mental results lie somewhere between the molecular and
monatomic curves, as might have been anticipated from
the discussion of the crystal structure. This complex
crystal structure of boron gives it a E in the intrinsic
phonon-phonon scattering range above 30'K which is
quite low compared to its neighboring nonmetallic ele-
ments with high melting points and high Debye tem-
peratures, i.e. diamond, silicon. It is also low compared
to E values for light-mass, high-melting-point com-
pounds such as Beo" BN", and SiC" which have
much simpler crystal structures.
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Fro. 6. The thermal conductivity of P-rhombohedral boron and
of boron carbide as a function of temperature. The boron data are
taken from Fig. 1.

Boron Compounds

Since the complex crystal structure of P-rhombohedral
boron is believed to be the cause of its low E, then the
other polymorphs of boron or those boron compounds
that possess B~2 units are also expected to have low
thermal conductivities. Xone of the other boron poly-
morphs have yet been studied. There is some data on the
E of B4C which is really an interstitial compound"
of o.-rhombohedral boron, and which is built up of B~2
and C3 units. Figure 6 shows the E-versus-T curve
based on results for several polycrystalline, ceramic
samples of boron carbide which were close to the
theoretical density. ""Its E is also low and comparable
to that of P-rhombohedral boron. The other parameters
of 84C such as melting point (2720'K), average atomic
mass, density (2.52 g/cm'), and its Debye tem-
perature62 " (8~= 1300'K) are also comparable to those
of P-rhombohedral boron. The conclusion is that the
low E of B4C is also caused by its complex crystal
structure. The occurrence of low E values coupled with
high melting points and good high-temperature stabil-
ity suggests that boron, boron carbide, and some other
boron compounds may be useful for thermoelectric
applications" at temperatures above 1000'C.
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CONCLUSIONS

The thermal conductivities of orthorhombic sulfur,
orthorhombic (black) P, and P-rhombohedral boron

FIG. 5. The thermal conductivity of P-rhombohedral boron
versus temperature. The dashed curves show the predicted be-
havior for boron treated as if it were either a simple molecular
solid with a lattice Debye temperature OL, =570'K or a simple
monatomic solid with a Debye temperature 0=1300'K. The
melting point is T ~.
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have been measured over the temperature range from
3 to 300'K. Phonons are the dominant carriers of the
thermal energy. It is suggested that the thermal con-
duction in the molecular solids such as orthorhombic
sulfur and cubic (white) phosphorus is caused by lattice
phonons only; the phonons associated with the internal
vibrations of the S8 or P4 units do not contribute to the
conduction because their propagation velocities are
zero. Since only a fraction of the phonons can carry heat
and since their mean free path in the solid at the
melting point is only about one molecular diameter,
the molecular solids have thermal conductivities much
lower than those of monatomic solids of similar average
atomic mass. In monatomic solids such as orthorhombic
(black) phosphorus there are no molecular groups. Thus
all of the phonons contribute to the heat transport,
their mean free paths at the melting point are of the
order of twenty interatomic distances, and the thermal
conductivities of such solids are high.

The P-rhombohedral form of boron has a crystal

structure somewhere between the molecular and mon-
atomic types. Its measured thermal conductivity has a
value intermediate between the limits predicted by the
molecular and monatomic models. Because of the simi-

larity in the crystal structures of the several poly-
morphs of boron, it is believed that the other poly-
morphs as well as many of the interstitial compounds
of boron will also have low thermal conductivities quite
close to that of the P-rhombohedral form.
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Nuclear Resonance of Solids Doped, with Paramagnetic Impurities*
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This paper is an extension of the work of Rorschach on the interactions of dipolar nuclei with paramagnetic
impurities in dielectric crystals. The inQuence of the average "static" moment on the nuclear resonance line-
width is considered. It is suggested that by measuring T& and the nuclear resonance linewidth as a function
of temperature, magnetic Geld intensity, and sample orientation it is possible to determine the autocorrela-
tion time of paramagnetic ions as a function of these parameters.

INTRODUCTION

INCR Bloembergen' showed that nuclear spins could
be relaxed in an insulating crystal by small amounts

of paramagnetic impurities, several publications have
appeared indicating information could be obtained
concerning paramagnetic ions using nuclear magnetic
resonance. Most of the attention has been given to the
effect of impurities on the spin-lattice relaxation time Tj
of the nuclei. However, Verber, Mahon, and Tantilla'
have demonstrated that paramagnetic ions also broaden
the nuclear resonance at low temperatures. By utilizing
the results obtained from both T~ and linewidth mea-
surements it is possible to eliminate most of the uncer-
tainties of the theory, and thereby get more reliable
information concerning the paramagnetic ions and their
behavior in the crystal. In the theory section an ex-

*Work supported by National Science Foundation.
N. Bloembergen, Physica 15, 386 (1949).

s C. M. Verber, H. P. Mahon, and W. H. Tantilla, Phys. Rev.
125, 1149 (1962).

pression is derived for the effect of paramagnetic ions on
the nuclear-resonance linewidth based on Van Vleck's'
method and Rorschach's4 treatment of the motion of
the paramagnetic moment. This calculation gives rise
to an expression for the second moment containing the
autocorrelation time of the paramagnetic ion, the ion
concentration, and the average of the square and the
square of the average of the s component of the magnetic
moment for the paramagnetic ion. Also a discussion is
given for T~ based on Rorschach's paper.

THEORY

Line width

The nuclear-resonance linewidth of a system of
nuclear spins can be calculated using Van Vleck's
moment theory, and is in excellent agreement with
experiment. If electron paramagnetic impurities are

3 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948).
4 H. E. Rorschach, Jr., Physica 30, 38 (1964).


