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Absolute intensities of the electronic transitions occurring in the absorption spectrum of thulium ethyl
sulfate have been measured at 4.2 and 23'K. In addition, absolute intensities due to vibronic and electronic
transitions have been measured at 300'K. The oscillator strengths of electric-dipole transitions between
individual crystalline Stark-split components which were observed at 23'K are compared with theoretical
calculations and the results are discussed. The total electric-dipole oscillator strengths measured at 300'K
are compared with theoretical calculations and also with the low-temperature results. The observed in-
tensities, which vary as much as 40-fold between 38 000 cm ' and 15 000 cm ', can be accounted for by using
only several phenomenological parameters. Interpretation of the parameters is discussed in terms of excited-
electronic-state wave functions and their admixture into the ground-state electronic configuration.

INTRODUCTION

LTHOUGH considerable progress has been made
in interpreting the optical spectra of rare-earth

ions embedded in crystalline solids, ' ' only recently
has sufIicient knowledge been acquired regarding the
interaction of the localized f electrons with the lattice
environment to make possible a detailed study of the
intensities of the observed spectra. Recently, Judd' and
Ofelt' independently have discussed a general theo-
retical framework for understanding the intensities of
the optical transitions. The satisfying agreement found
between calculated and measured oscillator strengths
for solutions of rare-earth ions prompted Axe' to ex-
amine the theory in more detail by considering the
relative intensities of the observed electric- and mag-
netic-dipole Quorescence spectrum of europium ethyl
sulfate single crystals. By reasoning that certain ob-
served transitions were pure magnetic-dipole transitions
whose intensities were independent of the crystalline
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Stark field, Axe was able to relate measured relative
fIuorescence intensities to absolute intensities. However,
to accurately calculate absolute intensities, states of all
multiplicities must be included. Such a calculation for
Eu'+ would be quite difFicult owing to the large number
of states" whose inclusion will contribute to the
intensities.

Absolute intensities can be measured directly with
greater accuracy and ease in absorption spectra. %bile
the absorption intensities of infrared transitions of sev-
eral rare-earth chlorides have been reported recently, "
no detailed examination of transitions between indi-
vidual Stark components has been carried out. In this
paper we report the results of such a study for the
transitions observed in the absorption spectrum of
thulium ethyl sulfate.

The trivalent thulium ion was chosen because it has
a relatively simple ground-state electronic configuration
of 4f" with a number of J levels found throughout the
ultraviolet and visible region that are well separated
and well identified. ""The simplicity of this configura-
tion allows one to handle the calculations with rigor,
yet it is complex enough to fully test the theoretical
framework. The ethyl sulfate lattice was chosen, in spite
of the difhculties to be discussed later, because the
Tm'+ site symmetry is well known and because the
crystalline Stark splitting of the J levels is well under-
stood and has been the subject of a number of investi-
gations. "" By using undiluted crystals we avoided
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uncertainty in the concentration of Tm'+ since the
number of ions per cm' is needed to determine the
absolute values of the intensities. Although the theo-
retical framework has been discussed previously, ' ' it
is worthwhile to review certain aspects of the theory
and to express the results in a form more suitable for
our calculations.

THEORETICAL CONSIDERATIONS

If a photon from a collimated beam of incident
black-body radiation is absorbed by a tightly bound
4f electron of a rare-earth ion in a crystalline lattice,
the integrated absorption coefficient, representing an
electronic transition within the 4f" configuration, may
be written as

(n'+2)' gs v

k(v)dv= p
0 9n 3ch

where p represents the number of rare earth ions per
cubic centimeter, t," is the speed of light, h is Planck s
constant, and I is the index of refraction of the
bulk isotropic dielectric medium at the frequency 2 of
the photon involved in the transition. " " In Eq. (1),
P is the electric-dipole-moment operator P= —e P; r,
for a transition between the ground electronic state i
and some excited state j. The matrix elements of the
electric-dipole operator between two states i and j will
be nonzero only if i and j do not have the same parity.
Since the wave functions used to describe the levels of
the 4f" configuration, usually written as a linear com-
bination of states ~yf" (SL))P

~yf"LSL]J)= P A(S,L,J) ~pf (SL)), (2)
S,L

have the same parity, states of opposite parity must
be mixed into the wave functions associated with at
least one of the two levels considered. This may be
achieved if the environment of the ion in the crystal
is such that its nucleus is not situated at a center of
inversion. The crystalline Stark field produced by the
lattice charges at the site of the 4f electrons not only
has the effect of removing (at least partially) the
degeneracy of a given J level, but also has the eBect
of mixing a small amount of opposite-parity excited

orbital wave functions into the 4f" states. For electric-
dipole transitions between individual crystalline Stark-
split components, the odd-parity part of the crystalline
Stark potential is considered as the mechanism for
mixing the parity of the states. Under this assumption,
the electronic states of the ion in the lattice may be
written as

(y4f"[&L]J,y)= ~+0)

+ 2 ((v'4f" '&'t'll'«~l+o)I&'4f" '&")&t1@
y'4f& —&n'l'

(3)

where ~%'0) =Pq, A (p,J.) ~
y4f"(SL]JJ,),

energy difference between excited states and 4f" states,
and p2' the crystal quantum number. ~22 The A(ti, J,)
coefficients corresponding to a given $$L], J state are
determined from a first-order degenerate perturbation
calculation, using the ~yf"tLSL]J) wave functions as
zero-order wave functions. The coefficients A (ti,J,) are
specified by the even-term part of the crystalline-
Stark-field perturbation Hamiltonian. The second term
in (3) is summed over all excited configurations 4f" 'n'l'

for l' even, where n' and l' are the principal and orbital
quantum numbers of the excited rare-earth electronic
configuration.

The extent to which one may invoke closure in
evaluating the expectation value of the electric dipole
operator P, '" between such perturbed 4f" states de-
pends on the extent to which the energy denominators
are independent of summation indices. Maximum sim-
plification results if all contributing excited configura-
tions are completely degenerate. "Under this assump-
tion, the value of the electric-dipole matrix is just the
value of the operator P,"&C~'~& between unperturbed
4f" states /See Ofelt's Eq. 27].' While this assumption
completely obviates the need to evaluate intraradial
integrals, it does not correspond to the actual physical
situation, even for the free ion. '4

A less restrictive and physically more realistic as-
sumption is that each excited orbital is completely
degenerate in S, L, and J, but each is separated in
energy from the 4f" configuration by an amount
characteristic of that particular orbital. Expanding
Judd's Eq. (13),' which is based on this assumption, to
a form more suitable for comparing calculated with
observed intensities, one obtains the equation,

(vf"[&L]Jv~&,'"~yf"t'S'L']J'p')= p g g p A(t,J.)A(p', J.')(—1)~ ~* Q (2K+1)A, (t X)1'o'
todd y&0 Jz Jzv ) =2,4, 6

J' J P t 1 J' J X t 1
X +(-1)"

I
(4)

(P+v) P v
—(P+v) (v P) P-v (P ~)&-
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brackets. Additional quantum numbers not specified are represented by ~."In D3~ symmetry for example, crystalline Stark states are combinations of J,=MJ~6n(n=O, 1, 2, ~ ) and are labeled
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where the expressions for A, ~ and "(t,l&) have been given earlier' and where

r&»= g p A(sLJ)A(s'L'J )(~f"sLJI
I
~'"'I lvf"s'L'J'& (5)

To carry out the summations, the symmetry of the crystajHne Stark field must be specified. In ethyl sulfate
lattices, it is well known that the rare-earth ion occupies a site of C3~ syrtnnetry and that the nearest-neighbor

oxygen atoms of the water molecules of hydration form a slightly more symmetric configuration D&p, symmetry
about the rare-earth ion.""The assumption of a Daq symmetry potential has been successful in interpreting
optical and resonance spectra of rare-earth ethyl sulfates, "'~" The odd-parity terms in the expansion of VD» are

Vn, „=A3,ar'Vs, 3+As, 3r Vs, 3+Ai, sr Vr, 3. (6)

In this symmetry, there will be at most five adjustable parameters describing transition strengths, namely,
Aai (3,2), A33" (3,4), A &;8 (5,4), A &8" (5,6), and A is" (7,6). One may evaluate the matrix elements of Eq. (4) and
obtain

b'4f"LsL jJ t I
P„'"

I
y4f"Ls'L'j J't '&

J' J 4 1(1iit' J' J 4
+3 —i-[

i
A,g(3,4)r&i

J,' —J. 4 2(7j J,' —J, —2j

+ — —2 7»'

13 21 '&'- J' J 6) 2)»2
+—— — — 37~ 76 r«) 7

(&4f"L~L3J t I
Po'"

I
~4f"Ls'L'j J',u'&

3(J J 4)= P A(t,J,)A (, ,J, )(—1)~-' —
~

2 &.J,' —J, 3j J,' —J, —3j

1 U' -
3&26 t-t J' J 6 pJ J

x A, =(3,4)—g — A, =(5,4) r«+-i-
2&,11 «J,' —J, 3 &J,

X —A "(5,6)+—— A„- (7 6) r&'&

3 21

An equation similar to Eq. (7) is found for (~P,&u
~ &,

whose absolute value is equal to ~(P+i&u~& for any
p, p'. In D» symmetry the crystal quantum number"
is designated by p, p'.

Equations (7) and (8) are in a general form suitable
for the evaluation of the matrix elements for electric-
dipole transitions between any two Stark components

"J.A. A. Ketelaar, Physica 4, 619 (1937).
'6 D. R. Fitzwater and R. E. Rundle, Z. Krist. 112,362 (1959).
~' E. V. Sayre and S. Freed, J. Chem. Phys. 24, 1213 {1956).
~' R. J.Elliott and K.. %.H. Stevens, Proc. Roy. Soc. (London)

A219, 38'tt' (1953).

of a rare-earth ion in a site having D» symmetry. When
the initial and final crystalline Stark levels are diagonal
in J, (i.e. A(p, J,)=1, A(t&',J,')=1, the resulting ex-
pression is identical to Axe's Kq. (7) LRef. 9j which
he obtained from Judd's treatment of the problem. "

EXPERIMENTAL DETMLS

Single crystals of the pure salt were prepared as
previously reported. " The absorption spectrum was
taken with a 21-foot%adsworth mount grating spectro-
graph having a dispersion of 2.6 A/mm in the first
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order, and with a Bausch and Lomb spectrograph
having a dispersion of 8.1 A/mm in the first order. The
ultraviolet spectrum was studied in the second order
v ith both instruments. A Sylvania hydrogen arc lamp
was used as the ultraviolet source and iron arc lines
served as standards. All intensity measurements were
made on a Cary 14 spectrophotometer, which provides
a. nearly collimated signal radiation Qux, and an auto-
matically constant signal source intensity obtained by
means of a reference beam and variable slit control.

For the intensity measurements, two clear crystals
about 7&10 mm in area were polished so as to have
Oat, parallel faces. The crystals were 0.250&0.003 cm
and 0.191&0.003 cm in thickness. From the measured
weight and volume, the density of the single crystals
was found to be 1.90&0.05 g/cc which gives a Tm'+
ion density of 1.61Xion ions/cc. The spectrum was
studied at 4.2'K and 23'K using the thicker crystal,
but the spectrum at room temperature was studied
using the thinner crystal. For the 4.2'K measurements,
the crystal was mounted on a bafne (mask) and im-
mersed directly in liquid helium. For measurements at
higher temperatures, (i.e., 23 and 300'K), the sample
was suitably masked and mounted on the cold6nger
of a liquid-helium conduction Dewar. During the ex™
periments, the equilibrium temperature maintained by
the crystal was 23~1 K as measured by a thermo-
couple attached to the side of the crystal. As a check,
the integrated absorption coeS.cients of transitions
originating from the ground crystalline Stark level were
measured at 4.2'K (immersion) and at the 23&1'K
temperature. If a Boltzman population distribution is
assumed. , the measured change in the integrated ab-
sorption coeKcients agrees quite well with the assertion
that the higher temperature spectrum was measured
at T= 23'K. The 1'K error in the equilibrium tempera-
ture could result in as much as 7% discrepancy in
intensities between transitions originating from the
ground and first excited crystalline Stark levels.

Using careful techniques, no trace of clouding due to
dehydration was observed when the crystal was placed
in the evacuated chamber of the conduction Dewar and
cooled to low temperatures. For absorption at wave-
lengths less than 6600 A, the Cary-14 provides a mono-
chromatic signal beam (predispersed); consequently,
very little heating of the sample was observed during
the experiments. For the 'F4 and 'P3 absorption spec-
trum, however, the Cary infrared source and detector
were required. Since the signal beam is not predis-
persed in this wavelength region, heating of the crystal
precluded the recording of quantitatively useful data
for these groups. Polarization spectra were obtained
throughout the visible and ultraviolet spectral region
with a large-aperture Gian (air space) polarizer.

At 300'K, transitions were observed from nearly all
the 'H6 Stark levels to all levels except 'S0, 'H4, and
'H~ levels. Heating of the sample with the undispersed
infrared signal beam is small compared to kT.
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FIG. i. The index of refraction (n) of thulium ethyl sulfate
versus wavelength ()). The uncertainty in the measured value
for the index of refraction is approximately several percent at
the five different wavelengths mentioned in the text. Within this
uncertainty no difference in indices for the ordinary and extra-
ordinary rays could be determined.

For the low-temperature intensity measurements the
slit resolution was equal to the slit mismatch of the
instrument, which varied from 0.6 cm—' to 3 cm—'. The
linewidths of the TmES spectrum at low temperatures
varied. from 5 cm—' to 30 cm—' and for all the lines
utilized in this study, the slit width was generally
more than twice as narrow as the linewidths of the
measured. lines. Errors in determining the transition
strength arise not only from instrumental errors in
measuring a prescribed area, but also in determining
the base-line for a given transition, due to the presence
of nearby transitions. The former error is believed not
to exceed 1% for the magnitude of the areas measured,
while the base-line errors due to the presence of nearby
transitions in the worst case may be as large as 25%%uo.

For the measurements reported in this paper, the
average error due to uncertainty in the base-line is
approximately 10%%u&j.

Single crystals of thulium ethyl sulfate are not iso-
tropic, but the difI'erence in indices for the ordinary
and extraordinary rays amounts to less than the several
percent uncertainty in the values of n measured. Ex-
perimental values for e were measured at 4358.3,
5015.7, 5460.8, 5875.6, and 6678.2 A by the method of
minimum deviation. To within several percent, the
wavelength dependence of the index of refraction
follows a simple Cauchy dispersion equation for e(X)
=a+5/X' throughout the visible region and is assumed
to hold reasonably well in the near ultraviolet. The
experimental index of refraction as a function of wave-
length is compared with the Cauchy dispersion curve
in Fig. i.

OBSERVED ABSORPTION SPECTRUM

The absorption spectrum of pure thulium ethyl sul-
fate crystals several mm thick contains more lines than
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TABLE l. Ultraviolet absorption spectrum of Tm(C&H&SO4)&9H20 at 77'K.

Empirical
designation

G1
G2
G3
G4
Gg
Gg
67
Gs
Gg

H1
H2
H3
H4
Hg
Hg

I1
I2
I3
Jl
J2
Jg
J4
J;
Jg

E1
E2
E3
E4
Eg
Eg
E7
Es
Eg
E1o

Wavelength
in A

(in air)

3617.7
3612.4
3608.2
3598.9
3596.7
3587.6
3586.5
3582.4b

3577.4

2885.7
2883.5
2881.0
2869.1b

2866.9b
2864.5b

2845.2
2842.8
2829.8

2767.4
2761.0
2755.1
2754.8
2748.4
2742.5

2639,8
2636.9
2634.5
2631.6
2630.2
2628.5
2623.0
2620.8b
2620.2
2617.0

Wavenumber
incm ',

(in vacuum)

27 634.0
27 674
27 706.8
27 778.4
27 795.4
27 865.9
27 873.9
27 906.3
27 945.3

34 643.9
34 670.0
34 700.1
34 843.9
34 870.6
34 899.9
35 137.0
35 164.6
35 327.8

36 124.4
36 208.8
36 285.6
36 289.5
36 374.1
36 452.3

37 870.4
37 911.5
37 946.6
37 987.1
38 008.6
38 033.2
38 112.9
38 144.9
38 153.6
38 200.3

Polariza-
tion

Transitions from
Stark components
of the groundstate

level, 'Hg'

3~ ai~1~~2
~2 —+ ~1
%2~ &2
&2~ &1
~1 —+ ~2

0 —+&2
~1 —+ ~1
&1~~2
ai ~ 3
~i —+ ~2

0 —+~20~ 3
0~~2
3~ 0

+2 —+ 0
+2 —+ 0
&2~ 0
~2-+ ~1~1~~1
&2~ 0
~2~~1
&1~&1
~2~~2
&2~ %1
ai ~ a2

3~~1
~2~~2
~i ~ ~2

0 —+~2
&1~~i
~2 —+ 0

Excited
SI.J-level
assignment

3p

ap2

a The crystal quantum states of the f» wavefunctions are mixtures of J& -—Mz~6n(n =0, 1, 2, 3 ). The corresponding crystal quantum labels for
these states are, =0, &1, &2, and 3.

~ Level persists at 4.2 K.

can be accounted for solely on the basis of electronic
electric-dipole transitions. Many of these additional
lines are due to combinations of transitions to excited
ionic states and changes of the vibrational state of the
surrounding ion complex or the crystal lattice. To dis-
tinguish between these two di6erent types of transi-
tions, the spectrum was studied in detail at 4.2, 77,
and at 300'K. The 'P'g levels and the 'D2 levels are
well separated so that the temperature-dependent
spectrum which yields information on the crystalline
Stark splitting of the ground-state 'H6 level may be
studied in detail. Since selection rules forbid many
electronic transitions at 4.2'K, it is the 77'K spectrum
that allows one to establish most of the Stark compo-
nents of excited states. Unless vibronic and crystalline
Stark levels coincide within the limit of resolution, it
is usually possible to distinguish which are vibronic
in origin by the repetition of such vibrational levels
coupled to the various electronic states.

It is not possible to observe the complete vibration
energy spectrum by studying the 'Po level alone since
vibronic-electronic transitions have selection rules.

For this reason, it is necessary to study the vibrational
spectra associated with other levels such as the 'P~
and 'P2 levels. Since the crystalline field splits these
levels into Stark components, the vibrational spectra
overlap; however, the vibrational energy levels can be
obtained by the method of constant cMerences.

The lowest-lying vibrational levels above the ground
state ('H6, &=0) are found at 20, 35, 52, and. 58 cm '.
At 23 K the vibronic transitions still observed using
the thinnest possible crystals for the intensity meas-
urements were usually resolved from the electronic
transitions taking place from the first excited Stark
level p, = &1 at 32 cm '.

In general, the observed vibrational spectrum as-
sociated with the 'P~ and 'D2 levels is an order of
magnitude weaker than the allowed electric-dipole
transitions. However, in a few cases a vibronic transi-
tion was found to be 50% as strong as an allowed
electric-dipole transition within a given J manifold.

The electronic transitions observed at 77'K and
associated with the 'P&, 'I6, and 'D2 levels are reported
in Table I. From this data, it is possible to determine
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the crystalline-Geld splitting of the ground-state level
'H6 and the splitting of the excited levels. To interpret
the electronic spectrum of the 'E~ and 'Po levels, the
ground Stark level p=0, and the levels p=~1 and
p=&2 of 'H6 are assumed from the experimental
evidence obtained from the spectra of other levels
wherein transitions from these three lowest 'H6 Stark
levels are allowed.

Nearly all the electronic energy levels previously
reported'4 "for the 'G4 and Ii ~ levels are in reasonable
agreement with the values measured in this present
study. The observed crystalline Stark splitting of all
levels agrees to within 4 cm ' with a Grst-order de-
generate perturbation calculation using the crystal-Geld
parameters, As'(r') = 135 3 cm ' A 4'(r4) = —71.35 cm—'
A '(r')= —28.80 cm 'y and As'(r')=428. 1 cm '.

INTENSITIES OF THE 300'K ABSORPTION
SPECTRUM

The sum of the individual Stark-level absorption-
line strengths' between J levels split by a small crystal-
line Stark Geld perturbation is equal to the absorption
line strength between the unsplit J levels, provided
the temperature of the system T and the over-all
crystalline Stark splitting AE&kT. Under these con-
ditions, the Stark-split components of the ground level
are equally occupied. This condition is reasonably
valid for the 'H6 J level at 300'K, so that an averaging
process over the crystal-Geld expansion parameters can
be made. In terms of the oscillator strength'" one
may write

mc4&r (ns+2)'
II„Lr&»j',

3hl& (2J+1) 9ts "~4'
where

O&, =2(2l&+1) Qg (2t+1) '(A&, p~'L. (t,l&)gs+C(l&), (10)

and where X is the average wavelength for a given J
level.

In Eq. (10), C(2), C(4), and C(6) represent coeffi-
cients which take into account the vibronic-electronic
contribution to the line strength, and may be expressed
in terms of the normal coordinates of the lattice or
complex, the gradient of the crystal Geld parameters
with respect to the normal coordinates, and the density-
of-phonon states. The importance of Eq. (9) lies in the
fact that total oscillator strengths between J levels of
the 4f" configuration are specified by only 3 param-
eters, 02, 04, and 06. Although the relative signs of the
A 4(t~,l)p&arameters are not obtained in this way,
values of Qq will give an order of magnitude to the
A 4,~(t,l,) parameters themselves, and will also indicate
to some extent the amount of vibronic-electronic inter-
action present in the observed spectrum if the A 4,~(t,l&)

parameters are reasonably temperature-independent
and can be determined from the low-temperature data.

TABLE II. Total electric-dipole oscillator strengths for thulium
ethyl sulfate at 300'K. The values for f ~ were determined
from the expression

f = k(v)dv
pzre 0

where J'0" k(v)dv is the measured quantity. The values for f l,
were calculated from Kq. 9 using the parameters Q&=0.593X10 ~
cm', 04 ——2.248X10 31 cm' and 06——1.251X10 0 cm'.

pS'L' jJ' X (microns) fmea X10z fcaieX10 ~(f~~—f~lc) X10z

1+0
3p
3PI
3p
lI
'D2
'G4
'F
'F3
3F
a

3H4
Hft

0.122b
0.262b
0.275d
0 285d
0.285d
0.359
0.470
0.658d
0.695d
0.790
1 282b
1.880b

33b

~ ~ ~

32.14
5.13

(9.62

23.48
5.59
6.10

28.05
16.29

~ ~ ~

0.009'
28.47
6.63
3.94
4.95

25.95
4.95
5.42

28.05
16.38
8.98c
9.82e
0 84'

~ ~ ~

3.67—1.50

0.73
—2.47

0.64
0.68
0.00—0.09

' The percent deviation between total fmeas and fe, l, is 7.7%.
h Wavelengths are calculated from the "free ion" wave functions.
4& Calculated f number is only approximate since the index factor

(ng+2)f&/9s is not known experimentally at this wavelength.
d Wavelengths are experimental centers of gravity of crystalline Stark

split levels.

The total f-numbers for transitions between the
'H6 ground J-level and the 'F4, 3,2, 'G4, 'D2, I6, P2, y p

levels were measured at 300'K and are listed in Table
II. The three 0) parameters were adjusted to minimize
the sum of the squares of the deviation between
measured and calculated line strengths.

The values of n are taken from Fig. 1. The values of
I"&") are reported in Table III, and are based on the
intermediate-coupling free-ion wavefunctions for Tm'+
that are reported in Table IV. The parameters giving
the best over-all agreement are 02=0.593)(10—~ cm',
04= 2.248X10—~ cm' and 06——1.251X10 '0 cm' and
predict the oscillator strengths reported in Table II.

TABLE III. Intermediate coupling values of I'&&& h' "I SL]J
~

U&"&
~X ~yf"$S'L'jJ') for thulium ethyl sulfate with SLY= LI4

PtL/g JI
lg
Bp

3p
'I6
'D2
lG
3F
'F3
'F4
'H5
'H4
'H6

0.10745

—0.21535

0.49881—0.32758
0.72626
1.12002

—0.51635

0.20567
0.55768—0.27330—0.00079—0.56227
0.34337
0.48086
0.84752—0.82933

0.00890
0.15252
0.35187—0.27583
0.12085—0.30561
0.09981
0.50766
0.91675—0.77979
0.79865—0.47708—0.87950

INTENSITIES OF THE LOW-TEMPERATURE
ABSORPTION SPECTRUM

The electric-dipole matrix elements given in Eqs. 7
and 8 contain the well-known selection rules for the
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TABLE IV. The free-ion wave functions for trivalent thulium. ~

~ PHsg) =0.9953 I gHs)+0 09731'Is)

i PHsg) = —0.2804 [gHs)+0.7817 [gFs)+0.5567 ['Gs)

( PHsg) = 1.0000( gHs)

( PFsj) =0.5395 [ gFs)+0.7522) gHs) —0 3785('Gs&

[PFgj)=1.0000' gFg)

i LgFgg) = —0.8738''Fg)+04654['Dg)+0. 1408 igPg)

[PGsg) =0.7393 ['Gs)+05963['Hs) —03128)'Fs)

[ t gDgg) =06400 ]'Dg)+06284 [gPg)+0.4422 fgtg)

i LsIsg) =0.9953 i'Ig) —00973 (gHg)

( PPsj) =0.9719[gPs) —0.2353 f'Sg)

[PP&g) = 1.0000 igPg)

f LgPgg) = —0.7650 i gPg)+0 2023
f
gFg)+0.6114

i
'Dg)

i PSgg& =0.9719 ' 'Ss)+0.2353 [gPs)

procedure. Although it appears at 6rst that four
Asg" (1,X) parameters are replaced with six 4; param-
eters, the quantities As and A6 are linearly dependent
on A1, A2 and A3, A4, respectively.

The integrated absorption coeKcients were measured.
at 23'K for 17 crystalline Stark level transitions termi-
nating on the 'E2, 'I'1, 'I6, 'D2, 'G4, and 'F2 J levels.
The measured oscillator strengths f „„corresponding
to each observed transition, are listed in Table VI. The
calculated line-strength expressions corresponding to
the measured transitions were evaluated using the ap-
propriate intermediate-coupled I'&") of Table III, and
the crystal-6eld wave functions of Table VII. The best
set of parameters As@(t,&) was determined by a mini-

TABLE VI. Electric-dipole oscillator strengths for
thulium ethyl sulfate at 23'K.

a The wavefunctions are calculated in intermediate coupling using the
following Racah and spin-orbit parameters:

Et=6722.2 cm ~,

33.88 cm ~,
663.45 cm 2,

g'~2667.9 cm ~.

pg/I I'jJI
of

terminal
level

Crystal
quantum

trans.
p~@ fm~X10' f~loX10'

p p':ap=a2 +4(o) hp=+3(sr) and. 0+~3+ M
even; 0+~ 3+, lU' odd. Thus, in the 4.2'K spectrum
of the J levels studied, only nine electric-dipole transi-
tions are allowed by the D3~ perturbation potential
from the p=O ground Stark component. By thermally
populating the 6rst excited, Stark component p=~1
at 32 cm ', an additional seventeen transitions are
expected. If the temperature of the crystal is increased
to 77'K, the absorption spectrum of a given J level
becomes so dense due to temperature-dependent transi-
tions that many absorption peaks overlap sufficiently
to make it dificult to measure integrated absorption
coeKcients with any accuracy. The spectrum studied
at the equilibrium temperature of 23'K appears to be
nearly optimum for quantitative intensity measure-
ments since only the two lowest lying Stark compo-
nents are occupied.

Expressions for the line strengths of transitions
originating from a J=6, p=O or p, =&1 level and
terminating on any of the Stark components of the
'E2, 1,0, 'I6, 'D2, '64, 'J'2, 3,4 J levels were calculated from
Eqs. (7) and (8). Cert.ain linear combinations of the
four parameters As@(3,4), Agg(5, 4), Ags" (5,6), and
Avg (7,6) recur in the expansion for the line strengths
in Dsh, symmetry as expressed by the A;, J= 1 .6 of
Table V, and their introduction simpli6es the 6tting

TABLE V. Linear combinations of A&, a (t,X) Parameters.

A.g ——Aaa™(3,4)+28(55 'f')Aa, e (5.4)

A33 (34)+{55xf')Aas (54)
A =A (5,6)+ (33/7)'f A (7,6)
A4=Aae {5,6)+(2/15) (33/7)'&Avs (7 6)
X =A, "-(3,4)—8(55-»)A, "-(5,4)

hs ———A sgg(5, 6)+$(11/21)~ A73™(7,6)

Bpl

ap

'G4

llew

ai ~ ~i0~ ~2
&1~~2
&1 —+ ~1

0~ ~2
&1~&1ai ~ a2

0~ +2
&2 —+ ~1ai ~ +2
~1~a2L0~ 3J

0 —+ ~2L
bO~ +2H
0 3a

bO~ &21.
0 —+ ~2H

10.41
0.88
2.10

2.85

1.39
8.40
3.82

0.33
0.71
1.64

1.52
0.97
0.55
4.66

0.38

(1.68

10.50
0.75
1.55

1.17

1.39
8.82
3.82

0.26
0.?5
1.90

2.36
0.29
0.46
4.75

0.29

1.90

—0.09
0.13
0.55

1.68

0.00—0.42
0.00

0.07—0.04—0.26
—0.84

0.64
0.09—0.09
0.09

I
—0.22

a The average percent deviation between total measured and calculatedf numbers is 12.3%.
b Transitions used to determine value for Aaa (3,2).
The values for feale were calculated using the Parameters:

Aaa (3,2) =23.13)&10 Lt cm,
Aaa (3,4) = —3.52 X10» cm,
Aaa (5,4) =5.35 X10» cm,
Aaa. (5,6) = —2.46X10» cm,
A7a=(7,6) =2.25)(10» cm.

mization calculation. The percent deviation between
total measured and calculated f numbers is 12.3% for
17 measured transitions and is commensurate with the
experimental errors. Although quantitative intensity
measurements were not possible for the 'F3 and 'F4
levels, reasonable values were predicted using these
parameters.

The selection rules predict that transitions from 'H6
(lower energy p=3) to gag(p=0) and gHg(p=0, ground
state) to 'Gs (higher energy p, =3) are forbidden. To
see whether or not the transition to the 'Eo is truly
forbidden or only very weak, the path length was in-
creased using a crystal 20-mm long. No evidence for
an additional crystalline Stark transition was observed.
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However, in the presence of a strong magnetic Geld,
a weak m line appeared that placed a level in the 'H6
manifold at j.56 cm—'. This level was also observed in

the proper polarization in the 'I'2 spectrum where
transitions to 'P2 (vt=0 and ~1) are allowed from both
@=3levels of 'H6. Similarly, it appears that the transi-
tion previously assigned 'H6 (p=0 ground state) to
'G4, (higher energy p=3) is vibronic rather than elec-
tronic in origin. '~"

DISCUSSION AND COMMENTS

A true minimum in this Gve-dimensional space is
assured if all possible values of the set A&, g(t,k) are
tried. Unless a good initial estimate of the parameters
can be made, false minima could easily occur when

Gtting all 17 transition amplitudes simultaneously. In
principle, it should be possible to reduce the number of
phenomenological parameters from five to three since
the ratios A~3" (3,4)/A&g(3, 2) and A&3 (5,4)/A&3 (5,6)
are independent of the lattice sum values for 3» and
A ~3, and may be estimated provided the radial integrals
and energy denominators are known.

TABLE VII. Some crystalline-field wave functions not
diagonal in J,.

[L'Lzj v) =&z, A (v,I.) II.)'

[@Be];v =OLb) =0.116[—6)+0.116[+6)+0986 [0)

I L'Be]; v =&1L}=0 289[ —5)+0 957[1)
0.95715)+0.289[-1)

I Pt4 j;v = &ZL}=0814 [
—4}+0581[+2)

[ Pt4 j; v = &ZL) =0814 [
—4)+0.581 [+2)

0.581 [
—2)+0.814 [+4)

I Pt4 j;v = &2H) = —0.581[—4)+0.814[+2)
0.581 [+4)—0.814 [

—2)

[Pt4];v =3L)=0 707[ —3)+0 707[+3)
[ @F4j; v =3B)= —0 707 [

—3)+0.707 [+3)
I I.'ts ];v =3L) =0.707 [

—3)—0.707[+3)
II 'tsj; v=3B)=0.707 [

—3)+0.707[+3}
IPG4] v=&ZL)=0628[ —2)—0.779[+4)

0.779[ —4)—0.628 [+2)
[L'G4 ] v =aZB) =0.779 [

—2)+0.628[+4)
0.628 [

—4)+0.779 [+2)
IPG4]; v=3L}=0.707[ —3)—0.707 [+3)
IPG, I; v =3B)=0.707[ —3)+0.7071+3)

IPI6] v=&ZB)=0.660 +4)+0.752[ —2)
0.660 —4)+0.752[+2)

[PI,j;&= aZL= —0.738[+4)+0.668[ —2)
0.738 [

—4)—0.668 [+2)
[Prsj; v=3B)=0.707 [+3)—0.707[ —3)

I /Is ];v =3L)=0.707 [+3)+0.707 [
—3)

a These wave functions were determined from 1st-order degenerate
perturbation calculations using the crystal-field parameters AP(r8) ~135.3
cm i. A40(r4)~ —7i.3S cm 1, A60(rs)= —28.80 cm 1, and A88(rs)=428. 1
cm 1.

b The letters I.and H refer to the lower or higher in energy of two Stark
components within a given J level that have the same crystal quantum
number. In Dig symmetry the crystal-quantum state is labeled ls.

TABLE VIII. Radial integrals and energy denominators for
Tm'+ and Eue+. The radial integrals for Trn'+ were calculated by
Rajnak. ~ The values for the radial integrals for Eu'+ are inter-
polated from the calculated radial integrals for Pr'+ and Tm'+.
The AE&z energy differences are linearly interpolated values from
the experimental data for Ce'+ and Yb'+ due to Dieke et al.~ The
5E&, energy differences are linearly interpolated values from
Ridley's~ calculated values for Pr'+ and Tm'+. Radial integrals
are in atomic units, and energies in cm

Integral

(4flr[5~)
(4f[~I~)
(4f [ r'[5dl
(4f I

r'
I 4f)

(4f I
~'[4f)

«f I ~'14f)

Energy, ~E„.g.

AEf,g

Tm'+

0.583
2.45

16.5
1.57
7.31

62

95 000
200 000

Eu'+

0.673
4.26

36.9
3.83

26.7
325

71 000
150 000

Unfortunately, only estimates of the energy denomi-
nators'4 are available and only values for the matrix
elements of r" between 4f and 5d orbitals have been
reported'9 to date and are summarized in Table VIII.
Since the n'd orbitals from n'&6 lie considerably
higher than the Sd orbital, their spatial overlap with
the 4f orbital is presumably much smaller, so that d
orbitals for e'&5 are neglected in estimating the (t,X)
parameters. No radial integrals for g orbitals have been
calculated, so that some approximation must be made.
Since the estimated energy of the Sg orbital is 200 000
cm ' above the ground state, we assume that the
remaining n'g orbitals occupy an energy width small
compared to this energy, and impose the closure rela-
tion'Q„. (4f[r[n'g)(e'g[r'[4f) (4f[r'+'[4f). Based on
these approximations, the results for Tm'+ are A»(3,4)/
Aa~(3, 2) = 1.022, and A&3 (5,4)/A&3" (5,6) =0.59. By
using these ratios, the transition amplitudes then de-
pend only on three parameters, A38 (3,2), A&g(5,4),
and A~3" (7,6). In order to test these ratios in the
simplest way, only the transitions allowed from p=0
(whose relative oscillator strengths are independent of
the crystal temperature) were calculated under these
restraints. The three parameters were varied freely,
and the sum of the squares of the deviations between
measured and calculated amplitudes was minimized.
%'ith the best set of three parameters, the average
deviation between calculated and measured f numbers
was 30%%uo. However, when the f numbers with p= &1
were calculated with these parameters, the values ob-
tained were mostly too large, in some cases by factors
of 50, well outside experimental errors associated with
the measured oscillator strengths. To see whether or
not these constraints would be more successful in the
only other ethyl sulfate system studied so far, the ratio
A~8 (3,4)/Aqa (3,2) was determined for Eu(CIHIS04)3

~ 9H~O by interpolating values for the Eu'+ radial
's K. Rajnak, J. Chem. Phys. 37, 2440 (1962).
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integrals from Rajnak's Pr'+ and Tm'+ results. ~ Using

the values appearing in Table VIII," the calculated
ratio is 0.9 and if imposed predicts intensities con-

siderably dift'erent than those observed, which Axe' ac-
counted for by setting A&3" (3,4) =0 and varying only

A, 3 (3,2) andA, p (5,4).
Until more complete information is available regard-

ing excited con6gurations, it was decided to vary all

6ve parameters freely to see if any better agreement
was possible. It happens that 6ve of the measured
transitions are speci6ed by only two quantities, A5 and

A6, and these transitions were considered 6rst. A simple
evaluation gives the only values and signs of A~ and A~

which account for all the observed amplitudes. Using

these results, A2 and A4 are then written in terms of
Ay and A3, and the remaining twelve transition-ampli-
tude expressions then appear in terms of A33. (3,2), A&,

and Aa.
Of these 12 transitions, nine are also independent of

A 83 (3,2). Again it is possible to vary the two quanti-
ties A& and A3 for all possible signs and values for these
nine transitions and 6nd only one set of values which

at all comes close to predicting the observed values.
%ith parameters A~, A2, A3, and A4 thus estimated, it
is possible to use these as starting parameters in a
fitting of the 14 transitions not dependent on A, 3 (3,2).
The sum of the squares of the differences between the
measured and calculated awPEitudes was minimized by
varying the A;, j= 1. 4. Finally, the parameter
A3,3 (3,2) was varied, leaving A~ 4 fixed and the re-
maining three amplitudes were 6t. The 6nal A; di6ered
only slightly from the estimated starting set. The 6nal
set of parameters used to calculate the f numbers

appearing in Table VI are

A33" (3,2) =23.13X10 " cm,

A3, 3 (3,4)=—3.52X10 "cm,
A s P(5 4) =5.35X10 "cm,

A s, 3 (5,6) = —2 46X 10 "cm,
and

Ar. 3 (7,6)=2.25X10 "cm.

If the expressions A~, ~(t,X) do not vary greatly
with temperature, we can learn something about the
vibronic contribution to the total absorption spectrum

by using the A&, r (t,X) parameters determined from
the low-temperature data to calculate the static con-
tribution to the oscillator strengths in the 300'K tem-

perature spectrum. Calling the terms as derived from
the A~ ~(t,X) parameters themselves Qq', we 6nd that
Q2'=7.64)(10 ~ cm2, Q4'=0. 79)(10 ~ cm', and Q6'

=0.245)&10—"cm'. On comparing these values with Qz,
we 6nd Q4'(Q4 and Q6'&Q6 as might be expected,
indicating that the vibronic contribution terms at
300'K, C(4) and C(6), are approximately 2 and 4
times larger than the static contributions. On the other

30 E. C. Ridley, Proc. Cambridge Phil. Soc. 56, 41 (1960).

hand Q2' is greater than Q2 by a factor of 13. The ex-
pression 02' involves only the A 33" (3,2) term.

The magnitude of the Q), for thulium ethyl sulfate
can be compared with the corresponding Q), found by
Axe' for EuES Q =0.14X10 " cm' and Q4=2. 10
X10 " cm' and the Qq found by Judd' for ErClg
solution: Q2= 1.41)(10 0 cm Q4= 2.47&(10 cm and
Q6=2.12X10 cm'. The Q4 and Q6 parameters are all
quite similar, whereas the Q2 parameters vary as much
as an order of magnitude. The static part of Q2 depends
only on A&3 (3.2) and not the other At, ~(f,X) Si.nce
thefour parametersA3~(3, 4),A53 (5,4),A~3 (5,6), and
A &3. (7,6) were determined independently of A &3" (3,2),
their values are independent of any anomolous e6'ects
associated with A33 (3,2). Judd" noted that certain
transitions for which 8J& 2 and which depend on
A33 (3,2) are hypersensitive to changes in the ion
environment. Recently" it has been suggested that
this hypersensitivity is most likely not associated with
the electric-dipole operator, but rather with the electric
quadrupole operator, which may be nonzero between
states of the same parity. While the calculated intensi-
ties of electric-quadrupole transitions are several orders
of magnitude weaker than the calculated electric-
dipole intensities, Jgrgensen and Judd" suggest that
the electromagnetic 6eld induces an asymmetrical dis-
tribution of dipoles in the medium surrounding the
impurity ion, producing a large electric-6eld gradient
across the ion. As a result, the intensities of quadrupole
transitions may be enormously enhanced. The expres-
sion for the electric dipole oscillator strength has the
same angular dependence for the X=2 term as the ex-
pression for the electric quadrupole oscillator strength, '
and might easily lead to a value for A33" (3,2) larger
than would be expected otherwise. Our value of
Aag(3, 2) was determined by fitting three p=0 —+&2
transitions which appear in O.-polarization. The electric
quadrupole selection rules for D» symmetry allow
cT-polarized electric quadrupole transitions between p
=0 and p= ~2 Stark levels, consistent with the possi-
bility that enhanced electric quadrupole transitions may
be in part contributing to the observed electronic
spectra.

The experimentally determined ratios Aqa (3,4)/
A&3" (3,2) =—0.15 and AqP(5, 4)/A&g(5, 6) = —2.08 do
not agree with the ratios calculated using free-ion ex-
cited radial wave functions. Therefore interpretation of
the parameters will require more detailed knowledge
of the excited ionic states in a crystalline environment
and a careful treatment of the lattice sum calculation
for the odd-degree terms in ethyl sulfates. However,
the fact that the intensities of the observed spectrum
ranging over a factor of 40 between 38 000 and 15 000
cm—' can be accounted for with 6ve phenomenological
parameters is an encouraging step toward understand-
ing optical intensities of rare-earth ions in crystals.

"C. K. Jorgensen and B. R. Judd, Mol. Phys. 8„281 (1964).


