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Using the microscopic theory of superconductivity due to Bardeen, Cooper, and Schrieffer, transport
equations, analogous to the Boltzmann transport equation for normal metals, are developed for super-
conductors. The damping is assumed to arise from collisions of the electrons with randomly distributed im-
purities. The collisions are treated in the Born approximation. By making suitable assumptions about the
solutions to the transport equation, the two-fluid model of a superconductor is derived. The response of a
superconductor to various driving forces is investigated, giving expressions for the phenomenological re-

lations and thermal conductivity of a superconductor.

1. INTRODUCTION

HE Boltzmann transport equation as applied to
normal metals is very well known and has been
used extensively to describe all types of transport
phenomena.! The object of the present paper is to de-
velop an analogous transport theory for supercon-
ductors. This transport theory is based on the micro-
scopic theory of superconductivity due to BCS? in the
Gorkov formulation.® For a description of transport
phenomena in superconductors it is not sufficient to
study only the excitations. Thus, for a superconductor
two distribution functions are required (or four if spin
is considered), which can be regarded as describing
the superfluid and normal components. There are also
two (or four) transport equations in general coupled to-
gether, giving the evolution of these distribution func-
tions. The scattering of the electrons is assumed to arise
from elastic scattering by randomly distributed im-
purities. The collision term in the transport equation is
treated in much the same spirit as the collision term in
the Boltzmann equation for normal metals. The trans-
port equation obtained here is a generalization of the
Boltzmann equation found by Bardeen, Rickayzen, and
Tewordt* for the excitations in a superconductor.

The two-fluid model of a superconductor is derived by
making suitable assumptions about the distribution
functions which are solutions of the transport equation.
It is assumed that the system is in local thermodynamic
equilibrium, i.e., equilibrium in the superconductor is
attained much more rapidly than any other process that
we consider. The actual interactions that lead to this
equilibrium are not contained in the transport equation
given here. These assumptions concerning the distribu-
tion functions lead to the two-fluid equations proposed
by Landau® for He II extended to the case where the

LA. H. Wilson, The Theory of Metals (Cambridge University
Press, New York, 1958).

2 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).

3L. P. Gorkov, Zh. Eksperim. i Teor. Fiz. 34, 735 (1958)
[English transl.: Soviet Phys.—JETP 7, 505 (1958) ].

4 J. Bardeen, G. Rickayzen, and L. Tewordt, Phys. Rev. 113,
982 (1959).

5 L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon
Press, Inc., New York, 1959). C. J. Gorter, Progress in Low-

Temperature Physics, edited by C. J. Gorter (John Wiley &
Sons, Inc., New York, 1961), Vol. 3.

particles are charged. The two-fluid equations of a super-
conductor are not very realisticbecause lattice scattering
is generally more important than the electron-electron
scattering required to maintain local equilibrium.

In Sec. 4 the linear response of a superconductor to
various driving forces is found. Only the case where the
driving forces are very slowly varying (with respect to
the coherence distance) is considered, i.e., London-type
superconductor. These considerations lead to expres-
sions for the phenomenological relations and thermal
conductivity of a London-type superconductor. These
relations agree with those suggested recently by Lut-
tinger.5 Not unexpectedly, it is found that the excitations
in a superconductor behave very similarly to electrons
in a normal metal as far as their response to driving
forces is concerned.

Applications of the transport equations are only
made to London-type superconductors. But the equa-
tions may equally well be used to describe transport
properties of Pippard-type superconductors, e.g., for the
electromagnetic properties results are obtained in agree-
ment with those of other authors” using the Kubo

approach.

2. THEORY

In order to develop the transport equations we use
the simple phenomenological Hamiltonian for a super-
conductor proposed by Gorkov?®
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where V,(r)=2_; V(r—R,) is the potential due to a set
of impurities at the positions R; and A(r,t) and ¢(r,f) are
potentials depending, in general, on space r and time ¢.
The Green’s functions are defined in the usual way by

G+(1,1) = —i(Ty (DY (1)),
F1(1,1)=—i(Ty_ (g4 (1)),
FU1)=—i{Ty(y_(1)),
G-(1',1)=—«Ty-(1")y_1(1)),

(2.2)
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where 1 is used as an abbreviaton for ry/; and 4 indi-
cates the spin. The operators in (2.2) are in the Heisen-
berg representation and the angular brackets indicate
an ensemble average. Thus

(Q)="TrQ exp[—B(5Co—uN)]/Tr exp[ —B(3Co—pN) ],

where 3o is the Hamiltonian (2.1) with the fields A and
¢ omitted and u is the chemical potential. The equations
of motion of the Green’s functions (2.2) are

{1(8/9t)— (1/2m)[p1+(e/)A(1) P— V(1) +ep(1)}G+(1,1)+A(DFI(1,1) = 6(1- 1),

{i(9/91:)+(1/2m)[p1— (¢/)A(D) P4V (1) —ep (1)} FH(1,1)+ AT (1)G(1,1) =0,

{i(0/00)— (1/2m)[p1+(e/c)A() P— V(1) +ep(1)} F(1',1) — A(DG(1,1) =0,
{(8/012)+(1/2m)[p1—(¢/c)A()) 4V (1) —ep(1)}G(1',1) — AN (DF (1, 1) = —8(1—-1'),

where
AT(1)=—igFt(1,1); A(l)=—igF(1,1).

In (2.3) we have not included explicitly the Coulomb
interaction. This is treated in the Hartree approxima-
tion and has the effect of screening the impurity po-
tential, and we suppose that it is already included in the
definition of V,(r). ¢ is also the total self-consistent
potential in the metal.

For simplicity we begin by considering the case where
there is only a transverse vector potential A; acting on
the superconductor. Thus, in (2.3) we set ¢=0 and re-
place A by A;. The modifications introduced by longi-
tudinal potentials are considered below. To obtain the
transport equation we use a procedure, similar to that
of Kadanoff and Baym,® and add to Egs. (2.3) the corre-
sponding adjoint equations, introduce new variables
R=%(t1+r1y), r=r1—1/, and t=1(t;-+#), and take the
limit ¢;’—#;+. The Green’s functions are then assumed to
depend on the three variables R, r, and ¢ and are entirely
analogous to the well-known Wigner distribution func-
tions. It is convenient to use a matrix notation and

(2.3)
introduce a column vector
(2.4) G (it xy't%) G+(Ryr,t)
G Ryr,t)=| Fi(ru,r/tY) | = | FI(Rr,p) (2.5)
F(r{ttr1t) F(R, —r, 1)
G_(l‘l’ﬁ',l‘lt) G.“(R, I, l)

A 2X2 matrix notation leads to difficulties and so we
use this expanded version. The order of the times in
(2.5) should be noted. The equations thus obtained by
combining (2.3) with the adjoint equations are (retain-
ing terms linear in the fields only)

{MRr,))— (¢/meci)[A,(1)- Vi+A,(1)- Vi [} G (R,r,0)
=[Vu(r)P1—Vo(r/)P:1G'(Ryr,t). (2.6)

Here M is an operator [see below Eq. (2.8)] and P,
and P, are the diagonal matrices
1 1

-1 :

1 -1
—1 -1

It is convenient to take the Fourier transform of (2.6)
on the variable r. We then find

Py=

{M(R,k,7)— (e/mei)[Ai(Rpt) - 3 V+1ik)+Ay(Ri*,0) - 3V —ik) ]} G'(R k,2)

=1/ V)2Zq Vo(@e [P’ (R, k—3q, ) — P:G'(R, k+3q, )]. (2.7)
Here M(R/k,¢) is the matrix
(o ik )
—+—-V A(Ry,2) —AT(Ry* 1) 0
ot m
9 1
AT(Ryt)  i—+2e——V2 0 AF(R*0)
ot 4m
) (2.8)
9 1
— ARG 0 i—2e+—V2  —AR1)
ot 4m
d ik
0 ARL*) —ATN(Ry,f) ———V
L o m

J
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and we have used the abbreviaton V=Vg, e,=Fk~2/2m
and Ry=R+(7/2) Vi, Ri*=R—(i/2)V,. Any function
of Rj can be understood in terms of its power-series
expansion

AR =ARN+G/2)(V-VHARDA+- . (2.9)
The energy gap appearing in (2.8) may be regarded as
a self-consistent field.

For the purpose of determining the collision term in
the transport equation, we will neglect the external field
and regard |A| as a constant. After we have found the
collision term, these omitted driving terms will be re-
instated in the transport equation. As the scattering
potential is time independent the only time dependence
in (2.7) (omitting A;) arises from the phases of A and F.
From the definitions (2.2) (see Gorkov?)

FT(R’r’t)=g2i#tFT(R,r,j); F(R)r7t): _2‘;”F(R)r7t):

AT(R)=e?#t| Al AR, =e2t] A (2.10)

and it is convenient to define a new distribution function
G(R,r,t) analogous to (2.5) except that F' and F are
replaced by FT and F, respectively. The only effect
of this time dependence is to replace ¢, in (2.8) by
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&= ex—p. So that Eq. (2.7) becomes
NRkHGR k)= (1/V)E, Vy(gesR

where N differs from M only in that &, replaces €, and
|A| replaces A and Af. Thus

N(R’k5t) = M(R7k:t? I AI )+ (PI_PZ)” .

Then regarding |A| as a constant we take the Fourier
transform of (2.11) with respect to R and ¢ It is con-
venient to formally retain the ¢ dependence in (2.11).

NEKkW)GEK kW)
=1/ Vo @[P:1G(K—q, k—3q, W)
~P:G(K—q, k+3q, W)]. (2.12)
The collision term is obtained by iterating (2.12) in
powers of the scattering potential V.? Thus
G(Kk,W)=N-1K, k, W+:5)
XA/ V)Z o Vo @[P1G(K—gq, k—3q, W)
—PyG(K—q, k+3q, W)], (2.13)
where we have chosen on physical grounds the retarded
value of the inverse matrix N~ by replacing W by

W18, where 6 is an infinitesimal constant. Substituting
(2.13) into the right-hand side of (2.12), we obtain

NEEW)GEEW)=(1/V) 2 Vi@V (@) { PN (K—q, k—3q, W+id)

X[P1G(K—a—q', k—3a—34, W)~ PiG(K—q—a', k—ba-+3d’, W) ]~ PoN-1(K—aq, k+-3q, W-+i0)

X[P1G(K—q—¢, k+3q—3q, W)—P.G(K—q—q/, k+3q+3q, W)]}. (2.14)

We now average this equation over all positions of the
impurities. The averaging on the right-hand side should
actually include the function G which depends implicitly
on the impurities. If we neglect interference between
different scattering events we can average over V,% and
G separately using

LV @V p(Q) Javerage= 10V 8qra7,0| V() | 2,

where 7, is the number of impurities in unit volume.
This procedure should be valid if the density of im-
purities is small and range of the potential short.!® After
averaging the function G will not depend on the vari-
ables R and ¢ and we write

G(K k)= (2m)*s(K)s(W)G(k),
and (2.14) becomes
9 This was suggested by Professor H. Suhl.

10W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957);
S. F. Edwards, Phil. Mag. 33, 1020 (1958).

N(0,k,0)G(k)
= (no/ V)2 o| V(@) |[H{[P1N"(q, k+3q, i0) P,

+P.N"(—q, k+3q, i8) ;]

G(k)—[P:N"(q, k+3q, i6)P»

+ PN (—q, kt+3q,8)P]G(k+q)}. (2.15)
The matrices P;N-1P; appearing here are easily calcu-
lated. We will only retain the imaginary part which
leads to relaxation. In the presence of driving terms, we
assume that the collision term has the same form as in
(2.15) except that G(k) is replaced by its local value
G(R,k,?) and that N(0,k,0) is replaced by the transport
operator appearing on the left-hand side of (2.7). The

transport equation in the presence of a transverse field
A; then becomes

{NRK,0)— (¢/mci)[Ai(Ret) - (3 V+ik)
+ARXD) - GV—ik) ]} G(R k1)
=[G(Ryk;l)jcol] . (216)

N(R k) differs from M(R,k,?) in (2.8) only in that & re-
places e and |A(Ry,f)| replaces At(Ryf) and A(Rp,7).
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The collision term is given by

STEPHEN

[G(Rk,2) Jeonn=— 2mine/ V) | V(k— k)| 2[6(Ex— Ex)/(Ex+Ew)*]
X{2EE~+2&&) Bi G(k) — G(k') ]+ (2ExEx — 2&1&) Bo G(k) + G(k') ]
+ | Al (ex— ex)[(Bs+ Be) G(k)+ (Bs— Bs) G(K') 142 | A| 2[(Bs— B) G(k) — (Bs+Be)G(K') ]} . (2.17)

On the right-hand side of (2.17) we have omitted the
coordinates R and ¢ which appear in G(Rk;) and
Ex=(&2+]|A|?) and is the usual quasiparticle energy
appearing in the theory of superconductivity. The
d(E,— Ey) appearing in (2.17) expresses the conserva-
tion of the quasiparticle energies in the collisions.
Momentum is not conserved as the impurities are fixed.
The 4X4 matrices B in (2.17) are given by

1 * 0 * 0110
0 S o000
Bi=| "o |»B=| 1 |»B=lg000|
L 1) L 0J 0110]
0000 . 1 . 0
100t , | 0 ot
Be=|1901] B=| o | B=| 1
0000 1 ] 0

(2.18)

Before considering the modifications of (2.10) in the
presence of longitudinal fields, we make the following
observations. We first note that if we set A=0and F=0
in (2.16), then the first row of this equation reduces to
the familiar Boltzmann equation for a normal metal
except for the terms in the fields. These terms do not
have the familiar form because k is the canonical mo-
mentum and not the mechanical momentum. Secondly,
we neglect the fields in (2.16) and substitute the BCS
equilibrium values of G, which are independent of R
and ¢, into (2.16). The BCS value of G is

[

0 . UVe\1— 2]k

Go(k) = Fo(k) = ul]:vk(l_ sz) ) (219)
Go_(R) —ui?(1— fi) —vi?f

Go(1,1) =gy - Wlg /(1,1);
FT(l’l’)ze(ie/c) [W(1)+W(1’)]f‘|‘(1’1’);
AY(1) =i | AL)|;

where |A] and W are real. If W(r,t) is of the form
(e/c)W(x,t) —ut=—r-ko, we would pair states in the
BCS model with momentum k-+ko and —k+ko, i.e.,
2k, is the center-of-mass momentum of a condensed
pair. Introducing these new functions, the Gorkov Eq.
(2.3) for the new functions g’ and f are exactly as in
(2.3) except that the potentials A and ¢ are replaced by

where
’l/tk2 1 €
(=)
’Ukz 2 Ek

and fi=(1+¢€PEx)~1 Tt is found that the left-hand side
vanishes identically because of the relations

[A[Fo'(k)— | A|Fo(k)=0,
2&F ' (k) +[Gor(k)+Go(%)]=0.

The right-hand side may also be shown to vanish by
using the fact that Gy(k) depends only on &, and writing

(Ex—Ew)/(Ext+Ep)?= (4Ex| &)
X[6(&r— &)+ o(at-a)]. (2.21)

This is a feature of all transport equations in that they
describe the evolution of the distribution from a given
initial distribution.

In the case where the field and gap vary slowly we can
expand these terms in (2.16) about the point R. Re-
taining terms up to the first derivatives in the fields
(2.16) becomes

{NR k) —(e/mci)[A¢+ V—k- (V- V:A) 1}GR k1)
=[GRk,") Toonn- (2.22)
The argument of A is R, ¢ This expansion in powers of
Vz* Vi is equivalent to an expansion in £/8, where £ is
the coherence distance and § is a parameter giving the

spatial variation of the field. Thus, for London super-
conductors it is sufficient to use Eq. (2.22).

(2.20)

3. INCLUSION OF LONGITUDINAL FIELDS
In the presence of longitudinal fields in order that
Egs. (2.3) be gauge invariant the gap will in general
have a phase in addition to the factor 2 uf in (2.10).1
We thus define new functions

G_(1',1) = g~ Gel oW =Wy /(1 1)

(1)) == Gelomm @ an (1), (3.1)
A(l) =g GieldWD[A)],
the gauge-invariant potentials
Ay, t)=A(r,))— VIV (x,0);
! ( (3.2)

bo(r,) = d(x,)+(1/)(dW (x,1)/ 91)
and A and A are replaced by |A|. By analogy with

(119‘6‘{5 Ambegaokar and L. P. Kadanoff, Nuovo Cimento 22, 914
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He II we define the superfluid velocity by
ve=(e/mc)A,= (e/mc)(A— V). (3.3

As before we introduce the vector distribution function

varying, but for simplicity in presentation we assume
that they are separately slowly varying. Thus we have
using W(1)—W({1")=r-VIW(R,)

g+ (Ryr,p) = extelevWie (Rrt), (3.5)
’ 7 44 /7
g+,r (rlt’rl,t ) g+ Ryr) and then the Fourier transform of g’(R,r,t) is
g'(Ryr,t)= fH(rat,xit%) fTRx,2) (3.4)
7 f(l‘]_lﬁ',r]lf) f(Ry —-r, t) ) G+(R7 k— (e/C)VW5 t)
g/ (rtt,r1t) (R, —r1,1) ¢ (Rk,)= ST(Rk1) (3.6)
In this section we will confine ourselves to the case SR, —k 1)

G_-(R, —k—(e/c)VW, 1)

The equation for the distribution function g’ obtained
by combining (2.3) with the adjoint equations is

where the fields A, ¢, and W are slowly varying functions
of the coordinates. A more careful analysis shows that
only the gauge-invariant potentials (3.2) need be slowly

IMR k¢ |A])—(e/mci)[Ag- V—k-(V-ViA,)]
+ei[ Vo, —(¢/2mc*)(VAS) ]- Vi (PrtPa)+ 2ep,— (e2/me*)A )5 (P1—Ps)g (R k1)
=1/V)L Vo(@e'v* [ P1g' (R, k—3q, ) — P2g'(R, k+3q, )], (3.7)

where M(R)k,t,| A|) is the operator (2.8) with |A| replacing At and A. We can now determine the collision term
as before by inverting the left-hand side of (3.7) and substituting the result in the right-hand side. In the collision
term we will neglect terms depending on the derivatives of A, and ¢,. However, the terms in (3.7) proportional
to (¢/mc)A,+ V=v,+V and ep,— (¢2/2mc*)A 2= ep,—mv,? must be retained as they lead to the following changes
in the collision term. The term v,-V arises because in the presence of superfluid flow the quasiparticle energies are
Ei1,2=E;xk-v, and it is these quasiparticle energies that are conserved in the collisions with the impurities. The
term e¢,—3mv,? is the chemical potential (see below). This is clear in the absence of fields from Eq. (2.10). The

collision term in the presence of superfluid flow replacing (2.17) is now

# (R T V(=)
[ @Rk Jon=——~ S| V-

2(k—K)-v,
X {[ZEkEk"‘i‘ZEkék’_”‘—'

Lok

(Ewx—Ewv)+ B(EkZ_Ek'Z)J
(ErrtEwe)(Erat+Ewy)

) (Erep+ EkEk')]Blfg'(k) — &' (K) 1+ QE:Er —2&8) B[ ¢' (k) +¢/'(k')]

+|A|[ar—&w— (k—k)-v. J[(Bs'+ By )g' (k) +(Bs'— By)g'(K) ]+ | A| [&e— &+ (k—k') - v, ]
X[(Bs"+By")g (k) +(Bs"— B{")g (k') ]+2| A 2[(35—Bs)g’(k)—(Bs—i—Be)g’(k’)]} , (3.8)

where
, 0110 »_ 10000
B3_[0000]’Bs_[0110]’
00 00
110 s 101
B/ = 10l By'= 01l (3.9)
00 00

The B are 4X4 matrices and only the nonzero row
or column has been indicated. The other matrices B
are defined in (2.18). Equation (3.8) reduces to (2.17)
when v,=0. Note that the quasiparticle energies
Ej1,0=Ertk-v, are conserved in the collisions. The
form of this collision term is such that superfluid flow
will not be damped by collisions with impurities.

It is convenient to make one further modification in
the transport equation corresponding to the introduc-
tion of the mechanical momentum instead of the kinetic

momentum. We thus write
Gi(R, £k—(e/c) VIV, )=G (R, £k+mv,—(e/c)A, t)
=g+ (R, £k+mv,, 1), (3.10)

so that the R, ¢ dependence of G occurring via A is now
shown explicitly in g,. The operators V and (9/d¢t)
appearing on the left-hand side of (3.7) act on all the
R, tdependence of the functions G.(R, =k— (¢/c) VIV, 1),
i.e., not only on that explicitly appearing but also any
dependence on the coordinates contained in VIW. We
now arrange that these operators act only on the explicit
R, ¢ dependence appearing in g.. Thus, for example,

(9/00G (R, k+(e/c) VIV, 1)=(3/00)g+(R, k+mv., !)

+m(dv,/0ot)- ng+(R, k—}-mvs, 1. (3.11)
We now also define a new column vector
s(Rk,)=[g+(R, ktmv,, 1);  fI(Rk);
FRkR); g (R, —k+mv,, 8)]. (3.12)
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The transport equation determining this distribution
function is now

{M(R )k, |A])+ivse V
— iR B+ (1/mc)(Rik+mv,) X H]- Vi
—Ro[iRk+ (V+ Viv,)+2ehp,—mv,2 ]} (R k1)
=[8R k) Jeon, (3.13)

where the fields E=—V¢—(1/¢)(0A/dt) and H= curlA
and R; and R, are the diagonal matrices

1 0
R;=
—1 0

p(R,If)': - (“”/V)Zk [G+(R,k,t)+G_(R, _k: t)+1]>

JR1) ==/ V)L Uk (¢/)ARD) G (R k,t) — [k— (e/c)A(R,)) JLG-(R, —k, )+i]},

ER,0) = — i/ V)22k{(1/2m)[k+-(e/ ) AR, PG+ (R k1)

STEPHEN

The transport Eqs. (2.16) and (3.13) can be solved by
the same techniques as are used for the Boltzmann
equation for the normal metal. There is, however, the
added complication that after the solution for g and f
in terms of A(R,/) and the driving fields is obtained,
A(R,¢) must then be determined by the condition (2.4).

4. THE TWO-FLUID MODEL

In this section we consider the conservation relations
for the particle density p(R,), momentum density
J(R,1), and energy density &(R,t) and derive the two-
fluid model. These quantities are given by

(4.1)
(4.2)

+(1/2m)[k—(e/)ARNTLG-(R, =k, H)+i]} —AAl/g.  (4.3)

The combination G_(R, —k, £)44 occurs because of the
definition of G_ as the density of unoccupied states (2.2).
These formulas take a simpler form if we introduce the
functions as in (3.10)

G:I:(Ry :}:k_ (6/6)A(R,t>, t)zg:!:(R; :*:k) t) . (44)

Then p remains unchanged except for the substitution
of g, for G and

J(R)t) = _(1/V)Zk kl:g+(R;k7t)"g—(R ) _k: t)_$] (45}

ER,N=—(/V)Zr exlg+(R)k,1)

+g-(R, =k, )+i]—(AAT/g). (4.6)

In order to derive the two-fluid model we follow the
method developed by Chapman and Enskog!? for
normal fluids. It is assumed that the system is in local
thermodynamic equilibrium, i.e., equilibrium of the
system is attained much more rapidly than any other
process that we consider. The actual interactions be-
tween normal fluid and superfluid that lead to this

equilibrium are not contained in our Boltzmann trans-
port Eq. (3.13) as we have only considered collisions
with fixed impurities. Owing to our ignorance of these
terms we make certain plausible assumptions about the
solutions of (3.13). It is assumed that the distribution
functions g and f in (3.13) have the form for local equi-
librium but depend on space and time through the eight
quantities p(R,), v.(R,f), vis(R,8), and B(R,f), where p
is the density, v, and v, are the normal and superfluid
velocities, and 8= (k7)~! the inverse temperature. All
these quantities are slowly varying functions of R and 7.
We have already indicated how the superfluid velocity
is defined (3.3). It is related to the phase of the energy
gap or the center-of-mass momentum of a condensed
pair. The normal fluid velocity v, corresponds to the
thermal average velocity of the excitations in the super-
conductor. This velocity can be conveniently introduced
into the theory by considering the Hamiltonian 56— P-v,,
instead of 3C given by (2.1), P is the total momentum
operator for the system. The solution assumed for
Eq. (3.13) is

g+R, ktmv,, ) =t{u?f(Era—k-va)+o2[1— f(Erat-k-va) ]},

ff(R)k;t) = f(R’ —k7 t) = iukvk[]- _f(Ekl_k'vn> _f(Ek2+k'Vn):l )

4.7)

&R, —k+mv,, )= —i{u?[1— f(Erot+k-v,) ]+ 02 f(Era—k-v.)},

where Ep1,0= Ey=+k+v,. This approximation to the solution of (3.13) will be referred to as the hydrodynamic one.
We now check by substitution to what order of approximation (4.7) is, in fact, a solution of (3.13). The first two

equations of (3.13) are

{i(3/38)+(i/m)(k+mv,) - V—ei E4(1/mc)(k+mvs) X H]- Vi}g+(R, k+mvs, £)
+[ARL) [ [T(R k) — | AR*)] f(R, =k, )=(d4) eon, (4.8)
(i(3/0t)+2e1— (V/4m)+i[ve V—Lk+ (V+ Viv,) ]— 2e¢,+mv 2} f1(R k1)
+ AR | g+ R, kt-mvs, )+ | ARH 0 [g-(R, —k+mv,, ) =(fNeon. (4.9)
2 8. Chapman and D. Enskog, in Mathematical Theory of Nonuniform Gases, edited by S. Chapman and T. Cowling (Cambridge

University Press, New York, 1958).
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Substituting (4.7) in (4.8) and neglecting derivative
terms and the fields, the left-hand side vanishes owing to
the identity

[ARD L/ R0 — f(R, —k, ) ]=0.

The collision term on the right in (4.8) vanishes except
for terms proportional to v,. This is a consequence of the
fact that the superfluid is not damped by collisions with
the impurities. It will turn out that v, is proportional
to the driving fields so that we are justified in neglecting
it. Turning to Eq. (4.9) the collision term on the right
again vanishes except for terms proportional to Vvn.
Using the identity, which is easily obtained from (4.7),

z(elc—”)fT(Rykvt)_I_ l A(R)t) I
Xg+(R, kt-mve, )+g-(R, —k+mv,, ) ]=0 (4.10)

and neglecting terms involving derivatives we see that
for the left-hand side to vanish we require that

epy—3mvi—u=0 (4.11)
or

(e/c)oW /dt= —ep+u—+3mv,2. (4.12)

Taking the time derivative of (3.3) and using (4.12) to
eliminate W gives!?

m(9vs/dt) = —eB— V (u+3mv,?) .
By using the vector identity
Iyve=v,X(VXVs)+ Vs Vvi=(e/mc)vs XH4v; Vv,
Eq. (4.13) can be written in the form
m(dv,/dt)= —e[E+(1/c)(vsXH)]— Vu. (4.14)

This is the first hydrodynamical equation and shows
that the superfluid accelerates freely under the applied
fields. The remaining hydrodynamic equations are pro-
vided by the conservation relations for p(R,), J(R,?),
and &(R,f). These relations follow simply by taking
moments of (4.8) and (4.9).

(a) Particle density. Adding Eq. (4.8) to the corre-
sponding equation for g_ and summing over k gives™

@R/ )+ V-J(R,H)=0. (4.15)

Substituting from (4.7) into (4.5) we find for the hydro-
dynamical approximation to the current

J=pv.+J0,

where JO is the current in the coordinate system moving
with a velocity v..

Jo= —(2i/ V)1 ke (R kbmv,, £). (417)

18 A similar argument has been made by P. W. Anderson,
J. M. Luttinger, and N. R. Werthamer (to be published) to
obtain the linearized version of this equation.

147t should be noted that Zi(k+mvs) -Vg. (R, k+mvs, 1)
=V - Zir(k+mvs)g, (R, k+mvs, ), where on the left-hand side
V acts only on the R explicitly appearing in g;, whereas on the
right-hand side the V acts on all the functions of R appearing to
the right. In this result k+v, may be replaced by any function
of (k+mv.).

(4.13)

(4.16)
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We will distinguish quantities in the moving coordinate
system by the superscript . The only vector appearing
in g+ (R, k4+mv,, t) is (v,—v,) and we define the normal
fluid density p. by

0=p,(V,—Vs). (4.18)
To the first order in v,— v, we find
A fx
on=—— [ kdk (4.19)
37['2 6Ek

This result is similar to the Landau result for He II
except that here the excitations obey Fermi statistics.!®
For consistency in the hydrodynamic equations it is
necessary to retain terms of order (v,—v)?in p,.

(b) Momentum density. Equation (4.8) and the corre-
sponding equation for g_ are multiplied by k-+mv,,
respectively, and subtracted. After summing over k
we find

(0J/08)+V -+ (e/m)[pE+(1/c) IXH) ]=1. (4.20)
The stress tensor IT is given by '
y=—(2i/ V) X a(kiki/m)g+(R,k,H) — (AAT/g)é;; (4.21)

and

I=—Q2/V)Zr k(g)eon. (4.22)
We first discuss II;;. Substituting from (4.7) we find

ILij= pvsivsj+J Q051+ T %+ 1150, (4.23)
;0= — 2/ V)2 w(kiks/m)g+(R, kt-mv,, 1)
—(AA/g)dy;.  (4.24)
The pressure P is defined by
1= pn(0n—105) i(0— 1) j+ Py (4.25)

The damping term I is nonzero because momentum is
not conserved in the collisions. Owing to the form of
the collision term only the excitations are damped and
substituting from (4.7) in (3.8) we find to first order in
the velocity v,

I=—av,,

(4.26)

where

1 k4dka_fki Iék[ ,

a=—— (4.27)
oL, 7o Ei

372

and 7, is the transport relaxation time in a normal metal

1
—=3%uNr / dQu | V(kp—kzg') | 2(1—cost’). (4.28)

Tn

Np is the one-electron density of states at the Fermi
surface and dQ; indicates an angular integration.

(¢c) Energy density. The conservation equation for &
is found in the following way. The equations for g4 and
g_ are multiplied by exims,, respectively, and added.
The equations for ff and f are multiplied by |A| and

15 J, Bardeen, Phys. Rev. Letters 1, 399 (1958).
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added. The resulting two equations are then subtracted
and summed over all momenta k giving
(08/3)+V-Jet(e/m)J-E=0.
The energy current is given by
Je=—(2/V) X r(k/m)erg (R k,0) —2(| A ?/g)vs. (4.30)

As the collisions conserve energy there is no collision
term in (4.29). In the hydrodynamical model sub-
stituting (4.7) into (4.6) we find

g=%pvs2+J0'vs+ &0 )

(4.29)

(4.31)

where
8= —(2i/V) Xk exg+(R, kt-mvs, )—(|A|%/g). (4.32)

In a similar manner the energy current is found to be

Je=(ov24+J0 v+ ) v+ 10 v +3v 2004+ T 0 (4.33)
where
J0=—2¢/V) 2 1(k/m)erg+ (R, kt+-mv,, £). (4.34)

This current may further be shown to have the form
J =TS+ upntpn(va—vs) 2 (va—v,), (4.35)
where the entropy density pS is defined by

pS=—2ks/ V)i [f(Exa—k+v,) In[ f(Ex—k-v,)]
+[1—f(Ek1—k'Vn):| ln[l—f(Em—k'Vn)]] . (436)

Using the definitions (4.25), (4.32), (4.36), and (4.18)
we may also derive the thermodynamic identity

P48 =TpSH+1/m)up+pn(va—ve)2.  (4.37)

The eight equations (4.14), (4.15), (4.20), and (4.29)
together with the definitions of the fluxes J provide the
set of hydrodynamical equations. By a simple thermo-
dynamic argument we can also derive the equation for
the entropy density

(3(p8)/ 00+ V- (pSva)=(e/T)va*,  (4.38)

where « is given by (4.27). As in the case of HeII the
entropy flows with the normal fluid.

Except for the collision terms the above equations are
exactly the two-fluid equations proposed by Landau® for
HeII extended to the case where the particles are
charged. The propagation of plasma oscillations and
second sound may be discussed by means of these equa-
tions. The calculations are similar to those of Landau
for He IT and we only give the results for the frequency
w1 and damping w, of waves with wave vector k.

(1) Plasma oscillations.
w1®= (drpe*/m)+k*u?; (4.39)
where #2=(dP/dp)s is the ordinary sound velocity.
(2) Second sound.
w12=k*(S%0:T/puCv);

w2=a/2p ’

we=(a/2p)(ps/pn).  (4.40)

STEPHEN

where C , is the specific heat. As discussed by Ginzburg!®
these latter waves will normally be too heavily damped
to propagate. The real part ws must also be limited by
the condition w;<A.

5. PHENOMENOLOGICAL RELATIONS AND
THERMAL CONDUCTIVITY

In this section we investigate the response of the
superconductor to various driving forces confining our-
selves to linear response only. We will also only consider
the case where all quantities vary slowly in space and
time so that we make use of the transport Eq. (3.13).
Omitting the nonlinear terms in this equation the first
two members are

[i(8/0)+(i/m)k- V—eiE- Vi Jg (R, k+mv,, £)
+ AR L/ (R k) — f(R, —k, ) ]= (g oo,
[i(3/00)+2e1—2e¢, 1 fT(R K, 1)
+1AR) | g+(R, ktmv., )
+g R, —k+mv,, ) 1= (Deon. (5.2)
In solving these equations we proceed as in the solution
of the normal Boltzmann equation and regard all driving

terms as being of first order. The solution to these equa-
tions can then be taken in the form

g:h(R’ =+k, t)ng:i:(R7 :l:k; t)+g1:I:(R: :}:k: ) ’ (5.3)
fT(Ryk)t) = f(R7 _k1 t) = fO(R7k7t) ) (54)

where go,. are the BCS values corresponding to a flow
vs. Thus gy is modified by a small amount g1y due to
the driving terms whereas f is unchanged. The BCS
values gor and fo depend on R and ¢ through v,
B(=1/ksT) and p and are given by

go+(R, kt-mvs, 1) =i{u? f(Epr) +o2[1— f(Exa) 1}, (5.5)

(5.1)

fo' (R k)= fo(R k1) = dmsor[1— f(Er1)— f(Er2)], (5.6)
gO——(R7 _k+mvx7 l)
= —i{u’[1— f(Exo) J+vi?f(Er)}. (5.7)

Equation (5.2) is satisfied to terms linear in g1, and the
driving terms if we choose

g1=—g1- (5.8)

because then (f)en vanishes. The left-hand side of
Eq. (5.2) vanishes as before [see Eq. (4.10)] provided
we choose

epy;—u=0. (5.9)

Again making use of the definition of v, in (3.3) and

eliminating W by means of (5.9) gives the linearized
form of (4.13)

m(dv,/dt)=—eB—wu. (5.10)

Turning now to (5.1) we assume that gy is of the

form k-y X (function of &), where ~ is a unit vector.

16V. L. Ginzburg, Zh. Eksperim. i Teor. Fiz. 41, 828 (1961)
[English transl.: Soviet Phys.—JETP 14, 594 (1962)].
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It is then not difficult to show that
(G)eon=—(3/75)g1+, (5.11)

where 7, is the relaxation time in the superconductor.
This is related to the normal metal relaxation time 7,
given in Eq. (4.28) by

1/7e=(l&l|/E)(1/7n). (5.12)

A similar result was obtained by Bardeen, Rickayzen,
and Tewordt. Substituting (5.11) in (5.1) and assuming
that all quantities, e.g., the field E, Vu, the thermal
gradient, and gy vary in time as e*! we find

g1+(R, k+mv,, £)=— 7[(8/0t)+ (k/m) - V—eE- V]
Xgo+(R, k+mv,, t), (5.13)

where 7,=((1/7,)+1w)~t. From (5.5) we have that

9 af av,
—go+(R, k+mv,, t) =i—k-—, (5.14)
at k
k
—- Vgor(R, k+mv,, )
m
af k vT
=—igg——————(Vu) Vigor. (5.15)
aEkm T

In (5.14), dv,/dt canbe replaced by — (¢/m)E— (1/m)Vu
from Eq. (5.10).
The induced current is given by

J=—(2i/V)Zx k[go+(R k) +21 (R k1) ],
and substituting from (5.5) and (5.13) we find
J=psvst+K1((e/m)E+(1/m)Vi)—Ko(VT/T). (5.17)

If, for simplicity, we regard 7, as a constant independent
of k it can be shown that

(5.16)

Ki=—pn7s; Ko=7,TpS, (5.18)

where pS is the entropy density defined in (4.36) (except
that v,=0 in this case). The energy current is given by

Je=—(2i/mV) i ek gor(R K1)+ g1 (RK,)]

—=2(]A|%/g)vs. (5.19)
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Substituting from (5.5) and (5.13) we find
Je=uJ—K:((e/m)E+(1/m)Vu)—K(VT/T), (5.20)
where
1 af
Ky=— /k‘*dkékz—fs. (5.21)
3m?r? é)Ek

The phenomenological relations (5.17) and (5.20) can
be interpreted by observing that the excitations in a
superconductor behave in many ways like the electrons
in a normal metal. Thus the superfluid contributes the
terms p,vs and pp,vs in (5.17) and (5.20), respectively.
The remaining terms are exactly what one would expect
for a normal metal (assuming a constant relaxation
time) except that the density of normal fluid occurs for
the superconductor instead of the total density as in the
normal metal. The superfluid has no entropy. These
phenomenological relations are also exactly of the form
suggested recently by Luttinger.®

Under stationary conditions from (5.10),

eE+Vu=0. (5.22)

In the case of the thermal conductivity the superfluid
flow is determined by the boundary conditions. The

most common condition is that of zero-mass flow, i.e.,
J=0. Then from (5.17)

psVs=TpSVT, (5.23)
and from (5.21) the thermal conductivity is
k=K,/T. (5.24)

When the explicit form of 7, from (5.12) is substituted
in K4 this result agrees precisely with that of Ref. 4.
Some further consequences of these phenomenological
relations are discussed by Luttinger.®
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