
P H YSICAL REVIEW VOLUME 139, NUMBER 5A 30 AUGUST 1965

Interaction of Alfven Waves and Spin Waves in a Ferromagnetic Metal
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The interaction between spin waves and Alfven waves is investigated in bulk ferromagnetic metals. It is
shown that the Alfven wave will interact strongly with the spin-wave system. In the presence of the inter-
action, the modes can no longer be identified as pure Alfvdn- or spin-wave modes. The wave number at which
resonance occurs can be varied by changing the strength of the external dc field. The results are applied to
iron, in which it is expected that this interaction can occur.

I. INTRODUCTION

ECENTLY, the occurrence of magnetoplasma
oscillations was predicted in high conductivity

solids. ' These oscillations have been found in certain
semiconductors' and in metals' at very low ternpera-
tures. If only one type of charge carrier is present, or if
several types are present and the density of electrons is
unequal to the density of holes, the magnetoplasma
mode that occurs is the helicon mode. When the
numbers of electrons and holes are equal, Alfven
waves' ' can propagate. Alfven waves have been ob-
served experimentally in bismuth. '

Recent magnetoresistance measurements indicate
that in iron, the numbers of electrons and holes are
equal. ' Therefore, it is possible that Alfven waves can
propagate in ferromagnetic iron. Helicon-spin wave
interactions have been predicted in ferromagnetic
metals by Stern and Callen. ' They treated a one-
carrier system, but applied their results to iron. In this
paper, we extend their treatment so as to investigate
the interaction of the Alfven wave with spin waves in a
compensated, ferromagnetic metal like iron.

II. THEORY

value of electronic charge and Bp=Hp +47rM, is the
dc magnetic induction inside the ferromagnetic material;
~ is the frequency of the electromagnetic wave; and r;
is the relaxation time of the carriers.

When one type of carrier is dominant and the mag-
netoplasma wave which propagates is the helicon mode,
the above conditions are sufficient. However, if the
numbers of electrons and holes are equal and Alfven
wave propagation occurs, the additional condition

co7.;))1
is also required. Also, if for a compensated material,
the condition or„r;))1 is satisfied for one type of
carrier but not for the other, helicon propagation occurs
instead of Alfven wave propagation.

The model used here is that of a two-component
plasma interacting with a spin continuum. The mag-
netization of the spin system is described in terms of
the density of the spin magnetic moment. We assume a
transverse circularly polarized wave propagating along
the magnetic field which we take as the s axis of our
coordinate system.

The equations of motion for the magnetization M of
a coupled spin system have been given by Herring and
Kittel'

Electromagnetic radiation can propagate in bulk
metals in the presence of a dc magnetic 6eld Bp. The
conditions for this to occur are X[CVPM+H, +H„—~M,+Hj, (3)

(u,.;7'g)1 and or (or„.
Here, „co=eB pm/, c is the cyclotron frequency of a
carrier with effective mass m;, where e is the absolute
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where Hp is the external dc field, Hz is the anisotropy
field, 7 is the demagnetization factor, M, is the satura-
tion magnetization,

H —H et(ttz rut)— (4)

g is the gyromagnetic ratio, and m is the free electron
mass.

According to Herring and Kittel, s C= 2A/M', where
A is the Bloch wall coefficient which is of the order of
(2JS'/a), J is the exchange energy, S is the spin per
atom, and a is the la, ttice spacing. Equation (3), which
has a validity beyond the particular atomic model
chosen for the ferromagnet, can be derived phenome-
nologically. ' The ftrst term in (3) is valid only in the
long-wavelength limit, i.e., ka«1.
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We take the case where the wave is propagating
along the direction of the saturation magnetization M,
which is also parallel to the dc Geld He, where He, is
the total magnetic held inside the material

He.——He+ Hg —vM, .
The magnetization can be written as

M= M,+Mie't'* —"o (6)

Upon substituting (5) and (6) into (3) and linearizing,
we obtain the following

Here,

Mg= a (ei,/4')/Leds (rik'+cd, '))H~. (7)

Mg= Mi,+i&i„, rd, '= (g/2) (e/mc)Hg. ,

rd, = (g/2) (e/mc) 4rM, , and ri= g (e/mc) A/3I, .
The upper and lower signs in (7) refer to the directions
of polarization, the upper sign being associated with a
left-circularly polarized (LCP) wave while the lower
sign is associated with a right-circularly polarized
wave (RCP).

For a circularly polarized wave propagating in the s
direction, Maxwell s equations yield the following rela-
tions for the electromagnetic Gelds E and H:

ikHg Tf(4ri—/—c)j ~+ (e~/c)E~), (Sa)

ikEg= a (ei/c) (H~+4jrM~) . (gb)

The current density j+ is related to the electric field
E~ by the relation

(9)

where ~+ is the sum of the conductivities for the various
carriers. For a two-component plasma consisting of
electrons and holes, we have, neglecting collisions,

pro
——ied, ,s/(eiaeo„)+in', i,'/(romeo, s) (10)

where, co„„co„~and co.„or.I, are the electron and hole
plasma frequencies and cyclotron frequencies, respec-
tively. Equation (10) is valid as long as we can neglect
nonlocal effects, "i.e.,

k( ( (either. ,)/vp, ), [(cdWeo, s)/vps[,

where v~, and v~I, are the Fermi velocities for the elec-
trons and holes.

When the conditions co((co„, co,I, hold, the conductiv-
ity is given by

4vo+ ——i/& (4mec/Be) (e,—rid) —cd(c/v~)'), (11)
where v& is the Alfven velocity and is given by

v~= Bs/t 4rr( I, m, +n sm@))'~ .s(12)
When the number of electrons equals the number of
holes, the first term in (11) is zero and we have Alfven
wave propagation.

The dispersion relation can be found by substituting
'0 P. B.Miller and R. R. Haering, Phys. Rev. 128, 126 (1962).

(7) and (11) into (8) and solving for either H~ or E~.
This yields

fei (og )L(d&eiir)= wid~co (13)

where co~=kv~ is the dispersion for the pure Alfven
wave and eiir=rik'+&o, ' is the dispersion for the pure
spin wave. Also, it can be seen from (7), (8), and (11)
that the dielectric constant and permeability are
given by

and
e~=1+ (c/»)' (14a)

(14b)py = 1+LM / (Cd jrdM))

respectively, when cv((co„, cv, &.

Solving the dispersion relation (13) for k as a func-
tion of co, we obtain

(M ) (eiq &M)
k-s=s

I

—I—
kv, i

alld

Cd CVq &rd Cog f ed )+ + +4—
/

—
/

g kv~i
(15a)

ed l (id~ &ei)
kP= —,

'
v~i

—
( ~2 ~ &~~) 2 ~ ~ 2-1/2

+ i
+4—— . (15b)

Ev~ g i 'g v~

If cd, were equal to zero, (15) would yield the unper-
turbed Alfven and spin-wave dispersion relations. The
saturation magnetization term, therefore, couples the
Alfven wave to the spin waves. The interaction has its
maximum effect when the first term in the square root
VaniSheS. ThiS OCCurS When (&d/V~)'= (e~ —rd, ')/ri, i.e.,
when the wave numbers of the unperturbed Alfven and
spin waves are equal, with the lower sign of polarization.
However, with the upper sign, this term never vanishes
and the maximum interaction does not occur.

At long wavelengths, the interaction is so strong that
for a RCP wave, Dower sign in (15)) the modes can
no longer be identified as pure Alfven waves or pure
spin waves. In Fig. 1, the dispersion relation (15) with
the lower sign is shown for a single crystal of iron. The
following values of the constants are used: A = 2)&10 '
erg cm ', M, =1700 G, g=2.14, v~=5X10' cm sec ',
and Hq, = 1000 G. For these values, the maximum inter-
action occurs at k~300 cm '.

III. DISCUSSION

In the above we have shown a strong Alfven wave-
spin wave interaction. However, we have neglected the
effects of dissipation. Now we will consider these effects.
The effect of collisions on the spin-wave —Alfven-wave
interaction can be taken into account by replacing co by
cd+i/r, and ei+i/rs, respectively, in the Grst and.
second terms of (10). The damping introduced by the
collisions can be neglected if ~cd„.—rd

~
r&&1 and edr&&1
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lations are shown on a semi-
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and aq are associated with
the k„and kc of Eq. (15).
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in a compensated material. If the temperature is su%-
ciently low and the material suKciently pure so that the
conditions or„v&)1 and cov&)i are satisfied for both
types of carriers, the losses due to scattering of the
electrons are negligible. However, because the carriers
have a velocity on the order of their Fermi velocity vp;,
Doppler-shifted cyclotron resonance can occur at wave
numbers above a certain minimum. "Equivalently, 6g
will have an imaginary part for such values of k and
the modes will be damped. The condition that Doppler-
shifted cyclotron resonance occur is that

k) ce.~/»,~3500 cm '.
Here we have used»s= »,~10s cm sec ' and the free
electron mass in both ~,~ and co„.At wave numbers at
which the condition for Doppler-shifted cyclotron
resonance to occur is satis6ed, the local theory we used
for the conductivity tensor is no longer valid. A non-
local theory must then be used which yields in place of
(10) the following

4rro ~ —(3i/2) {((us,s/k——»,)x,f(x,)+

((u„s'/keeps)

xsf(xs)
+ (irr/2k) $(cs„,'/v p,) (1 x,')—

+ (~n"/»s) (1—»') 3 (1&)

where x,= (cs&cs„)/k»„xs= (co%co,s)/k»s, and

f(x) =1+L(1—x')/2xj ln~ (1+x)/(1—x)
~
.

In this region of k, the waves are very heavily damped.
In considering damping in the spin-wave system, one

can assume a loss term of the Bloch type" or use the
approach of Landau and Lifschitz. ' However, the damp-
ing mechanism for spin waves does not seem to be

"N. Bloembergen, Phys. Rev. 78, 572 (1950).

completely understood. " The Alfven-wave —spin-wave
interaction could be used as a tool to obtain a better
understanding of the loss mechanism for the spin waves.
It is for this reason that the RCP modes are of much
greater interest than the LCP modes. These modes are
mixtures of Alfven waves and spin waves in the allowed
region (k &3500 cm '). Therefore, energy can be
pumped into these modes and the effects of the damp-
ing due to spin waves can be observed. For the LCP
case /upper sign in (15)), the modes are distorted by
the interaction from their unperturbed values, but they
still retain their identity as pure Alfven waves or pure
spin waves. When the spin coupling arises from the
electrons, as is assumed in (3), the LCP mode is com-
pletely out of phase with the spin waves.

Without considering damping, there are certain fre-
quency regions where the incoming wave will be re-
Qected. For the RCP modes this occurs when

ep &0.

Examination of (14) shows that e )0 for all ce less
than m„while p &0 for co less than ~~ and greater
than cesr+cs, and p &0 for cdsr &c0&cesr+cs, . Therefore,
transmission takes place in the regions 0(co(co~ and
cssr+cs, (co&ca„while reflection occurs when co~&co

(&asr+cs, . Strictly speaking, the reflection band should
not occur as the condition p (0 will never be satisfied
for the lower mode since or~ increases with k. However,
the values of k where this occurs are well into the
Doppler-shifted region where the attenuation is ex-
tremely large. There is then an effective gap between

"C.W. Bass and H. B. Callen, Magnetism, edited by G. T.
Rado and H. Suhl (Academic Press Inc. , New York, 1965),Vol. 1,
p. 449.
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the two modes and a certain amount of reQection
should take place.

The criteria for the existence of Alfven waves im-
poses certain conditions on the effective masses of the
charge carriers. These conditions require that co((or„,
pp, & Fo.r the upper mode the frequency is pp„~pp. '+pe,
in the region of propagation. Therefore, the condition
for this mode to satisfy the criteria for Alfven wave
propagation becomes

(g/2) (m,/m)«1. (18a)

For the lower mode, the conditions become much less
severe. Since the maximum value of or~ is co,

' in the
region of propagation, we require that

(g/2) (w'/I) (He /Bp)«1. (18b)

As Bp is always greater than Hp„(18b) is always a less
severe condition than (18a). For Hp, = 10' G and
Bp 2X10' ——G, the ratio m;/m can be as large as 10
without the condition for Alfven waves being violated.

When the above criteria are violated, the dispersion
relations shown in Fig. 1 are no longer valid. This is
because the electromagnetic wave which can propagate
in the region where the above criteria fails is no longer
an Alfven wave. However, qualitative statements can
still be made about the transmission characteristics by
using the full expression for e,

e = 1—a)~.s/pp„(pp —pp„)1pp„s'/pp, g(pp+pp, g) . (19)

The above expression for e is valid within the limits of
the local theory and with collisions neglected. In the
case when co &co„, transmission will occur in the
regions 0&~(pe~ and &o„&pp(pp~+pp, while reflection
occurs in the bands, ppsr «o (pp„and pp~+ pp. &pp.

Whether transmission in the region pp„(pp&ppsr+~,
actually takes place depends on whether the dispersion
is such that these frequencies do not fall in the Doppler-
shifted cyclotron resonance region. The dispersion rela-
tions for the general case are given by

fQ)) pp —pe~

1

—1e+

(2o)

pps ~ &
pp

s
(pp)

2
pp

—1/2—e + +41 —1e=
c'

P1 hei

When &=&„, e ))1 and the dispersion of the lower
mode is unaffected. Thus, for the general case, only the
upper mode has its dispersion affected when the criteria
for Alfven wave propagation are violated.

The observation of the interaction discussed in this
paper would require iron of high purity so that colli-
sional damping would not be important. In iron, there
is some uncertainty about the value of the effective
mass. The value of m determined from de Haas —van
Alphen experiments is less than the free-electron mass. "
However, there seem to be arguments that lead to an
expectation of a mass larger than the free-electron
mass. If, indeed, this is the case, we would expect the
dispersion for the upper mode to be altered since condi-
tion (18a) would no longer be satisfied. We would then
have to go to the more general dispersion relation (20).
In fact, the presence of a carrier with a mass larger
than the free-electron mass could be determined by
doing a transmission experiment in the region or„«
&pe~+~, . The magnetoresistance measurements of
Reed and Fawcett" seem to indicate that at Gelds
much below 100 kOe and in thin whiskers below 40 kpe,
the conditions co„7,))1 are satis6ed for all the carriers
in the iron they used. Thus, iron of the required purity
to observe the interaction is available. Frequencies in
the microwave range would have to be used to satisfy
the condition per,»1 At fields. such that pp„r&)1 but
or,~v~((1, helicon waves would propagate instead of
Alfven waves and the theory of Stern and Callen'
would be applicable.

In the above discussion, we have not Inentioned the
effects of demagnetization that would occur in a finite
sample. As can be seen from (5), the demagnetization
factor can reduce the 6eld inside the material to a value
considerably below the external field. We will not dis-
cuss this matter except to point out that the demag-
netization factor vanishes for the 6eld along the axis
of a long circular cylinder and has its maximum value
of 4m. for the field perpendicular to a thin disc or slab.
Therefore, in doing experiments on the interaction
between Alfven waves and spin waves, account has to
be taken of the appropriate demagnetization factors.

In summary, we have shown that under certain
conditions, there is a strong interaction between Alfven
waves and spin waves in bulk ferromagnetic metals.
This presents the possibility of directly exciting spin
waves of 6nite wavelength. The wave number at which
resonance takes place can be varied by changing the
external dc magnetic Geld.
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