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Validity of Townsend's Ionization Function in Nonuniform Electric Fields*
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A number of authors have concluded that experimental values of prebreakdown ionization-gas-current
multiplications in nonuniform electric fields are not correctly predicted by generalizing Townsend's ionization
function for uniform fields to nonuniform fields. It is shown that the reported failures are mainly due to the
use of incorrect values of the first Townsend ionization coeKcient.

I/Io= exp[st(U —U*)]
/[1 —p{exp[n(V—U*)3—1)3, (2)

where V is the potential difference across the gap, and
V* is a parameter which allows for the fact that electrons
from the cathode must fall through a potential difference
comparable to the ionization potential of the gas in
order to produce ionization characteristic of the applied
value of E/pt.

It might be expected that in the case of nonuniform
fields, where the problem is still one-dimensional,
Eqs. (1) and (2) could be generalized as

alld
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I/r = exp gdr), (v= 0) (3)

IONIZATION CURRENTS IN UNIFORM AND
NONUNIFORM FIELDS

"NIFORM field dc prebreakdown ionization-current
multiplications in non-electron-attaching gases

are interpreted in terms of two ionization coefficients

q and y; g is the average number of ionizations produced
in the gas per electron per unit of potential difference
applied across the gap, and y is the average number of
secondary electrons released at the cathode per positive
ion produced in the gas. The coeScients g and 7 are
generally functions of E/pt (E is electric field strength
and Pt is gas pressure referred to temperature l). It
follows that values of q and y may be obtained from
steady-state prebreakdown currents I measured for
various values of the product of pt and the electrode
separation d at a constant value of E/pt with a, constant
current of photoelectrons Io released from the cathode
due to external illumination. The equations often used
for obtaining values of g and y from such experiments
are

I/I =exp[st(V —V*)j, (if y=0)

where g is assumed to be known from uniform-6eld
measurements. The limits of integration refer to the
values of potential at the two electrodes. Equations (3)
and (4) assume that the electron-energy distribution at
any point in the field is characteristic of the value of
E/p, at that point and that (Vs—V,)))V*. The intro-
duction of ri as a function of E/p, in Eqs. (3) and (4)
is an obvious generalization. However, the proper value
of p to be used in Eq. (4) may not be related to uniform-
field values of p in a simple way because of the wide
variation in E//pt in a nonuniform field.

Morton' measured prebreakdown ionization currents
in hydrogen at low pressures (10 Torr and below) in
concentric-cylindrical geometry in order to test the
validity of Eq. (3). Similar tests of Eq. (3) were also
carried out in hydrogen by Fisher and Weissler' in
confocal paraboloidal geometry at higher pressures.
Johnson' extended Morton's studies in hydrogen to
higher pressures. (Johnson also studied air. ) All of the
above authors concluded that their measured current
multiplications are not correctly calculated by Eq. (3).
(All of the above authors assumed V*=0 and y=O. )
The existence of such an effect means that Eq. (3), and
parenthetically Eq. (4), cannot be used to calculate
precorona ionization-current multiplications in Geiger
counters, corona onset voltages, and that one cannot
solve the problem of space-charge distortion in a
direct way even in parallel-plate geometry. Further-
more, any electron transport property depending on the
electron energy distribution would also be affected.
For example, the transit time of an electron across a
Geiger counter would not be given correctly by assuming
that the drift velocity is everywhere determined by
the local field. Thus, the existence of such an effect has
far-reaching consequences.

At the times that the studies of Morton, Fisher and
Weissler, and Johnson were carried out, the most
reliable values of g in hydrogen were considered to be
those of Hale4 and all of the above authors used Hale's
values to analyze their current-voltage characteristics.
Measurements of p in hydrogen subsequent to Hale's

' P. L. Morton, Phys. Rev. 70, 358 (&946).
s L. H. Fisher and G. L. Weissler, Phys. Rev. 66, 95 (1944).

Vs ' G. W. Johnson, Phys. Rev. 73, 284 (1948).
7 exP rltEV

I
1 ~ (4) 4D. H. Hale, Phys. Rev. 55, 815 (1939); 56, 1199 (1939).

Numerical values for the first of these two papers are given by
L. B. Loch, Basic Processes of Gaseous Electronics (University of

*Supported by the Lockheed Independent Research Fund. California Press, Berkeley, California, 1955), p. 69&.
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work have been carried out by a number of other inves-
tigators. '—"The discussion in Ref. 13 demonstrates
tha, t Rose's values of rt in hydrogen must be considered
to be accurate. Rose' has been able to give a simple
analytical expression for q which represents his data
to within &2/o for 22(E/ps&1000. '4 For 40(E/ps
&300, Hale's values are considerably lower than those
of Rose while for E/ps)300 Hale's values are con-
siderably higher than those of Rose. It thus appeared
that a reanalysis of the data of Morton, Fisher and
Weissler, and. Johnson using Rose's values of g was
warranted.

We have therefore set before us the task or reanalyz-
ing the data of Morton, Fisher and Weissler, and John-
son using the simple analytical expression of Rose for q
and bearing in mind the possibility of a p mechanism's
being active.

FISHER AND WEISSLER'S EXPERIMENTS

Fisher and Keissler illuminated a small area of their
blunter paraboloid on the axis of symmetry with
ultraviolet light and assumed that the field in which
the liberated electrons moved corresponds to the Geld
along the axis. The focal lengths of the paraboloids
were 0.005 and 4.00 cm. For these experiments, ps
ranged from 378 to 625 and voltages ranged from 2.6
to 4.4 kV. At each pressure they measured a current-
voltage curve. They then calculated the ratio of the
measured current I „,to the calculated multiplication
using Eq. (3) and Hale's values of rt to find an apparent
Is. If Eq. (3) is valid, if correct values of rf are used, and
if back di6usion has a negligible effect on lo at the
voltages they used, then the apparent Io shouM be a
constant independent of voltage. Fisher and Keissler
found the apparent Io not to be a constant but to
increase with voltage, the effect being larger at lower
pressures. Since at that time, Hale's values of q were
considered to be reliable, the variation of the apparent
Is was interpreted as a failure of Eq. (3). More ioniza-
tion was found than was expected.

We have reanalyzed the data of Fisher and Weissler
by constructing plots of exp( J'v.v'rfdV)/I „,versus

exp( J'v. "'rtdV) —1 for the various pressures used. If

' D. J. Rose, Phys. Rev. 104, 273 (1956).
' D. J.DeBitetto and L. H. Fisher, Phys. Rev. 104, 1213 (1956).
r H. A. Blevin, S. C. Haydon, and J. M. Somerville, Nature

179, 38 (1957).
' E. Jones and F. Llewellyn Jones, Proc. Phys. Soc. (London)

72, 363 (1958).' D. E. Davies and J. G. C. Milne, Brit. J. Appl. Phys. 10, 301
(1959).

» S. C. Haydon and A. G. Robertson, Proc. Phys. Soc. (London)
78, 92 (1961).

"L.M. Chanin and G. D. Rork, Phys. Rev. 132, A2547 (1963)."S. F. Barns, Jr., D. Edelson, and K. B. McAfee, Jr., J. Appl.
Phys. 35, 2781 (1964).

»D. E. Golden, H. Nakano, and L. H. Fisher, Phys. Rev.
138, A1613 (1965).

'4 Units of E will be taken as V/cm, of p as Torr, and t will be
referred to degrees centigrade.
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Fro. 1. exp (J'v, v&rtd V)/I „, versus exp (J'v, v&sd V) —1 using
Hale's values of g for the data of Fisher and Mf'eissler.

Eq. (4) is valid, and if correct values of rf are used, such
plots should be straight lines provided that Is and y
are constant. The intercepts of such lines should yield
values of 1/Is and the slopes values of p/Is. Figure 1
shows such plots using Fisher and Weissler's observed
prebreakdown currents and Hale's values of g at
different constant pressures. These curves are not
straight lines. Figure 2 shows the same function plotted
using Rose's values of g instead of Hale's. ln contrast
to Fig. 1, excellent straight lines are obtained with
values of y(10 '. Even if Rose's values of g are used
with y=0 a very reasonable 6t is obtained. Therefore,
Fisher and Keissler's conclusion that Townsend' s
ionization function fails over the range of variables
studied by them was distorted by Hale's values of p.

JOHNSON'S STUDIES IN HYDROGEN

Johnson's prebreakdown ionization currents were
measured with concentric cylinder geometry for values
of p» of 0.01 to 760. Below pss 5 he found it unneces-
sary to correct his data for back diffusion; above pss= 5,
he corrected his raw current data for back diffusion.
Johnson found that a plot of (1/ttPss)ln(I /Io)
versus E ./p, s yielded a single curve for pressures
greater than 0.5. (Here a is the radius of the inner
cylinder and E, is the field at the inner cylinder. )
He then obtained the value of g at the surface of the
small cylinder by graphically differentiating the curve
of (1/ap»)ln(I~«, /Is) versus E .„/pss and using the
slope in an appropriate approximate expression. He
obtained larger values of q than those of Hale by as
much as 80% and concluded that Townsend's ioniza-
tion function did not correctly predict pre-breakdown
ionization currents in nonuniform electric Gelds. %hen
Johnson's values of rf are compared with the values of
Rose, rather than to those of Hale, the agreement is
somewhat better but still not good. Johnson states
that he does not know how much error is inherent in
this method of obtaining g.

Using Rose's analytical function for p, the value of
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(1/aP») in(I/Is) may be calculated from

(1/aP»)ln(I /Ip)
= L0.0368K»jP»)Lexp( —128.4P„/E,„)

—exp( —128.4p» /E~;„)], (5)

where 8;„is the 6eld at the outer cylinder. If the
second exponential on the right is neglected, the right
hand side of Eq. (5) is indeed a function of E,x/pss
only. "We have calculated a curve of (1/aP»)ln(I /Is)
versus E,„jp» using Eq. (5) and neglecting the second
exponential on the right. The calculated curve deviates
a maximum of 7.5%%u~ from Johnson's curve of (1/apss)
Xln(I „,/Ip) versus 8,„/p» at the highest values of
E/p». In actual fact (1/ap&)ln(I/Is) would only be
expected to be a function of E,„j p, at sufliciently high
pressures (&0.5)."Plots of (1/apss)ln(I „,/Is) as given
by Johnson for p&0.5, as well as calculations of
(1/ap»)ln(I/Ip) versus E,x/pss using Hale's and Rose's
values of q are shown in Fig. 3. The calculations using
Hale's values give average deviations from Johnson's
curves of 25%. Had Johnson compared his curves with
those calculated from Hale's values of q, he might not
have concluded that Townsend's ionization function
fails. With the use of Rose's values of q, the agreement is
so good as to preclude any questioning of the validity of
Townsend's ionization function. All of the above dis-
cussion has been limited to pressures greater than 0.5,
because there is no way to analyze Johnson's curves
for p&0.5. This is because Johnson does not present
the values of E;„used."
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Fro. 2. exp(1"r,r&vdV) jI „, versus exp(1'r, v&vdU) —1 using
Rose's values of g for the data of I'isher and Weissler.
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for the smaller cathode. His pressures ranged down to
about 0.0i. His applied voltages ranged up to 320 V,
although he did not analyze any data obtained above
180 V. Prom each current-voltage curve, he evaluated
Is, and then plotted I .„/Io as a function of voltage
for each pressure studied. Morton's I „,/Io versus
voltage curves are concave toward the voltage axis
for p(0.0806 and are convex toward the voltage axis
for p&0.1296. Morton states that for P (0.0806 there
are not enough collisions to apply Townsend's theory
even in uniform 6elds.

From his I „,/Is versus voltage curves Morton con-
structed plots of I „,/Is as a function of pressure for
various constant voltages and compared these plots
with those calculated using Eq. (3) with Hale's values
of q. The calculated curves terminate at those pressures
corresPonding to E, /Psr=900. 'r The disagreement
between I/Is and I .„/Is is very severe over a large
part of the pressure range being as much as a factor of 5.
Ke have calculated the ionization to be expected using
Rose's values of rf in conjunction with Eq. (3); using
Rose's values of q rather than Hale's makes the values
of I/Is lie somewhat closer to Morton's I „./Is curves,
but the discrepancy is still serious. The calculations

MORTON'S EXPEMMENTS

In order to avoid corrections for back diffusion,
Morton restricted. his pressures to below about 4 for
the larger of two cathodes used and to below about 10

"It may be shown in general that regardless of the functional
dependence of q on E/P„(1/aP&)ln(I /Ip) will be a function of
E /p& providing the value of q at the anode is sufficiently small.

"At low pressures where the second exponential of Eq. (5)
cannot be neglected U~ is not negligible compared to Vg —V~ and
Eqs. (3) and (4) are not applicable in any case.
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Fro. 3. (1/ap») ln(I/I0) versus E,~jp» for 0~&E~«/pr2&~700
from Johnson's and Morton's data, and calculated using Rose's
and Hale's values of q.

"The data of Hale reported in Phys. Rev. 56, 1199 (1939) goes
up to E/p»=1800, whereas his data reported in Phys. Rev. 55,
815 (1939) only goes up to Ejp»=900. Morton did not use nor
does be refer to Hale's measurements for E/P»&900.



VALIDITY OF TOWNSEND'S IONIZATION FUNCTION A 1455

using Hale's or Rose's values are not much different
despite the considerable difference in measured
values. Morton's 6elds are both below and above
E/pp ——300 and since Hale's values of ri are lower than
Rose's for Ejpp ~300 and are higher than Rose's for
E/pp)300, the errors due to Hale's values of ti tend
to compensate. If one assumes that the primary ioniza-
tion is correct as calculated by Rose's values of g and
that the discrepancy is due to a p, it is possible to
calculate values of y from the curves of I „,/Ip versus
pressure as given by Morton. This procedure results
in values of p varying from 0.15 to unity and in a few
cases even exceeding unity. These values of p are much
too high (and indeed much too variable) to be accepted
as reasonable. The above conclusions are equally valid

if one uses Hale's values of g. However, Morton's data
for 150 and 180 V when put into the same form as used
by Johnson and plotted in Fig. 3 lie considerably
higher than Johnson's curve. Thus, there is an experi-
mental discrepancy between Morton's and Johnson's
data. This discrepancy is not understood. A further
complication is the fact that tj'* is not negligible com-
pared to the gap voltages of 100, 150, and 180 V ana-
lyzed by Morton. If such an effect were taken into
account, the agreement between Morton's measured and
calculated current multiplications would be even
worse. The basis for doubting the validity of Townsend' s
ionization function at these low pressures from Morton's
data would not seem to be on a firm foundation at the
present time.
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Angular Distribution and Thickness Dependence of Transition Radiation
from Thin Aluminum Foils*
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The angular distribution of photons emitted from Al foils 320 A in thickness bombarded with 80-keV elec-
trons, and the dependence of the peak intensity on foil thickness, have been determined experimentally in
the wavelength region from 650 to 1100A.. The absolute efhciency of the optical spectrometer was deter-
mined in the visible-wavelength region from a standard lamp and extrapolated into the vacuum ultraviolet-
wavelength region using the measured grating efBciency and quantum efBciency of sodium salicylate.
Experimental photon intensities were found to be approximately one half of the theoretical photon intensities.
The intensity at the peak wavelength had a maximum at 22' and 157' from the foil normal, with zero inten-
sity at 0', 180', and 90'. The angles for which the theoretical curves exhibit maximum intensity are 15and 168 .
The wavelength for which the experimental curves exhibit maximum intensity was found to decrease as the
angle of observation increased from 0' to 40 or decreased from 180' to 140 .The plasma wavelength and
energy, 835 3, and 14.9 eV, respectively, were obtained by extrapolating to O'. The intensity at the wave-
length of maximum emission was found to decrease rapidly as the foil thickness was increased from 180 to
435 A. and then to remain fairly constant out to 700 A..

INTRODUCTIOH

'HE study by optical methods of plasma oscilla-
tions induced by charged-particle excitation was

initiated by I'"errell's' prediction in 1958 that these
oscillations should decay by the emission of mono-
chrornatic photons at the plasma frequency. Numerous
observations of electron-irradiated Ag have revealed
a peak at 3300 A with a continuum in the longer wave-

length region. ' ' Ritchie and Eldridge generalized the
~ Research sponsored by the U. S. Atomic Energy Commission

under contract with Union Carbide Corporation.
f ORINS Graduate Fellow, Vanderbilt University, Nashville,

Tennessee.
f. AEC Health Physics Fellow, Vanderbilt University, Nashville,

Tennessee.' R. A. Ferrell, Phys. Rev. 111, 1214 (1958).
'R. W. Brown, P. Wessel, and E. P. Trounson, Phys. Rev.

Letters 5, 472 (1960).' W. Steinmann, Phys. Rev. Letters 5, 470 (1960).
4 A. L. Frank, E. T. Arakawa, and R. D, Birkhoff, Phys. Rev.

128, 1947 (1962).

transition-radiation theory of Frank and Ginsburg' for
an idealized semi-inhnite medium to the case of a
finite foil characterized by a dielectric constant «(&p).
A complete description of the Ag spectrum could not
be obtained from the simple plasmon-decay picture but
required the transition-radiation theory.

A recent paper reported a sharp peak in the optical-
emission spectrum of electron-irradiated Al at 15.2 eV
which was identified as plasrnon radiation. ' Similar
investigations of Mg, Cd, In, and Zn were reported. '

E. T. Arakawa, N. O. Davis, L. C. Emerson, and R. D.
Birkhoff, J. Phys. Radium 25, 129 (1964).' E. T. Arakawa, N. O. Davis, and R. D. Birkhoff, Phys. Rev.
135, A244 (1964).

'7 R. H. Ritchie and H. B.Eldridge, Phys. Rev. 126, 1935 (1962).
8 I.M. Frank and V. L. Ginsburg, J.Phys. USSR 9, 353 (1945).' E. T. Arakawa, R. J. Herickhoff, and R. D. Birkhoff, Phys.

Rev. Letters 12, 319 (1964).
1o R. J. Herickhoff, E. T. Arakawa, and R. D, Sirkhoff, Phys.

Rev. 137, A1433 (1965).


