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An electron in helium vapor at 4°K is characterized by its s-wave scattering length off helium atoms.
This scattering length is small compared with the average interparticle spacing in the helium vapor. Con-
sequently, we have taken as a model a particle interacting via hard-core repulsion with an ideal gas. This
establishes a connection with the hard-sphere Bose problem of more general interest. The model described
above is simpler (a) because it has only Boltzmann statistics and (b) because the electron is very light
compared with the helium atoms. For this model, we have calculated the interaction free energy of the
electron assuming that it is in statistical equilibrium with the helium gas. In the s-wave approximation, it
is shown that this interaction free energy is rigorously 2mpa(#2/m) due to single scattering, all higher order
multiple-scattering effects being zero. Here, p is the average density of helium atoms, a is the scattering
length, and m is the electron mass. Since the p-wave approximation contributes a term of order pa?, it is
evident that the term 2mpa(%#?/m) is good to higher densities than might previously have been supposed.
This provides partial justification for the “bubble” model of the electron mobility since the term 2mpa (%2/m)
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is certainly good up to densities at which the free energy of the “bubble’”’ configuration becomes smaller.

I. INTRODUCTION

HE anomalous behavior of electron mobility in

helium vapor at about 4°K has been studied both
theoretically and experimentally by a number of
people.! The anomaly can be simply stated for the pres-
ent purpose as an enormous decrease (a factor of
approximately 10%) in the free-electron mobility for
pressures greater than some critical pressure which is
near the saturated vapor pressure. The problem we wish
to consider is the formulation of a statistical-mechanical
theory of electrons in helium vapor at low temperatures.
Leaving aside the question of a macroscopic model
(which has already been disposed of?), we shall adopt
the following simple (and perhaps simplest) microscopic
model and try to deduce the equilibrium and non-
equilibrium properties of this system. The nonequili-
brium property of interest, namely the mobility, will
turn out for the present to represent a far more difficult
calculation than the equilibrium properties, but we
shall see that the equilibrium properties alone will give
us some insight as to why the macroscopic (bubble)
model works.

II. FORMULATION

Since the bubble model involves only one microscopic
experimentally measured parameter, namely, the low-
energy scattering length of electrons off helium atoms,
we adopt a Hamiltonian in which the electron-helium
interaction is characterized by just this length. For the
practical purposes of calculation, we shall regard this
interaction as a hard-core repulsion with the radius of
the hard core equal to the scattering length. Such an
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2 See Ref. 1.

interaction is consistent with the pseudopotential for
electron scattering off helium atoms.? At present, we
shall regard the helium system as simply an ideal gas,
which it indeed approximates at the densities under
consideration. The Hamiltonian for one electron in a
helium gas is thus

HzTI—Ie—I“Te_*‘é V([ri—'rel)y (1)

where Tu, and T, are the helium and electron kinetic
energies, respectively, and V(|r;—r,|) [=V(r:)] is the
interaction potential between the electron and the ith
helium atom. V in this case is the hard-core potential
described above so that

V(=w,
V(r)=0,

We now wish to calculate the interaction free energy
of the electron with the helium system. We may think
of an ensemble of systems containing one electron each
in which the helium atoms are allowed to have all
possible configurations consistent with the interac-
tion. This defines a canonical ensemble in which the
(Helmholz) free energy is given by

—BF=In tre FH

r<a,

r>a. @)
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Here M is the helium mass and m is the electron mass.
Since M>>m, we can treat the electron-helium center of
mass as the center of mass of the helium cluster. (This
statement will become more precise later in the cal-
culation.) We can thus commute the entire helium
kinetic energy with the rest of the Hamiltonian and we

3 J. Jortner (private communication).
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The helium system acts simply as a classical ideal gas.
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The mass which occurs in the interaction free energy
should, of course, be a kind of reduced mass but for
practical purposes it is equal to the electron mass. The
above approximation is equivalent to the adiabatic
approximation since the helium atoms are taken to be
stationary scattering centers for the electron in Fi.
They are, of course, allowed to move as a classical fluid.

The quantity of interest being Fr, we resort to the
usual? cluster expansion. Fy is first rewritten as follows:

—BFr=Intr exp[— (—E—-HS‘ Eg V(”ie))] )

N

%2
=Intr exp<———2——)+ln{tr exp[—(\%2/24-8 3. V(ri))]/tr exp(—N2%2/2)},

=—pF,—BAF,

i=e

(3)

where A= (#%8/m)!/? is proportional to the thermal wavelength of the electron. For the rest of the computation,

we work with the quantity AF. We have

—ﬁAF=ln[tr exp(—?) exp(—é1 Oﬂ V,-(B)dﬁ)/tr exp(—?)] ,
=ln<exp<—~i=§1 0‘9 V«i(ﬂ)dﬁ>> )

=1n<12:11(1+f¢(6))>,

= §1<f;(6)>+ 2z . LFsfir= X )+ - (6)

1<j=

V«(B) is the interaction representation of V(r;,), while
g: is its exponential, the product is ordered to give the
exponential of the sum, and angular brackets mean
average. The last term is a sum of semi-invariants of
which we have exhibited the first two.

At first sight, it appears that we have accomplished
little, if anything, by all this rearranging and expanding.
Indeed, if we were dealing with a purely classical system,
the only term to survive would be the first since the
rest are all unlinked by translational invariance. Since,
in the quantum-mechanical case, all terms are coupled,
the expansion looks like some kind of virial series, but
as we shall see, the second term is infinite at zero tem-
perature and we are thus forced to “sum to infinite
order” which in this case appears to be the entire series.

III. MULTIPLE-SCATTERING THEORY

To see immediately that the last statement repre-
sents an impossibility, we need only notice that sum-
ming the entire series implies evaluating the »th term
and this, of course, means solving the problem of a
Hamiltonian with # spherically symmetric interaction
terms. In fact, if we had been able to solve this, we would

not have had to make the expansion at all since the solu-
tion for n= N would give us all the energy levels directly.
But it is just this fact which enables us to find an ap-
proximation scheme for this problem. First, we do some
more rewriting:

N N

—BAF= _Zl<gi— D+ <Z . [(gegn— (ealgn) I+, (1)
= <J=

where we have noticed that g’s can be substituted for

f’sin all semi-invariants but the first. Now, the products

of g’s in the averages are ordered. This means, for

example, that

8i8i= eXPI:“ ()\2k2/2+ﬁV(’ie)‘f‘ﬁV(sz))] ’

=exp(—BH ), (8)
where H? stands for the Hamiltonian of an electron
with two scattering centers. Since the average of the
ordered product of g’s involves a trace, we must find
wave functions for an electron with » spherically sym-
metric scattering centers as stated. In the present con-
text we “simply” have to find a wave function which
satisfies the free-particle Schrodinger equation and the

4R. Kubo, J. Phys. Soc. Japan 17, 1100 (1962).
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boundary condition of being zero on 7 spheres of radius
a, the scattering length. Let us first do this for the trivial
case of one scattering center. Since we are interested
in a trace, we are free to choose any representation we
please. For mathematical convenience and physical
interest, we use the coordinate representation and write
the wave function as a plane wave plus a scattered
wave. This amounts to picking a particular linear com-
bination of radial wave functions and spherical har-
monics. We pick a wave function which obviously
satisfies the wave equation and require that it go
to zero on a sphere of radius a. Since we are dealing
with very low energy (the Gaussian in the trace
limits & values to essentially less than 1/X\), we have
ka<a/A~1/200<1 at 4°K so that we need concern
ourselves only with spherically symmetric scattered
waves.

W (1) (res) = €% Teit- Ay (eP7ei [ for o5) 9

using é-function normalization. Expanding the plane
wave in spherical harmonics and setting the wave func-
tion equal to zero at »,;=a, we have

sinka/ka+ A1(e**/ka)=0, (10)

A= —sinka/e*e= (¢***—1)/2¢, (11

which is the usual result for s-wave scattering from a
hard sphere. We now try the same trick for » scattering
centers, namely, we write the wave function as®

or

eikrel
\I’(n)({rei}>:eik.r“+Al
krel
eikr,z eikrm
+ At A (12)
k7ea k¥ en

This function clearly satisfies the free-particle wave
equation. To determine the coefficients 4, we expand
all terms but the ith around the ith center and equate
the wave function to zero at 7,;= a, keeping only s-wave
parts. The result of all this is the following system of »
linear equations:

sinka etka et*r12 ginkaq et*r1n sinka
+Ay 45 +-dp——=0,
ka ka k2risa kri.a
ez ginka e**21 sinka
+A1
ka ka0
eika eikrzn sin/ea
At Ay =0, (13)
ka k2rona
ek Tin ginka ekl ginka
A4
T T
ka k2f,,1(l
¢i*mn2 sinka gika
+4——t - 4,—=0,
ka0 ka

5 This form of the wave function is similar to that used by
L. Foldy in the treatment of multiple scattering of waves. See
L. Foldy, Phys. Rev. 67, 107 (1945). The spirit of the present cal-
culation is somewhat different, however.
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the solution of which we write in determinantal form as

et*rin sinka

1 eika
k"ln
_ e*r1ginka e sinka
—sinka| etk e
k1’21 k7'2n
etkrn1 sinka
ikerin - . ika
e e
A krnl (14)
= ) . ) N )
_ e*nzsinka  et*"in sinka
ezka cee
khz ki’ln
e sinka ) etk sinka
— elk‘a . _
k?’zl k7'2n
etkrmiginka et 2 sinka
. eika

k71 R na

where we have multiplied Eq. (13) by ka. This deter-
mines the wave function [Eq. (12)]. Two remarks
must now be made regarding this wave function. The
first has to do with the approximation of expanding all
terms and keeping only s-wave parts. For the single-
scattering problem, we know that this satisfies the
boundary condition to order (ka)?® since this is the
p-wave part of the plane wave. For the multiple-
scattering case, the approximation clearly depends on
the separation between scattering centers since we are ex-
panding spherical waves from one origin about another
origin. The p-wave terms from the spherical waves are
of order (a/r;)® where 7;; is the distance between the
ith and jth scattering centers. For most distributions in
the canonical ensemble, 7;; will be of the order of the
mean interparticle spacing so that the p-wave term will
be of order pa®, where p is the mean density. For the
present case of helium vapor at about one atmosphere
pressure and 4°K, we have pa®~1/300 so the p-wave
term may be dispensed with.

The second remark concerns the question of nor-
malization of the multiple-scattered wave function.
For the single-scattering problem, the integral of ¥*¥
over a box of volume Q goes like Q-v, where v, is the
hard-core “excluded” volume, $mra3. For multiple scat-
tering from # scattering centers distributed throughout
a finite volume, it is a straightforward matter to con-
vince oneself that the normalization will go like Q-
provided one makes the assumption that the normaliza-
tion is independent of volume shape for large volumes.
In fact, the very condition on the coefficients 4; which
makes the wave function zero on the boundaries of the
hard spheres eliminates all cross products of spherical
waves in the normalization. The excluded volume of the
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hard spheres does not affect the value of the trace as
long as 7/Q is much smaller than p. Unfortunately, a
rigorous basis for the above statements is directly tied
up with the fundamental question of interchangeability
of limits in many-body theory, so that for the present,
one must proceed with the pious hope that the end will
justify the means.

El(gr 1)=N{g1—1)
T(tr exp[— (A\%2/24-8V) ] 1)
tr exp(—A\2%2/2)

/ / (o] € BFED |7 )dr d1y
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IV. COMBINATORICS AND INTEGRATION
(PRELIMINARIES)

We now show how to use the multiple-scattered wave
function obtained in Sec. II to calculate AF. The
approximation scheme will become clear during the
course of the calculation. We start with the first term
in the expansion of —BAF. namely > ;¥ (g;—1).

=N 1
\2k?
/ / <1’e exp( > re>dredr1
kN2

/ / / Yy (7e1) ¥ y(7e1) exp(——2—>dkdredr1

=N -1
A\2R?
[ / ¢ ikeretgikerel exp(——)dkdredn
( sinka ¢=tret sinkq ethret N\2k?
/ / / ( eitrel— )(eik"el— - ——) exp(——)dkdredrl
—1ka krel ezka k"el 2

=N 1 (15)

L

Since the Gaussian limits the values of & to less than 1/X,
gives us

(27)3/2Q2

we expand everything in powers of ka in Eq. (15). This

o a tka® ) ) a tka® \%e?
/ / g ikerel— <—+—+ e -)e""“{| l:e—““’el———— e“”ﬂjl exp(——)dkdredrl-—l
%( 1> N - Vel ¥el Vel ¥e1 2
= ()N
°r ak N2
4 / / - sinkz o1 (g*re1-g—threr) exp(————)]dkdrel
o L 7a 2
=N
((2m)/N%)2 2@
© gk A\2k?
43 / — sin2kr .1 exp(——;)dkdrel
0 et
=N
(2m)3'2Q
9 © )\2 2
]\/|:47r)\3 ; / cos2k7c1 exp(——)dkdrel] / (2m)32Q
761 S} ¥ el
(2r)z 9
=4mpald e 2Ny [ (2m)312
2)\1’312 027’81

—2mpah?

—4rpa[(2w)1/2X4w/ 7’916—2”12/)‘2d7’91/(2#)312]
0

(16)
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to first order in the scattering length. It is important to note that this is not the first-order term itself but the
“first order” of the first term, so to speak. What we shall now do is find the first order of all the higher order terms.
We first note that the order of magnitude of succeeding orders in the first term goes down like /A which is ex-
ceedingly small, a very desirable expansion parameter indeed. We therefore expand all terms in powers of ke and
try to evaluate the terms with lowest power of a for a given power of the density. The second term will make this
clear. From the evaluation of the first term [Eq. (15)7], we see that the relevant quantity is ¥ ) *¥ (»). We write it
out in full detail for n=2:

U *({rei}) ¥ 2 ({rei})

eikrn e—ik"al eikr;z e'—"l:kre2
— 1_ a a—ik-rd lr eik-rsl_I__ e—-ikorgz_I__ eik-r,z

7el 7el 7e2 7e2

1
+a2[ (eikrlze—ik-regeikre1+e—-iknzeik-teze—-ikrel) + (eiknze—ik- rneikrez_l__ e—iknzeik-rele—ikrez)
Y127 e1 7127 e2

ik ik
+__(eikrsle—ik-r91_ e—kTeleik'fel) _I____(eikrgze—ik- Te2 e-ikrezeik-rez)

7e1 7 e2
1 1 1 =
+ = ’ (eikrﬂe—ik-nze-—ikrez_*_e—ikreleik-rmeiknz)"
7el® 7' Terren

2 2 2
+as[_ ___(6ikne—ik-r1_l_e——ikneik‘n) +_ __(eikreze-—ik-rez_i_e—ikrezeik-rez)

7el ¥ e2
2ik 2ik
+ (e—iknze—ikreleikt Te2 . eik rlzeilcrele—ik- rgz) + (e—iknze—ik Te2eik' Tel__ eiknzeikreze—ik-rgl)
7197 e1 Y127 e2
— (eik-nzeikrm_l_e—ik-rlze—iknz) — (eik-r1ze—iknz+e—ik-r12eikn2)
7127 1 7127 62

(eikrlzeikre1e—ikrez+e—ikrlze—ikrgxeikrez_l_eikrme—-ikreleikrgz_l_ e—-iknzeikrgle—ikuz) }_{_ cee (17)
7127 ¢17 2

where we have stopped at the ¢® term since the next higher power is contributed to by p-wave scattering. In order
to see what is going on, we calculate the diagonal matrix elements of e ##® using Eq. (17).

(r|eFT®]r,)
A2R2
= f%m*‘hm exp(————é—)dk )

(2r)312 @ rksin2kre  ksin2kre NR?
= [ e
0

A3 71’ 72’
®© 2k sink(ra+7riat7e2) k2 cos2kr. k2 cos2kr.s N2k?
“+4mra? / I: - } :l exp(———)dk
0 7ol 197 o2 71 70 2

© 2 k3sin2kr,y 2 k3sin2kr.e k2 cosk(rat712F702)
+47ad / l:— } 4
0

712 3 1’ : Te17197 e2

k sink(2r 1+ 2r12) k sink(27 .2+ 2712) A\2k2
- ] exp( )dk ,

7 o1%r12® 7e2%712%



A 1364

(27)213

2 5}
—47ra2|:
Fer19¥ e2 O(Fert+710+702)

1 92

63

2 ) >\2k2
—|—47ra3|: / c0os2kr oy exp<—~——>d/e+
3ra? 0(2r.0)% /o 2

4 9*

1 a3 " A2%?
+41ra|:——— — / COS2k7 o1 exp(-—-—)dk-{—
A3 7e1? 6(21’01) 0 2
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1 a b 22
/ C0S2k7 o2 exp(—— )dk]
”622 6(27’&2) 0 2

© A2%k2
/ cosk(r a+r12+7.2) €xp _“‘“>dk
2
0

© A2 1 9? ® A2k2
+ / COS2k7 o1 exp(————)dk-{——— / Cos2kr .9 exp(———)dk-J
72 0(2r.3)2 J o 2 7ea? 0(2762)2 /¢ 2

2 o3 ® A\2k2
— / COS2k7 o5 exp( — )dk
3re22 6(2782)3 0 2

- AZ? 1 P
= / COSk(rel_,—rIZ'}-reZ) eXp(*_2—>dk+
0

Ye1712% e2 6(7’314‘712“}‘%2)2

)\2k2

1

7e1*r12% 9(27 a4 2712)

X / cosk(27.1+2712) exp(————é—>dk+
0

1 1 a
— (27)3/2l_+f[___

(2731)2 1 9
exp(— >+—~—
2 ALra? 9(2r0)

22

€x
7’022 6(21’92)

d ° A2k2
/ cosk(27 0+ 27r12) exp(————)dk:l
7eo?r102 9(2r0+2r12) J o 2

o(-50)]

aZ
-

a? 2 ]
__[ ex
NLreriores 0(rertrietres) 222

(rertrietre)? 1
o~ )

(- 50)

l 7’612 6(21’61)2

1 9 (27,2)2 ar 1 ] (27 1+ 2r12)?
e S22
7‘622 6(21’92)2 2)\2 A 7’g127’122 6(21’31—{— 2712) 2A2
1 9 (27 50+ 2715)2 4 92 (Fertriatra.)?
+ eXp(— >+ p<-— )
762°712% 0(27 9+ 2712) 2)\2 Ter¥ 197 e2 O(7 1710+ 762)2 222

2 a3

|
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The first thing we notice about this expression is that
the exponents of Gaussians are all sums of coordinates
and never differences. The differences are all cancelled
out when the angular integration of dk is performed.
This is to be expected since, for large distances from the
scattering centers, the matrix element should look like
one from a single-scattering process. The next thing is
that it would obviously be extremely convenient to
have a simple notation for the above terms. This can be
done easily in the following way. We draw a solid line
to represent a ‘“bond” of 1/7 between the electron and a

2 o .2 N .2
y 2 2 3
|+u<> +u© +n<> +a<> +o<>
e i . 2 e | e 2 e I
2 t
K] 2 2
13> +u2A MS.A +a°, +a3
e 2 e 1 e 1 e 1 e 2

Tie. 1. Diagrams contributing to the coefficient of p? in AF.

(27.,1)2 2
f exp( - >+ €x]
3"612 6(2761)3 2)\2 37'322 6(21'82)3

(5]} oo

a helium atom or between two helium atoms. The
number of coordinates in the Gaussian is given by the
total number of bonds in the diagram and the number
of derivatives is given by labeling the diagram with a
power of a. Thus, for the second term considered above,
we have the set of diagrams shown in Fig. 1.

When we consider the full semi-invariant, the first
line of (unlinked) diagrams is zero. This is true in
general. The second diagram on the second line is also
unlinked but for a more subtle reason. This will be
shown in Sec. VI. We are thus left with three diagrams
contributing to p2a?, which are shown in Fig. 2. These
will be evaluated later along with the diagrams cor-
responding to the general case.

Fic. 2. Diagrams contributing to the coefficient of p%3 in AF.
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V. COMBINATORICS (EVALUATION)

Before we can use the (diagram) notation established
in the foregoing section, it is necessary to understand
the algebra of operation of the original terms. In par-
ticular, we shall show that the combinatorial factor
associated with a particular term is given by the number
of ways of picking the points of the associated diagram
from N points subject to restrictions caused by the
symmetry of the diagram. In order to classify terms
according to some semblance of order of magnitude, we
first note that the terms in the second semi-invariant
look just like those arising in the classical Coulomb
problem (electron gas). This leads us to hope that we
will find terms which look like ring (polarization)
diagrams. However, we must be careful not to draw the
analogy too closely. . v

Rather than try to compute \II*\I/ as we did in Sec.
IV, we examine the coefficients 4; in the wave function.
Expanding all the elements in A4; in powers of ka, we
have from Eq. (14)

a a
1 ——eikriz . .. eikrin
712 Fin
a
—ka| ek 1 < o——gikran
TYon
a
eikerin ——etkrom. .. 1
Ton
A;= (19)
a a
1 ___eiknz e eikrln
712 ¥in
a a
—¢tkr12 1 .. eikren
712 Fon
a a
__eikrln _eikrzn RN 1
T1n 712

Now, there are two types of terms which occur in ¥*¥,
namely, terms which arise from the cross product of the
plane wave and a spherical wave and terms which arise
from the product of two spherical waves. Since we are
looking for terms in which the exponential is the sum of
all the coordinates involved, it is only necessary to look
at the first class or what we shall call plane-wave terms.
The second class of terms must necessarily contain at
least one coordinate in the exponential which has the

n-1 3

F16. 3. Diagram for Eq. (21). n 2
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5 4 ]
4 3 4 3y ,' 25 4 '}
5 2+ 2;1: + +3
. , . AR ~
o ! . ~5 e Ioe | 3 el 2

F1c. 4. Diagrams contributing to the coefficient of p%a® in AF.

opposite sign from the rest. Again, the n=2 te’nin will
make this clear. Upon examining Eq. (17) agaln and
performing the angular, integration of. /'dk, as in Eq.
(18), we see 'that the only contributing terms ate the
plane-wave terms. All other terms cancel those parts of
the plane-wave terms in which the argument of the
trigonometric functlon is not posmve deﬁmte (or' nega-
tive definitive).

From the above argument and the semi-invariant
theorem, we can find the terms of lowest order (i.e.,
lowest power of @) in ¥ (,)*¥ (). We first note that the
semi-invariant theorem ‘tells us'that in order for a term
in ¥u*¥ @,y to contribute to the trace (average), i
must contain all # coordinates. Because of the structure
of the coefficients A; as ratios of determinants, the
lowest power of ¢ to contribute will be ¢” and this will
be obtained by making a “ring” in the determinant in
the numerator, that is, for example, the term

eik-ugan eikrd
¢ ikeratcc,, (20)
723734° * *¥n1l Vei
which leads to the term in the trace of
1 d 52
pnan/..-/ _ —eXx p(.——) H dr'
Te1712723° * *Tne OS 222/ =1
=(diagram in Fig. 3), (21)

where s=7,+712+F7235+ - 74, As mentioned before,

! %93 %4 95
ikr .
en 2 924 925
923 ! 934 935
LY P a a @
24 34 945
ik-r
e 15 u25 u35 045 @

%5
%2 ® 923 924 %5
93 923 ! 934 ,
%4 P : ! LY
%5 925 935 945, !

Fi1G. 5. Schematic representatlon of the algebraic term represented
by Fig. 4(c). Factors in the term are circled.



A 1366

@ a2 a3 a4 a5

LY P @

923 924 925
ik-r
e B g23 @ 934 935
oM Mia  apg a3y O 945
4 >5
ik-r
e 15 95 935 aus O
=>
! %2 94 s

924
934 %5
034 I

I

(2)

%4 924

95 925
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@ 92 93 %4 95
ik-r

e 12 @ 923 924 925
ik-r

e 13 923 ® 934 935

ik-r
e 14 dog d34 1

LT azs

95 @

(b)

%5 925 935

F16. 6. Schematic representation of two irreducible terms contributing to the coefficient of p%a8. Factors in the terms are circled,

for the case of =2, this term is cancelled by the full
semi-invariant expression. (See Sec. VI.) The diagrams
shown in Fig. 4 contribute to the coefficient of ¢»*'.
Figure 4 shows the case =35 with the obvious exten-
sion to any #. These diagrams arise in the following
way. (a) comes from taking a ring in the numerator
and one power of k¢ in the denominator. The rest of the
diagrams are formed by taking the appropriate ring in
the numerator given by the part of the diagram con-
taining the electron and a ring in the denominator
given by the other part. For example, the term con-
tributing to (c) is shown schematically by Fig. 5. All
these diagrams are linked. Diagrams which are unlinked
are zero because of cancellation between numerator and
denominator. For example, the term given by Fig. 6(a)
cancels the term given by Fig. 6(b) since they occur with
opposite signs. This is obviously true in general. It re-
mains only to find the combinatorial factor associated
with each diagram and evaluate the most general type
of integral in order to obtain an answer. By examining
the determinants again, we can easily determine how
many ways we can form a given term. This is the com-

nim-1

F1c. 7. Typical diagram
+1  contributing to the coeffi-
cient of prtmgntmti,

binatorial factor. We find this in general for a diagram
containing an electron loop with # vertices and a second
loop with m+1 vertices as shown in Fig. 7. Such a
diagram contributes to p™tma"*+m+1. Referring to Eq.
(19) for 44, we see that the number of ways of obtaining
iy [ORe)
while the number of ways of picking the appropriate
loop in the denominator is (#—1)(m-1)!. Combining
these, we get (z—1)(m-+n—1)! for the total number of
ways of obtaining the diagram in Fig. 7. Now, there are
n+m plane-wave terms coming from the n-+m co-
efficients 4; and a factor of 1/(n+m)! which comes
from the (#-+m) multiple summation over all N helium
atoms. This is actually the number of ways of picking
n~+m helium atoms from N helium atoms, that is,

_N(N— HWN=2)---(N—n—m)
- (n+m)!

an “n” loop in the numerator is (

$1<12<43<+ » ~<in+m
Nn+m
(n+m)!

Consequently, the combinatorial factor for the diagram
is #—1 or the number of ways of attaching the helium
loop onto the electron loop. For a single-loop diagram
with » helium atoms, the combinatorial factor is clearly
n since this is the number of ways of picking the extra
ka in the denominator.

Evaluation of the integrals poses a more difficult
problem. In the first place, the contribution of each

(22)
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‘nim

Fic. 8. Diagram for Eq. (23).

»

diagram in a given order p"a™*! is clearly proportional
to A2*1, If we look at the whole series, we now have an
expansion of the free energy in powers of 8 or 1/kT.
This would be highly undesirable since we are interested
in the low-temperature behavior of the free energy.
However, it is to be expected that analytic continuation
of the series would yield an expression which is valid in
the low-temperature region as in the classical Coulomb
problem with a cutoff which becomes infinite.

Referring to Fig. 4 and generalizing to the Nth term,
we see that the following two types of integrals must be
evaluated:

1
(Diagram in Fig. 8)=/- . / -
712723° * *¥ntm1

92 §2\ n4m

X— ex p(———) II dr; (23)
0s? 222/ i=1

and

1
(Diagram in Fig. 9)= / ces /
712723 * a1’ 101" * *Tniml

a S n+m
X— exp(—~———) 11 dr;,
as 222/ i=1

(24)

where s in both cases is Y 7. Actually, it is not neces-

] / 712723°

S2
b l-Dfr-2 -
N1 as 22\ i=1 712%23°
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nfm
n
Fic. 9. Diagram for . ! )
Eq (o). ol nt2
n+l
3 2
sary to evaluate Eq. (24) alone but rather
/ /7‘127’23 Tutling1t " "TN1
<] s?
X— exp(——)H dr;. (25)
as 2)\ =1

As shown in Sec. VI, the sum of Egs. (23) and (25) is
zero. Thus, the only term contributing to the free energy
from s-wave scattering including all multiple-scattering
effects is 2mwpa(%?/m). This is also the ground-state
energy for the system.

VI. INTEGRATION (EVALUATION)

We have to evaluate the integrals of general form
represented by

52
/ / - eXp(——)II dr;, (26)
719723 - *TN1 0S 222/ i=1
[ o
—-——exp(————)n dr;, 27
719723° * “7N1 9s? 02/ i=1 @7
/ / 712723° * *Tn1¥1n41° * fn+m1
A n+m
X— exp(—-—) IT dr;. (28)
as 222/ i=1
The integral of Eq. (26) is first rewritten as
32
exp(—-§>dr12dr23' . dl'N_1N y (29)

where we have gone to relative coordinates in the integral and € is the volume of the system. The integral is now
evaluated using the Fourier integral theorem by “opening” the ring at one point, taking the Fourier transform

and integrating the Fourier transform.

s s?
/- . / _ exp(————)drmdrzg- .
712¥93° * *TN1 2\2

-dry_iv

1 s ST\
—_— / e / _— exp(———)e*k"f"'ldrlzdrzg veo dI'N_1Ndl‘N'1dk
3 712713 * "YNN’ 22

(477)1"
8nd
)

8rd

/ Ik N)dk,

s2
/ Py / / sexp(--5)\—> sinkrys sinkros- - - sinkry_1w sinkryy-driadres- « - dry_1ndran-dk

(30)
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Let us now examine the multiple integral ¥} for N=2 and 3.

1 ® e (1’1+1’2)2 . .
I =— / / (r1itr2) exp(—- ) sinkry sinkrqdridrs
k2Jo Jo 22

1 © rs 32
~——2 / / s exp(———;) sinkt sink(s— f)dtds
s exp| —— )[[cosk(s— 2t)— cosks ]dtds
el [ o5 ]
1 r= s sinks
=— s exp(——)l: ) cosks:|ds
2k%J 2\? k
171 a9\ [® s?
(———-—) / s exp(———) sinksds
2k2 k ok 2\

(27r)1/2 3 B2\
(2) -
(=), 2

where we have changed variables to s=71+7, and #=r;. The polynomial operator f®*(k,d/0k) is defined by Eq.
(31). To evaluate I®®, we change variables to s=7147s+473, t=71+72 and =71 and find

(2m)u2 9 k2\?
1‘3)—)\3———_7’(")( )k exp(—-——) , (32)
2 ok 2
where
. 1,3 39 o0?
8= —_———— . 33
/ 8ks<k2 k 3k+ 6k2> =
Clearly, ™) can be written as
(2m)12 B2
I =)\¢ ™k exp(—-—z—) . (34)

Rather than evaluate the coefficients of the polynomial operator f®, we only have to evaluate the result of
f@ acting on k& exp(—k2)\2/ 2). To do this, we write

a k22
o0k exp( i/ 2)= =0 exp( )

1 2 9 [® s?
=——X fA— exp(—-——) cosks ds
A2 ON2OVE ok 2N

2 - © ST\
_>\3(21r)1/2f /; s exp(—;;) sinks ds

2 1 s? N
= / s exp(———) sinkry sinkry- - - sinkry I] dr1
)\3(2.”)1/2 Iy N2 i1

s2 d
= - / / s exp(-————) sinkry f(N—l)(k,—> sinks’dryds’
NQm)YV2R S Jo 2\? ok
2 1 d ® e s?
= lim —f (N—l)( ,——> / / s exp(————) sink’ry sinks’drds’
)\3(211-)”2 bk ! ok 222

2
N(2m) Uz Bk v b, e

X 3 cos(ks— (k+k')r)— cos(ks—+ (k' —k)r) 1dr ds
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2 1 a\ r® 52 1 '
= lim —f&—1 (k ) / s exp(———) (k sink’s—k’ sinks)ds
)\3(27r)‘/2 K=k ! okl J o 2N k2—F'?
2 1 a 1 “ (V] a 52
= —f¥-D (k > f [k' — cosks—k— cosk’s] exp(———)ds
)\3(27r)”2 ""”‘ 4 Ak/k2—E2 ), ok ok’ N\ 262

i L D) e 2 2]
= lim —f= — exp{ ——— )—exp| ———
Kk Bt "ok) B'2— P2 2 2

kzv\n exp(— (k'2— k“’))\“’/Z)]
= lim fOV-D( &, )k ex (———— 35)
v ( ) T\ ) o (
Now define
9 kz)\z\ [1—exp(—(k'2—E2)N'2/2)]
T (kR AN) = <N—1>(k )k ex (———— : 36)
/ PYARANPY. B2— 2 (
then
aJ 3 —R(\2—\"2) — B\
—)\’f(N—l)< )k exp( ) exp( ) . (37)
N ak 2 2

Clearly, f® acting on k exp(—k2\2/2) yields a polynomial of the form

N Az(n—l)

a =P (2 \2)
n=1 k (N—n)

times exp(—k2\%/2). Therefore
) EA(A2—)\"2) B2\
hm T (kE s NN )—hm[ A’f‘N‘1)< k)k exp(—————z———) exp(—— )d)\’
0 2

)\’ —»)‘

A kZ)\2
=f NPA=D(E2 \2—)\'2) exp(———)d)\’
0 2

:Q(N_l)(kz,)\z) exp(_kz)\Z/Z) , (38)

where Q) is also a polynomial with IV terms. But Q@1 must be equal to P®; therefore P™ can contain only
one term and from P®, we see that this term is the highest power of A2, namely, axA\2¥—0, From Eq. (38), we
immediately get the recursion relation

an=>1/2(N—1))ay_, (39)
so that we have finally
k2>\2 )\2(N—1) kz)\z
lim J™(kE ;NN )= Mk ex <—~——) =———¢X (—~——~) , 40
K=k ! P 2 25 1(N—-1)! P 2 (0

since a;=1. Returning to Eq. (29), we have

ST\ N Q (4m)V
/ / - eXp(———>II dry=—— / IN(k\)dk
T1are3c * *7N10S 222/ i=1 A2 873

Q(47r)N (27,.)1/2 N2 (27)302

A 8% 2 2¥UN—1)I A3

A2(N—2)

=—Q(27)N-1

Tt (41)
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Finally, we see that the diagram in Fig. 10 takes the form

n-1|

nan)\Zn
(=1)"(2m)"
Fic. 10. Diagram for " n »
Eq. (42). (—2mpar2)™
__T
e ] 1 .. L]
=—(C 1)
n!
N
= Z <fn><f12> <f1n> (42)
11<i2<<43

Thus, the term represented by Eq. (42) is unlinked and the full semi-invariant expression is zero. We now turn to
the integral of Eq. (27). It is first rewritten as

92 52
[ J e e
r19723° * *TN1 OS2 2\2
1 52
[ i) e
Figrez® -+ -7N1 N N2 2\2
1 a 1 SI\ N
=_[)\__ / . / exp(————)n dr;— / / exp(———) dr{l
h X BN T12F23° TN e=1 712723 2\%/ i=1
i)
()\——— 1)/ ] exp(——)drudrgg dl'N_lN
712723" 2N?

(2N—4)Q 1 s
_— / .. / _ exp(———)drlzdrz3' - +dry_v. (43)
A 719723° * ¥N1 2\2

The integral is now evaluated as before by opening the ring at one point, taking the Fourier transform and in-
tegrating the Fourier transform.

1 52
/' .. / _— exp(————)drmdrzg' cedryN_in
719723" * "TN1 22
1 1 s?
T g / . / P eXP(——>eik'rN'1dr12df23' - «dryydk
s 719¥23" " *TNN' 2\2

1 1 s?
EESp f . f —_— exp(--)gik'nzeik-rzs. . -gik'tNN'drmdr23. . 'drNNfdk
s T1a¥23° * VNN’ 2\2

(41r)N s?
/ / / exp(——) sinkris sinkrag- « - sinkryy+driadres- - - dryn-dk
2 222

8nrd

(4 )N | & 52
/ f >< ) / exp(——) sinksdsdk
8l 6k 2\2
= A expl ——— exp| — |dx
83 / P 2 /g P 2

)V
() A / T (kN)dk. (44)

8xd
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To find J™(k,\), we use the following trick: First define

a k2 kN x?
J(N)(k;k,)\’)-—-f(m( 6/e) exp(—ﬁ)/ exp(—z—)dx; (45)

LNAGH f<N>(k d )k ( k2()\2—)\/2)>
= ,-—-—- ex _—
N ok P 2

()\2___)\12)N—1 kz()\rz_)\g)
= exp(— ) .
28N —1)! 2

then

(46)

We cannot simply integrate Eq. (46) to obtain J®, However, since we are only interested in /'JMd3%, we do
this first.

/]“") (k,k)dk=/ xhni T M (k5 \N)dk
N T
- [ [
0 N

A A
= (21r)3l2——————-()\2—)\/2)N“5/2d)\'
/0 28-1(N—1)1

(202 (QN—5)@N—7)-+-3X 1
v N —1)1 (2N—4)(2N—6)---4X22

(47

Thus, we have

52 Q)\2N—5(4W)N (27,.)3/2
—— exp 11 SON=39)@N=T)+ X3X1. (@)
719%23° * *TN1 632 2}\2 e=i 22N—4(N— 1) Y(N—S) I 8

To evaluate the integral of Eq. (28), we use the same kind of trick.

1 (9 S2 n+m
/- . / ——exp(-————) II dr;
719793° * *Tal¥1nt1" * *VYngm1 OS 20 e=1

gl : ()
— N s exp| ——
(87['3)2>\2 ¥12723" * “Tun'Vin41" * *Vntm(ntm)’ 2\2

X ekt 163t wtm) 11y - + - Al A inga- *  Anyom (npmy -kl

Q(4r) 1 e g g .
=— <o+ | sexp| ——— ) sinkria: - - SINE7 0 SINE7104m SINEZ ppm (0t
(879)2\2 e )y g 2
Xd7'12' * ’drnn’d71n+1’ * 'd7n+m(n+m)dkdk’

Q(47r)n+m+l
= Ton / / f(n)( ak) f<m+1)(k' k) / / exp(———-) sinkry sink’redridrsdkdk’
T ok’

S2(47r)"+’”+1 >\3(21r)1/2 kR exp(—k2\%/2) (k'z——kz))\“’)
= (n) (mt+D) [ B 1— ———) |dkdk’
(87%)°\2 / / / ( 6k>f ( ak) B g2 [ P ( 2 }

9(47‘.) ntm+1 )\3(27,.)1/2

= f / Hmm (1 \)dkdK (49)
(87r3)2)\2

Il
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using Eq. (35). Again define

] d BN\ [1—exp(— (B'2—E2)N'2/2
[](n,m+1)(k’k'; )\,)\/)Ef(n) (k;_)f(mﬂ)(k,,——)kk' exp(———\[ p ( ) / ):]
Ok ok’ 2/ Br—k?

and take the derivative:

oH 3 P B2\ B2\ —\?)
~——=)\’f“‘)(k,—)ﬂ"”’”(k’,-——)kk’ exp(—— ) exp(——>
N ok k' 2 2

NEl(\ 22— \2)m O EA(A2—\"2)
I ol ) 25
2

- 2ntmt (. —1) Iy | 2

using Eq. (40). As before, we integrate on % and &’ before integrating on \’. This gives

N QH (kR AN
/ HkE 5 \)dkdk = / [ —— 7 ikdkdN
0 N’

N 873
=/ ____—_____)\/2n—4()\’2_)\2)m—3/2d)\’
o 27tm=1(p—1)lm!

SN2 (nFm)—6

w2
_— (sin)274(cosh)2™~2d6 .
2ntmtl(y—1) by | /0

Rather than evaluate this integral alone, we evaluate
N-1
> (n—1)H@N+1=n)(k k' \)dkdk’
n=2

as given by Eq. (25).

N—1

> (n—1) | HeN+H=0(E ks \)dkdk’

n=2

8rINN—6  rr2n_1 (p—1)(N—1)!
/ (sin?0) »2(cos) V-1
0

o=ty i (= 1) (N —n)!

8r3\N—8 w2 1 9 nN-1/N—1
= / ( )(sinzﬂ)"—l(cos20)N‘"d0
w-y(N—1)1 /,

cos?0 9 sin%f n=2\n—

8773X2N_6 /2 1
NIy —1)1 /o cos?0 @ sin

8rIN2N—6 T2
=—(N— 1)/ [1—(sin20)¥-2]d6
2NN —1)! o cos? :
8r3\2N—6 /2
=——(N— 1)/ [14-sin?0-sin%6+ - - - (sin20)V—37]d6
281 (N —1)! 0 !

RSl (2n—1)(2n—3)>("'>(3>(1'1:|t
wW-yN—2) Lt (20)2n—2)X---X4X2 = 12
8rNN—  (2N—5)(2N—7)---3X 17
T v (N—2)1 2N-3(N—3)1 2’

[(sin%64-cos?6) V1 — (sin?) ¥—1— (cos20) V1740

(50)

(52)

(53)
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Finally, we have

N—1 1 ] 52
3 (n— 1)/. . / — exp(——)
n=2 719733" * V1l 1ny1" * *TN1 OS 2\%
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N
dl‘i

=1

QN2N=5(47) ¥ (27r)3/2

2284 N—2){(N—3)18x% 2

—(2N—5)(2N—T)---X3X1. (54)

Comparing with Eq. (48) and remembering that the combinatorial factor for that term is V—1, we see that

the sum of the two integrals is zero.

VII. CONCLUSIONS

We must now regard the above result as a theorem:
The free energy of a particle interacting with a system of
hard-core scattering centers is given in the s-wave
approximation by 2wpa(#2?/m) including all multiple-
scattering effects. To obtain a better approximation,
one must use p-wave terms in the wave function
[Eq. (12)]. For the electron in helium, the s-wave ap-
proximation is sufficient; it shows that at the appropri-
ate density,’ the free energy can be lowered by changing

6 By assuming the electron trapped in a well of depth 2mpa#2/m
and radius R, one finds easily, by balancing the zero-point energy
of the electron against PV for the helium gas, R as a function of
density and consequently the free energy of the electron at zero
degrees as a function of density. The density at which the zero-
point energy becomes less than 2mpa%?/m is about § the saturation
density at 7=4° and a saturation pressure of one atmosphere.

to a “bubble” configuration. For the problem of more
general interest, namely, the hard-sphere Bose fluid, it
is certainly necessary to include higher order scattering
terms as well as the effect of statistics although it is by
no means evident how to do this consistently. Finally,
it should be mentioned that the method used here is
just the converse of the pseudopotential method for
hard spheres since we are replacing a potential-scattering
problem (with a given s-wave scattering length) by a
boundary-value problem.
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