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In connection with the problem of combining the relativistic invariance and internal symmetries, it has
recently been shown by McGlinn and others that the mass splittings within a spin-degenerate multiplet are
not possible via a theorem that states that, if an internal symmetry group commutes with the homogeneous
Lorentz group, then it must commute with the translation group. Rather than considering the two subgroups
of the inhomogeneous Lorentz group separately, if we consider the invariants of the whole group we find that
it is not the generators M ,, but rather the pseudovector w,==%e,nM" 7 that is related to the spin of a
particle. We show that if the set of generators of an internal symmetry group (assumed to be simple) com-
mute with w,, then they have to commute with every generator of the inhomogeneous Lorentz group.
Thus, the mass splittings are not possible. A few related theorems are also derived.

I. INTRODUCTION

HERE have recently appeared several paperst
concerning the possibility of combining the
inhomogeneous Lorentz group L and an internal
symmetry group .S into a larger invariance group G
such that the mass splittings within a multiplet of
particles are the manifestation of an exact invariance
under the group G. Since the particles in a multiplet
have same spin but different masses, the group G which
contains the groups L and .S as its subgroups must be
such that the generators of S commute with the
generators of L that are related to spin, but do not
commute with the generators of L that are related to
mass. The group G must at least be larger than a direct
product of L and S.

However, McGlinn? has recently shown that G in
fact can only be a direct product of L and S under such
conditions. Under the assumption that the group G
has a Lie algebra® G whose elements can be linearly
expressed in terms of the elements of the algebras L and
S, he has proved that, if all elements of S commute with
the homogeneous Lorentz algebra (spin degeneracy),
then they have to commute with the translation algebra
(mass degeneracy). It has been further shown*¢ that,
if only a complete set of commuting elements of S
commutes with the elements of L, the same conclusion
is reached.

That a nontrivial coupling of L and S is at least
mathematically possible has been shown by Sudarshan.”
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Under an assumption® that only one element of S
commutes with all elements of L (corresponding to the
existence of at least one absolutely conserved quantum
number, namely, the electric charge), he has proved
that the algebra G is a direct sum of .S and L, where L
is a sum of L and a certain linear combination, which is
isomorphic to L, of the elements of S. He has further
shown that, however, if only the unitary representations
of G are considered, then L becomes identical with L
and G=L®S.

As is well known, the handling of the translation and
the homogeneous Lorentz group separately may be
misleading since the two invariants which can be con-
structed out of M, namely, M ,,M* and emn.M* M,
have no clear physical meaning and, furthermore, are
not invariants of L since they do not commute with p,.
When the (proper) inhomogeneous Lorentz group is
considered as a whole, there are in general four in-
dependent scalars®:

bup*, waw*, vk, vk, (1)

where
v=Mup, (2)
0= b7 3)

Of these, the last two do not commute with p, and only
the first two are the well-known invariants of the group
L which are related to the mass and spin of an elemen-
tary relativistic system. The w,’s satisfy the commuta-
tion relations

(M s wo =15 (8y0wu—8,0ws) 4)
[meV:I= 0, (5)
[Wwy = iemowp”. (6)

In this paper, we investigate the consequences of
replacing the generators M,, of the homogeneous
Lorentz group by the pseudovector w, in the require-
ment of spin degeneracy of a multiplet. Keeping the
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assumption that the algebra G is linearly closed under
the algebras L and S, we show that, if the set of gen-
erators of S commute with w,, then they have to
commute with every generator of L. Thus, the algebra
G is a direct sum of the algebras L and .S, and no mass
splittings within spin-degenerate multiplets are possible.
We further prove a few theorems that show that the
same conclusion may be reached under much (math-
ematically) weaker conditions.

II. THEOREMS

Lemma: Let S; be any generator of an internal
symmetry group S. If

[Siawﬂ:l =0 (7)
for all ¢, then
[Sipu]=0 ®
and
[ShMMP] = ; biw')\P)\ . (9)

Proof : From the definition of w,, (3), the assumption
(7) can be written as

EU[[I’)\[S’I:;M/.W]P)\+ eﬂMVXMﬂV[Sin)\] =0.
By hypothesis, we can write most generally,

[Supul= %: az‘uxPH‘Zﬂ QiwapM aﬁ+Zk: @3St
[Si;MMv:':Z biuv)\Pk‘*—Z biuwxﬁMaﬂ‘i'Z bipkako (11)
A af k

()

(10)

Substituting (10) and (11) into (7'), we see that the
assumption (7) involves a linear combination of
bilinear products of the generators p.p,, M ..M as,
Mpr, Sipu, and S;M,,. These bilinear products are
elements of a tensor (enveloping) algebra of the original
Lie algebra G and they are linearly independent by a
theorem concerning an enveloping algebra of a Lie
algebra.® From the linear independence of these
products, we see immediately that

(12)
(13)

a,-,‘k=0
and
biwi=0.

From (5), (7), and (10), we have
[wx, [Si,pull= =1 X Gipap(@prwa—damws)=0  (14)
af

and

(15)

Qipaf= 0.
Likewise from (4), (7), and (11), we have
[ox, LS M u]l=—1 2 biwaps(3srwa—0barws)=0 (16)
af

10 For the definition of a tensor algebra of a Lie algebra and the
linear independence of products of the generators see, for example,
N. Jacobson, Lie Algebras (Interscience Publishers, Inc., New
York, 1962), pp. 155-156. More generally, this follows from the
Poincaré-Birkhoff-Witt theorem concerning the universal envelop-
ing algebra of a Lie algebra. (N. Jacobson, ébid., pp. 156-163).
I am grateful to Dr. F. Coester and Dr. W. D. McGlinn for their
communications bringing the Poincaré-Birkhoff-Witt theorem
and its relevance to my attention.
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and

(7)

The result (17), namely, that [.S;,M,,] does not contain
M .g’s, then yields, by the linear independence of the
bilinear products,

b'iuvaﬂ= 0.

A\ = 0. (18)

Thus, we have proved that
[Sipu]=0, (10"
(11)

[Si;Muv] = ; biuvk?)\ .

It should be noted that this Lemma is proved for a
fixed element S; of the algebra S. No properties of the
group .S have been used in the proof. From this Lemma,
it is now easy to prove the main theorem.

Theorem 1: Let S; be the set of generators of an
internal symmetry group S. If S has no Abelian factor
groups and if

[Siws]=0 (19)
for all ¢, then
I:Si’Pn]= 0 (20)
and
[SiMuw]=0. (21)
Thus,
G=LO®S. (22)

Proof: The first part of the theorem, (20), follows
trivially from the Lemma. Now from (10’) and (11’)
(in this case, the index ¢ is not fixed), we have

[[S:,S;], Mw]=0. (23)

Therefore, if the group S is such that every element .S;

can be expressed as a linear combination of commutators
[S;,Sk], then

[SiM,]=0. (24)

The groups which have the said property are shown
to be those groups with no Abelian factor groups and
this includes the class of semi-simple groups.!! The
equations (10’) and (11") show that, even for those
cases in which .S’s do not commute with M ,,, they may
still commute with p, leading to no mass splittings.
This supplements the McGlinn theorem.?

We now prove that the conclusion G=L®.S may be
obtained under much (mathematically) weaker assump-
tions. It will be shown that it is sufficient to assume
that a complete set of the Cartan subalgebra commutes
with w, and still further that, provided only unitary
representations of G are considered, only one member of
the Cartan subalgebra commutes with w,. To this end,
we first derive the following theorem:

Theorem 2: Let the Lie algebra .S be simple and H;

be a member of the Cartan subalgebra. If
[H1,ws]=0 (25)

11 See remarks following Theorem 1 in Ref. 5.
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for all ¢, then

[Hl:Pu] =0 (26)

[H3,M]=0. @7

Proof: For a simple Lie algebra S, there exists a
Cartan-Weyl basis H;, E, such that

and

[H,H»]=0, (28)
[Hl:Eu:|= "1 (a)Ea ) (29)
[Eo,E-a]= ; ri(e)Hy, (30)
[Ea,Egl=NagEars; n(a)+r(8)#=0. (31)

The proof here follows closely those of Refs. 5 and 7.
From the Lemma, we have

[Hy,pu]=0, (32)
[HlyMw'] = ; blnv)\P)\ . (33)
Let us write
l:Ea,Pcr:|= % CadﬁE6+Z CaamHm""L;, CaaAP2
+> CaouM . (34)
Since
[, [Eoofv-_-” =n (a)[Ea:ij ’ (35)
it follows that
ZB Cmfﬂ{rl (Cl) —n (ﬁ)}Eﬁ—l_Z 71 (a)cavam
43 71(0) CaopM w3 {71(@)can
uy A
(36)

- Z Caauvblnv)\}P)\= 0 .
"7

For those E,’s for which 7:(a)7#0, comparing coeffi-
cients, we obtain

[Ea,p¢]=§ Caspd{r1(a)—71(8)} Eg. (37)

If, on the other hand, 71(a) =0 for some E,, we can find
B and v such that 7:1(8)= —7r1(y)5%0, and using (31),
we have

Nﬂv[EaaP-r]= [Eﬂ) [E'y,PV]]"i" [[Eﬂapﬂ':]) E‘Y] . (38)

Using (37) for [Es,p.] and [E,,p.], since 71(8)#0 and
r1(v)5%0 by construction, we can deduce a general
expression

[Bape)=2 Caopd{r1(@)—71(8)} Ep
+ X Carmd{ri(@}Hm. (39)

Considering the Jacobi identity
[Hl) [Eaale]] =71 (a)[:EaJM#V:l+; bllﬂ')\[EmP)\] ) (40)
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together with the expression (39) and the expansion of
[Ea,M,,] similar to (34), we can deduce that generally

[Ea’MMV:]=§ danvﬂ5{7'l (Cl)'—h(ﬁ)}Eg
+Z danvma{rl(a)}ﬂm. (41)

Now, from the identity

[I:Ea,E—a:Iy MI-W] = ; rl(a)[leMuv:l ’ (42)
we can then deduce that
b1n=0. 43)

Corollary 1: Let the Lie algebra S be simple and H; be
the complete set of the Cartan subalgebra. If

[H z,w,]= 0 (44)
for all o, then
[Hl:?nj= 0, [HhMuV]: 0 (45)
and
[Ea’puj= 0, [Ea:M m'] =0. (46)
Thus,
G=L®S. 4n

Proof: The first part (45) follows trivially from the
Theorem 2. The second part, (46), follows from the
first part by the Theorem 2 of Ref. 5 (also Refs. 4 and 6).

This corollary, of course, covers the Theorem 1
above, but it serves to show that the assumption (19)
may be replaced by the assumption (44).

As mentioned earlier in the Introduction, if only one
element of S commutes with all elements of L, then
G=L®S, provided one restricts oneself to only unitary
representations of G. Since no generality is lost by
taking the one element to be Hy, Theorem 2 directly
leads to Corollary 2.

Corollary 2: Let the Lie algebra S be simple and H,
be a member of the Cartan subalgebra. If

I:ngwa] =0 (48)
for all ¢, then

G=L®S, (49)

provided only unitary representations of G are con-
sidered.”

The results of this work, along with those of other
authors mentioned above, show extreme difficulties
encountered in an attempt to combine the space-time
and internal properties of the members of an internal
multiplet.
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