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Collective Excitations in the Zirconium Isotoyes*
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(Received 9 December 1964)

Angular distributions have been derived for the scattering of 43-MeV alpha particles by Zr", Zr", Zr",
and Zr". Angular distributions for elastic scattering for the L= 2 transitions, for the l =3 transitions, and for
many other peaks are presented. The collective excitations in Zr ' and Zr' are quite similar, and resemble
those of the Ni and Zn isotopes. However, the l=3 transition is more prominent than the l=2 transition
in all four zirconium isotopes.

INTRODUCTION

A PREVIOUS study of inelastic scattering from six
even-even isotopes of Ni and Zn revealed inter-

esting and unexpected relations among the various
peaks seen. ' In particular, in-phase peaks were seen in all
six targets at slightly more than 1.5 times the energy of
the collective 1=3 level. Peaks were seen at an excitation
energy close to the sum of the excitation energies of the
collective octupole and collective quadrupole levels.
Peaks believed to arise from the excitation of two 1=2
phonons were seen in all the Ni and Zn isotopes. In the
even-even Ni isotopes the angular distributions of these
two-phonon groups reached maxima about 0.2 cycle
later than did the elastic-scattering angular distribution,
but the two-phonon groups in the even-even Zn
isotopes reached maxima 0.2 cycle earlier than elastic
scattering. These similarities raise the problem of
whether or not such nuclear-reaction systematics might
also be found in a widely different region of the table of
nuclides. The Zr isotopes seemed an interesting locale in
which to study this problem, since the vibrational model
is often applied to Zr" and Zr" while Zr" exhibits some
of the features of a closed-shell nucleus. In particular,
Zr has a 0+ first excited state, and its first 2+ level is at
a much higher excitation energy than the first 2+ levels
in Zr" and Zr '. On the other hand, Zr" and Zr" have the
familiar 2+ first excited levels at an excitation energy of
about 0.92 MeV.

Experimentally the zirconium region is more difFicult
than the nickel-zinc region because of the higher level
density and stronger Coulomb force, but nevertheless
many peaks were seen. These zirconium isotopes were
studied recently by Jolly, Lin, and Cohen' by inelastic
deuteron scattering. These authors found that the Blair
phase rule' is obeyed fairly well in inelastic deuteron
scattering from zirconium isotopes. This rule also ap-
pears to be obeyed in inelastic alpha scattering, except
for excitation of two-phonon levels.

The elastic and inelastic scattering of alpha particles
from Zr" was observed at angles from 17 to 47' (lab) at

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

t Now at Bell Telephone Laboratories, Whippany, New Jersey.' H. W. Broek, Phys. Rev. 130, 1914 (1963).
2 R. K. Jolly, E. K. Lin, and B.L. Cohen, Phys. Rev. 128, 2292

(1962).' J. S. Blair, Phys. Rev. 115, 928 (1959).

2' intervals. Data from Zr", Zr", and Zr were taken
subsequently at angles from 21 to 53' (lab), and also
at 2' intervals. The large amount of numerical analysis
was performed by computer techniques. 4 The experi-
mental procedure and detection methods were similar to
the ones described in Ref. 1.

ELASTIC SCATTERING

Figure 1 shows the ratio of elastic scattering to
Rutherford scattering for the four isotopes. Regular
diffraction patterns are found. The Zr" cross section has
maxima at 25, 34, and 43' (in the c.m. system). The
diffraction pattern has maxima every 9' instead of at
the 10' intervals which prevail in the Ni-Zn region.

SPECTRUM FROM Zr90

Figure 2 shows the spectrum from Zr" observed at 41'
(lab). The peak at channel 72 is due to the (n,He')
reaction. The next two peaks are probably statistical
fluctuations since they do not show up consistently at
other angles. The fourth peak is probably real.

The elastic peak at channel 188 is two orders of mag-
nitude larger than the inelastic peaks. The letter A
marks the position where the 0+ first excited state at
1.752 MeV is expected. There is no sign of this level in
any of the spectra. In the deuteron-scattering experi-
ment of Jolly, Lin, and Cohen, ' this level was assigned
an intensity equal to 1/9 of that of the first 2+ level. In
the present alpha-scattering experiment, this level has
less than 1/60 of the intensity of the first 2+ level. A
similar result is found in our unpublished data on Ca':
we have found on excitation of the 0+ first excited states
of Ca" and Zr". Hence there seems to be a rule that 0+
first excited states can be observed in deuteron inelastic
scattering but in alpha inelastic scattering these states
have a cross section too small to be observed. However,
0+ higher excited states can be seen in alpha inelastic
scattering. A well-known example is the 0+ second ex-
cited state of C".Another example is the 0+ level in Si"
at 4.97 MeV. '

Peak 8 has a Q value of —2.22+0.03 MeV and thus is
mainly due to the 2+ second excited level at 2.182 MeV

4 H. W. Broek, Argonne National Laboratory Report ANL-6718
1963 (unpublished).' J. C. Cramer and W. W. Eidson, Bull. Am. Phys. Soc. 8, 317
(1963).
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Fio. 1. Ratio of the elastic cross section to the Rutherford cross section for the four zirconium isotopes.
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rather than the 5 third excited level at 2.315 MeV. The
angular distribution is out of phase with elastic scat-
tering and has been fitted quite well by a distorted-
wave calculation done by Satchler and Bassel at Oak
Ridge. '

Group C at 2.78&0.03 MeV is the strongest inelastic
group, and is undoubtedly the collective 3 vibration.

Groups D, E, and Ii at 3.32+0.04, 3.92+0.05, and
4.42~0.07 MeV, respectively, are weak and out of
phase with elastic scattering. It is not obvious which of
these is the two-phonon group. Peak Ii lies at exactly
twice the energy of the first 2+ level. The weak group
(peak Ii') at 5.15+0.05 MeV is probably in phase with
elastic scattering.

Peak |"is a strong in-phase group at 5.7 MeV which
resembles the /= 1 and l= 3 curves calculated by Satchler

and Bassel. Peak 6 lies at exactly twice the energy of the
3 collective vibration (peak C). The next four groups
(H, I, J, and E) also resemble the (= 1 and 3=3 curves
obtained from the distorted-wave theory. The excitation
energies are 6.4, 6.7, 7.2, and 7.5 MeV, respectively.
These four peaks are not quite resolved from one
another, and one cannot be sure how many peaks lie in
this region.

The linewidth was about 300 keV in the Zr" data.

ANGULAR DISTRIBUTIONS FROM Zr"

The upper part of Fig. 3 shows the angular distribu-
tion to peak 8, which is primarily due to the 2+ second
excited level at 2.182 MeV. A distorted-wave calculation
by Satchler has given a good 6t to the data. The
calculation used a Saxon-Woods potential with a 50-
MeV real well depth, a 20-MeV absorptive well depth,
a radius parameter of 1.52 F, and a surface thickness
parameter of 0.56F. By way of comparison, these
quantities were 47 MeV, 14 MeV, 1.58 F, and 0.55 F,
respectively, in a potential well for alpha scattering' (at
the same beam energy) by Ni".

Fzo. 2. Spectrum
of alpha particles
scattered at 41' by
Zr~.
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Fio. 3. Angular
distribution for scat-
tering to the 2+ col-
lective level of Zr~.
In the lower part of
the drawing are the
upper limits. for ex-
citation of the 0+
6rst excited states of
Zr~. The curves were
calculated by the
distorted-wave Born
approximation by
Satchler and Bassel.
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FIG. 4. Angular
distribution for scat-
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lective level of Zr~.
The curve was calcu-
lated by the distort-
ed-wave Born ap-
proximation by
Satchler and Bassel.
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FIG. 7. Spectrum of alpha particles scatteI'ed Rt 41 bg Zroi.

The lower part of Fig. 3 shows the upper limits for
excitation of the 0+ 6rst excited state, and also shows a
theoretical curve calculated for this transition under the
assumption that the level represents a monopole vibra-
tion. No evidence foI' this tI'Rnsltloxl was scen Rt Rny
angle.
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FIG. 5. Angular
distribution for scat-
tering to peak 8
of ZI' Rt, Rn excltR"
tion energy of 3.92
~0.05 MeV. The
curve vms calcu-
lated by the distort-
ed-%ave Born ap-
proximation by
Satchler and Bassel.

Figure 4 shows the angular distribution to the col-
lective 3 level in Zr" at 2.78+0.03 MeV. A pronounced
dlRractlon pRttcx'D glvcs GlRxln1R Rt 24) 34) Rnd 43 ln
thc ccDtcx'-of-GlRss system. Thc dRta RI'c 1D very good
agreement with the distorted-wave calculation.

Figure 5 gives the cross section for excitation of a

peak in Zr" at 3.92+0.05 MeV (peak 8 of »g 2) &t

exhibits a pronounced diRraction eRect and a strong
resemblance to the l=2 distorted-wave curve. Peaks D
and Ii at 3.32 and 4.42 McV, respectively, have a
similar but less pronounced diRraction pattern. Peak G
at 5.7 MeV is a strong and. somewhat broad peak whose
angular distribution resembles the /=i and 1=3 dis-
torted-wave curves. Figure 6 compares this angular
distribution with that of a level at the same excitation
energy in Zr".

The peaks above 5.7 MeV in Zr'0 all seem to have an
in-phase angular distribution. It is not clear how many
such groups exist near 7 McV; better resolution is
needed to probe this region. These angular distributions
are all in phase with elastic scattering for any reasonable
choice of background level. In this regard, Zr'0 resembles
the even-even Xi and Zn isotopes where in-phase groups
predominate at the higher excitation energies.

gIRCONIUM 91

Flgulc 7 glvcs th, c obsclvcd spcctruIQ fx'oGl Zl Rt RD

Rllglc of 41 (lab). At the lower cxcltatlons, three weRk

peaks are found: peak A at 0.98+0.05 MeV (not seen
at 41'), peak 8 at 1.4&0.1 MeV, and peak C at 1.9+0.1
MeV. All three of these peaks are signi6cant in most of
the spectra and are undoubtedly real. Peak 8 is prob-
ably in phase with elastic scattering and peak C is
probably out of phase.
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FIG. 6. Angular distri-
butions for scattering
to a peak at 5.'E MeV
which occurs in both Zr~
and Zr". The experi-
mental uncertainties in
the ZrQI data are some-
vrhat larger than in the
Zr" data.
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FIG. 8. Angular
dIstrlbutlons fol scat-
tering to the trio
promInent 3=3 peaks
in Zr". The curve
was calculated for
the case of Zro' by
the distorted-wave
BoI'n Rppl oxlIQRtlon
by Satchler and
Bassel. The experI-
mental uncertainties
in the tvo angular
distributions are
about the same.
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Peaks D and E are the strong in-phase peaks pre-
sumably due to the sextet of levels produced by coupling
a 3 phonon to the -,'+ ground state of Zr". One of the
peaks is at 2.80+0.08 MeV, which is (within experi-
mental uncertainty) the same as the 3 level in Zr"; the
other is at 2.17~0.06 MeV. The angular distribution to
these levels is compared with the 3=3 distorted-wave
curve in Fig. 8. Peak E (at 2.80 MeV) gives a very good
ht to the theory. However, peak D has maxima that
consistently fall at slightly smaller angles than the
maxima from the theoretical result.

A small peak F at 3.7 MeV is seen in some of the data.
Its existence is not fully established. The broad struc-
ture seen in Fig. 7 at channel 1.08 is from oxygen con-
tamination of the target,

Peak G is from a group of levels between 5.3 and 5.9
MeV. It probably is in phase with elastic scattering. The
angular distribution is illustrated in Fig. 6.

In the data on Zr", Zr ', and Zr", the linewidth was
400 keV.

ZIRCONIUM 92

The spectrum of alpha particles scattered at 39' from
Zr" is presented in Fig. 9.

Fze. ii. Angular dis-
tributions to the 1.9-
MeV peak in Zr" and
the 1.6-MeV peak in
Zr'4. Both peaks are be-
lieved to be two-phonon
excitations. The experi-
mental uncertainties in
the Zr" data are about
the same as in the Zr~
data.

FIG. 12. Angular dis-
tributions to the 3
collective levels of Zr~
and Zr'4. The experi-
mental uncertainties in
the two sets of data are
about the same.

l.o

E

F

'I O. I

b

O.OI

IO.O—

E I.O—
a"

O. l

0 Zr l.9 MeV
92

~ Zr I 6 MIV

I I

20 40
8, ~ (aeg)

I I

20 40

OOO
0

0
tl ~

II
~ & &(i

60

60

40
O

—:10

0
80 I 20

CHANNEL NUMBER
160

IO. O

I 0—
I. p,

Fxo. 10. Angular dis-
tributions to the 2+
collective first excited
levels of Zr" and Zr~.
The experimental uncer-
tainties in the Zr94 data
are about the same as in
the Zr~ data.

92
Zr

94
Zr

2=2

Fio. 9. Spectrum of alpha particles scattered at 39' by Zr".

Peak 2 is the 2+ first excited state at 0.91~0.03 MeV.
Its proximity to the very strong elastic peak made the
derivation of its angular distribution more dificult and
less accurate than was the case for the first excited
states of the Ni and Zn isotopes. Nevertheless the
angular distribution was found and is plotted in Fig. 10,
where it is compared with the first excited state in Zr".

Two peaks were found in the two-phonon region.
Peak 8 (which does not appear at 39' lab) is a weak
peak at 1.5~0.1 MeV. Peak C at 1.9~0.1 MeV is
shown in Fig. 11.It is definitely out of phase with elastic
scattering.

Peak D, the strongest inelastic group in Zr", is the
well-known collective 3 level at 2.35+0.03 MeV. Its
angular distribution (Fig. 12) clearly shows di6raction
structure with maxima at 33, 42, and 52' in the c.m.
system.

Peaks E and F are weak. , but show up in most of the
spectra and are undoubtedly real. The energies are
3.2~0.1 and 3.55~0.10 MeV, respectively. Peak P is in
phase with elastic sca,ttering.
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In general the spectra of alpha particles scattered
from Zr'4 bore a rough similarity to those from Zr". A
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FIG. 13. Spectrum of alpha particles scattered at 37' by Zr '.

DISCUSSION

In the zirconium isotopes the strongest inelastic peak
is that of the 1=3 collective transition, whereas in nickel
and zinc the l=2 excitation always is the largest. The
cross section for the l=3 transition has the same value
(to within experimental error) in all four zirconium
isotopes. Theoretically the 1=3 transition in Zr9' should
be broken into six peaks by coupling to the ground
state, but only two of these peaks could be resolved. A
superficial resemblance between the Zr" data and the
Zr" data is occasioned by the fact that the two biggest
peaks in each spectrum occur at nearly the same energy,
although peak 8 in Zr" is primarily an /=2 transition

detailed analysis verifies the similarities, which are
primarily ascribed to the similar energies of the 2+
collective level and of the 3 collective level.

The spectrum from Zr" at 37' lab is shown in Fig. 13.
The large elastic peak occurs at channel 158. Peak A is
the 6rst excited level (the 2+ collective level at 0.92
&0.02 MeV) which is illustrated in Fig. 10. Peak 8
changes its shape somewhat from angle to angle and can
be broken into two peaks at QB = —1.42+0.05 MeV and

Qc———1.60+0.06 MeV. Peak C at 1.60 MeV comes
presumably from the known level at 1.68 MeV; a pro-
nounced di8raction e6ect exists in its angular distribu-
tion (Fig. 11).

Peak D is the 3 collective level whose angular
distribution may be seen in Fig. 12. The small peak seen
at channel 128 (i.e., at 2.7 MeV) is visible at rather few

angles, and hence its significance is not firmly established.
Peak E is a broad structure extending from 2.9 to 3.5

MeV of excitation. Better resolution is required to
explore this region.
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Fra. 14. Diagram of the observed peaks. The number on the left
at each level is the diiferential cross section (mb/sr) at 35' on the
"envelope" of the angular distribution. For elastic scattering the
quoted value of do/d0-z is likewise the value at 35' on the "enve-
lope. "The number on the right at each level is (8, —30'), where8, is the position of the maximum found between 30 and 39'in
the angular distribution.

TABLE I. Level energies (keV) in the zirconium isotopes.

Isotope

zr92

zr

I.evel energy
(keV)

2220~30
2780&30
3320~40
3920+50
4420~70
5150~60
5600 to 5800
6420~60
6700+40
7260~50
7540+50

980m 50
1400~100
1900~100
2170+60
2800~80
3700(P)
5300 to 5900

910+30
1500~100
1900+100
2350+30
3200&100
3550~100

920+20
1420~50
1600+60
2040~20
2900 to 3500

Spin

2+
3

l=3
l=3

2+
4+
2+
3

while the peak at the same energy in Zr" is believed to
be primarily /=3.

The second strongest peak in Zr", Zr", and Zr ' is the
l=2 collective transition. The intensities are given on
the left of each level in Fig. 14. The intensity is greatest
in Zr" and is least in Zr" where the 2+ level lies at con-
siderably higher energy. In Zr" and Zr", the angular
distributions for the 1=2 peak have maxima about 3'
after the maxima in elastic scattering. However, in Zr"
the 1=2 peak has its maxima about 5' after the elastic-
scattering maxima. The reason for this difference in
angular distributions is not understood. (By way of
comparison, the I,=2 transitions in the Ni and Zn
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isotopes have maxima about 4' after those for elastic
scattering in all cases. ) A possible explanation may be
excitation of the 5 level in Zr" at 2.315 MeV, which
would not be resolved from the 2+ level at 2.182 MeV in
this experiment. No strong l=2 transition was seen
in Zrg'.

Possible two-phonon levels were seen in Zr" and Zr".
The peak at 1.5 MeV in Zrg' is presumably due to the
levels at 1.38 and 1.50 MeV seen by Jolly et al. ,

' and the
peak at 1.9 MeV is presumably their 1.84-MeV peak.
The peak at 1.42 MeV in Zr" is presumably due to the
levels at 1.31 and 1.47 MeV, found by Jolly et a/. , while
the 1.60-MeV peak is presumably their 1.68-MeV level.

In a previous experiment, peaks were seen in six even-
even nickel and zinc isotopes at nearly exactly 1.5 times

the excitation energy of the 1=3 peak. In the present
experiment, only one similar case is seen—the in-phase
3.55-MeV peak in Zr". However, it is possible that
better resolution might find such a peak in the 3-MeV
region of Zr'4.

Table I summarizes all excitation energies found in

this experiment.
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Determination of Neutron Reduced Widths by the '4N('4N, tsN) "N Reaction*
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Measurements have been made of cross sections for the neutron transfer reaction '4N('4N, "N)"N at
energies below the Coulomb barrier. It is shown that the tunneling theory for neutron transfer is consistent
with the angular distribution function, da(0)/dQ, at the center-of-mass energy of 6.62 MeV. By using the
tunneling theory, the single-particle reduced width 802 is found to be (4.5+1.0))&10 ' for the transferred
neutron at a radius of 5 F by assuming that 80' is the same for "N and "N. This value is to be compared to
t4'= (4.0&1.0) X10 ' as determined from (d,P) stripping and es'= (5.2+1.0) X10 ' as determined from
shell-model calculations. Good agreement is thus obtained between reduced widths determined by neutron
transfer and by (d,p) reactions.

I. INTRODUCTION AND SUMMARY

'HE possibility of using the neutron-transfer re-
action for the determination of neutron reduced

widths in nuclei was demonstrated in 1956by Breit and
Ebel. ' However, analysis' of the '4N('4N, "N)"N neu-
tron-transfer data of Reynolds and Zucker' showed that
the neutron tunneling process considered by Breit and
Ebel was not able to account for the experimental data.
Because of this disagreement as well as later similar
ones, neutron reduced widths have heretofore not been
determined with a very high degree of accuracy by
means of neutron-transfer reactions. '

Since the time of the early experimental and theoreti-
cal work on neutron transfer reactions, a growing body

* Supported by the U. S. Atomic Energy Commission.
t Present address: Hiram College, Hiram, Ohio. This material

has been submitted by L. C. Becker as part of a dissertation for
the degree of Doctor of Philosophy at Yale University.

f Present address: Texas A8zM University, College Station,
Texas.

' G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956).
' H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956).' K. S. Toth and E. Newman, Phys. Rev. 130,, 536 (1963) have

calculated neutron reduced widths from ('N, "N) and (@F,' F)
transfer data. The results obtained are internally consistent to
about a factor of 3.

of experimental data and theoretical calculations has
indicated the importance of nuclear absorption in modi-

fying the transfer cross sections. ' ' Such absorption of
the projectile nuclei has, of course, no place in the simple
tunneling theory. For this reason, an experimental in-

vestigation has been made of the '4N("N "N)"N re-

action at a center-of-mass energy LE(c.m.) = 6.62

MeV] below the Coulomb-barrier energy where the
e6ects of nuclear absorption would presumably be re-

duced to a small amount.
The results of these experiments' have been most

gratifying in that the experimental data and the theo-

4 F. C. Jobes and J. A. McIntyre, Phys. Rev. 133, B893 (1964).
This paper gives a discussion of the recent experimental and theo-
retical investigations concerning absorption.' J. A. Polak, D. A. Torchia, and H. G. Kahsweiler, Bull. Am.
Phys. Soc. 9, 429 (1964).' Preliminary reports of different aspects of this work have been
made by L. C. Becker, F. C. Jobes, and J. A. McIntyre, in Pro-
ceedings of the Third Conference on Reactions between Complex
Nuclei, edited by A. Ghiorso, R. Diamond, and H. Conzett (Uni-
versity of California, 1963), p. 106; J. A. McIntyre and L. C.
Becker, Bull. Am. Phys. Soc. 9, 67 (1964);and J.A. McIntyre, in
nuclear Spectroscopy zenith Direct Reactions, edited by F. K. Throw
(Argonne National Laboratory Report ANL-6848, 1964), p. 160.


