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The short-range correlation between neutrons and protons in the configuration (§)¥ is discussed in the
BCS approximation. The interaction is assumed to exist only in the /=0 and T'=1 state of two nucleons.
The ground- and excited-state energies are calculated and compared with the exact values.

1. INTRODUCTION

N this paper we study the short-range correlations

between neutrons and protons, making use of the ap-
proximate methods of Bardeen, Cooper, and Schrieffer
(BCS), Bogoliubov, and Valatin.! For the sake of
simplicity we have considered a configuration of the
type (j)¥, where the N nucleons (both neutrons and
protons) occupy the same shell-model orbital j. The
interaction Hamiltonian? we have chosen is a generaliza-
tion of the “pairing Hamiltonian” to include isotopic
spin. Such a Hamiltonian has been discussed by one of
the authors? and by Flowers and Szpikowski,® where
methods of group theory are used to obtain the energy
spectrum and the classification of the states.

The main purpose of this paper is to rederive the re-
sults of Ref. 2 using the approximate methods of
Bogoliubov and others.! Similar methods have been
used by various authors? to discuss the correlation of
neutrons and protons.

2. THE GROUND-STATE WAVE FUNCTION AND
THE QUASIPARTICLE TRANSFORMATION

We will consider a system with equal numbers of
neutrons and protons so that the total 7',=0. The
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pairing Hamiltonian is

H=-} ¥
m,m’

p+a=T:=p'+¢
Tl

SimSim (3 3P| 17T)

X G %P,q/{ 1T2)mp O @ms —mo =21, H(T,);
T.=-—1,0,1, (2.1)

where sjn=(—1)7 and the subscripts p and g refer to
the third component of the isotopic spin. p=2%(—1%)
refers to a proton (neutron). The operators a,, satisfy
the usual anticommutation relations

{am'p'T:amp} =0mmOpp's {Amps@m '} =0.

We assume the ground-state wave function for such a
system to be of the BCS form:

Veo. = [1(tm+Sim0m@mijs’a_m_1,s)(0),  (2.2)

m

where the #,,’s and v,,’s have their usual meanings and
Um2~+v,2=1. The wave function (2.2) has total 7°,=0,
but it does not have a definite value for the total iso-
topic spin 7. It is in fact a linear combination of wave
function with different values of 7. We now perform a
canonical transformation from the operators ax, to the
quasiparticle operators amy, such that ¥y, . is the vacuum
for the quasiparticles.

am1/2f Un —Um llml/{r
= (2.3)
Sim¥—m—1/2 Um Um Sim@—m—1/2

amp[‘pg.s.):()-

and
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The inverse transformation is

aml/2T Un  Um aml/21-
(5 G e
Sim@—m—1/2 Um  Um/ \SjmO—m—1/2
Note that the charge is a good quantum number for the
quasiparticles. The transformation (2.3) does not leave
the number operator » diagonal and so we must add to
the Hamiltonian a term A\, where A is a Lagrange multi-
plier. \ is determined by the condition that the expecta-

tion value of » is equal to the total number of par-
ticles, i.e.,

<¢z.s.]nl¢z.a.>=N- (25)
The total number operator is
B= Ump Cmp- (2.6)

mp
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Introducing the quasiparticle transformation in (2.6)
and evaluating the matrix element (Ygs.|%|¥es.) We

get from (2.5)
2> va2=N. (2.7)

For our simple Hamiltonian all the v,’s are equal and

therefore
= 1/2
Um=(1—N/4Q)1/2,

where
20=2j+1.

In terms of the quasiparticle operators the Hamiltonian
H=Yr,H(T,) becomes

H(Tz= 1) = ""Ti’g Z sjmsjm’[(umamlﬂt‘i‘“vmsjma—m—lﬂ) (uma~m—1/2T—vajmam—l/2)

m,m

X (um'am' 1/2+Y)m'Sjm'a—m’—I/2T)(um’a—m' 1/2— ‘vm'sjm’am'-I/ZT)] . (2'9)

A similar expression for H(T,= —1) is obtained by replacing 3 by —% and vice versa. Finally,

H (T »=0)= -—%g Z Simsjm’[(umaml/ZT"'_vmsjma—m—lﬂ) (uma—m—l/ZT_vmsjmamlﬂ)

m,m’

X (U 172+ Ve SOt —1721) (U Ot —1 /20— Ve Sjmeetmen o) ] (2.10)
3. REDUCTION OF THE HAMILTONIAN

Since we wish to evaluate the diagonal matrix elements of H, the only terms in (2.9) and (2.10) that will con-
tribute to the expectation value are the ones that conserve the number of quasiparticles. Following the usual nota-
tion we will call these terms Hay(7',). From (2.9) and (2.10) we obtain

Hoo(T,=1)+Hoo(T.=—1)=—1¢g > Sjmsjm’[umzum’2(am1/2fa——m1/2fam’1/20[—-m'1/2+am-—l/2fa-m-1/21—am’—1/2a-—m'—1/2)

m,m’

+vm2vm’2(am’1/2a-m’ 1/2am1/2Ta—m1/2T+am’—1/2a—m’—1/2am—1/2Ta—m—1/ZT)

+4umum'vmvm'8jm3‘jm'(aml/zfam_mam'1/20£m'_1/2f+am'1/2am'_1/2ft¥m1/2fam._1/2)] (3-1)

and

H 22(Tz = 0) = %g Z SimSim! [umzum' 201m1/210£_m_.1/2‘\am' 1/20—m’—1/2
mm’

F V20 Za—‘m—1/2am1 /2¢¥_m'_1/2101m' 1 /2T+umum'vmvm'sjmsjm'(am1/2Taml/2am’ 1/20m/ 1/2T_am1/21am1/2a~—m’—1/2Ta—m’—1/2

—lx_m_l/za_m_l/z*am'1/204m'1/2T+oz_m..1/2a_m_1/2Ta_.mf_1/2"a_,,./__1/2):|. (3.2)

We will now evaluate the expectation value of H, in the ground state and the excited states of the system, and

compare with the exact expression?

E(N,T,s,t)=3g[3(N—5)(4Q+6—N —s)—T(T+1)+(t+1)].

(3.3

Equation (3.3) is the energy of an N-particle state with total isotopic spin 7, seniority s, and reduced isotopic spin
{. We now rewrite the sum Hoo(T,=~+1)+Hoo(T,=—1) in a suitable form, in order to facilitate the calculations,
and also to show explicitly the occurrence of 7(7+1) and #(¢+1) terms in the energy.

The various terms in (3.1) can be grouped and, after some manipulations, we get

Hoo(To=1)+Hoo(To=—1)=—2g 3 SimSim (04 (@m1jo'am1/o'tm 1720 mr1/2F Qmr—1/20m'—1/20m_1/2"0_m—1/2")

m,m’

+

—%g Z (u2'—7)2)2am1/2fam—1/2am’—l/2Tam'1/2+%g Z aml/2fam—1/2am’-l/2 Am’1/2

m,m’

m,m’

+g 2 n(tlan_1/2tam_1/2— V2 m1/2 am1ye) + g2 —u?) . (3.4)
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We have dropped the subscripts in #, and v,, since they are independent of 7. Now the three components of the

total isotopic spin vector T are?

Tt= Zm aml/zfam_1/2 )
T-=%m am—-l/2fam1/2,

T°=% 3 s(@my/at @m1/e— Gme1/2 Gm_1s2) -

Substituting the transformation (2.4) in these operators we get for the product

THT—= 3 (42— %) 2m12 Cme1/20mr—1/5 Qe 172

m,m’

— 2 SimSim U (am1j2 om—1/2

m,m’

*am’ 1/20—m’ 1/2+am’—1/2a—m'7-1/2am—1/21’a—m—1/21) )

(3.5)

where again we have retained only those terms which conserve the number of quasiparticles. Now since the charge
is a good quantum number for the quasiparticles we can, in analogy with the operators 7+ and 7 above, write,

> @m1ya ne1/2@m—1 /2 e a =11

m,m’

(3.6)

for the quasiparticles. i+ and ¢~ are the components of the reduced isotopic spin vector t. Then from (3.4), (3.5),

and (3.6) we obtain
Hyo(T,=1)+Hox(T,=—1)=—Gg) T+T+(3g)t*t~

+

—18 2 SimSim (@m1/2la_m1joiome 1700 mr 10 0mo1 /20 m1/20mr 1 /0N mr—1/")

m,m’

+g 2o m(Wlam—1/2'm—1/2— V2om1 2 em1ye) + g Q02— u?).

It is clear now that the first two terms in (3.7), when
acting on a state with total isotopic spin 7" and reduced
isotopic spin #, will give the required 7'(7+1) and
{(t+1) terms.

4. CALCULATION OF ENERGY

The ground state of the system is the quasiparticle
vacuum and the excited states are those in which quasi-
particles are present. The state

Y(N,s5)= (am11/21a—m1—1/2fam21/2T
(4.1)

Xa_mg—1/ PR Qg o1/ 2Ta—ms/z—l/2f)¢g.s-

with s quasiparticles present, is a state of seniority s and
if the isotopic spin of quasiparticles is coupled to t, then
t is the reduced isotopic spin. The ground-state wave
function does not have a definite value for the isotopic
spin, but a state with definite isotopic spin (say T’)
can be projected out of ¥4, and then t and T’ can be
coupled to give the total isotopic spin T. Then ¢(N,T,s,?)
is a wave function of the form (4.1) with the proper
couplings to give the desired values of T and t. From
(3.2), (3.7), and (4.1) we get after a straightforward

3.7

calculation

(t,&(N,T,S,t),H22¢(N,T,S,t))
=EOLEH{(V—5)(42—N—s)+65(1—N/29)
+3N2/Q4495(1— N/20)2— s2(1— N /29)?)

—T(T+D+u(+1)]. (42)

This result agrees with the exact expression (3.3) for
E(N,T,s,t) to within terms of order 1/Q, so long as
s<N.

5. DISCUSSION

We have thus shown that the wave function . is
a good approximation to the exact wave function for
the simple model we have considered. These considera-
tions can be easily generalized to the case of pairing
interaction between particles in nondegenerate orbitals.
It is to be emphasized that this wave function does not
contain any explicit four-particle correlation. The
necessity of such correlations has been discussed in re-
cent literature.* Although we have considered only a
limited problem, our results indicate that four-particle
correlations may not be necessary in the general case.
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