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Higher meson resonances are investigated in simple dynamical models based on the SU (3) symmetry with
and without recourse to the 4-conservation rule. The present models consider the vector-pseudoscalar sys-
tems as their main configurations. The predicted level schemes are rather sensitively dependent on the tri-
linear self-coupling of the octuplet vector mesons. One of the main results is that there should exist a low-
lying 1% singlet and a 1% octuplet probably above it. The existing higher meson resonances are tentatively

assigned to the levels predicted here.

1. INTRODUCTION

HE octuplet version of unitary symmetry'? has
achieved remarkable success in classifying the
strongly interacting particles. It predicts that the
pseudoscalar mesons (w,K,K,n) and the vector mesons
(p,K*,K*,¢) should belong to the octuplet representa-
tion of SU(3), and that w should be a unitary singlet.
From the dynamical viewpoint, the so-called bootstrap
calculations®=® have thrown light on the mechanism of
producing these mesons as composite particles and have
led us to a qualitative understanding.

Quite recently, invariant mass observations of me-
sonic matter have revealed new resonances one after
another. A remarkable feature of the recent observa-
tions is evident in the many-boson resonances. They
began with the 7w resonance called B,'*! then the
KK resonance,? the mp resonance by Goldhaber et
al.,’3 the nr resonance X,1415 the K resonance around
1175 MeV,*¢ the other Kxr resonance C around 1230
MeV,Y the two mp resonances!®® which may be a pre-
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cise version of the single peak observed by Goldhaber
et al., and probably others. Except for 4, (the mp reso-
nance around 1310 MeV), the isospin has not yet been
determined for them. Neither spin nor parity has yet
been determined for A, (the 7p resonance around 1090
MeV), B, or X. However, we should notice that most
of the resonances listed above appear to be interpretable
in terms of vector-pseudoscalar resonances.

As for B, several discussions®®? were presented ac-
cording to simple versions of bootstrapping without
recourse to unitary symmetry. There are also some
discussions® based on unitary symmetry. Their spin-
parity assignments are not always in agreement with
each other.

In the present paper we shall investigate these reso-
nances from the viewpoint of unitary symmetry by
means of a simple version of bootstrapping calculations.
We shall construct dynamical models of the wvector-
pseudoscalar resonances and derive general features of
the resonance levels on the basis of unitary symmetry.
Quantitative results will also be given through a nu-
merical estimate. After predicting degenerate resonance
levels of SU(3) supermultiplets, we shall include a
symmetry-breaking interaction in a simple way and de-
duce the signs of physical parameters in the Gell-Mann-
Okubo formulas for predicted supermultiplets. Finally
we shall try to identify the existing resonances with the
members of the predicted supermultiplets.

2. MODELS

We shall investigate the vector-pseudoscalar reso-
nances in two dynamical models. Throughout the
present paper all the mesons in input diagrams will be
treated as stable particles, since we do not know an
appropriate way of taking account of instability of the
particles. We shall hereafter abbreviate the meson
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families as follows:

PS: (W!K)Kyn> )
VX: (p,K*,K*,(ﬁO) )
V12 (w“) .

V; and the eighth component of Vs, namely w°® and ¢°,
may not be identified with the observed w and ¢, owing
to the ¢w mixing.?*?5 We consider both the VsPg reso-
nances and the V1 Ps resonances in the following.

Some of the existing V Ps resonances are not coupled
with the PgPs channel, since the invariant-mass plots
do not exhibit any peak in the PsPs channel. For the 4,
meson, peaks were also observed in the KK and mp
systems, but the branching ratios appear not to be very
large. In order to avoid complications, we shall pro-
visionally neglect the channel coupling between VP
and PgPs. According to the principle of taking lower
configurations, the channels of two-vector mesons will
also be neglected in the present models. Another con-
figuration which is expected to be coupled in is the
baryon-antibaryon channel. However, we do not take
account of it, following the same principle. A unitary
symmetric treatment of the Fermi-Yang model?® will
be discussed in a separate paper. Thus we shall consider
the V3Ps and V1Pg channels only. One-meson exchange
processes will be taken exclusively as input forces. Let
us further specify our models with and without recourse
to the A-conservation rule proposed by Barton, and
Bronzan, and Low.%"

A. Model A

Since we assume that forces between Vg and Pg arise
from one-meson exchange processes, they are due to Pg
exchange, V; exchange and V3 exchange in the # chan-
nel, and Vs exchange in the ¢ channel. Among them the
Ps exchange produces the force of longest range, or the
nearest left-hand singularity in a dispersion-theoretical
term. The V; exchange also produces a sizable force.
In the V3 exchange in the % channel, the VgV3Pg
vertex appears in the Born amplitude. If we identify
the observed ¢ with the eighth member of V3, neglecting
¢w mixing, we can deduce the VVPs coupling constant
from the partial width of ¢ into pr. By comparing it
with V1VsPs coupling, which is estimated from the
width of w by use of an w — pr model, we find that the
squared VsVsPs coupling is smaller almost by two
orders of magnitude than the squared V{V3Ps coupling.
The 4-conservation rule recently proposed by Bronzan
and Low?? predicts that the VsV, Ps coupling should be
zero. It acquires a nonzero value owing to the coupling
with the BB states. Thus, neglecting the VsVsPy
coupling is consistent with 4 conservation. Model A
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assumes 4 conservation. It reduces to a single-channel
problem. For the Vs exchange in the ¢ channel, we can-
not estimate the VVsVy coupling constant appearing
in it in any reliable way. It is a far-away singularity in
comparison with the Ps exchange. As will be seen later,
however, we have reason to expect that the Vs exchange
in the ¢ channel contributes a considerable amount,
owing to the dynamical structure of the corresponding
Born amplitude. By assuming Vs to be the unitary
gauge mesons, we can connect the VsV3Vs coupling to
the V3PsPs coupling by the use of gauge theory.?s—%0

In this model the V1Ps channel will not be coupled
with the VsPs channel. Tt reduces to a single-channel
problem in the V1 Ps resonances, as long as one neglects
the PgPs, the V3Vs, and the BB channels.

B. Model B

This model does not invoke the 4-conservation rule.
Since the observed ¢ and w are mixtures of the pure
component of the octuplet ¢° and the pure singlet «°,
it does not necessarily follow from the smallness of the
¢pm coupling that the V3VsPs coupling should be small.
Actually one can estimate the V3VsPs coupling from
gso=="0, if one knows the mixing angle of the ¢w mixing.
Several authors have deduced the mixing angle from
different viewpoints. If one takes #=230°, as has often
been done, the squared V3VsPs coupling turns out to
be nearly one-fifth of the squared V,VsPs coupling with
appropriate normalizations. When one adopts such a
large mixing angle, the channel coupling of VP with
V1Ps can no longer be neglected. We shall therefore
investigate the two-channel problem of the VPs reso-
nances in model B.

In these models we shall look for the V Pg resonances
as outputs of the one-meson exchange forces. A com-
plete bootstrap prescribes that the output resonances
should again be put in as origins of force in the left-
hand cuts, or should be bootstrapped. However, we
shall stop at the first stage of bootstrapping to see only
general tendencies of the level shifts of the predicted
resonances when outputs other than Ps, Vs, and V; are
put in as origins of force.

Asis known, numerical values of the levels and widths
are dependent on the cutoff energies in dispersion inte-
grals and especially on the coupling constants involved.
Moreover, since the breaking of unitary symmetry is
not taken into account, predicted levels are something
like level centers of SU(3) supermultiplets. Thus, pre-
cise evaluation of the levels may not be of much
importance.

3. BORN AMPLITUDES

We shall give the Born amplitudes, following the
helicity representation by Jacob and Wick.* Relevant
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interactions will be written down as follows:

(F/2)37 [5P:3,P;V v (3.1)
for the PgPgV3 vertex;
(G/m)8 2y a P,V is0, V' (3.2)
for the PsVsVy vertex;
(H/2)3~ll2fijkVi,ug)ij,ng,y 3.3)
for the V3VsVs vertex; and
(K/2m)(3/5)*dijkemmarPid Vi 0 Vi (3.4)

for the PsVsVy vertex. In these expressions the Latin
and the Greek subscripts refer to the unitary spin and
the Lorentz variable, respectively. We have neglected
the 0,V,0,V 0.V, coupling for VsV3sVs. If one requires
that Vg be the unitary gauge mesons, then H is related
to F as H=F. (See Fig. 1.)

We have four independent helicity amplitudes among
the Born amplitudes between eigenstates of helicity.
First we shall give the results in the case of the V3Pg
channel. Straightforward calculations lead us to the

following :
(Tg,0)it.in= Fimufitn/3)Tp,a» (3.5)

Tuy= (F/4m) (29" /mW){ (Ex cost+ Ex)?}/ (i),
Tyo= (F*/4r) (20245 /mV)

X{(E1 cosf+Ey) sind}/ (u*+u), (3.6)
Tyy=— (F*/4x) (p*/ W) sin’/ (u*+u) ,
Ty_= (F*/4m) (p*/ W) sinf/ (w*+-u),
for Pg exchange in the % channel;
(Ts.a)it.im= (Bimdj1/8)Tp,a5 3.7
Too=— (G¥/4x) (p*/2W) sin26/ (M*+u) ,
Tyo= (G*/4m) (p*/8"°>mW)
X {(E1 cosf+E,) sinb}/ (M>+u),
Tiy= (G¥/4r) (193/ 4m*W)
X {(E; cosf+ E)*+ (E2+ E?) cosd (3.8)
+2E2Ext+ 9 sin’0}/ (M2+-1) ,
Ty—=(G*/4r) (p*/4m* W)
X{— (E1 cosf+ Eq)?+ (E2+ Eq?) cosh
+2E \Eo+p? sin’0} / (M?H-u) ,
for V; exchange in the # channel;
(Tﬂ,a)il,]'m: (fijkflmk/s)Tﬂ,ay (39)

Too= (FH/4m) (p/2m*W)
X { (B2 cosf— %) (29 (14 cosb)+AEEy)
+4p2E1(1—cos) (E1(14-cost)+2E5)} / (m*+-1)
Tyo= (FH/4r) (p/2*mW)
X AE1(p* (14 cos)+ 2, )+ 22 (Er+ )
—4p2(E; cosb+Eg)} sinb/ (m*+1) ,

F16. 1. (a) The V3Ps scatter-
ing. (b) The V.Ps scattering.
(c) The channel coupling be-
tween VgPs and V1Ps.

Tyv=(FH/4x)(p/W)
X { (14-cos6) (2p2 (1+4-cosf)+4E,Es)
+4p? sin’0} / (m*+1) ,
Ty _= (FH/4m) (p/ W)
X{(1—cos0) (2p* (14 cos)+4EEs)

—4p%sin®9}/ (m*+£), (3.10)

for Vs exchange in the ¢ channel; and
(Ts,a)i1,in= 3dimrdijr/5)Tp,a, (3.11)
Ts..=Eq. (3.8) (*— K?) (3.12)

for Vs exchange in the # channel. Throughout all the

cases

T ++= T__ )

T, =T_4,

T+o= T_o= T0+= To_.
In these expressions a and 8 denote the helicities of Vg
in the initial and the final state, respectively. W and p
are the energy and momentum in the c.m. system, 6

being the scattering angle in the same system. In
addition

(3.13)

Ey= (p*+m?)'2,

Ey= (),
u=2p*(14cosf) — (E1— E»)?,
t=2p?(1—cosb),

where u, m, and M are the masses of Pg, Vs, and V;,
respectively. Since we do not take account of broken
effects in unitary symmetry, they are represented by
the respective mean values.
For the V;Ps channel, the Born amplitudes are
given simply by
(Ts,a)ii=(8:/8) T8, (3.14)
Tse=Eq. B8 (ma=2M)X (M/m)*. (3.15)
The Born amplitudes for VgPg <> V1Pg are given by
(Ts,0)i,im=L[(3/40)*dimids1 T8, (3.16)
Ts.a, although a little complicated in a precise form, is
given by Eq. (3.8) (in which G? is replaced by GK) in
the approximation that neglects the Vg-V; mass dif-
ference. This suffices for the numerical estimate in the
following sections.

Finally, we give the Born amplitudes in the s channel.
TFrom the viewpoint of the bootstrap philosophy in
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S-matrix theory, it is desirable to produce all the par-
ticles, including the input ones, in a unified manner.
However, a once-subtracted dispersion relation is, in
general, not capable of predicting all the resonances
correctly when masses of particles to be produced range
widely from low to high. Indeed, if one chooses a sub-
traction point so that the mass of Ps may fit the experi-
mental value, one will not be able to obtain correct
values for higher V Ps resonances, and vice versa. Since
the present purpose is to investigate the higher VPg
resonances, we have to give up reproducing Ps, Vs, and
V1 at the numerically correct places. Therefore we put
in the s-channel Born amplitudes. They are given by

(To.a)it.im= (firefimr/3)Tt.a, (3.17)
Tuo= (/) Qp*/mWs/ (=), 1o
Tio=T4=T14_=0,
for Pg in the VgPs channel;
(Ts,a)it,im= (3ds12@jmr/5) T p,a (3.19)
Tq= (K?/4x) (p*/4m* W) {s (1+-cosb)/ (m*—s)} ,
Ty—=—(K*/4) (p*/4m* W) (3.20)
X{s(1—cosb)/ (m*—s)},
Too="T40=0,
for Vs in the VgPg channel;
(Ts,a)it,m= (818 m/8) Tp,a (3.21)
T,.=Eq. (3.20) (K2— G?) (3.22)
for ¥, in the VPs channel;
(Ts,0)i,i= (6:x0i/8) T g, (3.23)
Tpoa=Eq. (3.20) (K*— G?) (3.24)
for Vs in the V1Pg channel; and
(T8,e)i,im= ((3/40)%d 102 ) T, (3.25)
Ts,.=Eq. (3.20) (K*— GK) (3.26)

for Vg in the V1 Pg<> VgPs channel.
According to the general prescriptions® we can ex-
tract the partial-wave amplitudes with the definitions

t,g,,,(J)=/d cosf T, (cos0)da,p” (cost), (3.27)

TP=0-: tn(0), (3.28)

JP= 1—: t++(1)_t+_(1) 5 (329)
0 1/2 0

JP=1+: (h’ @ Zal) ) (3.30)
220(1)  tp4 (D) +1£-(1)

JP=2+: 1, (2)—t,_(2), (3.31)
00 172

TP=2-: (t @ 2@ ) (3.32)
21P0(2) 14 (2)+1(2)
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oo (3)
2124, 0(3)

21124, 4(3)

JP=3+: ( ), (3.33)
L (3)+4-(3)

and so on. Since the observed resonances are situated

not too high above the thresholds, we shall hereafter

concentrate our attention only on s, p, and d waves,

or 0—, 1=, 1+, 2—, 2+, and 3+

4. LEVEL SCHEMES

With the expressions for the Born amplitudes de-
rived above, we could carry out detailed numerical
calculations. There are, however, many ambiguities
associated with the coupling constants, cutoff pa-
rameters for dispersion integrals, and the like. Among
others we make the approximation of neglecting all the
kinds of deviations from unitary symmetry: mass
splitting in a single supermultiplet, and the deviation
of coupling constants. In such a crude approximation,
it is more advisable to look for as many qualitative
features as possible, than to give the results of detailed
numerical calculations.

First, we estimate the three coupling constants ap-
pearing in the preceding expressions. From the width
of p into 2,

(F?/4m)~6. 4.1)
As for the V1VgPs coupling, we have
(G*/47)~100 (4.2)

from the w decay width in the w — pr model,*? where it
should be noted that G is in units of the Vg mass, not
in pion mass units. This is equivalent to (g,p-/4m)
=0.35 in pion mass units. For H we resort to the gauge
meson theory to get

(FH/4r)= (F*/4r). 4.3)

We give here the crossing matrix elements of the unitary
spins. The results are tabulated in Table I. The elements
are trivial for V1Pg and VPg<«> V1Ps.

From numerical calculations by many authors we
know that the effective cutoff parameters in dispersion
integrals are not very large. Let us, therefore tenta-
tively make a low-energy approximation to the Born
amplitudes, to see in which channels forces are strong.
This is_consistent with the present models in which
VV, BB, and higher configurations are neglected. It
should be remarked here that the Pg-exchange ampli-
tudes have imaginary parts since some of the Vg can
actually decay into some of the PgPs, m>2u. That is,
the left-hand cut comes above the branch point of the
elastic right-hand cut. Accordingly, we must define the
Pg-exchange force as the principal part of the corre-
sponding Born amplitude. Then a low-energy part of
the Pg-exchange force is effectively cut off owing to the
principal-value integral in the dispersion relation. We

3 M. Gell-Mann, D. Sharp, and W. Wagner, Phys. Rev. Letters
8, 261 (1962).
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should replace the denominator u?4-# in the Pg-exchange

amplitude by some effective-force range parameter u*2.

Since in Vg — PgPs the Q value is small on the average,

w*2 will be rather small.

(1) VgPs channel

B 237

In such a low-energy approximation, and with p/m
=1/2 and M =m, the amplitudes projected onto each
partial wave ¢(JF) is given, apart from the unitary
crossing factors, by

JP=0": 1(07)~ (14/9) (F*/4x) ($°/mu*?)
JP=17: t(17)~—(8/9) (F*/4m) (p*/mu*?)
8/9 4(21/2/9)
JP=1+: t(1+)~( 4(212/9) 0 >(F2/41r) (0*/mu*?) .
16/45 8(6%2/45)
N R (L TR E)
JP=2+: 1(21)~0(p"),
JP=3+: §(31)~0(p%)
for Pg exchange in the # channel;
JP=0": 1(07)~—(16/27)(G*/4x) (p*/m*)
JP=17: (1)~ (4/9)(G*/4x) (p*/m?)
0 4(212/27)
Jr=1t t(1+)~(4(2w/27) 16/27 )(Gz/ ) @/, ws)
16/135 8(6'2/135)
JP=2-: (2~ N(8(61/2/135) 8/45 )(62/4«) (*/m?) .
JP=2t: #(21)~0(p%),
JB=3+: (3t)~0(p%)
for V, exchange in the # channel; and
JP=0-: t(0-)~0,
JP=17: t(17)~ (4/3)(FH/4m) (p*/m?),
1 1/2
se=tes i~ )@/ e,
(4.6)
JP=2": i(2‘)~(4/15)<2 61/2) (FH/4x)(p*/m*)
6v2 3
JP=2F: 1(2)~0(pY),
JP=3*+: t(3t)~0(pP)

for V3 exchange in the ¢ channel. For Vs exchange in
the # channel, all the amplitudes ¢ are the same as those
in Eq. (4.5).

(i) V1Ps channel

We have only to substitute M for m in Eq. (4.5)
and multiply by (M/m)? since (G®/4r) is now in the
unit of m. Since, after all, we shall take M =m, the

partial-wave amplitudes in the low-energy limit are
given by Eq. (4.5) with M =m.

(it1) V1Pg <> VsPs channel

Again in the approximation of M =m, the partial-
wave Born amplitudes ¢ are given by Eq. (4.5) with
M=m.

We have only to multiply these amplitudes by the
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TABLE I. Unitary-crossing-matrix elements for the VgPs scattering.

s channel
1 8r 8p (10,10%) 27
P3(8r) exchange in the # channel —1 1/2 —1/2 0 1/3
V1(1) exchange in the % channel 1/8 —1/8 1/8 —1/8 1/8
Vs(8r) exchange in the ¢ channel 1 1/2 1/2 0 —1/3
Vs(8p) exchange in the % channel 1 —1/2 —-3/10 2/5 1/5
27 exchange in the % channel 27/8 9/8 27/40 9/40 7/40

factors due to unitary symmetry to obtain the full
amplitudes in the irreducible channels decomposed ac-
cording to SU(3). It should be remarked that the 1+
amplitudes due to the one-particle exchanges in the «
channel tend to zero as u/m— 0. As is easily seen in
the above expressions, the 2+ and the 3+ amplitudes are
too weak to produce a bound state or a low-lying
resonance. VPg resonances are expected to appear in
the 0—, 1=, 1+, and 2~ channels. We shall calculate the
level scheme without the low-energy approximation
below.

Model A. Let us discuss the level scheme on the
assumption of the 4 conservation rule. First consider
the VgPs scattering. It is true that the effective mass
p* in the Ps exchange may be quite small in the low-
energy region, but when the Pg-exchange amplitudes are
integrated over the squared c.m. energy in the D func-
tions, we find that the smallness of p* is masked by the
threshold behavior, which is like p*. Thus all the kinds
of Born amplitudes contribute to the dispersion inte-
grals by comparable amounts. The predicted level
scheme is sensitively dependent on the V3V V3 coupling
constant. We have estimated it by assuming V3 to be
the unitary gauge mesons, since we can hardly know
anything about it experimentally. We shall therefore
give the results in two typical cases—V;5 being the
gauge mesons, and vanishing VsV Vs coupling—to illus-

BeV 211
21
e
e
- . ¥16. 2. The level schemes of
—=- 1 the VsPs and VP resonances
) in Model A (Smax=28m?). Vs is
|15t assumed to be the unitary
gauge mesons in (a), while the
. V3sVsVs coupling is zero in (b).
L) The entry in the bracket de-
ter) ren . . notes the representation of
— ==l | P
. ~Tn., SU (3)
o)
I8
)
WBe  VRw VR

trate how much the level scheme depends on the
VsV Vs coupling constant.

We have used the once-subtracted dispersion rela-
tions for the partial-wave amplitudes, namely,

s—so [mex p(s") V(s
Dab(s)=5ab—‘ / d !
(

', (4.7)

T mtwy (8'—8)(s" —s0)

where p(s)NV(s) is approximated by the Born ampli-
tudes given in the preceding section, p(s) being the
phase-space p/W. The masses of bound states or reso-
nances are given by the real parts of the roots of

detDy(s)=0. (4.8)

As is easily seen, the mass of any bound state that is
produced is necessarily higher than s¢/? for a simply
behaved Nas(s). Since the present aim is directed at
the VPs resonances above ~1 BeV, not at the self-
consistency of the (Ps, Vs, V1) bootstrap, we have chosen
so=m?2 Accordingly the level intervals near s=m? are
considerably distorted. As for the cutoff parameter, we
have chosen smax=8m? or about (2.5 BeV)? and by
comparison Smax=06m? or about (2 BeV)2. The level
scheme is insensitive to the cutoff energy. Indeed, the
level shifts caused by a change of the cutoff energy
are within a hundred MeV for lower levels and not
larger than 200 MeV for higher levels. We have drawn
the level schemes in the two typical cases side by side:
the case in which the V3 mesons are the gauge particles,
and the case of vanishing V3VsVs coupling (see Fig. 2).

When V5 is the gauge family, the Vg exchange in the
¢t channel dominates the other processes in the V3Pg
scattering. The effect is especially strong in the 1+t
channels. Therefore, 1+(1) and 1+(8p) produce bound
states. One of the eigenchannels of 1+(27) also becomes
weakly attractive. In Model A, 1-(8p) should not be
identified with the channel producing V3. According to
the A-conservation rule, Vs must be produced in the
1~ channel of V,Ps. When Vs is the gauge meson family,
0~(1) becomes attractive enough to produce a bound
state. 0~(8p) also produces a resonance. It is the Vy
exchange in the ¢ channel that is responsible for the
attractive forces in 0~(1) and 0~(8p). Therefore the
bound state and the resonance in these channels dis-
appear when the VVsVs coupling becomes weaker.
Since 0=(8r), which is the channel producing Ps, is
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TasLE IL The bootstrap effects due to low-lying supermultiplet exchanges in the # channel in Model A.
In the above entries, + and — denote an attractive and a repulsive force, respectively.

Exchanged meson family

0-(1) 0(8») 0-(8p) 1%(1) 1*8p) 1¥Q7) 1°(8p) 1-(27) 1*(ViPy)

VsPs 0- 1 + - + — _ _ _ _
8 -+ -+ o+ o+ 4+ -
8» + - - - 4+ -+ -
L + -+ o+ o+ o+ o+ 4+
8» + - -+ -+ -4
27 + o+ o+ o+ o+ o+ o+ o+
= 8 -+ o+ =+ - -
27 - - = - = -+ 4+
= 1 + -+ 4+ o+ o+ o+ 4+

ViPs 1+ +

strongly attractive, we have another 0-(87) super-
multiplet above Pg if the V§VsVs coupling is strong. It
is desirable for 0~(8F) to be strongly attractive so that
the V§VVs coupling is not very weak compared to the
value predicted from the gauge meson theory.

Unfortunately 1-(1) and 1= (V1 Ps) are not so strongly
attractive as 1*(1). Since they are the main configura-
tions of V; and Vs in the VPg models, they must be
more strongly attractive than 1+(1). We can justify this
by arguing that Vs is composed mainly of 17(84) of
PgPs, and that the BB channel is responsible for the
tight binding of Vi, since the coupling of w with the
baryonic current is quite strong. 0~(10,10*) resonances,
even if they exist, appear to be situated at least above
2 BeV. Among the 2~ channels 2—(1) is most attractive
but does not produce a low-lying resonance.

As for the VPg resonances, 1t is the lowest level,
which is of course independent of the VVsV's coupling.

We should like to discuss the effects due to the
mesons predicted here other than Ps, Vs, and V.
Although dependent on the strength of the coupling
constants, the amplitudes due to the axial-vector mesons
are sizable. The effective interaction for 4V Ps will be

mLA,V,Ps, (4.9)

where the d-wave interaction 4,9,V,9,Ps is neglected
and the unitary spin indices are suppressed. It will be a
permissible approximation to neglect the d-wave inter-
action. Then the Born amplitudes for the 4-exchange
processes are written, apart from the unitary spin
structure, as

Too= (L2/4:7l') (P/ZW) {E12 cosf— P2
+ (p/m)*(E1 cosd+ E2)*}/ (ma’+u),
Tyo= (L*/47) (pm/2°W)
XALE+ (p/m)*(Ey cosb+ E,) ] sinb}/ (ma>+u) ,
Ty = (L*/4m) (p/4W)
XA{(1+cos8) — (p/m)? sin®6) } / (m4>+u) ,
Ty = (L2/4x) (p/4W)
X {(1—cost)+ (p/m)? sin)} / (m >+u).

(4.10)

The crossing factors due to unitary symmetry may be
found in Table I. Projecting onto each partial wave, we
find the effects on those channels for which resonances
are predicted. We have tabulated qualitative tendencies
of level shifts in Table II. As is seen there, 1¥(1) sup-
ports itself and 1+(8p), while 1+(8p) supports 1+(1)
but not itself. 2=(1) is supported by both of them.
1+(27) supports all the 1* resonances. The 1+ composed
of VsPs is also self-supporting. In this way 1+(1) still
remains low-lying, while the other 1+ supermultiplets
may be pushed upwards by some amount. The 0=(1)
meson is not supported by 1*(1) or 1¥(8p). We {feel
that 0—(1) may be considerably pushed up. In contrast
0~(8) is supported by all the 1* resonances. Even if a
vector-pseudoscalar resonance with 7=2 or | V| =2 is
found, it is questionable whether it belongs to 17(27)
or not.

Model B. In this model we do not assume the 4-
conservation rule. Instead we use the V3V3Ps coupling
estimated from the current hypothesis of ¢w mixing.
The ¢w-mixing theory tells us that the observed ¢ or
® is not the pure state of SU(3), but a mixture of the
singlet and the octuplet states,

w=0u’ cosf+¢° sinf,
¢=—aw’ sinf+¢° cosf,
where 8 is the so-called mixing angle. The estimates of
6 by several authors are in disagreement, but not far
away from each other. Since we know that g4, is practi-
cally zero as compared with g,,-, we obtain
— g(aPpm) sinf+g (%) cosf=0,
from which

(4.11)

(4.12)

¢(hpm) /g (#om) = cotd. (4.13)
In terms of the SU(3)-symmetric coupling constants
previously defined,

(G/K)=(8/5)2 cotf. (4.14)
If one takes 8=30°, one has
(G/K)=2.2. (4.15)

Then the V§VgVs coupling is no longer neglected.
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In the absence of the A-conservation rule, the 8p
channel of VgPs is coupled with V1Ps. The 8 channel
is not coupled owing to G-conjugation invariance and
its analogs in SU(3). The predicted level scheme has
been drawn in Fig. 3. Just as in Model A, the low-lying
levels are the 1t(1) and 1+(8p) mesons. In contrast to
Model A, 1-(8p) together with 1-(V1Ps) corresponds
to the channel producing Vs.

The bootstrapping effects of the predicted reso-
nances on the relevant channels are almost the same as
given in Table II. We have only to regard 1+(8p) as
1+(8p,V1Ps), keeping in mind that the effect of the
1+(8p,V1Ps) on the 1*(8p,V1Ps) row must be changed
as follows: minus sign when Vg is the gauge meson
family, and plus sign when the VV'sVs coupling is weak.

In this way we have obtained the level scheme of the
VPs resonances. The general features depend rather
sensitively on the V3VsV's coupling constant. The abso-
lute values of the mass levels are largely affected by the
subtraction point of the D function. The scales of the
ordinates in Figs. 2 and 3 shrink if one chooses a smaller
subtraction point, and expand if one chooses a larger.
We should not take literally the scales of the ordinates
in the level schemes. However, it is the prominent
feature independent of the involved coupling constants
and the validity of the 4A-conservation rule that there
exist a low-lying 1+(1) and a 1+(8p) supermultiplet.
The charge parities of these mesons are uniquely deter-
mined. Indeed, since in a tensorial form

Pi— P and Vi —V; (4.16)

under charge conjugation, 1+(1), 1+(8p), and 1*(27)
have negative charge parity, while 1+(87) has positive
charge parity. On the other hand, the axial-vector
baryonic currents transforming like 1-, 8p-, 8p-, and
27-dimensional tensors under SU(3) have positive
charge parity. Therefore the 1+(1) and 1+(8p) mesons
are never coupled with the axial-vector baryonic cur-
rents. Moreover, the singlet meson cannot be coupled

MAHIKO SUZUKI

with the axial-vector currents composed of the octuplet
baryons and the decuplet baryonic isobars, owing to the
selection rule of SU (3). It is the bilinear currents com-
posed of the octuplet baryons and the octuplet baryonic
isobars, if they exist, that 1¥(1) is coupled with. We
feel that the production of 1*(1) is through peripheral
boson-nucleon collisions.

We add here a comment on the possibility of the
boson icosuplet. Lee, Okubo, and Schecter?® proposed
the possible existence of a boson icosuplet, namely the
10 and 10* mesons which are connected with each other
through charge conjugation. The present investigations,
however, show that no icosuplet appears in any of the
partial waves. The reason is quite simple in Model A.
The process contributing to the 10 and 10* channels of
VgPs is only the V; exchange in the # channel. It pro-
duces a repulsive force for 1—, 1+, and 2—, and an at-
tractive force for 0—, but not so strong as to produce a
resonance. In Model B, the Vg exchange contributes to
the 10 and 10* channels in addition to the V; exchange
in the # channel. Consulting the unitary crossing matrix
elements, we find that these processes largely cancel
each other in the 10 and 10* channels. Thus we do not
have a force strong enough to produce a resonance in
the 10 and 10* channels.

Another comment concerns the 2+ channels. In the
models which do not take account of the coupling-in of
the PgPg and VV channels, the force is in general too
weak in 2+, Actually the branching to PsPs was re-
ported for some of the VPs resonances. Therefore we
can correctly estimate the 2t levels as well as the 1~
levels only after properly taking account of the PgPs
and the V'V channels. Then the problem becomes too
complicated to estimate numerically. If one considers
VsPs and ViPs, one has repulsive forces in 2+(1),
2+(8p), and 2+(27), and weakly attractive forces in
2+(8r) and 2*+(10,10%). Owing to G-conjugation invari-
ance and its analogs in SU (3), only the 2+(8F) of VPs
can be coupled with the 2+ of P3Ps and VsVs. In the
2+(8p) channels of PgPs and VsV, the Vg exchanges in
the ¢ and # channels produce no force, cancelling each
other. We can expect the strongest force in the Ps-
exchange process of the V Vs channel. We might obtain
a low-lying 2% resonance level, since 2+ can be con-
structed from the s wave of V,Vs.

5. GELL-MANN-OKUBO FORMULAS FOR
THE VP; RESONANCES

Up to now all investigations have been limited to
perfect symmetry. In the actual world, however, we
find a small and sometimes considerable departure from
unitary symmetry. This departure is always char-
acterized by the eighth component of unitary spin. It
results in the Gell-Mann-Okubo mass formulal:** and

( % B. W. Lee, S. Okubo, and J. Schecter, Phys. Rev. 135, B219
1964).
3 S. Okubo, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962).
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its extension to the relations among the coupling con-
stants.?% The mass formula is, as is well known, given
for a boson supermultiplet by

'm.f:mo,i?—i-ai[T(T—!— 1)—%1/2]) (51)

with a; being a physical parameter dependent on an
irreducible representation 7 under consideration. We
shall discuss the physical parameters for the VPs reso-
nances by means of simple dynamical models. When
there exist nearly degenerate supermultiplets with the
same dynamical properties (for example, the ¢w mix-
ing), the Gell-Mann-Okubo formula will be appreciably
disturbed. Nevertheless we shall assume its validity here
since it may help us in assigning the existing VPs
resonances into supermultiplets and in predicting other
members of the multiplets to be discovered.

Let us provisionally assume that the most violent
breakdown is due to the mass splitting of Pg which is
of the same order of magnitude as the mean mass. On
this assumption a simple-minded approximation is to
count the constituent Ps by means of the lowest order
perturbation. Consulting the Clebsch-Gordan coeffi-
cients of SU(3), we immediately find that the physical
parameter «; defined above obeys

;= Cq,KO[ (Pg) ,
where a(Ps) is the a; of Pg and is given by
a(Ps)=%(us"—ux?).

C; is a numerical factor depending only on the repre-
sentation, while K is a dynamical factor depending on
the spin-parity and the other dynamical properties of
the meson family under consideration. They can be
easily calculated to lowest order of the perturbation
expansion. We find that K turns out to be always posi-
tive independently of the spin-parity, if the Q value of
the Vs— PsPs decay is sufficiently small. C; is calcu-
lated to be 3, —3%;, %, and 3% for 8, 8p, (10,10%), and
27, respectively. Therefore this model predicts that a
T=0,Y=0 member is heavier than a T=1,V=0
member in 87 and 27, and vice versa in 8p. This model
is easy to understand intuitively, but it has the defect
of neglecting the symmetry-breaking effects coming
from the renormalized coupling constants.

Another model follows faithfully the context of the
bootstrap calculation and counts changes in Born am-
plitudes due to the Ps mass differences. The mass dif-
ferences of the constituent P will also be operative.
In Models A and B, there are three independent dy-
namical parameters for each Born amplitude, the
changes caused by mass differences of the exchanged
Pg, and the constituent Pg in the intermediate states
and external lines. The results are, in general, dependent
on the dynamics involved. Fortunately, however, we
have found by detailed numerical estimates that the

(5.2)

(5.3)

35 M. Muraskin and S. L. Glashow, Phys. Rev. 132, 482 (1963).
36 K. Kikkawa, Progr. Theoret. Phys. (Kyoto) 30, 636 (1963).
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same level pattern as in the former model is predicted
for each lower supermultiplet, namely, for all the
spin-parities

ai=ka(Ps), (5.4)
k:>0 for 8 and 27, 5.5)
k:<0 for 8p,
for VgPs, and
k>0 (5.6)
for V1Ps, in Model A. In Model B,
k:>0 for 87 and 27. (5.7

We find that ks for (8p, V1Ps) is negative when Vi,
are the gauge mesons, and positive for vanishing VsV3sVs
coupling. We assume these level patterns within the
respective supermultiplets and proceed to assignment
of the existing meson resonances to the predicted
supermultiplets.

6. ASSIGNMENT OF THE EXISTING RESONANCES

For many of the observed VPs resonances, quantum
numbers have not yet been determined. First consider
the 7w resonance (1220 MeV) or the B meson. Some
authors have assigned B to the 2~ octuplet on the basis
of a static approximation to the mw scattering. In con-
trast to the case without recourse to any higher sym-
metry, the static approximation, u/m=0, is not good
enough in the present unified investigation based on
SU(3). Even a low-energy approximation is not satis-
factory. The B meson should be assigned to the 1+
octuplet. If one takes Model A, the other members
must lie above B. In Model B the K7 resonance (1230
MeV) or the C meson, and its antiparticle, may be the
T=%, | V| =1 member, since they appear to be 1* from
the observation of the decay angular distribution. The
K resonance around 1175 MeV is also a promising
candidate for the T'=%, |V|=1 member of this
octuplet.

Next, consider the mp resonances. It has been re-
ported that the 4, meson has branchings to KK and
. According to purely group-theoretical arguments, 4,
must belong without ambiguity to the 87 family of
VgPs with JP=2+ This resonance is outside of the
scope of the present investigation. For the 4; meson
(1090 MeV), there are two experiments which disagree
on the spin-parity assignment. One of them!® asserts
0, 1,27, and so on, among which 0~ seems to be
most favored, on the basis of the absence of the KK
decay mode; while the other'® claims to observe the my
decay mode, hence 1-, 2+, and so on. If the former
turns out to be true, 4; will belong to 0~(8r) or 1+(27).
The possibility that it belongs to 1+(8r) cannot be
completely excluded. Consulting the calculated level
scheme, we conclude that 4; belongs to 0~ (8F) if the V;
is the gauge meson family, and to 1+(27) if the VV;Vs
coupling is sufficiently weak. In the case of 0=(8F), the
other members lie above 4; since T'=1 for 4;. In the
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case of 1+(27), 4, is necessarily the 7’=2 member and
the remaining members are above 4.

We can easily see that the X meson (y7r) is not
0—(1) as in the vector-pseudoscalar system. It will not
be interpreted as a VPg resonance.

Another K7 resonance which is not firmly estab-
lished was reported to be around 1270 MeV.%" If T=1,
it will constitute 2+(85) together with f° and 4,. The
Gell-Mann-Okubo mass formula holds almost exactly
for them. If 7'=3$, it may be a member of 1+(27).

Finally, some evidence has been reported for the

3 For not firmly established resonances which were recently
observed, see Proceedings of the 1964 International Conference on
High-Energy Physics at Dubna, USSR, 1964 (to be published).
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isoscalar mp resonance around 975 MeV.?8 From the
Dalitz plot of the decay products, the spin-parity seems
to be 1t or 2—. This is the lowest V' Pg resonance that
has ever been observed. It is quite welcome for the
present level schemes. Indeed, a low-lying 1t(1) has
been predicted in both of the models. It is one of the
most striking characteristics of the present work.
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High-Energy Limit of Pion-Nucleon Total Cross Section*
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A simple estimate of the high-energy limit of the pion-nucleon total cross section is given in terms of the
mass and the width of the 33 resonance and the S-wave pion-nucleon scattering lengths. The underlying
assumptions are that the forward elastic (charge-nonexchange) scattering amplitude satisfies the usual
(once-subtracted) dispersion relation, and that the scattering becomes dominantly absorptive in the high-
energy region. This estimate gives 23 mb as the limit of the total cross section, which is in close agreement
with what one obtains from a simple extrapolation of the available high-energy cross sections. The present
analysis strongly suggests that a simple correlation exists between a pronounced low-energy resonance and

the high-energy limit of the scattering amplitude.

N dispersion theory, the high-energy behavior of the

scattering amplitude is uniquely correlated to the
low-energy behavior. Therefore, a detailed knowledge
of low-energy scattering should yield some information
about high-energy scattering as a consequence of the
underlying analyticity assumption. If there is a pro-
nounced low-energy resonance, it is possible that this
resonance plays a dominant role in the discussion of
high-energy scattering. An explicit assumption of such
a correlation is made in the Regge-pole theory of
strongly interacting particles.!

The purpose of this note is to show that one can
actually obtain an estimate of the high-energy limit
of the pion-nucleon total cross section in terms of the
mass and the width of the 33 resonance and also the
S-wave scattering lengths. The basic assumptions to be
made are that the forward (charge-nonexchange) pion-
nucleon scattering amplitude satisfies the usual disper-

* Work supported by the National Science Foundation and the
U. S. Air Force.

1 According to G. F. Chew and V. L. Teplitz, Phys. Rev. 136,
B1154 (1964), one expects in the Regge-pole theory a reasonable
value of the high-energy limit of the pion-pion total cross section
from a knowledge of the low-energy pion-pion resonances.

sion relation and that this amplitude rapidly approaches
a pure imaginary limit in the high-energy region. The
latter of these may be regarded as the assumption
that pion-nucleon scattering becomes dominantly ab-
sorptive in the high-energy limit. This estimate is then
substantiated by a careful numerical analysis. This
analysis also enables one to compute the high-energy
limit of the total cross section if the high-energy phase
of the scattering amplitude is given. This computed
limit becomes 23 mb if one assumes the high-energy
phase predicted by a reasonable optical potential model?
of high-energy scattering.

Major conclusions are summarized at the end of this
note, together with important remarks, the last of which
concerns the question whether the same analysis can
be applied to pion-pion scattering.

Let T'(w) be the forward (charge-nonexchange) pion-
nucleon scattering amplitude as a function of the labora-
tory pion energy w. We normalize T'(w) as ImT(w)
= go (w), where g is the laboratory pion momentum and

2Y. Nambu and M. Sugawara, Phys. Rev. Letters 10, 304
(1963), and Phys. Rev. 132, 2724 (1963). The high-energy phase
is derived in the second of these references.



