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The “diagonal” P representation of the photon density operator in terms of the coherent states of the
radiation field is studied. It is shown that the class of weight functions P () required to represent all density
operators by means of the P representation is much larger than the class of all probability distributions and
that therefore the analogy linking the use of the P representation with certain classical stochastic techniques
is useful only for a limited class of density operators. The class of density operators for which the P repre-
sentation is appropriate is shown to be limited in the sense that there are density operators that require
weight functions so singular as to lie outside the class of all tempered distributions. Conditions on the weight
function P(a) under which the expectation values of the normal ordered operators (af)» am assume a
particularly simple integral form are presented. It is shown that if P(e) is a tempered distribution, then
these expectation values are given by a simple limiting process. A limited correspondence with classical
optics is suggested by a formula for these expectation values. Conditions that a density operator must
satisfy if its weight function is to be non-negative are presented and are shown to exclude all pure states
except the coherent states themselves. The problem of representing an arbitrary operator in terms of the
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coherent states is studied. New measures of the completeness of the coherent states are established.

I. INTRODUCTION

ECAUSE of the zero rest mass of the photon, the
wave properties of light are more obvious than its
corpuscular aspects and were, in fact, exhibited more
than a century earlier. The wave theory of Young and
Mazxwell has provided a sound conceptual framework
for optics, within which all the classic experiments have
been successfully understood. Recently, however, the
introduction of the laser and of new techniques for
counting photons has vastly increased the variety and
precision of optical experiments. It has become impor-
tant in these new areas of optics to make use of the
greater insight and detail afforded by the quantum
theory.

In this context, Glauber!=® has begun the develop-
ment of a fully quantum dynamical theory of the sta-
tistical properties of light beams. A fundamental method
in his formulation is the use of the “coherent” states as
a basis for describing the radiation field. These states
|a) are eigenstates of the photon annihilation operator
a,1.e., we have a¢|a)=a|a), and their eigenvalues o cover
the entire complex plane. In the classical limit, |a|>>1,
these state vectors correspond to states in which the
field vectors have a precisely defined set of Fourier
coefficients. The coherent states form a complete set, as
is evident from the fact that the unit operator may be

expressed as
1
1=——/!a><a|dza,
™

where d?a=d(Rea)d(Ima) is a real element of area.

(1.1)
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Interest has been focused lately upon the manner in
which a density operator describing the statistical prop-
erties of an arbitrary optical system may be represented
in terms of the coherent states. It is always possible to
represent the density operator p as an integral over all
outer products of coherent states, since we may use
Eq. (1.1) to write

1
- [ |alpl)8ldads. (1)

This representation has been studied by Glauber, who
has shown that when the function {(x|p|8) possesses a
certain integral representation, the expression (1.2) may
be reduced to a simpler form which he called the P
representation. In this form, the density operator is
expressed as an integral over all outer products of
identical coherent states:

p=/|a>P(a)(a|d2a. (1.3)

For a wide variety of fields, the use of the P repre-
sentation can simplify the computation of an important
class of expectation values. The expectation values of
the normally ordered products (af)?a™ of the funda-
mental field operators are diagonal sums of the form
Tr[p(at)”a™]. When the P representation is used for p
and when the orders of summation and integration may
be interchanged, we obtain from Eq. (1.3) the trace
relations

Trle(a")"a™ = /(a*)"amP(a)dZa. (1.4)

These relations express the quantum-mechanical ex-
pectation values in a form resembling classical ensemble
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averages and thereby provide an instructive and useful
analogy with classical optics. In this analogy, the weight
function P(a) (or P({a}) for a multimode system)
corresponds to a classical probability distribution for the
Fourier coefficient(s) of the classical fields.® The weight
function P() is real and normalized to unity, as can be
seen from Egs. (1.3) and (1.4), by using the facts that
p'=p and Tr(p)=1. The density operators belonging to
some physical states may be represented by using well-
behaved, positive-definite weight functions P(e), which
go smoothly over into the corresponding classical prob-
ability distributions as these states approach the
classical limit.

This correspondence is not of universal validity, how-
ever. The weight functions P(a) may be extremely
singular and may assume negative values; in some cases
they share none of the mathematical properties of prob-
ability distributions (except reality and normalization).
In Sec. VI, we shall present the very restrictive condi-
tions that a density operator must satisfy if its weight
function is to be non-negative. We shall show that these
conditions exclude all pure states, except the coherent
states themselves. The density operators that may be
represented by weight functions having only delta func-
tion singularities are also rather special, as will be proven
in Sec. IV.7

The class of density operators for which the P repre-
sentation is appropriate has not yet been fully charac-
terized. We shall not attempt this characterization in the
present paper but shall only remark that not all density
operators canbe said to possess this representation in any
useful form. For there are density operators that require
weight functions so intractably singular as to lie outside
the class of all tempered distributions.®® In fact, as will
be shown in Sec. IV, a density operator must satisfy a
set of rather restrictive conditions if its weight function
is to be a tempered distribution. In a recent paper,
Sudarshan!® has proposed an explicit construction for
any density operator of a weight functional that
formally satisfies Egs. (1.3) and (1.4). This weight func-
tional, however, is in general so singular that it not only
fails to be a tempered distribution, it lies outside the

6 The classical stochastic techniques are described in J. Lawson
and G. E. Uhlenbeck, Threshold Noise Signals (McGraw-Hill
Book Company, Inc., New York, 1950), pp. 33-56. See also,
M. Born and E. Wolf, Principles of Optics (Pergamon Press, Inc.,
London, 1959), Chap. X.

7 Limitations on the class of density operators for which the
P representation is appropriate were first discussed by R. J.
Glauber in Ref. 3.

8 Distributions and tempered distributions form classes of singu-
lar functions that include the delta function and its derivatives.
Definitions are presented in the Appendix.

9 This result was first suggested by D. Kastler and R. J. Glauber
(private communication).

0 E, C. G. Sudarshan, Phys. Rev. Letters 10, 277 (1963), and
Proceedings of the Symposium on Optical Masers (Polytechnic
Institute of Brooklyn, 1963), p. 45. The form of the weight func-
tional for the case of many modes is incorrectly written; a cor-
rected version appears in Ref. 14.
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much wider class of all distributions, as we shall
demonstrate in Sec. II.

The class of tempered distributions is the widest class
of functionals that share with probability distributions a
certain continuity property. As we shall show in Sec. II,
the expectation values (F,) of a sequence of functions
F.(a) calculated from a probability distribution ®(a)
according to the rule

(Fn)= /Fn(a)(})(a)d%z (1.5)

will converge to the limit (F) if the sequence of func-
tions F,(a) converges uniformly to the function F(a).
Thus the expectation value (F) may be said to be a
continuous functional of the function F(«). Expectation
values calculated from tempered distributions exhibit a
similar, though somewhat weaker, continuity. Members
of the wider class of all distributions, in general, possess
this continuity only when operating on a very special
class of functions F(a). The general weight functional
of Sudarshan, being in general neither a distribution nor
a tempered distribution, does not possess this continuity
property characteristic of probability distributions.

The radical extent to which the weight functions P(a)
differ mathematically from probability distributions is a
natural reflection of the fact that « is not a quantum-
mechanical observable, as is evident from the relation
[a,a’]=1. For this reason, one may only speak of the
probability W(4) for finding o within a range of values
A large compared to the uncertainty in the measure-
ment of a. In Sec. II, we shall consider the relationship
between the probability distribution W(A) and the
weight function P(c).

It will be made evident in Sec. III that the trace
relations, Eq. (1.4), impose a restriction on the asymp-
totic behavior as |a|—w of P(x). We shall prove that
the trace relations hold whenever the functions in-
volved, P(a)(a*)"a™, are absolutely integrable or, more
generally, whenever P(a) is a tempered distribution that
decreases in magnitude rapidly enough for large |«].
We shall also show that if P(a) is a tempered distribu-
tion then the following limit formula is valid:

Trlp(a")"a™]= el_i)rgl /e_" «®P(a)(a*)oamd?a. (1.6)

In Sec. V, we shall study two equations that are
generalizations of Egs. (1.3) and (1.4):

Q=/!a>52(a)<a]d2a 1.7)

and

Tr[Q(a")"a™]= /w(a) (e®)"a™d?a, (1.8)

where @ is an arbitrary operator. We shall see that Eq.
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(1.8), when specialized to density operators, provides a
correspondence with classical optics that is universal
and somewhat closer than that afforded by the P
representation.

In Sec. VII, we shall exploit the analytic properties of
the coherent states to obtain new measures of their
completeness.

II. P REPRESENTATION AND CLASSICAL OPTICS

For a given mode of excitation of the electromagnetic
field and for each complex number e, the coherent state
|a) is given by

0 a”

la)y=¢tlei 3

n=0 (n!)l/2

) 2.1

where |#) is the occupation number state having #
photons in the given mode. The state |a) is the eigen-
state of the annihilation operator ¢ with eigenvalue a,
i. e, a|a)=cala), as is evident from the relation
a|n)=n'?|n—1). These states are normalized but not
orthogonal,

(8| e)=exp[B*a—3(|a|*+[8]%)],

and form a complete set of states for the given mode,
as is shown by Eq. (1.1).

For a multimode system, the coherent state |{a}) is
specified by a sequence of complex numbers o, one for
each mode 4, and is defined by |{a})=]I:|a:):. These
multimode coherent states are eigenstates of each of the
annihilation operators: a;| {a})=q;|{a}), for all j. In
terms of these states, Egs. (1.3) and (1.4), which specify
the P representation for a single mode, have the follow-
ing natural extensions:

(2.2)

- f HahPa) e} TLida (2.3)

and

Trlp(ait) a;™]= f (@*)"a;"P({a})]]r d®ar. (2.4)

The positive frequency part of the electric field opera-
tor E,®(x) at the space-time point x may be ex-
pressed as a linear combination of the annihilation
operators

E, D (x)=1 3 1(3hor) Parr, (),

where the u,,(x) are a complete orthonormal set of
vector mode functions. The coherent state |{a}) is
therefore an eigenstate of E,(x), and we may write

E, D ()| {a})=8u(x,{a}) | {a}), (2.6)

where the function &,(x,{a}) is obtained from the
operator E,(x) by replacing the annihilation operator
a by its eigenvalue a; for each mode .

The usefulness of the P representation, as well as the
correspondence between it and classical optics, may be

(2.5)
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illustrated by considering the infinite hierarchy of cor-
relation functions G™, of which the first is defined? by

GV (21,%9) = Tr[pE, O (w) P (w2)].  (2.7)

If the P representation is used for p, Eq. (2.4) allows us
to simplify Eq. (2.7) to

G ()= [ &,4(xn ) & la)) P({a) [T .
(2.8)

An entirely similar simplification occurs for the higher
order correlation functions, which, like GO, are also
expectation values of normally ordered products of
E, and E,®. ,

In the classical version of Eq. (2.8), the weight func-
tion P({a}) is replaced by a probability distribution for
the Fourier coefficients, {a}, of the electric field vector
8.(2,{a}).b This is a significant restriction since the
class of all weight functions P({a}) is much larger than
the class of all probability distributions, as is shown in
Secs. IV and VI. This wider range of mathematical
possibilities is characteristic of the greater physical
generality of the quantum description.

It is perhaps worth noting how the greater generality
of the quantum description arises from the uncertainty
principle. The classical description assumes that the
electric field is precisely measurable at all points in space
time and therefore that the Fourier coefficients {a} of
8.(x,{a}) can also be measured exactly. From this it
follows that statistical phenomena arising from &,(x,{c})
may be described in terms of probability distributions
for these Fourier coefficients. In the quantum theory,
however, the commutator [ £, (x),E,(y)] does not,
in general, vanish; a measurement of the electric field at
one point disturbs measurement at other points. The
Fourier coefficients {a} are therefore not precisely meas-
urable, and there is no physically meaningful probability
distribution for them in the quantum theory. Conse-
quently, the quantum theory is free of the restrictive
assumption that all optical phenomena may be ade-
quately described in terms of probability distributions
for these Fourier coefficients.

For simplicity, most of the subsequent discussion will
be carried out for systems having excitations in only
one mode. The generalization of our results to the case
of finitely many modes is straightforward. The case of
infinitely many modes introduces convergence problems
characteristic of integrations over infinitely many vari-
ables. These problems also occur in the classical theory,
and we shall not consider them in this paper.

In our dimensionless units the uncertainty in the
measurement of the parameter « is of the order of unity:
(A Rea)(A Ima)~1. It is therefore possible to estimate
the probability W(4) that a field has a value of « lying
within a square 4 in the complex o plane whose area
||4]] is large compared to unity. To do this, we shall
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exhibit a Hermitian operator M(4) that, in an approxi-
mate!! sense, is a projection operator for a lying within
A, ie., M(4)|a)~|a),f aisin 4; and M(4)|a)=0 if
« is not in A. The Hermitian operator

1
MA)=- f ), (2.9)
m™JA

where the integral extends over the square 4, has this
property. For, from Eq. (2.2), we have

1
Bl M(4)|B8)=- / eloBIPd%y (2.10)
wJa
and since
r=fd2a exp(— |a—8]?),
then
BlM(4)|8)y=1 Bin 4,
=0 Bnotin 4, (2.11)

provided [|4[>>1.

The approximate probability W(4) is therefore given
by the relation W(4)=Tr[pM(A4)]. When 4 is the
entire complex plane, M (4) is the unit operator, so that
W(A4)=Tr(p)=1, which indicates that W(4) is cor-
rectly normalized. Using the P representation for p and
the trace relations, Eq. (1.4), we obtain

1
W(A)=—/ dza/dz,B P(B)ete—F12, (2.12)
mJa

When the weight function P(a) has the mathematical
properties of a probability distribution there are closer
relationships between P(a) and W(4). If P(a) is well
behaved, we have, from Egs. (2.10)-(2.11),

W(A)z/ P(a)d?a. (2.13)

If P(a) is non-negative and slowly varying throughout
4, then we may write

W(4)~P(@)|A4ll, (2.19)
where a is in 4.

As we have mentioned earlier, in order to describe
some states of the radiation field by means of the P
representation it is necessary to use extremely singular
weight functions. These singular weight functions may
be classified and contrasted with the probability dis-
tributions of the classical theory by studying the con-
tinuity properties of their expectation values,

<F>=/F(a)])(a)d2a. (2.15)

11 The approximation is necessarily poor for o lying near the
boundary of the square 4.
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The relevant question is, if F,(a) is a sequence of func-
tions converging to a function F(a), under what condi-
tions will the expectation values (F,) converge to the
limit (F)?

If the weight function P(a) has all the mathematical
properties of a probability distribution, we can easily
show that the sequence (F,) converges to (F), provided
the functions F,(a) and F(e) are integrable and the con-
vergence of the sequence F,(a) is uniform. Because the
convergence is uniform, we have that | F,(a)—F(a)| <e,
for all « if #> N(e). Since P(a) is assumed to be non-
negative and normalized, it follows that

EY—(F)| < / P(0) | F(0)— Fu(a) | d%
SG/P(a)d2a= €.

Thus the sequence (F,) converges to (F). In this sense,
weight functions having the character of a probability
distribution generate an expectation value functional
(F) that is continuous with respect to the function F(«).

Tempered distributions® are defined by the require-
ment that they generate an expectation value functional
that has a restricted form of the continuity characteristic
of probability distributions. The conditions under which
the sequence (F,) converges to (F) are more restrictive
in two ways. First, the functions F,(e) must be infinitely
differentiable and must, together with their derivatives
of all orders, go to zero at infinity faster than any power
of 1/|e|. Second, the convergence of the sequence of
functions F.(a) to the function F(a) must be stronger,
and the derivatives of the F,(e) must converge to the
derivatives of F(a).

The class of all distributions is much wider than the
class of all tempered distributions, but its greater
generality does not seem relevant to the P representa-
tion. This is because distributions are required to make
sense only when operating on infinitely differentiable
functions F(e) that vanish outside some bounded region.

Some index of the restrictiveness of the classical as-
sumption that weight functions may be replaced by
probability distributions is provided by Sudarshan’s!
general weight functional Ps({a}), which, for one mode,
reduces to

Pa= 3 JHlelmintmy
21rr(n+m),

Xexp[r?+i(m—n)(0+m)],

where 8™ (x)=(d/dx)"6(x) and a=re®. When only
finitely many matrix elements, (#|p|m), are nonzero,
Ps(a) is a tempered distribution. For such density
operators, it does not seem possible to avoid the sort of
singularities exhibited by Pg(e).

When infinitely many matrix elements (n|p|m) are

§(ntm) (1’)

(2.16)
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nonzero, Ps(a) contains infinitely many derivatives of
the delta function, all evaluated at the origin. However,
we shall prove in the Appendix that Pg(e) can have only
a finite number of derivatives of the delta function if it
is to be a distribution. Consequently, Sudarshan’s
weight functional is not a distribution (and therefore
not a tempered distribution), except in those special
cases mentioned above.

Many of the density operators for which Sudarshan’s
weight functional is not a distribution possess other
weight functions that are tempered distributions. As we
shall show in Sec. IV, however, a density operator must
satisfy a set of restrictive conditions if its weight func-
tion is to be a tempered distribution.

The radical extent to which some weight functions
differ from probability distributions does not appear
to have been generally recognized. In a recent paper,
Mandel'? has used the P representation to compute a
probability distribution p[ ¥ (x,a)] for a field amplitude
V(x,a), depending linearly upon a, according to the
relation

V()= / PV (5,0) = V(58) W (2.17)

While this relation may be valid for those well-behaved
weight functions to which Eq. (2.13) may be applied, it
is not a general result.!®

In another paper by Mandel,* the direct use of
Ps({a}) as a probability distribution has led to the con-
clusion that for a stationary density operator, i.e., one
for which [p,H]=0, “the expectation value of any
product operator containing unpaired creation and an-
nihilation operators ax' or ax as factors vanishes.” A
more accurate result is that for a stationary density
operator, expectation values of the form

Trlp [Ts(as") *(ar)™]
> w(n—mi)Er=0,

where E; is the energy of a photon in mode &. To prove
this, we note that quantities like (2.18) must be time-
independent if p is stationary. From this and the fact
that ax(f) =ax(0) exp(—iEi), we see that (2.18) must
vanish unless (2.19) holds true.

It is easy to construct density operators for which
(2.18) is nonzero when the degeneracy condition (2.19)
is satisfied—in fact, the ordinary interference phe-
nomena exhibited by stationary fields (e.g., in Young’s
double-slit experiment) are described only by such
density operators. To illustrate this last assertion, let
us consider the electric field intensity (I(x)) for an
ensemble of plane-polarized photons. It has been shown?
that (I(x))= Tr[pEC (x)E®(x)], where the polariza-

(2.18)

vanish unless
(2.19)

21, Mandel, Phys. Letters 7, 117 (1963).

13 In fact, when Pi(a)is used for P(a), it follows directly from
Eqgs. (2.16)~(2.17) that p[V (x,8)]=0 for V (x,8) # V (x,0).

141, Mandel, Phys. Letters 10, 166 (1964).
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tion index has been suppressed. Using the plane-wave
expansion E™®(x) « 37 a; exp(tk;- x), we have

(%)) 31 Trlpaitar]
+3 2 cos[i(k—ki)-x] Tr[pastar].
7=l

The second summation is time-independent, if p is sta-
tionary, since, in view of (2.19), those terms for which
E;# E; vanish. The remaining terms of the second sum-
mation exhibit a three-dimensional interference pattern,
and if they also vanish, (I(x)) is independent of x.

III. TRACE RELATIONS

In this section, we shall present conditions under
which a weight function P(«) satisfies the trace relations,
Eq. (1.4). These relations are essential both to the
analogy with classical optics and to the usefulness of the
P representation as a computational device.

An examination of Eq. (1.4) suggests that if the ex-
pectation value Tr[p(a")"a] is finite, the weight func-
tion P(a) must, as |a|—, tend to zero faster than
|@| =@+, If these traces are finite for all #, it would
seem that P(a) must go to zero at infinity faster than
any inverse power of |a|. For a wide class of weight
functions, these asymptotic conditions are necessary for
the trace relations to hold. They are also sufficient if
P(a) is well behaved, as the following result will show.

Let us assume that the P representation, Eq. (1.3),
exists for the density operator p and that P(x) is a well-
behaved, i.e., measurable, weight function. In this case,
we shall now show that the trace relation

Trp(a")ma™]= / (a*)"amP(a)d?e (3.1)

follows from Eq. (1.3), provided the Lebesgue integral
S| P(@)||e| *™d% exists and is finite.
By the definition of the trace we have

Tp(@)a]= 3 (plams(@)*|p)

L(etp) (m+p) 1 ]?

p=0 P'

which, using Egs. (1.3) and (2.1), becomes

Tefp(ah)ram]= 3

p=0

/ o] o) (o) e, (3.2)
p!

Now the sequence of functions

Si(e) = (a*)rame=1o® 3
»=0 p!

(@*)"a™, and we have the in-

||

(3.3)

converges to S(a)=
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equality |Si(a)| <|S(a)| for all a and all 4. Then, by
the Lebesgue dominated convergence theorem,'® the
interchange

11_)1?2 /Si(a)P(a)d2a=fS(a)P(a)dZa (3.4)

is valid, provided the integral /'|S(a)P(a)|d%x exists
and is finite. Equations (3.2) and (3.4) directly imply
Eq. (3.1) and our proof is complete. This proof is easily
generalized to cover the case of finitely many modes.

We now consider the case in which P(a) is not well
behaved. We shall show that Eq. (1.3) implies Eq. (3.1),
for all # and m, provided that for some arbitrarily small
positive constants € and 6 the function

T(a)="P(a) exp(e|a|’) 3.5)

is a tempered distribution. Our proof will utilize the
continuity property of the tempered distribution 7'(a).
We let fi(a)=Si(e) exp(—e|al?), where Si(a) is given
by Eq. (3.3). It is easy to see that fi(a) converges to
fla)=S(a) exp(—e|a|?) and that the convergence is
uniform on every bounded set. Since |fi(e)|<|f(a)]
= |a| "™ exp(—e|a|?), it is clear that we may find con-
stants C(r,s,u,v) such that, for all 1, , s, #, and v,

au+v
ary———fi()
dx¥ady”®

(3.6)

S C(r’s)u7.v) )

where a=x-+1y. Then, by the continuity of T(a),'® we
have

lim / T(a) fe)da= / T(a) f(a)d%:

= /S(a)P(a)d%z, 3.7

which, together with Eq. (3.2), implies Eq. (3.1). Since
n and m are arbitrary, our proof is complete. For the
case of finitely many modes, one must require that con-
dition (3.5) hold for each mode.

We shall now show that if P(a) is a tempered dis-
tribution, the formula

Trlo(at)a™]= l_i,lgi /e"'“lz(a*)”amP(a)dza (3.8)

is valid, provided | Tr[p(a")"a™]| < «. For each pair of
non-negative integers, # and m, we define the function

Q(s,n,m)=/e“'“'z(a*)"amP(a)dza, (3.9

15\, Rudin, Principles of Mathematical Analysis (McGraw-
Hill Book Company, Inc., New York, 1953), p. 209.

16 This follows directly from the definition of a tempered dis-
tribution, which is given in the Appendix.
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where s is a complex variable. As we show in the Ap-
pendix, the function Q(s,n,m) is analytic throughout the
right half-plane, Res>0, and in this region the kth
derivative is given by

Q(’“)(s,n,m)=/(—la]2)’°e's|“'2(a*)"a’”P(a)d2a. (3.10)

But, by Egs. (1.3) and (2.1), we have
Q®(1,m,m)=(—1)*k Kk |amp(aN)"|k). ~ (3.11)

Then, since Q(s,n,m) is analytic for Res>0, we have
for |s—1| <1 that

O(s,m,m)= éo(l——s)"(ielamp(a*)"lk% (3.12)

If the trace Tr[p(a")"a™] is finite, then the power series
for Q(s,n,m) converges also at s=0, and, by Stoltz’s
theorem,'” we may conclude that

Tr[p(aT)nam]-; lim Q(en,m),

>0+

which is just Eq. (3.8). This result and its proof are
easily generalized to cover the case of finitely many
modes.

IV. SINGULAR NATURE OF SOME
WEIGHT FUNCTIONS

In this section, we shall show that the weight func-
tions corresponding to some density operators are ex-
tremely singular. As we have mentioned earlier, this is
an evident limitation both upon the computational
usefulness of the P representation and upon the analogy
between it and classical optics.

The assumption that P(e) is a tempered distribution
leads to certain restrictive conditions on the density
operator p, as we shall now show. If P(a) is a tempered
distribution, then the functions Q(s,n,m), defined by
Eq. (3.9), are analytic for Res>0, and Egs. (3.10)-
(3.12) hold true. Now the power series for Q(s,n,m),
Eq. (3.12), which converges for |s—1|<1, may be
rewritten as

= (1—s)*

|]1/2
X (k-tm| p| k).

Since Q(s,n,m) is analytic for Res>0, this power series
must have an analytic continuation Q(s,n,m) throughout
the right half-plane, Res>0. This is true for all non-
negative integers # and m.

These are conditions on the matrix elements (% |p|m)
that by no means all density operators satisfy. For ex-
ample, if (21| p| 2n)= (1—x)x" and (2n+1|p| 2n+1)=0,

(4.1)

17 E. Hille, Analytic Function Theory (Blaisdell Publishing Com-
pany, New York 1963), Vol. I, p. 123.
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where 1>x>0, then Q(s5,0,0)=(1—x)[1—(1—s)%],
which has a pole at s=14-x"1/2,

If P(a) is a tempered distribution, the analytic con-
tinuation of the power series of Eq. (4.1) must also
satisfy the asymptotic condition

lim Q(|s|,mym)|s|~¥=0, for some N(nm). (4.2)

[Eidd

This is true for all non-negative integers, # and m. As we
shall show in the Appendix, this follows directly from
Eq. (3.9) and the continuity of the tempered distribu-
tion P(a).

An example of a density operator that violates these
conditions is one for which (2% |p|2n)=(n!)"1x"¢* and
(2n+1|p|2n+1)=0, where x>0. For in this case
0(s5,0,0) =exp[sx(s—2)].

Since some density operators do not possess weight
functions that are tempered distributions, it is reason-
able to consider whether these density operators may
be represented in some more general way, e.g., in terms
of a limiting process. We shall now mention a difficulty
connected with representing density operators in terms
of a sequence of tempered distributions P,(e), in the
form!®

p=lim /'a,\}’n(a)<ald2a. (4.3)

It has been shown!® that a sequence of tempered dis-
tributions P,() is convergent if and only if, for every
test function F(a), the sequence of expectation values
(F)p, is convergent. Consequently, if p is a density
operator that cannot be represented by a tempered dis-
tribution but for which the limiting process (4.3) is
valid, then there will be test functions F(e) such that
the limit

11}_{1: /Pn(a)F(a)dza

will not exist.

If a weight function P(e) is to bear any close mathe-
matical resemblance to a probability distribution, it can
have, at worst, delta-function singularities. We shall
now show, under quite general assumptions, that if P(a)
has only delta-function singularities, then the analytic
continuation of the power series, Q(s,0,0), of Eq. (4.1)
must obey a strong asymptotic condition.

Performing the angular integration in Eq. (3.9) and
letting = |a|? and P’(x) =7 f*"P(a)db, we obtain

0(s,0,0)= / i =P’ (x)dx. (4.4)

18 Limiting procedures of this type were introduced by J. R.
Klauder, J. McKenna, and D. Currie (to be published) and by
C.L.Mehtaand E. C. G. Sudarshan, Phys. Rev. 138, B274 (1965) ;
both procedures are subject to the limitation mentioned above.

¥ R, F. Streater and A. S. Wightman, PCT, Spin and Statistics,
and All That (W. A. Benjamin, Inc., New York, 1964), p. 34.
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We shall not assume that P(e) is a tempered distribution
but shall rather assume that, for some /< 1, the function

8y)= / otP'(x)dx

is of bounded variation on every finite portion of the
interval [0,00) and that B(y) converges as y—w.
Under these assumptions, it may be shown?® that
Q(s5,0,0) is analytic for Res>¢ and that, as before,
Q™(1,0,0)=(—1)"(n|p|n)n!. Consequently, the power
series of Eq. (4.1) may be analytically continued to the
function Q(s,0,0) for Res>¢. Since B(y) is of bounded
variation, it follows that the limit

Jlim O(ls],0,0) (4.5)

exists and is finite.

V. ALTERNATIVE COHERENT STATE
REPRESENTATION

We shall now show that, for an arbitrary operator £,
Egs. (1.7) and (1.8) always have solutions Q(a) and
w(a) that possess formal Fourier expansions in terms of

relatively well-behaved functions. We let a=re?® and
Fourier-analyze () and w(e):

1 o«
Ua)=— 2 € (r),
2T n=—wn

. (5.1)
wl@)=— > e"w,(r).

2 n=—c0

Substituting into Eqs. (1.7)-(1.8), we have, for m>0
and n+m >0,

[m ! (n4m) 2% m | Q| m—+n)

=/ r2mtrtlQ (Pe=*dr  (5.2)
and ’

Tr[Q(a")»tmam]= / r2mtetly (r)dr. (5.3)

It is important to note that for all pairs of integers n
and m, with fixed #, the left-hand sides of Egs. (5.2) and
(5.3) depend only upon @,(r) and w.(r), respectively.
For each integer #, we form the sequences

. M(n,m)=[m\(n+m)1"*m|Q|m+n)
an
w(n,m)="Tr[Q(a")+mam],

where each sequence starts at the first non-negative
integer m such that n+m>0.
Now, according to the Stieltjes-Boas theorem,?! there

®D. V. Widder, The Laplace Transform (P'rinceton University
Press, Princeton, New Jersey, 1946), p. 57.
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exist functions B,(r) and B.(r) of bounded variation
such that

M(n,m) =/ r2mtntldB, (r)
0

and

u(n,m) :/ 72m+"+ld6n(?’) .
0

This is true for all #, as long as all the elements M (#,m)
and u(n,m) are finite as we have implicitly assumed.
Setting Q.(r)=e"(dBn(r)/dr) and w.(r)=dB.(r)/dr, we
we see that Q,(7) and w,(r) contain, at most, a countable
number of singularities of the form 6(r—7"), since B,(r)
and B,(r) are of bounded variation. An additional con-
sequence of the Stieltjes-Boas theorem is that the
integrals /"¢ | Qa(r) | e~"*dr and S ¢®|wa(r)|dr are finite
for all #. The presence of the damping factor e~ in the
integral of |Q,(r)| reflects the mathematical difficulties
associated with the universal use of the P representation.

The Fourier series expansions for Q(a) and w(e), Eq.
(5.1), are purely formal, and we shall not investigate the
question of their convergence. Instead, we shall exhibit
the extent to which these series, when cut off at the
points #==£N, still respect Egs. (1.7)-(1.8). For each
N2>0, we define the cutoff series Q(a,N) and w(e,NV)
by Eq. (5.1) with the proviso that the summation extend
only from n=—N to n=+4N, i.e,

1 nw
Ua,N)=— 2 €™ Qu(r),

T n=—N

(5.4)

with a similar equation for w(a,N).
Now, from Eq. (5.2), it follows that the operator Qn
defined by

QN=/]a)9(a,N)(a|d2a, (5.5)

differs from Q only in that for |z—m| > N, (n|Qn|m)=0.
Consequently, if the trace Tr[QQ] is finite, it is easy to
check that as N —e, Tr[(2—Qx)T(Q@—Qx)]— 0, and
therefore that the convergence of Qx to Q is strong.
From Eq. (5.3), it follows that if N> |#—m/|, then
the exact value of the trace Tr[Q(a')"a™] is given by

Tr[Q(a")a™]= /w(a,N)(a*)”a’”d"’a R (5.6)

without any limiting process.

These results are easily generalized to the case of
finitely many modes.

Let us now consider the analog of Eq. (5.6) for the
case in which @ is a density operator describing a field
of finitely many modes. The relations Qf=0 and
Tr(Q)=1 imply that the “trace function” py({a})
=w({a},N) is real and normalized to unity for all N.
Since the correlation function G contains » factors
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of E& and » factors of E™), it is clear that px({a})
may be used to represent those correlation functions
G™ for which #< N. Thus, for example, Eq. (2.8) may
be replaced by

G (x1,%2)
- [ 8,%(x, (@) &(xn, {a))on(la[L: s, (5.7)

where N2> 1. Since the trace functions py({a}) are
tempered distributions with no singularities worse than
8(r—7’), this representation for the correlation functions
would seem to suggest a correspondence with classical
optics that is universal and perhaps somewhat closer
than that afforded by the P representation.

This correspondence is also limited, however, since,
as we shall show in Sec. VI, px({a}) is not, in general,
positive definite. In addition, as the results of Sec. II
indicate, pn({a}) must not be thought of as a probability
distribution for the Fourier coefficients {a}, except
perhaps in an approximate sense for states near the
classical limit.

VI. POSITIVE DEFINITENESS

In this section, we shall present restrictions on the
density operator p, if its weight function P(e) or its trace
function px(a) is to be non-negative. We shall show that
the requirement P(a) 2> 0 excludes all pure states, except
the coherent states themselves. We recall that Eq.
(2.14), which expresses a close relationship between the
probability function W(4) and the weight function P(a),
is valid only when P(a)2>0.

Let A(a) be any non-negative polynomial in the com-
plex variables a and o*, ie.,

N

Al)= Y a(r,s)ar(a*)*>0.

r,8=0

Then, if P(a)2 0, we have

(6.1)

5 alrs)is|olr)rishe

7,8=0

=/A(a)P(a)e“"""d2a>0; (6.2)

and, if p(a) >0, we have

N

S alr,s) Trlp(al)ar]= [ A@p(@)da30. (63)

r,8=0

These conditions have an obvious generalization for the
case of finitely many modes.

We shall illustrate the restrictiveness of Eqs. (6.2)-
(6.3) by showing that the pure state density operator
p=[1)(1] cannot have either a non-negative weight
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function or a non-negative trace function. Letting
A(a)=(1—|a|?)? we have

©[p[0)—2(1|p[1)+2(2|p| 2)=—2

and

Tr(p)—2 Tr(pa'a)+Tr[p(a")%*]=—1,

which violate Egs. (6.2)-(6.3).

We shall now show that if p represents a pure state
and P(a)>0, then p=|a/){a’| for some . If p repre-
sents any pure state, then we have p*=p and

Tr(p?)=1= /P(a)dza. (6.4)
But we may also write
T r(p2)=Trl: / |a)al B)(BIP(a)P(B)dzad%:I
= / ¢ 122 P(a) P(B)d?ad?B. (6.5)

Now if P(e) >0, Egs. (6.4) and (6.5) lead to the contra-
diction Tr(p?) <1, unless P(a)=(a—a’)=5[Re(a—a’)]
X 8[Im(a—a’)] for some o, in which case p=|a/){e|.
Thus the only pure states representable by non-negative
weight functions are the coherent states themselves.

VII. SUPERCOMPLETENESS OF THE
COHERENT STATES

We shall show that the coherent states |a) are “super-
complete,” in the sense that if a, is any convergent
sequence of complex numbers, then the corresponding
coherent states |ay,) are themselves complete.

Let (f| be any normalized state vector that is or-
thogonal to all the |au), i.e.,

<f|aﬂ>=05 1’L=0, 1’ 2) crron.

We shall show that (f| =0.
Since the states |#) are complete, the expansion

{f] = a{fIn){n| is valid, and we have 3_.|(f|n)|?=1.

Then the function

Jl@) = flay= 3 (f])

n=0

(7.1)

a'n
(CHRL

is entire. But by Eq. (7.1), we find that f(e,)=0on the
convergent sequence of complex numbers, a,, and hence
that f(a) vanishes identically. Thus (f|r)=0, for all «,
and (f| =0. Since only the null vector is orthogonal to
the states |an) for all #, the states |a,) are complete,
i.e., they span the Hilbert space of the occupation
number states |#).

As a consequence of this result, any vector (g| in the
Hilbert space spanned by the states |») is uniquely
determined by the scalar products (g|ax), provided the
sequence a, is convergent. Similarly, any Hilbert space

(7.2)
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operator { is uniquely determined by the matrix ele-
ments (o, | 2| om).

We shall now show that if Q is an operator such that
(a|©2|B) is finite for all « and 8, then Q is uniquely deter-
mined by the diagonal elements, (xn+1ym| Q| XntYm),
where x, and y, are any two convergent sequences of
real numbers.

To prove this, we shall show that if

(@ntiym| Q| %0 t-iyn)=0,

then under these conditions 2=0. The function f(x,y)
=(x+1y|@|x+iy) may be written as an everywhere
convergent power series in the complex variables a, o*
or in the real variables x, y, since

* nom

(@||a)=ce 3 olalm) (7.3)

n,m= n!m!)”z '

Therefore, as a function of the two complex variables
2z, w, the function f(zw) is entire.2? Consequently, if
f(z,w)=0 for z2=x, and w=1,, for each #» and m, where
%, and y,, are two convergent sequences of real numbers,
f(z,w) vanishes identically. Hence, by Eq. (7.3), @=0.

A special case of this theorem is that the matrix
elements (a|2|a), where a ranges over any region of the
complex a plane having nonzero area, uniquely deter-
mine the operator Q. The weaker result that @ is deter-
mined by the elements (a|Q?|a), for all @, was first
suggested by Jordan.?
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APPENDIX

In this Appendix we shall define the terms distribu-
tion and tempered distribution and shall then use these
defintions to prove three assertions that were made in
Secs. II, I11, and IV.

Let S denote the set of all infinitely differentiable
functions ¢(x) that, together with their derivatives of
all orders, go to zero, as |x|— o, faster than any power
of 1/]x|. The members of .S are the “test functions” on
which tempered distributions are defined to operate. A
sequence of test functions ¢n.(x) is said to converge in S
to the function ¢(x), if in every bounded region the
derivatives of all orders of the ¢,.(x) converge uniformly
to the corresponding derivatives of ¢(x) and if there are

2 D. V. Widder, Ref. 20, p. 139.

2S. Bochner and W. T. Martin, Several Complex Variables
(Princeton University Press, Princeton, New Jersey, 1948), p. 34.

% An incomplete proof of this result was first given by T. F.
Jordan, Phys. Rev. Letters, 12, 607 (1964).
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constants Cy, such that, for all x, », &, and g,
lxk(dq/dxq)¢n(x) I S Chq- (A1)

The set K of test functions for distributions is the set
of all infinitely differentiable functions ¢(x) that vanish
outside some bounded region, which may be different for
each of the ¢(x). A sequence of test functions ¢,(x) is
said to converge in K to the function ¢(x), if the functions
¢x(x) all vanish outside some fixed bounded region, the
same for all of them, and if their derivatives of all
orders converge uniformly to the corresponding deriva-
tives of ¢(x). A sequence that converges in S (in K) to
the null function o(x)=0 is said to converge to zero in
S (in K).

Distributions (tempered distributions) are continuous
linear functionals on K (on S). More explicitly, a func-
tional f(x) that associates with each ¢(x) in K (in .S) a
number {(¢);, given symbolically by {(¢);= S ¢(x) f(x)dx,
is said to be a distribution (tempered distribution), if the
following conditions are satisfied: (1) If ¢(x) and ¥(x)
are in K (in S) and a and B are complex numbers, then
{ap+BY) r=ald)+BW)s. (2) If ¢u(x) is a sequence of
test functions that converges in K (in S) to the function
o(x), then limy, ., {(pn);={(¢);. We note that these
definitions imply that every tempered distribution is a
distribution.

We shall now prove that if P(x) is a tempered dis-
tribution, then the function :

Qs,m)= / i P(x)xme~ *dx (A2)

is analytic for Res> 0 for each integer #>0 and that its
kth derivative is given by

0 (s1)= (=1 / " Pty (A3)

Now it is clear that ¢, (x)=x"¢*7 is in .S for all
720, so that Eqgs. (A2) and (A3) are well defined. We
must show that for each fixed s, Res>0, and each
sequence s’ — s,

lim [Q(’”(S’,n)—Q”‘)(s,n)

’
8 —>8

s'—s

Q%) [0, (a9
for all # and %, where Q®(s,n) is given by Eq. (A3).
Since P(x) is a tempered distribution, it is sufficient to
show that for all integers #20 and for each sequence
s’ — s, the sequence of test functions, ¥, (x)=(s'—s)~!
X [bn,s/(2)—pn,s(x) ]+ Pnta,s(x), converges to zero in S.
Now it is easy to verify that

Yo () = (s —s)xmH e (1)

where
x2 (m—2)

re(x)= 3 (s—s'ym? -

m=2

(AS)
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Because of the factor e¢=**, the functions ¥, ()
satisfy Eq. (A1), since for |s—s’| < e the constants Cy,
may be chosen independent of s’. Now, in any bounded
region |x| <R, the functions 7, (x) converge uniformly
to 1 as s’ — s, and all their derivatives converge uni-
formly to zero. For |x| <R and fixed s, Res>0, the
function x*+¢==* and all its derivatives are bounded.
Hence ¢n,(x) and all its derivatives approach zero
uniformly for |x| <R as s’ — s. Consequently, for each
n, the functions ¥, (x) converge to zero in S for each
sequence s’ — s, Res>0, Eq. (A4) is established, and
our proof is complete.

Equations (3.9)-(3.10) are the two-variable generali-
zations of this result. The arithmetic is somewhat more
involved, but the argument is identical to that given
here.

We shall now show that if P(x) is a tempered dis-
tribution, then for all » the functions Q(s,), given by
Eq. (A2), must satisfy the asymptotic condition

Illir_pm Q(s|,m)|s|~¥=0, for some N(x). (A6)

We note that the functions 8,,,(x)=x"¢1512" and all
their derivatives converge uniformly to zero, as |s|— o,
in the region |x|>7, for any #>0. Thus it is easy to
verify that constants C(k,q,n) may be found such that

[x"(dq/dxq)ﬁn,s(x) l S isl qc(ky%n) )

for |s| >R. But if Q(s,n) violates condition (A6), then
we may find a sequence s, such that |Q(]|s,|,n)]
> q|sq| ®C(k,g,n). Thus the sequence

Eq.n(x)E IQ(lsql ) I_len,sq(x)

converges to zero in S, as ¢ —. Hence the sequence
8g,n=J P(x)e€q,n(x)dx converges to zero, as ¢ —. But
this is a contradiction, since by Eq. (A2), |8,,.] =1,
and our proof is complete.

The proof of Eq. (4.2), which is the two-variable
generalization of this result, follows this argument very
closely.

We shall now show that Sudarshan’s functional, Eq.
(2.16), is not a distribution unless {(#|p|m)=0 for n>N
and m> N, where NV is a finite integer. The relevant
structure of Pg(a) is exhibited by

PY@)=3 cad™(x),

n=0

(A7)

where 6™ (x)=(d"/dx")8(x) and where an infinite num-
ber of the ¢, are different from zero whenever the
matrix {(#|p|m) has an infinite number of nonzero entries.

Let U(x) be an infinitely differentiable (Urysohn)
function such that U(x)=1, if |x|<%}; U(x)=0, if
|x] >%;and |U(x)| <1, for all x.2¢ We define ¢,(x)=0,
if c,=0; ¢u(x)=U@)x(n)™, if |ca|21; and ¢a(x)

% The existence of such functions is proven in I. M. Gel’fand

and G. E. Shilov, Generalized Functions (Academic Press Inc.,
New York, 1964), Vol. I, p. 142.
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=ca WU (e )2(n!)™, if 0<|ca| <1. The sequence
é(x) has been explicitly constructed so that it converges
to zero in K, as n — o0, as may easily be verified. Then,
if Pg'(x) is a distribution, we have

lim/ Py (2)pn(x)dx=0. (A8)
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However, from Eq. (A7), we have as well

21, (A9)

' / Py()bn(2)de

unless ¢,=0. Thus there is a contradiction, unless
¢n=0 for n> N, and our proof is complete.

PHYSICAL REVIEW

VOLUME 138,

NUMBER 6B 21 JUNE 1965

Classical Relativistic Mechanics of Interacting Point Particles

H. Van Dam* anp E. P. WiGNERT
Summer School of the University of Wisconsin, Madison, Wisconsin
(Received 15 February 1965)

The possibility of formulating a classical relativistically invariant mechanics of an arbitrary number of in-
teracting point particles is demonstrated. This theory is similar to Newtonian mechanics inasmuch as the
interaction between any pair of particles contains an arbitrary function of their distance. The conservation
laws for energy and linear and angular momenta, are established in the sense that the sum of these quantities
for the particles entering a collision is equal to the corresponding sum for the collision products. The possi-
bility of such a mechanics contrasts with the impossibility, demonstrated recently, of establishing a rela-
tivistic mechanics within the framework of the canonical representations of the Lorentz group.

1. INTRODUCTION

HERE appears to be a body of opinion according
to which an interaction between point particles
must necessarily be via a field if the theory is to be
invariant under Lorentz transformations.! This field is
thought to be essential and, in collisions between the
particles, the field can carry away energy, linear mo-
mentum, and angular momentum. Also there exists a
wide spread opinion according to which the interaction
between point particles must be via “signals,” the veloc-
ity of which does not exceed that of light, if the theory
is to be Lorentz-invariant. The present considerations
show that these opinions must be revised. The equations
which we shall consider postulate that a particle “inter-
acts” at a definite space-time point with those points of
the other orbits which are spacelike with respect to the
point under consideration (see Fig. 1). The interaction
is analogous to Newton’s “actio in distantia’ and reduces
to the gravitational interaction in the nonrelativistic
limit and if the distances between the particles (in the
usual sense) are always “large.”
The possibility of such a mechanics contrasts with the
impossibility, demonstrated recently,? of establishing a

* University of North Carolina, Chapel Hill, North Carolina.

t Oak Ridge National Laboratory, Oak Ridge, Tennessee.

! L. D. Landau and E. Lifshitz, The Classical Theory of Fields,
(Addison-Wesley Publishing Company, Inc., Cambridge, Massa-
chusetts, 1951), p. 41.

2D. G. Currie, T. F. Jordan, and E. C. G. Sudarshan, Rev. Mod.
Phys. 35, 350 (1963); also D. G. Currie, J. Math. Phys. 4, 1470
(1963) and J. T. Cannon and T. F. Jordan, ibid. 5, 299 (1964);
also H. Ekstein, Université d’Aix-Marseille, 1964 (unpublished).
These “no interaction” theorems apply to Dirac’s Hamiltonian
framework, given in Rev. Mod. Phys. 21, 392 (1949). In this

relativistic mechanics within the framework of the
canonical representations of the Lorentz group.

2. KINEMATICS

It is our aim to describe equations of motion for
interacting point particles which satisfy the following
postulates:

1. The equations are Lorentz-invariant in the sense
that the orbits transform as expected under proper
inhomogeneous Lorentz transformations.

2. The rest mass of each of the particles is constant.

3. The total energy, total linear momentum, and
total angular momentum are conserved in the asymp-
totic sense, i.e., they have the same value when the
particles have separated after a collision as they had
before the particles came close together. The law for the
motion of the center of mass should be valid in the same
sense.

We shall also make the assumption that there are
6n degrees of freedom, where # is the number of particles.
This means that 6z independent position and velocity
components completely characterize the orbits.

In order to give the equations of motion in a mani-
festly Lorentz-invariant form, it is convenient to intro-
duce a proper time 7; for each of the mass points and
give the orbits parametrically, in terms of these proper
framework, Lorentz transformations are canonical transforma-
tions. The “no interaction” theorem can be circumvented if one
is willing to give up the existence of world lines, as was done by
L. H. Thomas, Rev. Mod. Phys. 17, 182 (1945); B. Bakamjian

and L. H. Thomas, Phys. Rev. 92, 1300 (1953) ; L. L. Foldy, ¢bid.
122, 275 (1961).



