SELF-CHARGE-CONJUGATE MESON MULTIPLETS

This is because there is a one-to-one correspondence
between the octet bases and the operators H; and E,,
and we normally consider that the charge conjugate of
Co 1S €af—a (see Appendix). Then it is obligatory that
the charge conjugate of H; be —H; (see Sec. V).
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APPENDIX

Let us suppose {. to be a self-conjugate multiplet
such as the singlet or an octet, etc. Therefore, {o*= €{_a
with a certain numerical constant e,. Then if
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and

CREa=CRCICEu= —Rio*=—ats*.  (Ad)

Apparently these two relations contradict each other
unless ¢=0. Thus the invariant operator ® which satis-
fies the relation (21) has zero eigenvalue for any
self-conjugate multiplet.

Indeed the eigenvalue of the operator I(3) vanishes
for the self-conjugate multiplet, as is easily seen in the
following. The eigenvalue of 7(3) is given in Ref. 3 as

Z U3—rd), (AS)
where
Li=mq+r; and ri=% 3 Ci.°.

a>0

The m; represent the highest weight and r,=1, »,=0,
and 73=—1. In the case of the octet, m;=1, m»=0 and

G’tﬁ‘a= ag'a ) (Al)
it follows that
ReF=af*. (A2)
Then we have the two relations,
C(Rﬁ‘a = C(lﬁ'a = Gi‘a* (A3)
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my=—1, so that 3 ;(/;*—7:®)=0. More generally, for
the self-conjugate multiplet, the highest weight m;
satisfies the relations,
mi=—ms and my=0.
Thus, it is evident that > ;(};*—7,%)=0.
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A method of spin and parity determination has been worked out for boson resonances of spin § which
decay into a spin-1 particle and a spin-0 particle. It is shown that the quantity S(S+1) can be given in
terms of experimentally measurable averages. This affords a straightforward way of determining the spin
uniquely. For the parity assignment, one finds that certain experimental averages are identically zero for
one parity case and not the other. In addition, for the parity case in which two orbital angular momenta
are allowed, decay parameters as well as multipole parameters for the spin-S particle can be determined.

I. INTRODUCTION

HE purpose of this paper is to present a method
of determining spin and parity of boson reson-
ances which decay into a spin-1 particle and a spin-0
particle. This method can be applied to B— r+w,
A12— 7m+p, and K¢— K+p.! Several authors have
discussed these problems before.>—*
In this paper we adopt the approach of Byers and
Fenster, which they used to describe fermion resonances
* Work done under the auspices of the U. S. Atomic Energy
Commission.
1 For data on these particles, see the Summary by A. H. Rosen-
feld et al., Rev. Mod. Phys. 36, 977 (1964).
2 C. Zemach, Nuovo Cimento 32, 1605 (1964).
3 M. Ademollo, R. Gatto, and G. Preparata, Phys. Rev. Letters
12, 462 (1964).

*W. R. Frazer, J. R. Fulco, and F. R. Halpern, Phys. Rev.
136, B1207 (1964).

decaying into spin-} and spinless particles.*~8 We also
use the helicity formalism of Jacob and Wick® for the
decay particle of spin 1, which makes it possible to
bring out certain salient features of the problem as well
as to reduce the amount of algebra required. Perhaps
the most interesting result would be the relation (23),
with which one could determine, with enough statistics,
the spin of the resonant particle unambiguously.?

® N. Byers and S. Fenster, Phys. Rev. Letters 11, 52 (1963).

6 A similar approach has been applied to boson resonances
decaying into two spinless particles; see P. E. Schlein, Phys. Rev.
135, B1453 (1964).

7 A slightly different approach to fermion resonances has been
made by M. Ademollo and R. Gatto, Phys. Rev. 133, B531 (1964).

8 For applications of tests proposed by Byers and Fenster, see
P. E. Schlein et al., Phys. Rev. Letters 11, 167 (1963) and J. B.
Shafer and D. O. Huwe, Phys. Rev. 134, B1372 (1964).

9 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

1 For similar relation for fermion resonances, see Ref. 7; also
J. B. Shafer in Ref. 8.
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II. MULTIPOLE PARAMETERS
Consider a reaction of the type

A+B— S (spin S)+C,

S— X (spin 1)+ ¥ (spin 0). v

The spin state of .S is described in its own rest frame
(S RF), where, for convenience, the quantization axis
(z axis) is chosen to be along the production normal.
One may define the density matrix of S in this frame by

PO =4 Puw @ | Su)(SK |, @)

where |Su) is the familiar spin state in the S RF.
Let us define an operator 7’2 by

TpM=3 uw (Su'LM | Sp) | Su)(Sk'| ©)]

where (Su’'LM |Sw) is the usual Clebsch-Gordan coeffi-
cient. In terms of this, one now defines the “multipole
parameter” ¢,¥ by?®

p® =31 (L) S)ur*T L™, *)

where L= (2L+1)"2 and S= (25-+1)V2. Comparing (2)
and (4), one finds

puar = (L/SF S o M (SWLM|Sw);  (5)
then, by inverting,
L= wr puw  (SW LM | Sp) . (6)

Note that L<2S and that {°=1 since trp®=1. Be-
cause the Hermiticity of the density matrix, one has

1= (=) MM ™)

If A and B are unpolarized and one sums over the
spin states of C, one has the condition,”® for parity-
conserving reactions,

P V= €1HTHI T, () (8)
Substituting (8) into (6), one gets®
M= (=), ©)

This means that =0 for odd M.

We now turn to the description of the decay of S.
Let us define |\) to be the helicity state for the decay
particle X and k to be its momentum in the direction
Q= (0,¢). If I is the transition matrix for S decaying
into X and ¥, where X has momentum k and helicity
)\, then p® becomes (see Appendix I):

mp(s)mf
=3 1 (SL/Am)t L% 3500 (— )= (SAS—N' | LA\—)')
X Daran B*(@,0, —¢)Ardn*NN'], - (10)
where 4, is the “helicity amplitude’ for the decay.!®

u See Eq. (20), Ref. 5.
12 R. H. Capps, Phys. Rev. 122, 929 (1961).
18 For the definition of Darm- ), see Ref. 9.
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It depends on the orbital angular momentum /g. As-
suming parity is conserved, one has two different sets
for helicity amplitudes:

l,=8+1 ;=S8
A= A28 [ S a_(S+1DV] Ap=1/2
A_1=A+1 A_1=—1/\/Z

Ao=(1/S)[—a  (S+1)"24a_S"]  4,=0, (11)
where a,=amplitudes for /[,=S=+1 and |ay|?+]|a_|2
=1. If $S=0, only one angular momentum state is
possible, i.e., /,=1. In this case, one has A;;=4_,=0
and Ao= —1.

The decay angular distribution can be calculated from
Eq. (10) by taking the trace. Using the relation

Daro®*(p,0, —¢)=[(4m)"?/LIV L7 (@), (12)
one gets, for angular distribution,
1(@)=X 1a [S/ (4m) QMY 1, (@)
XAZA(=)MENS =N L0) [4a[7} . (13)

Note that the expression inside the bracket vanishes
for odd L or for L>12S.

One may describe the density matrix of X in the
same way as p®. For the purpose, one defines the rest
frame of X as follows: First, one rotates the S RF by
Euler angles'* (¢,0, —¢) and then goes to the rest frame
of X by pure time-like Lorentz transformation.’® In this
frame one may define the density-matrix operator p
for X by [in analogy to (2) and (3)]

PO =31 (12/3)r* o (NI | IN) [ NN, (14)

where 7, stands for the multipole parameter of X.
Note that /< 2 and that =1 since trp®™ = 1. Note also
that states |A\) are just the helicity states for X.

III. RELATION FOR SPIN DETERMINATION

Since the trace of p® is equal to 1, one may write
Np@MI=1(Q)p®. One then obtains, by comparing
(10) and (14),

1(Q) (I3 O % (= )=V (INL—=N | IN—X')
=3 L (SL/4m) L% (=)= (SNS—N | LA —)')

X AAN* Dy pn B* (9,0, —9),  (15)
after using the relation (A10). Using the formula'
/dﬂ DA B*FD, ) = (47r/z2)6ll’6mm’ , (16)

4 See A. R. Edmonds, Angular Momentum in Quantum Me-
chanics (Princeton University Press, Princeton, New Jersey, 1957).
15 See H. P. Stapp, Phys. Rev. 103, 425 (1956).
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one gets, from (15)

S (I3 AN =N | IN—)N)
X /dQ I(Q)rl()‘_)")*ng.X—)\'(L) (¢70) —¢)

= (=) S/ L)L M* (SAS—N | IAN—=N) Ar A *.
For a fixed m=A—\, multiplying both sides by
(IN1—)’|lm) and summing over A and )\, one obtains
(L3 ri" Dam ™% (6,9, — )
= (—=)*H1S17 3 (=N | ) (SAS— N’ | L) Ax*A

(17)
where one has taken the complex conjugate.
Let us denote the left-hand side of (17) by
G(im; LM)= (IL/\NB)(ri"Dan®* (4,0, —0)).  (18)
Then, we have
G(lm; LM)
= (=)t 3w (INL=N | Im) (SAS—N' | Lm) Ax* A .
(19)

It is shown in Appendix II that G(/m; LM) can be
evaluated from experiment for /=0 or 2.
Using (7), (11), and (19), one has the condition

GUm; LM)=(=)*G(l—m; LM) (evenl) (20a)
and

G*(Im; LM)= (=) MG(lm; L—M) (evenl). (20b)
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These relations show that it is not necessary to consider
negative values of m and M when evaluating G(Im; LM).

It is convenient to write down the relation (19) ex-
plicitly for different values of / and m:

G(22; LM)= (=), M(S1S1| L2) A 1*4_y

(even L), (21a)

G(21; LM)= (—)*+81,M(S1.50| L1)
X (I/NV2){Asr* Ao+ (—)EA0*4 1}, (21b)
G(20; LM)= (—1)*HS1, % (2/3)V2{ (S1S—1| L0) | A 41|
+(S0SO0|L0)| 4|2} (even L), (21c)

G(00; LM)= (—)*"31,M(1/3)2{2(S1S—1]| L0) | 411 |?

—(S0S0|L0)| 40|2} (even L). (21d)
From (21c¢) and (21d), one has
V2G(00; LM)+G(20; LM)
= (=) St (6)V2(S1S—1| L0) | A 44|
(even L), (22a)

—G(00; LM)+V2G(20; LM)
= (=) 1S, "W3(S0S0| L0) | Ao|? (even L). (22b)

The Clebsch-Gordan coefficients in (21a) and (22a)
can be expressed in terms of (S0SO0|LO) if L is even:

(S1S—1|L0)={[L(L+1)/25(S+1)]—1} (S0S0| L0)
(S1S1| L2)=[L(L+1)/(L—1)(L+2)*2(S0S0| L0).

Taking the ratio of (21a) and (22a) and using the above
two relations, one gets, for the spin S(2 1),

LL+1)G(22; LM)

S(S+1)=

where L is even (22) and e==1. e=+1 corresponds
to l,=S=1, and e=—1 to /;=S.

It is to be understood that the relation (23) is true
both for real and imaginary parts of G(¢m; LM) sepa-
rately for all allowed values of L and M. Using (9) and
(20b), one can show that there are (L+1) independent
tests for a given L. Note that formula (23) can be ap-
plied only after the parity is determined.

IV. TESTS FOR SPIN AND PARITY

Suppose S=0. Then only one angular momentum
state is possible, i.e., ;= 1. For this case, all G(lm ; LM)
should vanish except G (00; 00) and G(20; 00). Further-
more, we must have G(00;00)=1/v3 and G(20;00)
=—(2/3)12,

Now, consider the case S>1. If the parity of S is
such that /,=.S, we must have 4,=0 from (11). There-
fore, for this parity assignment, we have

G(21; LM)=0, (24a)

 2L(L+1)/3(L—1)(L+2)T2[VZG(00; LM)+G(20; LM)]+2G(22; LML)

(23)

where L can be either even or odd. Also, from (22b),

G(00; LM)=V2G(20; LM) (even L). (24b)

One does not expect in general that these conditions
hold for the other parity case (/,=S=1), so that con-
ditions (24a) and (24b) afford a means of determining
the parity of S. However, for the latter parity case
(ls=S=1), one may have G(21; LM) =0 for odd L,
if J,=S—1 dominates over l;=S+1. So (24a) is a
strong test only for even L.

In order to determine the spin itself, one applies the
condition that G(Im; LM)=0, if L>2S. This gives the
minimum value of S consistent with the experimental
data. For direct determination of the spin, one uses the
relation (23). If Ly is the largest even value of L for
which G(Im; LM) is nonzero, one has

(1/4) Linax (Lmax+4)

independent tests available for (23).
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We refer to Ref. 8 for the statistical treatment in-
volved in evaluating G(lm; LM) from experimental
data. One notes that some care needs to be taken when
using the formula (23), for the statistical distribution
of S(S+1) as evaluated by the relation is not of
Gaussian form. However, the distribution cen be calcu-
lated for various hypotheses of S, from which one can
assess confidence levels on the experimental value of
S(S+1).

Once spin and parity are determined from experi-
ment, one can evaluate decay parameters if the decay
proceeds by two orbital angular momentum states
1,=S=1 (we consider the case S2> 1). Decay parameters
are defined in the usual way [see (11)]:

a=2Rea_a,*,

B=21Ima_a,*, (25)
v=la-|*—las[?,

where o>+8?++?=1. In terms of these,

|Ap1)2=[42S+ 1) T {25+ 14+v+2[S(S+1) ]},

(26a)
| A= 4442, (26b)
| do|2=[2(2S+1) {254+ 1—v—2o[S(S+1)]"?},
" (26¢)
A A= [2V22S+ 1) Y —at 29[ S(S+ 1)
+iB(25+1)}. (26d)

Using (21), (22), and (26), one evaluates various ratios
from G(lm; LM) for given L and M (both even) but
with different [ and m. This gives two (or more) inde-
pendent equations involving « and v, so that one can
solve for them. Note that the sign of 8 cannot be
determined.

Once these parameters are obtained, one can deter-
mine ¥ for all allowed values of L and M by using
(21) and (22). However, one cannot determine the
over-all sign of ¢, if L is odd. For a consistency check,
one may apply inequality relationships which exist for
absolute values'” of #;,M. If the parity of S is such that
l,=S, it is not possible to determine ¢, for odd L.
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APPENDIX I

Here we derive Eq. (10). We may define the “helicity
amplitude” for the decay of .S by
M| Suy= (=) Lx A Sk \), (A1)

where (2| Sk;\) stands for a two-particle state with
the relative momentum in the direction  and eigen-
values S and p and helicity A. In terms of orbital angular
momentum /s, one may write

M| Su)y=21,(—)"a 1,— (2| L:1.5u)
=2 (—)""a, (2| S+, 1;Su), (A2)

where one has set /;=S+vand v=—1, 0, 41, and where
a, is the amplitude for the orbital angular momentum
ls=S+w.

There is a prescription!® which connects the helicity
state with a state of definite orbital angular mo-
mentum:

(Su; M 1ASw) = (1,/S) (1,0IN| SN) . (A3)

Using this relation, one has
(@ 4:1Suy=2"n(Q| S5 M) (Su; N 1:15u) .
Then, from (A2),

on|Suy= (=)' Ta@lSuiN)

X3 (=)a,[(2S+2v+1)12/87(S+», 0; IN|SN).
One may compare this with (A1) to get:
Ax=Y,(=)Ma,[(25+2v+1)2/5]

X (S+v,0; IN|SN). (A4)
The Clebsch-Gordan coefficients in (A4) can be
calculated in general'?
(S—1,0;1, £1]8, = 1)=[(S+1)/2(2S—1)]"2,
(S+1,0;1, 1|8, £1)=[5/2(25+3)]"2,

(S,0;1, £1|S, £1)=F1/V2,

(S—1,0;1,0]8,0)=[S/(25—1)]"2,

(5+1,0;1,0[S, 0)=—[(S+1)/(25+3) ]**,

(S,0;1,0]S,0)=0,

where the first four relations are valid for S2 1. Using
these, one gets, from (A4),

A= (1/V2){a,[S/(25+ 1)]ve
+a-[(S+1)/(25+1) ] +a0},
A= (ANV2D{a,[S/(2S+1) "
+a [(S+1)/(25+1) " —ad},
Ao=—a,[(S+1)/2S+1) 1P 4a[S/(25+1) ]
Note that Ya|4x|?=1 if 3,|a,|?=1. Since parity is
conserved, (A6) breaks up into two different sets, which

are given in (11).
States (2|Su;\) can be expressed!® in terms of

(AS)

(A6)

18 See Eq. (B5), Ref. 9.
¥ See Eq. (18), Ref. 9.
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D (.0, —) and the helicity state |\) of X:
(@ Su; =[S/ @m) 2 JDa@*(p,0, —4) [N). (A7)
Substituting (A1) and (A7) into (4), one gets

Mp M =3 1.2 (L2/4m) 1% 3 (Sw' LM | Sw)
XZ)\)\' ZDFX(S)*(¢:0’ ___¢):D",)"(s)(¢’0’ —4’)
X ArAv*| NN (A8)

Using the relation!*

gDmlmz(l)*fDmx’mg'(l,)
=3 i(lmy; U —my'| jmi—my") (Ima; U —my | jma—my)

X (=)™ Dyt maemr V¥, (A9)
and

(llm112m2| lama)
= (_)ll—ml(z3/22) (Isms; li—my| loms)  (A10)

one can reduce (A8) into Eq. (10).

APPENDIX II

In order to evaluate G(im; LM) from experiment,
one first needs to relate 7/ to experimentally measur-
able quantities.

For convenience, the rest frame of X as defined in
Sec. II may be referred to as the X RF;. In this frame,
one defines a unit vector (or a pseudovector) 7 to de-
scribe the decay of X. Thus, in the case of w, 7 is the
unit vector normal to the decay plane of w, whereas
for the p decay # stands for the momentum direction
for one of the decay pions.

As X decays, its helicity state |\) transforms into
Y *(#). Using (14), one may then calculate the following
average in the X RF;:

l2

(Y (i) =2 vm ;"z’"* 2o (INT'm’ | 1N)
X /‘dﬂ(ﬁ)Yl"(ﬁ)Yﬁ’*(ﬁ)Ylm*(ﬁ),

where dQ(#A) is the element of solid angle in the #
space. The integral on the right-hand side is equal to

[3/(4m)2[7(1010] 0) (— ) (INL =X | k) .
Using (A10), one gets finally
rin= — (4/3) VY m(#))a/ (1010]10),  (A1D)

where the average is to be performed for a fixed Q,
so that 7/ is now a function of Q. Note that 7 can be
evaluated in this way only for even /, i.e., /=0 or I=2.

Now, one may evaluate G(Im; LM) from experiment
by using (A11) and (18):

1 N
G(00; LM)= (47r/3)”2—\— S YLMQ),
/ 7 i=1

a

L N
G(2m H LM) = — (10#//3)]/2'.7 Z ng('ﬁl)

N =1

X Dagm B* (3,05,

(A12)

"4’1) 3

FOR BOSON RESONANCES
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where the sum is over all events in which the decay of
the particle S is observed and N is the total number of
these events. Note that ¥ 2 (Q;) and Dy @ *(¢4,0:, —ds)
are evaluated in the S RF, whereas ¥Vy™(#;) is evalu-
ated in the X RF,.

Since m < 2, Dam™* can be easily related to simpler
functions. For convenience, we list a few useful for-
mulas involving a7, % 20:

5DMm(L)(¢,0) _¢) = e-—-i(M~m)¢de(L) (0) ’

2L(LA2)(L+1)]V2%d s (6)
— (LA M) (L M—1)]72(14-cos8)dar—1.15- (9)
F2(LP— M) sind das D (0)
L (L= M) (L—M—1)]"2(1—cos)
Xdpuy110(0) (Al4)

dyn1® (@)= —[L(L+1)T12{ M (csc6+cotf)d o™ (8) -
+L(L—=M)(L+M~+1)]"2dr11,0"}, (A15)
(L—M)!

1/2
dMn(L) (9) = ("‘ )M[aM—),] PLM(COSO) s (‘\16)

where PrM(cosf) is the associated Legendre poly-
nomial.

There exists an alternative method of evaluating
G(lm; LM). It involves defining multipole parameters
of X in a different coordinate system. Let X RF, be
the rest frame of X obtained by pure time-like Lorentz
transformation directly from the S RF (no intermediate
spatial rotation). Then the X RF; and the X RF; are
related by Euler angles (¢,0, —¢) with respect to each
other. Since 7/ transforms in the same way as spherical
harmonics ¥V under spatial rotations,’ one has

7lm=2m’ 7lm'g)7n’m(l)(¢>o; “‘4’) ’ (A17)
where 77 is the multipole parameter of X in the X RFo.
In this frame, 7™ is again given by (A11).

Now, one substitutes (A17) into (18) and then uses
formulas (A9), (A10), and (12) to get?':

G(lm; LM)
= (4x/3)V2(I/L) v V' (P0lm| Lm)
X (U IM—m' | LM)(FM=m0 'y (A18)
where /=0 or 2. Using (20a), one sees that / has only

even values. The average appearing in (A18) can be
determined from experiment [in analogy to (A12)] by

(A13)

1 ~
PV ™) =— 3" Vo' (Q.)
N =1

— (2712 N

—— 2 V(A Vo™ (Q0).

] i=1
Note that V™' (Q;) is evaluated in the S RF, while
Y () is evaluated in the X RF,.

2 See, for instance, Eq. (A4) and Table I, Ref. 9.
21 This is related to the “test functions” 4 ('l; LM) proposed in

Ref. 3: G(m; LM)= (1/V3L) Sy ' (Olm| Lm)A ('L; LM).

(A19)
(FmY )=




