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Internal Conversion CoefBcients: General ForssIulation for all Shells and
Application to Low-EnergJJ Transitions
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Exact analytical results (in the case of a point nucleus with no screening) for the internal conversion co-
eScients for any shell are presented. These results simplify considerably at threshold values of the gamma-
ray energy. Numerical results, at threshold, are obtained for the X, L(LI, L~~, LzIz) and M(3II&, Mzz, Mz&z,
Mzv, Mv) shells, for 19 values of g in the range 5 ~& S~& 95, and for the first five electric and magnetic multi-
poles. The results for the E shell agree with those obtained by Spinrad. It is shown that the theshold results
are actually correct to order P (momentum of electron in units of its mass). The efFects of finite nuclear
size are also considered.

INTRODUCTION

~CALCULATIONS of internal conversion coefficients~ (hereafter referred to as ICC's) based on a point
nucleus with no screening have been performed by
Rose et al."Subsequent tabulations of ICC's by Sliv
et el.' and by Rose4 included both the static eRect
of the nuclear size and the effect of screening. A detailed
discussion of nudear-structure eRects, as well as a
comprehensive bibliography, is given in the review
article of Church and Weneser. '

Sliv et ul. and Rose both consider the nuclear charge
as being uniformly distributed in a sphere of radius
E=1.2A'~'&(10 " cm. They diRer only in their treat-
ment of the so-called penetration terms'; Sliv et ul.
evaluated the penetration terms by assuming a nuclear
model in which the nuclear transition current lies on
the spherical nuclear surface whereas Rose set the
penetration terms equal to zero. A discussion of nuclear-
structure eRects in ICC's, from a very general view-
point, is given by Green and Rose. In most cases the
ICC's for a finite-size nucleus are smaller than those
calculated for a point nucleus with larger reductions
occurring for larger Z values, particularly for 351
transitions. In general, penetration terms are at most
only a few percent of the principal term, the exceptions
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occurring when the gamma-ray matrix element is
inhibited while the penetration terms are allowed. '

Thus we expect that the results of Sliv et a3. and
Rose should agree to within a few percent; however, as
pointed out by Church and Weneser, ' there are un-
explained disagreements between the two tabulations.
A further cause of concern is the disagreement between
the tabulated values and various experimental results.
For example, McGowan and Stelson7 measured E-shell
ICC's for a number of pure E2 and mixed E2+Mi
transitions in several rare-earth nuclei, at gamma-ray
energies&140 keV, and obtained results 20% higher
than the tabulated values of Sliv et al. This is very
surprising particularly for E2 transitions because the
results of Sliv et al. (which include nuclear size effects)
for E2 transitions agree to within 2% with the earlier
results of Rose et ul. ' for the case of a point nucleus.
This indicates that 6nite nuclear size has a relatively
small influence on ICC's for E2 transitions. The latter
fact also seems to rule out the possibility that the
discrepancy is due to penetration effects (which
Church and Weneser' ' showed could play an important
role in M1 transitions). A detailed account of the various
discrepancies between experiment and theory, as well
as a complete list of references, may be found in the
paper of Frey, Hamilton, and Hultberg' and in the
review article of Ramaswamy. ' In fact, Ramaswamy
points out that the observed deviations from theory
in the case of unhindered E2 transitions pose a challenge
to theoreticians. The question is whether the existing
theoretical calculations are correct or perhaps whether
the deviations may be correlated with nuclear de-
formations.

Results of recent measurements of ICC's at low
gamma-ray energies also appear to be in disagreement

~ F. K. McGowan and P. M. Stelson, Phys. Rev. 107, 1674
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383 (1962)~
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with the results of Sliv et ul. and Rose."Furthermore,
it is also desired to obtain information on ICC's for
electron momenta P in the range 0 to a minimum of
0.32 (the latter value" corresponding to the lowest
transition energy ~=0.05 considered by both Sliv
et al.' and Rose' ). Thus we are provided. with a strong
motivation for re-examining and extending ICC tabu-
lations. We consider it important to separate the effect
on the ICC's due to the pure Coulomb field, nuclear
size, and screening; and as an initial step in that
direction, we calculate analytically the ICC's for all
shells and for all values of the gamma-ray energy
neglecting completely screening and nuclear-size effects.
The radial integrals appearing in the calculation were
evaluated analytically (previous analytic evaluations
of radial integrals were confined to the E shel)i) and
the results expressed in the form of double sums which
are most amenable to numerical evaluation. As pointed
out by Rose et a/. , it is more dificult to obtain numerical
results at low energies due to the occurrence of slowly
convergent series. In view of this and because of the
fact that the discrepancies between theory and experi-
ment occur at low gamma-ray energies, we will focus
our attention on the low-energy region. In particular,
we will apply our results to the calculation of ICC's, for
the E, L, and 3E shells, at threshold values of the
gamma-ray energy. Previous calculations of threshold
values of ICC's have been confined to the E shell. ""
We next show that all threshold results are actually
correct to order P'. In other words, the momentum
spectrum of the ICC's, to order P, is parabolic, a fact
which should prove extremely useful in interpolating
to gamma-ray energies away from threshold. As will
be noticed, the expansion is facilitated by factoring
out the indicial co dependence arising from the Hankel
function but the range of validity of our approximation
can only be stated in terms of the as yet uncomputed
coeiftcient of the p' term. Finally, the effects of finite
nuclear size are considered and a preliminary discussion
of screening effects is included.

GENERAL INFORMATION

Our notation generally follows that used by Rose' ""
and by Akhiezer and Serestetski. '~ The ICC's will be
denoted by Pr, i~i where X=O, 1 refer to magnetic and

"J.W. Mihelich and E. Funk (private communication).
"In our units k=c=m=1, where m refers to the mass of the

electron.
'3 B. I. Spinrad, Phys. Rev. 98, 1302 (1955)."R. F. O' Connell, Nucl. Phys. 4S, 142 (1963); R. C. Young,

Phys. Rev. 115, 577 (1959)."M. E. Rose, Relativistic Electron Theory (John Wiley 8z Sons,
Inc. , New York, 1960).

"M. E. Rose, Mgltipole Fields (John Wiley R Sons, Inc., New
York, 1955).

"A. E. Akhiezer and V. B. Berestetski, Atomic Energy Com-
mission Report AEC-tr-2876 (unpublished). This translation is
unfortunately marred by many misprints; however, a revised and
enlarged 2nd Russian edition of this book is now in press (John
Wiley R Sons, New York).

electric radiation, respectively. The expression for an
angular-momentum eigenstate of the electron is"

where ~=%(j+~t) for j=/&2t. The radial functions
for the continuum-state electron will be designated by
g„and f„while g„and f„will refer to the bound-state
electron. Then the Pn'"l can be written in terms of
radial integrals as follows':

Q07 1
p~(e) =

p~ 0)—

P B„„.IR,+R, I',
16m. L(L+1)(2L+1)
0!Gl L

16s (L+1)(2L+1)
K K

I

(R,+R4)+ (R4 R,)+R—i+R2, (3)
g L

where n is the fine-structure constant, ~ is the transition
energy and the values of ir in Kq. (3) are the negatives
of the values of Ir in Eq. (2)."Values of B„and C„, for
various values of I(: and ~' are tabulated by Rose."The
radial integrals are given by

g~g~rGJ. r dr,
0

(4a)

Rr = f„f„.Grr'dr,
0

(4b)

R3—z f„g„.Gr, ,r'dr,
0

(4c)

R4 —$ g„f„Gr, ,r'dr,
0

(4d)

f„g, Gr,r'dr,
0

(4e)

where

g„f„,GI.r'dr,
0

(4f)

Gr, (d'or) = (2s.)'i'i HI+ri2i'l (~or),
(~r)'"

and Hi+remi'i(&or) is the Hankel function of the first
kind.

The exact continuum-state wave functions are given
by15

e-&'
I
I (p+i, ) If.= i(w —1)"' (2pr)' I , (6)--

(s P)'i' 2l'(2y+1) r
'8 See Ref. 2. A typographical error in the tabulated values of

B„„(at the values a'= —2 and a= —I.+1) appearing in this
reference on page XV is corrected. The corrected value is
6L(L—1)(L+1)'/(2L —1).
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and

where

e "t' ~l'(y+iv)
~

1
g.= (w+ 1)"' (2pr) ~ I+,-

4.p)'" 21'(27+1)
(7)

and
2&/2y&/2 -I'(2y'+n'+ 1)-~&~

I'(y'+1) n'!p(p —lI,~')

X (1+W )'~'(2X)&'—'r&' 'e ""I+, (10)
I' —

f e
—iv r+ig (++zv)

XqFq(7+1+iv; 2y+1; 2ipr)&c c }.,. (8)

&Fz is the confiuent hypergeometric function, I'(Z) is
the gamma function and c.c.denotes complex conjugate.
The energy and momentum of the electron are denoted
by w and p, respectively;

where

Jg= (n' rFr( —n'+1; 2y'+1; 2&r)

+[~'—(p/X)] &F&(—n', 2p'+1; 2')}, (11)

p=nZ, y'= (~"—n'Z')'~',

n'=n —I"I (n=1, 2, 8, "),
Wg ——(I+(a'Z'/(y'+n')') }—'" and ).= (1—WgP)"'

(12)
v=txZ w/p p= (K2 ~2Z2)&/2

and

( in'
g2 t'g

zaZw)
&+

)
Writing

(—1)"(L+k) ' e*

Gl, ((ar) =8mP, (13)
k!(L—k)! (2i(ar)'+'

The exact bound-state wave functions are given by"
I'(2y-'+ n'+ I) we find that the evaluation of R; (i=1, ~ ~ 6) reduces

essentially to the determination of one type of integral.
I'(2y'+1) n'.p(p —!I.K') This integral, which we call I(~, n'), is written as

X (1—We)'"(2X) 7'—'r7' 'e ~"I (9) follows:

I(a&,n') =e'"(p+iv) r&&+&' ~ "e ~"+'v '"~" &Fq(y+1+iv; 2y+1; 2ipr), F&(—n'; 2p'+1; 2&r)dr.
0

Using the series expansion for the bound-state hypergeometric function,

e't (2zr) ~

,F,( n'; 27'+—1; 2Xr) = I'(2y'+1) P (—1)'
~-o t!(n' t)! —I'(2y'+t+1)

and making use of the formula

(15)

e &r" ~F~(a; c; br)dr=I'(n+1)p " '
~F~~ a, n+1&c; —

~, Rep)0, n) —1, (16)

gives the result

(2X)~r(&+&'+ t—k) t
2ip

X 2Fg~ y+1+iv, y+y'+t k; 2p+1; —
(
. (17)

I'(2y'+t+1) (!I+ip i ) + '+—' " k A+i p i )—
We now set

A+= (w+1)"'{n'[I(a&,n' 1)+I*(——co, n' 1)]},(18a)—
B+= (w+1)'~'{[z'—(p/lI, )]

X[I(co,n')+I*(—co, n')]}, (18b)

A = (w —1)'t'(n'[I(~, n' 1)—I*(—&o,
—n' —1)]},(18c)

II—= (w 1) f [& (p/~)7

X[I(co,n') —I*(—a), n')]}, (18d)

e ""Ir(7+iv) I (2p)'
d, =in2"' (1+W. e)—"'

(o (~p)U'I'(2y+1) I'(2y'+1)

-I (2~'+n'+ I)-'~'
(2X)~'—'. (20)

's .p(p XK )

Thus, we can write the radial integrals in the following

form:

(I.+k)! i'

k!(L—k)! (2M)'
(19) Rg ——d, P a(A++8+), (21a)
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R,=i(1 W—ts/1+Wss)'"dz Q a(A=B ), (21b)
result:

I (ce,rz') aI*(—cc, n')

R,= zd sP a(A +B ), (21c) = e 'r-(27'+ 1)P(—1)'e'!/t! ( '—t)!

Re ——(1 Wts—/1+Wts)"dz Q a(A+ B+)—,

R;= —ds Q(L It/L+—It)a(A +B ),

R4 i (1 W——Is/1+—Wt4)'t'dz

(21d)

(21e)

(2)I,)T (y+y'+1 —k)
X e""h+z )

I'(2y'+ t+ 1)(A+i p —zos) &+r'+'

2ip
Xz&4! y+1+zv, v+v'+t —&; 2m+1;

l A+ip icc—

X p(L—&/L+h)a(A+ —B+) (210

Now making use of the well-known relations between
hypergeometric functions, ' we can obtain the following

2ip

),+ zp —ztc j (22)

TABLE I. Threshold values of internal conversion coe%cients for the K shell. '

Magnetic multipoles

(mc' units)

6.6582 (—4)
2.6660(—3)
6.0085 (—3}
1:o707(—2)
1.6781(—2}
2.4256(—2}
3.3164(—2)
4.3547(—2)
5.5451(—2}
6.8936(—2)
8.4072 (—2)
1.0094(—1)
1.1964(—1)
1.4030(—1)
1.6305 (—1)
1.88O8(—1)
2.1560(—1)
2.4589(—1)
2.7928(—1)

(mc' units)

6.6582 (—4)
2.6660(—3)
6.OO85 (—3}
1.0707(—2)
1.6781(—2}
2.4256(—2)
3.3164(—2}
4.3547(—2)
5.5451(—2)
6.8936(—2}
8.4072 (—2)
1.0094{—1)
1.1964(—1}
1.4030(—1}
1.63o5 (—1)
1.8808 (—1)
2.1560(—1)
2.4589(—1)
2.7928(—1)

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

P1(o)

7.3842 (2)
1.8654(2)
8.4374(1)
4.8653 (1)
3.2163 (1)
2.3255 (1)
1.7940(1)
1.4554(1}
1.2307 (1)
1.0786 (1)
9.7641(0)
9.1137(0)
8.7668 (0)
8.6982 (0)
8.9214(0)
9.4977 (0)
1.0564(1)
1.2405 (1)
1.5647 (1)

p~ (1)

3.0303{4)
1.8891(3)
3.7155(2)
1.1686{2)
4.75o1(1)
2.2695 (1)
1.2117(1)
7.0138(0)
4.3171(0)
2.7883 (0}
1.8720(0)
1.2974(0)
9.2332 (—1)
6.7204(—1)
4.9865(—1)
3.7624(—1)
2.8806(—1)
2.2341(—1)
1.7526(—1)

p (o)

1.9916(6)
1.2528 (5)
2.5016(4)
8.0366 (3)
3.3574{3)
1.6592 (3)
9.2216(2)
5.5943 (2)
3.6338(2}
2.4948 (2)
1.7939(2)
1.3424(2)
1.0405 (2)
8.3257 (1)
6.8624(1)
5.8191(1)
5.0747 (1)
4.5546(1)
4.2155(1)

Electric multipoles

p2(1)

1.9665 (7)
3.O526(5)
2.65O3(4)
4.6433 (3)
1.1923(3)
3.8908 (2)
1.4950{2)
6.4608(1)
3.0482 (1)
1.5380(1)
8.1763(0)
4.5289(O)
2.5919(0)
1.5234(0)
9.1632(—1)
5.6423 (—1)
3.5793(—1)
2.378o(—1)
1.7o61(—1)

p (o)

1.4231(9)
2.2304(7)
1.9681(6)
3.5281 (5)
9.3350(4)
3.1623(4)
1.2714{4)
5.7978 (3)
2.9130(3)
1.5808 (3)
9.1362(2)
5.5659(2)
3.5467 (2)
2.3501(2)
1.6120(2)
1.1408(2)
8.3088 (1)
6.2182 (1)
4.7788 (1)

p3(&)

5.0366(9)
1.9451(7)
7.4446(5)
7.2530 (4)
1.1744(4)
2.6129(3)
7.2166(2)
2.3278 (2)
8.4291(1)
3.335O(1)
1.4143(1)
6.3419(0)
2.9801(0)
1.4613(0)
7.4918(—1)
4.0549(—1)
2.3616(—1)
1.5174(—1)
1.0968(—1)

p4(o)

4.6148 (11)
1.8029(9)
7.0360 (7)
7.0462 (6)
1.1826(6)
2.7516(5)
8.0207 (4)
2.7574(4)
1.0752 (4)
4.6307 (3)
2.1612(3)
1.0779 (3)
5.6837 (2)
3.1427 (2)
1.81O3(2)
1.o8o7(2)
6.6587 (1)
4.2205 (1)
2.7450 (1)

p4(i)

7.2708 (11)
6.9868 (8)
1.1792{7)
6.3911(5)
6.5284(4)
9.9106(3)
1.9691(3)
4.7461(2)
1.3213(2)
4.1099(1)
1.3963(1)
5.1055(0)
1.9940(0)
8.323O(—1)
3.7479(—1)
1.8525(—1)
1.0232 (—1)
6.3586(—2)
4.3946(—2)

p&(o)

8.5015(13)
8.2815 (10)
1.43O1(9)
8.oo57(7)
8.5300 (6)
1.3646(6)
2.8877(5)
7.4951(4)
2.2723 (4)
7.7825(3)
2.9401(3)
1.2o37(3)
5.2684(2)
2.4394(2)
1.1848(2)
5.9950(1)
3.1418(1)
1.6973 (1)
9.4129(0)

p~o)

6.8538 (13)
1.6391(10)
1.2202 (8)
3.6803 (6)
2.3729(5)
2.4594(4)
3.5185(3)
6.3449 (2)
1.3605 (2)
3.3372 (1)
9.1298(0)
2.7457 (o)
9.0409(—1)
3.28O9(—1)
1.3311(—1)
6.1204(—2)
3.19O2(—2)
1.8516(—2)
1.1633(—2)

The power of 10 by which the numbers should be multiplied is given by the number in parentheses.

'4 Higher Transcer44te44tat Fu44ctio44s, Batemars Manuscript Project, edited by A. Erdelyi (McGraw-Hill Book Company, Inc. , New
York, 1953},Vol. 1.
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De6ning

&+=L~'—(p/&)3 2 c',

p1 —W&~'I'
Ro——i! —

~
diQaPd c,

i1+W~) ~ i=o

R. F. O' CONNELL AND C. O. CARROLL

(25b)

and using Eq. (22), we can show that

A~= g(N' —i)c+.

This formula enables us to vmite dove the results for
the radial integrals in their most elegant form

L n'

L n'

R,=idi Q a+ d+c—,
kM

!1—W~)'&'
Ro ——

~

—
I

d, P a P d-c+,
(1+Wing j ~ i=o

Ro———d, P a(L—k/L+k)g d+c „

ii—W ~'I' n'

R4 i~ —— —
~

di g a(L—k/L+k)P d-c+,
(1+Wail

(25c)

(25e)

(25f)

(2X) r (~+~'+i—k)

d~= (~ —i)~L.'- (p/~) j,

c'= (~~1)'"c '"l'(2V'+ 1)(—1)'
i!(n' —~)!r (2q'+~+1) (X+ip—~)~+"+~o

)&(c"&(y+iy) 2Fi(ad+1+iv, y+y'+i k;2y+1;—(2ip/X+ip ioi))—
+ (y—iv) oFi(y+i v, y+y'+i k; 2y+—1; (2ip/X+ip uo))—}, (26)

(27)

and a and di are given by Eqs. (19) and (20), respec-
tively.

These results, combined. with Eqs. (2) and (3), give
us exact analytic expressions for the ICC's for all shells
and for all transition energies in the case of a point
nucleus vrith no screening.

APPLICATlON TO THRESHOLD

The foregoing expressions simplify considerably at
threshold, i.e., when p goes to zero. We find that

lime =inZQ

XiFi(y+y'+i —k; 2y+1; ( 2nZ/X ic—o)), (2—8)
and

K

lime+= -- lime
inZ2 '

where

Q= 2@I'( y2' +1)(—1)'

~'! r(~+~'+i —k)
7'=inZ( —1)' 2'-'

(~'—i)!&! r(2q'+ i+1)

gyes

—2nZ/X
b= T,F,

~
y+y'+i k; 2y+1; ——,(34)

1—(ioo/X)

—2nZ/X 'I!

1=r,F,] ~+~'+i—k+1; 2&+2; — [, (35)
1—(ia)/7)1

2i y+y'+t k—K

h= b+
inZ X ioo 2—y+ 1

(36)

Ri=do Q a Q d+h,
k=o

enables us to v rite down the follow ing relatively simple
expressions for the radial integrals at threshold:

e'! (2X) '1'(y+ y'+i —k)
X- (30)

t.!(I'—t)!r(2q'+&+ 1) (7. i~)~"+~o—
Ro=i(~o/X)do Q a P d b, -

n'

(37b)

d'=inZQ iFi(y+y'+i k+1; 2y+2; —2n—Z/X —uo) .
(31)

De6ning the quantities

Ro= —do g(L k/L+k)a P d+b,— (37c)

n'

R4——i(oo/X)do P(L k/L+k)a Q d h, —(37d)

nZ) ~-'~'
2~&'+'~'(1+ Wa)'"—

&(2y+1)
i') &&+&' F(2y'+I'+1)

~ n'!p(p —xx')
(32)

I n'

R„.=ido Q a P d+b,

Ro ——((o/X)do P a P d—h.

(37e)
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TABLE II. Threshold values of internal conversion coefficients for the I.y subshell. '

(mc' units)

1.6647(—4)
6.6672 (—4)
1.5033(—3)
2.6803 (—3)
4.2040(—3)
6.0825 (—3)
8.3258 (—3)
1.0947 (—2)
1.3960(—2)
1.7385 (—2)
2.1244(—2)
2.5562 (—2)
3.0372 (—2}
3.57 3(—)
4.1630(—2)
4.8181(—2)
5.5437 (—2)
6.3487(—2)
7.2445 (—2)

(mc' units)

1.6647 (—4)
6.6672 (—4)
1.5033 (—3)
2.6803 (—3)
4.2040(—3)
6.0825 (—3)
8.3258 (—3)
1.0947 (—2)
1.3960(—2)
1.7385(—2}
2.1244(—2)
2.5562 (—2)
3.0372 (—2)
3.5713(—2)
4.1630(—2)
4.8181(—2)
5.5437 (—2)
6.3487 (—2)
7.2445 (—2)

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

PI(o)

5.9024(3)
1.4935 (3)
6.7745 (2)
3.9221(Z)
2.6063 (2)
1.8967 (2)
1.4747 (2)
1.2075 (2)
1.0321(2)
9.1584(1)
8.4093 (1)
7.9767 (1)
7.8143(1}
7.9143(1)
8.3075 (1)
9.0772 (1)
1.0396(2)
1.2616(2)
1.6512(2)

P (I)

7.1057(4)
4.4320(3)
8.7253 (2)
2.7477 (2)
1.1185(2)
5.3524(1}
2.8621(1)
1.6590(i)
1.0222 (1)
6.6049(0)
4.4320(0)
3.0658 (0)
2.1739(0)
1.5727(0)
1.1563(0)
8.6091(—1)
6.4707(—1)
4.8934(—1)
3.7104(—1)

Magnetic multipoles

P2(0)

2.5498 (8)
1.6049 (7)
3.2083 (6)
1.0324(6)
4,3219(5)
2.1413(5)
1.1939(5)
7.2699(4)
4.7429 (4)
3.2727 (4)
2.3670(4)
1.7831(4)
1.3925 (4)
1.1239(4)
9.3550(3)
8.0216(3)
7.0848 (3)
6.4516(3)
6.0715(3)

Electric multipoles

p2 (I)

1.0341(8)
1.6581(6)
1.5200(5)
2.8748 (4)
8.1493(3)
3.0030(3)
1.3328(3)
6.8056(2)
3.8799(2)
2.4188(2}
1.6240(2)
1.1612(2)
8.7649(i)
6.9383(1)
5.7315(1)
4.9234(1)
4.3883 (1)
4.0554(1)
3.8892 (1)

P, (0)

2.9147(12)
4.5677 (10)
4.0305 (9)
7.2253 (8)
1.9118(8)
6.4764(7)
2.6039(7)
1.1876(7)
5.9675 (6)
3.2392 (6)
1.8728 (6)
1.1415(6)
7.2790(5)
4.8276(5)
3.3154(5)
2.3498(5)
1.7148(5)
1.2865 (5)
9.9179(4)

p3(1)

5.5569(12)
2.1845(10)
8.6171(8)
8.7612 (7)
1 4999(7)
3.5773 (6)
1.0745 (6)
3.8277 (5)
1.5558(5)
7.0277(4)
3.4631(4}
1.8364(4)
1.0372 (4)
6.1896(3)
3.8794(3)
2.5412 (3)
1.7335(3)
1.2281(3)
9.0200(2)

p4(o)

1.5120(16)
5.9027 (13)
2.3013(12)
2.3014(11)
3.8555 (10)
8.9503(9)
2.6020(9)
8.9177(8)
3.4652 (8)
1.4865 (8)
6.9075(7)
3.4284(7)
1.7983 (7)
9.8864(6)
5.6595 (6)
3.3561(6)
2.0529(6)
1.2911(6)
8.3275 (5)

p4(1)

3.0602 (16)
2.9925 (13)
5.2024(11)
2.9403 (10)
3.1725(9)
5.1558(8)
1.1123(8)
2.9542 (7)
9.2023 (6)
3.2527(6)
1.2742 (6)
5.4372 (5)
2.4942 (5)
1.2175(5)
6.2733 (4)
3.3896(4)
1.9105(4)
1.1184(4)
6.7759(3)

P~(0)

4.4558 (19)
43348 (16)
7.4711(14)
4.1709(13)
4.4283 {12)
7.0530(11)
1.4848(11)
3.8304(10)
1.1532(10)
3.9187(9)
1.4674(9)
5.9489 (8)
2.5757 (8)
1.1785(8)
5.6492 (7)
2.8174(7)
1.4534(7)
7.7167 (6)
4.1989(6)

P~(1)

7.5041(19)
1.8281(16)
1.4043 (14)
4.4278 (12)
3.0252 (11)
3.3695(10)
5.2571(9)
1.0495 (9)
2.5288(8)
7.0670(7)
2.2264(7)
7.7422 (6)
2.9246(6)
1.1851{6)
5.0996(5)
2.3112(5)
1.0955 (5)
5.3990(4)
2.7520(4)

a The power of 10 by which the numbers should be multiplied is given by the number in parentheses.

Substitution of these results in Eqs. (2) and (3) enables
the ICC's at threshold to be calculated for any shell
(point nucleus, no screening model).

Numerical results were obtained with the use of an
IBM 7040 computer. The hypergeometric series which
occur were summed until the absolute values of two
successive partial sums differed by less than 10 . The
computations were performed to 8 significant figures
and we have rounded off to give five significant figures
in the ICC tables. The results are presented in Tables
I—IX for the E, L(L&,Lzi,Ltrr) and M(Mz, Mtr, Mtrt,
Mqv, Mv) shells, for 19 values of Z in the range 5
&Z&95, and for the first five electric and magnetic
multipoles. It is seen that the results for the E shell
agree with those obtained by Spinrad. "

LOW-ENERGY TRANSITIONS

An explicit calculation of c and c+ to order p show
that they do not contain terms of order p. This leads to

the conclusion that the threshold ICC results are actually
correct to order p'. Thus, the momentum spectrum of
the ICC's, to order p, is parabolic, a fact which should
prove extremely useful in interpolating to gamma-ray
energies away from threshold. As already mentioned,
we see that the expansion is facilitated by factoring
out the indicial co dependence arising from the Hankel
function /see Eq. (13)] but the range of validity of
our approximation can only be stated in terms of the
as yet uncomputed coefficient of the Ps term. In a
further publication, we hope to calculate the ICC's
to order p'. This should provide us with very accurate
low-energy results. It will then be possible to compare
these results in the low-energy region with the M shell
results of Rose4 (which refer to a point nucleus and
unscreened electrons) and, after screening and nuclear
size have been taken into account (see outline of
procedure in following sections), with the X- and
L-shell results of Sliv et ul. ,' and Rose.' In the special
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TABLE III. Threshold values of internal conversion coefFicients for the Lzz subshell.

(me' units)

1.6647 (—4)
6.6672 (-4)
1.5033(—3)
2.6803 —3)
4.2040 —3)
6.0825(—3)
83258(—3)
1.0947 —2)
1.3960 —2}
1.'/385 (—2)
2.1244(—2)
2.5562 (—2)
3.0372(—2)
3.5713(-2}
4.1630(—2)
4.8181(—2)
5.5437(—2}
6.3487(—2)
7.2445(—2)

(me' units)

1.6647 (—4)
6.6672 (—4}
1.5033(—3)
2.6803(—3)
4.2O4O( —3)
6.0825(—3)
8.3258(—3)
1.0947(—2)
1.3960(—2)
1./385( —2)
2.1244(—2)
2.5562(—2)
3.0372 (—2)
3.5'/13 (—2)
4.1630(—2)
4.8181(—2)
5.5437(—2)
63487 (—2)
/. 2445(—2)

z
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

5

15
20
25
30
35

45
50
55
60
65
70
75
80
85
90
95

px(0)

5.6446 (2)
1.4280(2)
6.4745 (1)
3.7464{1)
2.4879(1)
1.8090(1)
1.4051(1)
1.1492(1}
9.8094(0)
8.6913{0)
'/. 96'/0 (0)
7.5429(0}
7.3739(o)
7.4509(0}
'/. 8010(0)
8.4994(0)
9.7028(0)
1.1732(1)
1.5292 (1)

p, O)

6.5203 (4)
4.0791(3)
8.0711(2)
2.5598 (2)
1.0517(2)
5.0903(1)
2.7594 (1)
1.6255 (1)
1.0203 (1}
6.7346(0)
4.6297 (0)
3,2915(0)
2.4070(o)
1.8028 (0)
1.3/82 (0)
1.0724(0)
8.4726(—1)
6./815 (—1)
5.4879(—1)

Magnetic multipoles

p2(0)

1.3544(7)
8.5188(5)
L7008(5)
5.4634(4)
2.2821(4)
1.1276(4)
6.2662 (3)
3.8008(3
2.4685 (3
1.6946(3)
1.2185(3)
9.1185(2)
7.o686(2)
5.6576(2)
4.6651(2)
3.9581 2)
3.4544 2)
3.1033(2)
2.8756(2)

Electric multipoles

p, (&)

1.8008 (10)
2.8302 (8)
2.5093(7)
4.5288 (6)
1.2089(6}
4.1405(5)
1.6869(5)
7.8144(4)
3.9988(4)
2.2165 (4)
1.3126(4)
8.2222 (3)
5.4083 (3)
3.7155(3)
2.6559(3)
1.9701(3)
1.5146(3}
1.2064(3)
9.9699(2)

p, (0)

1.0326 (11)
1.6167(9)
1.4242 (8)
2.5472 {7}
6.7195(6)
2.2679(6)
9.0776(5}
4.1184(5)
2.0570(5)
1.1088(5)
6.3606(4)
3.8425 (4)
2.4258 (4)
1.5908(4)
1.0787 (4)
7.5372(3)
5.4125 (3}
3.9875 (3)
3.0109(3)

p30)

7.1409(14)
2.7944(12)
1.0937(11)
1.0998(10)
1.8557 (9)
43463(8)
1.2770(8)
4.4312(7}
1.7467(7}
7.6164(6)
3.6053 (6)
1.8271(6)
9.8098 (5)
5.5355 (5)
3.2625 (5)
1.9986(5)
1.2679 (5)
8.3070 (4)
5.6113(4)

p4(0)

3.8810(14)
1.5134(l.2)
5.8889(10)
5.8730(9)
9.8043 (8)
2.2661 (8)
6.5536(7)
2.2323 (7)
8.6124(6)
3.6646(6)
1.6872(6)
8.2868{5)
4.2958 (5)
23306(5)
1.3145(5)
7.6657 (4)
4:6O18(4)
2.8332 (4)
1.7838(4)

p4(1)

7.0160(18)
6.8386(15)
1.1824(14)
6.6304(12)
7.0805 (11)
1.1358(11)
2.4116(10)
6.2838 (9)
1.9137(9)
6.5885(8)
2.5038 (8)
1.0319(8)
4.5512(7}
2.1254(7)
1.0423 (7)
53314(6)
2.8286(6}
1.5495 (6)
8.7310(5)

p5(0)

8.7178(17)
8.4702 (14)
1.456'/(13)
8.1078(11)
8.5745 (10}
13591(10)
2.8445 (9)
7.2881(8}
2.1769(8}
73308(7)
2.7171(7}
1.0888{7)
4.6531(6)
2.0979(6}
9.8927 (5)
4.8436(5)
2.4473 (5)
1.2692 (5)
6.7246(4)

p~O)

3.0683 (22)
7.4518(18}
5.6944(16)
1.7822 (15}
1.2057 (14)
1.3264(13)
2.0383(12)
3.9955(11
9.4215 (10
2.5673(10)
7.8552(9)
2.6417 (9}
9.6061(8)
3."/288 (8)
1.5290(8)
6.5674(7)
2.9332 (7)
13538(7)
6.4209 (6)

+ The power of 10 by which the numbers should be multiplied is given by the number in pat'entheses.

case of magnetic-dipole E-shell conversion, Olsson
and Hultberg'0 have caxricd out a program similar to
that proposed here for all shells and for all transitions.
They expanded their results about w —1 (which, in
thcll case~ ls cqulvRlcnt to an cxpanslon about M

because they neglected the binding energy) and ob-
tained results to 6rst order in m —i. They included
nuclear size effects but neglected screening and then
made detailed comparisons with the work of Rose and
Sliv.

The results also provide information on ICC's for
electron momenta p in the range 0 to a minimum of
0.32 (the latter value" corresponding to the lowest
transition energy au=0.05 considered by both Sliv
e/, al.' and Rose' ).The results may also be looked upon
as an end in themselves in that we are calculating the
separate CGccts on the ICC's due to the pure Coulomb
field, nuclear size and screening. Another application
is that the general results LKqs. (25a) to (25f)j are in

~ P. O. M. Olsson and S. Hultberg, Arkiv Fysik 15, 361 (1959).

a form very suitable for numerical computation if we
wished, for example, to calculate ICC's for the M shell
in the range Z&65 to supplement the present 3f
subshell values4; the fact that values of individual
M-subshell coeKcients are available only for Z&65
(with screening and nuclear size neglected') made it
necessary for Chu and Perlman" in their paper on
empirical screening corrections (see next section) to
extrapolate to the Z values required as well as interpo-
late for transition energy. A further point to be noticed
is that our results give in fact upper limits for ICC
vRlucs.

SCREENING EFFECTS

It would seem that the simplest and most effective
means of induding screening effects is to replace Z
ln OUI results by zgff+z. Chu and PcrlInan" dlscUss
this method. in detail for the M subshells and quote
values for Z,gf. However, this method suffers from the

"Y.Y. Chu and M. L. Perlrnan, Phys. Rev. 135, 8319 (1964).



INTERNAL CONVERSION COEFFICIENTS

TABLE IV. Threshold values of internal conversion coefficients for the Juz subshell '

Magnetic multipoles

8 1049

{mc~ units)

1.6641 (—4)
6.6582(—4)
1.4987(—3)
2.6660(—3)
4.1687(—3)
6.0085(—3)
8.1871(—3)
1.0707 (—2)
1.3571(—2)
1.6781(—2)
2.0341(—2)
2.4256(—2)
2.8529(—2)
3.3164(—2)
3.8169(—2)
4.3547{—2)
4.9305(—2)
5.5451(—2)
6.1992(—2)

(mc' units)

1.6641(—4)
6.6582 (—4)
1.4987 (—3)
2.6660(—3)
4.1687(—3)
6.0085(—3)
8.1871(—3)
1.0707(—2)
13571(=2}
1.6781(—2)
2.0341(—2)
2.4256(—2)
2.8529(—2)
3.3164(—2)
3.8169(—2)
4.3547{—2)
4.9305(—2)
5.54S1(—2}
6.1992(—2)

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

p~(o)

2.3788 (2)
5.9584(1)
2.6569(1)
1.5015{1)
9.6668(0)
6.7624(0)
5.0116(0)
3.8757 (0)
3.0975 (0)
z.s414(o)
2.1305(0)
1.8186(0)
1.5765 (0)
1.3851 (0)
1.2313(0)
1.1062 (0)
1.0032 (0)
9.1769(—1)
8.4615(—1)

p (i)

1.3037(5)
8.1490(3)
1.6101(3)
5.0968(2)
2.0888 (2)
1.0081(2)
5.4462 (1)
3.1959(1)
1.9978(1)
1.3127(1)
8.9822 (0)
6.3551(0)
4.6248 (0)
3.4475 (0)
2.6239 (0)
2.0336(O)
1.6014(0)
1.2791(0)
1.0345 (0)

P~(0)

1.9315(8)
1.2186(7)
2.4458 {6)
7.9152(5)
3.3384(5)
1.6694(5)
9.412S (4)
5.8078 (4)
3.8480 (4)
2.7030(4)
1.9955{4)
1.S388 (4}
1.2343 (4)
1.0270(4)
8.8493(3)
7.8936(3)
7.2939(3)
6.9956(3)
6.9899(3}

Electric multipoles

P (1)

1.8265 (10)
2.8723 (8)
2.5496 (7)
4.6093 (6)
1.2332 (6)
4.2362 (5)
1.7324(s)
8.0631(4)
4.1503(4)
2.3171(4)
1.3844(4)
8.7662(3)
5.8427 (3)
4.0791(3)
2.9735(3)
2.2592 (3)
1.7883(3)
1.4765 (3)
1.2752 (3)

p, (o)

2.9202 (13)
4.5968{11)
4.0870(10)
7.4053 (9)
1.9865 (9)
6.8444{8)
2.8077 (8)
1.3107(8)
6.7639(7)
3.7831(7)
2.2614(7)
1.4299 (7)
9.4923 (6)
6.5763 (6)
4.7337 {6)
3.5279 (6)
2.7149(6)
2.1530(6)
1.7569 (6)

p3(&)

1.4289 {15)
5.5968 (12)
2.1944(11)
2.2121(10)
3.7443 (9)
8.8032 (8)
Z.S983(8)
9.0628 (7)
3.5932 (7)
1.5769 (7)
7.5162 (6)
3.8373 (6)
2.0763 (6)
1.1809(6)
7.0151(5)
4.3297 (5)
2.7648(5)
1.8203 (5)
1.2322 (5)

p4(o)

7.1607 (17)
2.8132(15)
1.1086(14)
1.1255(13)
1.9225 (12)
4.5712(11)
1.3674(11)
4.8444(10)
1.9553 (10)
8.7560(9)
4.2690(9)
2.2350(9)
1.2433 (9)
7.2910(8)
4.4783 (8)
2.8669 (8)
1.9051(8)
1.3099(8)
9.2949 (7)

p4(&)

1.4046(19)
1.3722 (16)
2.3818(14}
13433(13)
1.4449 (12)
2.3385(11)
5.0180(10)
1.3237 (10)
4.0882 (9}
1.4298 (9)
S.S298 (8)
2.3236(8)
1.0467 (8)
5.0020(7)
2.5147{7)
1.3z10 (7)
7.2097 (6)
4.0690(6)
2.3650(6)

p~(o)

6.43S7(21)
6.3125(18)
1.1032(17)
6.2813(15)
6.8403 (14)
1.1241(14)
2.4565 (13)
6.6193(12)
2.0950(12)
7.5342 (11)
3.0067 (11)
1.3086(11)
6.1301(10)
3.0594(10)
1.613'? (10)
8.9382(9
5.1722(9}
3.1135(9}
1.9430(9)

p~O)

6.1457 (22}
1.4979 (19}
1.1517(17)
3.6365(15)
Z.4881(14}
2.7755 (13)
4.3365(12}
8.6664(11)
2.0893(11)
5.8379(10)
1.8371(10)
6:3747(9)
2.3998(9}
9.6779(8}
4.1387(8}
1.8614(S}
8.7433(7}
4.2645 (7}
2.1489(7}

a The power of 10 by which the numbers should be multiplied is given by the number in parentheses.

defect of being based on a comparison of experimental
results for particular elements with theoretical results
obtained by extrapolation of the unscreened M shell
results of Rose.4 %e are at present developing an
analytic method for the calculation of Z,gg for all shells
and for all Z (because Z.tt for a particular shell should
also be a function of Z and a&). It is hoped that a table
of values of Z, fg will provide a simple means of treating
screening effects for any problem. Details of this work
will appear in a future publication.

NUCLEAR™SIZE EFFECTS

Church and Weneser' have emphasized that the
important change in going from the point nucleus to the

finite nucleus is in dropping the singular Dirac Coulomb
wave functions in the region where they make no
physical sense (i.e., within the nuclear charge) and,
that once this singular contribution is removed, the
nuclear region is no longer very important. So, to get
an upper limit of the effects of finite nuclear size, we
evaluate the radial integrals between the limits R and
~, where R is the nuclear radius. Thus, I(co,n') is
replaced by I'(&o,e'), where I'(a&,e') is obtained by
replacing the lower limit 0 of the integral in Kq. (14)
by E. Then, using the series expansion for the con-
tinuum-state hypergeometric function as well as the
expansion given by Eq. (15) for the bound-state
hypergeometric function, we can write

l'(2y+1+t)

(y+i v) vt'! (—2) ) '
I'(&o,vt') = I (co,e') e''t F (2y—'+1)F(2y+1)P

I'(y+1+iv) ~~ t!(n' —t)!I'(2q'+t+1)
~ F(y+1+iv+i) (2ip)' R'&+&'+' ~+'&

xg i&ifp+7'+ t It+ i; y+y'+ t k+—1+1;—(X—+ip no)R]—
t! y+y'+t it+l—

I (co,e') AI (co,vl,') . —(38)—
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If we now restrict ourselves to threshold, we find

(—2XR) ' (—2RuZ) ' 1 ipl
AI(~,n') =e'&(y+iv)I'(2y'+1)1'(2y+1)R~+~' "P 1— (2y+1+l)

~=0 t!(n'—t)! I'(2y'+t+I) &~ I'(2y+I+t)l! 6 2nZ

X {gFg(8;3+1;R) (3/—3+1)ipR gFg(3+1; 3+2;8)), (39)

where

8=—(X
—i(a—)R and 5=y+—y'+t k+—l

and, in a similar manner,

t).B„=A&2(K' (p/X—)) P F(n', t)

In a procedure similar to that used for the point
nucleus and using an obvious notation, we obtain

5A+ ——(w+1)"'{n'tAI (co, n' —1)+l1I*( co, n'——I)])
Xg G(l){(7 K)Fg+2aZFg), (40b)

L=O

n'

=AV2 P(n' —t)F(n', t)P G(l)
Z=O

AA =AV2iaz P(n' —t)F(n', t)P G(l)F,
1=0

n'

AB =AV2iKKZ(K' (p/)I, ))p—F(n', t)p G(l)Fg,

(40c)

(40d)

TAax,E V. Threshold values of internal conversion coe%cients for the 3' subshell. '

(mc' units)

6.6761(—4)
1.1896(—3)
1.8645 (—3)
2.6951(—3)
3.6848(—3)
4.S3S3 (—3)
6.16OS(—3)
7.65S7(—3)
9.3396(—3)
1.1213(—2)
1.3289(—2)
1.5581(—2)
1.8104(—2)
2.os7s( —2)
2.3925 (—2)
2.7273(—2)
3.0961(—2)

(mc' units)

6.6761(—4)
1.1896(—3)
1.8645(—3)
2.6951(—3)
3.6848(—3)
4.8383 (—3)
6.1608'—3)
7.65s7(—3)
9.3396(—3)
1.1213(—2)
1.3289(—2)
1.55S1(—2)
1.8104(—2)
2.0878(—2)
2.3925(—2)
2 7273(—2)
3.096i (—2)

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

PI(o)

2.2916(3)
1.3291(3)
8.8529 (2)
6.4612 (2)
5.0411(2)
4.1446(2)
3.5593 (2)
3.1755(2)
2.9338(2)
2.8022 (2)
2.7667 (2)
2.8267 (2)
2.9965 (2)
3.3103(2)
3.S3S3(2)
4.7232 (2)
6.2801(2)

p, (I)

1.4867 (3}
4.6833 (2)
1.9o67(2)
9.1245(1)
4.8789 (1)
2.8280 (1)
1.7423 (1)
1.1253(1)
7.5473 (o)
5.2167 (o)
3.6957 (0)
2.6683 (0)
1.9574(0)
1.4529(0)
1.0879(0)
8.1832 (—1)
6.1652 (—1)

Magnetic multipoles

p, (o)

5.5007 (7)
1.7750(7)
7.4573 (6)
3.7113(6)
2.0804(6)
1.2748(6)
8.3770(5)
5.8285 (5)
4.2556(5)
3.2400 (5)
2.5608 (5)
2.0948 (5)
1.7700{5)
1.5436(5)
1.3894(5)
1.2926(5)
1.2462 (5)

Electric multipoles

p~O)

1.6356(6)
3.1045 (5)
8.8573 (4)
3.2942 (4)
1,4812(4)
7.6941 (3)
4.4800(3)
2.8633(3)
1.9779(3)
1.4592 (3)
1.1394(3)
9.3509(2)
8.0240(2)
7.1736(2)
6.6680(2)
6.4408(2)
6.4737 (2)

p3(o)

3.5035 (11)
6.3052 (10)
1.6767 (10)
5.7156{9)
2.3153(9)
1.0653(9)
5.4o77(s)
2.9697(8)
1.7398(8)
1.0764(8)
6.9796(7)
4.7169(7)
3.3os4(7)
2.4010(7)
1.7993 (7)
1.391o(7)
1.1094(7)

p3(1)

4.5844(9}
4.9414(8)
9.1422(7)
2.4035 (7)
8.1090(6)
3.2998(6)
1.5533 (6)
8.2101(5)
4.7656(5)
2.9867 (5)
1.9949(S)
1.4OS9(5)
1.0376(5)
7.9738(4)
6.3559(4)
5.2417 (4}
4.4681(4)

p4(0)

1.0142 (15}
1.0194(14)
1.7189(13)
4.0227 (12)
1.1809(12)
4.0936(11)
1.6117(11)
7.o19o(io)
3.3179(10)
1.6789(10)
8.9996(9)
S.o697(9)
2.982S (9)
1.8237 (9)
1.1546(9)
7.5491(s)
5.0882 (8)

p4(j)

1.8052 (11)
1.1151(10)
2.0013(9)
6.4965 (8)
2.7362 (s)
1.3173(s)
6.9180(7)
3.8802 (7)
2.2955 (7)
1.4206(7)
9.1394(6)
6.OS42(6)
4.1757(6)
2.9464(6)
2.1330(6)
1.5821(6)
1.2016(6)

ps(o)

1.6693(18)
9.37s2(16)
1.0036(16)
1.6145(15)
3.4397 (14)
8.9993(13)
2.7536(13)
9.5322 (12)
3.6455 (12)
1.5134(12)
6.7302 (11)
3.1731(11)
1.5731(11}
8.1471(10}
4.3849(10)
2.4421(10)
1.4029 (10)

ps(&)

1.6872 (16)
4.9756(14)
3.12S4(13)
3.1709(12)
4.4929(11)
8.2610(10)
1.9045 (10)
5.4385 (9)
1.9052(9)
s'.oo23(s)
3.8828 (8}
2.0924(S)
1.2131(8)
7.4041 (7)
4.6927 {7)
3.0626(7}
2.0480(7)

& The power of 10 by which the numbers should be multiplied is given by the number in parentheses.
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where

Fg iFg(3; 3+1;8), F2= tFt(5+1;&+2;R),

L n'

AR2 ——i(ra/X)dt P a gd—hc—, (41b)

aR l (27+1+i)
F2+ Pz

a+1 2 nZ

n'

hRg ———dt Q a(L k/L—+k)P d+Ac—, (41e)

(—2XR)'
F(n', i) =

l!(e'—l)!r (2q'+i+ 1)
&R4=i (a&/X)dt g a(L k/L+—k)g d Ac+, (41d)

S=O

and,

(nZ) ' —2R)' 1
G(l) =

r (2y+1+ l) l!

A= r(2~'+1)r(2~+ 1)R~+~'-~.

L 7s'

ARs=idy P a P d+kc
k~ tm

L

(41e)

We finally obtain
AR6= ((a/X)dt P a g d—hc+, (41f)

L n'

6Ry= dy g a P d+Ac+
&

k=0 t=0

where the similarity with Eq. (25) is obvious. In the
limit E.—+ oo, we And that hR; —+ R;, as they should.

TABLE VI. Threshold values of internal conversion coefFicients for the Mzz subshell. '

(mc' units)

6.6761(—4)
1.1S96(—3)
1.8645(—3)
2.6951(—3)
3.6848(—3)
4.8383 (—3)
6.1608(—3)
7.6587(—3)
9.3396(—3)
1.1213(—2)
1.3289(—2)
1.5581(—2)
1.8104(—2)
2.0878(—2)
2.3925(—2)
2.7273 (—2)
3.0961(—2)

(mc' units)

6.6761(—4)
1.1896(—3)
1.8645(—3)
2.6951(—3)
3.6848 (—3)
4.8383 (—3)
6.1608(—3)
7.6587(—3)
9.3396(—3)
1.1213(—2)
1.3289{—2)
1.5581(—2)
1.8104(—2)
2.0878(—2)
2.3925(—2)'""( )
3.0961(—2)

15
20
25
30
35
40
45
50
SS
60
65
70
75
80
85
90
95

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

p(0)

2.4610 (2)
1.4264(2)
9.4930(1)
6.9216(1)
5.3938(1)
4.4286{1)
3.7976(1)
3.3824(1)
3.1193(1)
2.9736(1)
2.9299{1)
2.9869(1)
3.1590(1)
3.4816{1)
4.0270(1)
4.9426(1)
6.5543 (1)

pi{&)

1.5473 (3)
4.8980(2)
2.0071(2)
9.6828 {1)
5.2270(1)
3.0645 (1)
1.9123(1)
1.2537 (1)
8.5494(0)
6.0215 (0)
4.3556{0)
3.2194(0)
2.4239 (0)
1.8520(0)
1.4319{0)
1.1166(0)
8.7545(—1)

Magnetic multipoles

p2(o)

2.5349(6)
8.1687 (5)
3.4263 (5)
1.7017(5)
9.5151(4)
S.S13S (4)
3.8081(4)
2.6399(4)
1.9195(4)
1.4548 (4)
1.1441(4)
9.3o73 (3)
7.8172(3)
6./723 (3)
6.0522 (3)
5.5862 (3)
5.3395(3)

Electric multipoles

p20)

4.7629(s)
s.6119(7)
2.3045 (7)
7.917o(6)
3.2372(6)
1.5O61(6)
'/. 7460 (5)
4.3186(5)
2.5745 (5)
1.6250(5)
1.0782 (5)
7.4805 (4)
5.4076(4)
4.0633 (4)
3.1702 (4)
2.5687 (4)
2.1654(4)

p3(0)

8.4911(9)
1.5258(9)
4.0496(8)
1.3772 (8)
5.5631(7)
2'.5512(7)
1.2903 (7)
7.0558 (6)
4.1142(6)
2.5321(6)
1.6325 (6)
1.0963 (6)
7.6365(5)
5.5005 (5)
4.0884{5)
3.1326(5)
2.4742 (5)

p, (z)

8.2491{12)
8.3222 (11)
1.4102(11)
3.32O6(1O)
9.S195(9)
3.4335{9)
1.3655 (9)
6.0155(8)
2.ss12(s)
1.479s (s)
8.0678 (7)
4.6325 (7)
2.7849(7)
1.7450(7)
1.1360(7)
7.6682 (6)
5.3619(6)

p4(0)

1.4377 (13)
1.4428 (12)
2.4282 (11)
5.6694(10)
1.6596(10)
5.7343 i9)
2.2493 (9)
9.7550 (8)
4.5898(8)
2.3106(8)
1.2316(8)
6.8953 (7)
4.0295 (7)
2.4461(7)
1.5366(7)
9.9628(6)
6.6547 (6)

p40)

3.5697 (16)
2.0117(15)
2.1620{14)
3.4960(13)
7.4943 (12)
1.975o(12}
6.0947 (11}
2.1304(11}
s.23s1(1o}
3.4632 (10)
1.5621 {10)
7.4836(9)
3.7777 (9)
1.9969(9}
1.0999(9)
6.2901{8)
3.7247 (8)

p&(0)

1.4861(16)
8.3368(14)
8.9064(13)
1.4296 (13)
3.0380(12)
7.9246(11)
2.4166(11)
8.3341(10)
3.1739(10)
1.3116(10)
5.8036(9)
2.7213 (9)
1.3413(9)
6.9032(8)
3.6907 (8)
2.0411(8)
1.1638(8)

p50)

7.0408 (19)
2.21S2(1S}
1.5135{17)
1.6827 (16)
2.6190(15)
5.2117(14}
1.2506(14)
3.4771(13}
1.os87 (13}
3.7581(12}
1.4077 (12}
5.6509 (11)
2.40'I 1(11)
1.0794{11}
5.0636(10)
2.4719(10)
1.2506(10)

& The power of 10 by which the numbers should be multiplied is given by the number in parentheses.
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TABLE VII. Threshold values of internal conversion coefficients for the 3/IIII subshell. '

(mc' units)

6.6627(—4)
1.1854(—3)
1.8540(—3)
2.6731(—3)
3.6437{—3)
4.7672 (—3)
6.0450(—3)
7.4791(—3)
9.0714(—3)
1.0824(-2)
1.2740(—2)
1.4822 (—2)
1.7073 (—2)
1.9496(—2)
2.2096(—2)
2.4877(—2)
2.7842(—2)

(mc' units)

6.6627(—4)
1.1854(—3)
1.8540(—3)
2.6731(—3)
3.6437(—3)
4.7672 (—3)
6.0450(—3)
7.4791(—3)
9.0714(—3)
1.0824(—2)
1.2740(—2)
1.4822 (—2)
1.7073(—2)
1.9496(—2)
2.2096(—2)
2.4877(—2)
2.7842(—2)

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

p, (0)

9.9776(1)
5.6428 (1)
3.6368 (1)
2.5474 (1)
1.8906 (1)
1.4647 (1)
1.1729(1)
9.6453 (0)
8.1065 (0)
6.9391(0)
6.0344{0)
5.3197(0)
4.7472 (0)
4.2821(0)
3.9009(0)
3.5856(0)
3.3234(0)

P, (1)

3.0948 (3)
9.7966(2)
4.0159(2)
1.9382(2)
1.0473 (2)
6.1464(1)
3.8421(1)
2.5242 (1)
1.7273 (1)
1.2217 (1)
8.8876(0)
6.6208 (0)
5.0352 (0)
3.8978 (0)
3.0650(0)
2.4431(0)
1.9709(0)

Magnetic multipoles

P, (0)

4.9498(7)
1.6041(7)
6.7784(6)
3.3974(6)
1.9207 (6)
1.1888(6)
7.9048 (5)
5.5750 (5)
4.1341(5)
3.2037 (5)
2.5836(5)
2.1623(5)
1.8750(5)
1.6840 (5)
1.5676(5)
1.5153(5)
1.5269(5)

Electric multipoles

p~O)

4.7777 (8)
8.6596(7)
2.3246{7)
8.0180(6)
3.2947 (6)
1.5420(6)
7.9873(5)
4.4909(5)
2.7040 (5)
1.7268 (5)
1.1616(5)
8.1902(4)
6.0339(4)
4.6363(4)
3.7139(4)
3.1048(4)
2.7168(4)

p, (0)

4.1936(12)
7.6040(11)
2.0420 (11)
7.0441 (10)
2.8939(10)
1.3533{10)
6.9972 (9)
3.9222(9)
2.3502 (9)
1.4901(9)
9.9212 (8)
6.8957 (8)
4.9810(8)
3.7263 (8)
2.8794(8)
2.2935(8)
1.8803 (8)

pa(I)

1.6500 (13)
1.6646(12)
2.8209 (11)
6.6413 (10)
1.9634(10)
6.8613(9)
2.7262(9)
1.1993(9)
5.7320(8)
2.9351{8)
1.5933{8)
9.0944(7)
5.4231(7)
3.3610(7)
2.1558(7)
1.4262 (7)
9.7040(6)

p4(0)

5.7553 (16)
5.8443 (15)
9.9869(14)
2.3757 (14)
7.1100(13)
2.5205 {13)
1.0180(13)
4.5623 (12)
2.2263 (12)
1.1667(12)
6.4972 (11)
3.8145(11)
2.3460 (11)
1.5039(11)
1.0008 (11)
6.8928(10)
4.8998(10)

p4(1)

7.1405 (16)
4.0241(15)
4.3251(14)
6.9930(13)
1.4987(13)
3.9474(12)
1.2170(12)
4.2477(11)
1.6389(11)
6.8680 (10)
3.0841(10)
1.4686(10)
7.3527 (9)
3.8442 (9)
2.0869(9)
1.1706(9)
6.7557 (8)

p, (0)

2.8978(20)
1.6495 (19)
1.7960{18)
2.9505 (17)
6.4454(16}
1.7361(16)
5.4923 (15}
1.9742(15)
7.8742 (14}
3.4250 {14)
1.6033{14}
7.9963(13)
4.2146(13)
2.3326(13)
1.3487 (13)
8.1114{12}
5.0575 (12)

ps(1)

1.4073 (20)
4.4308 {18)
3.0210{17)
3.3551(16)
5.2140 (15)
1.0354(15)
2.4780(14)
6.8658 (13)
2.1399(13)
7.3444(12)
2.7309(12)
1.0861(12)
4.5733(11)
2.0216(11}
9.3162(10)
4.4497 (10)
2.1921(10}

a The power of 10 by which the numbers should be multiplied is given by the number in parentheses.

DRt V2(y ~)dtd+uz(R&/y),

aRs (u(Z/y (() (a)/) ) (—d /d+)—aRt, -
aR;0,
B,R4~0,

ERs —(nZ/y ~)ARt,

SR~(~/) ) (d-/d+) ~R„
where y=7+y' Land—

al, ——((2L)!/I.!)(iz/co~) 2z

(42a)

(42b)

(42c)

(42d)

(42e)

(42f)

(43)

Because of the factor R&/y we can see immediately that

Taking R=1.2A'(sX10 " crn (which in our units is
3.1A'~sX10 '), we see that the dominant contribution
to the I summation in Eq. (39) comes from the l=0
term. This is particularly true for small Z. For the
purpose of getting a clear insight into the eGect of R
we shall write down just the dominant contribution to
the radial integrals. Thus

the eGect of finite nuclear size increases with increasing
R and increasing Z (recalling the dependence of y and
y' on Z).

However, in calculating the effects of finite nuclear
size, we have used the exact Eq. (41) to calculate the
quantity

D (P (x) P (x)/P (x)) X1()0

where Pr„s("& refers to the ICC's calculated using a
finite nuclear radius R. The following results were
obtained (all numbers are rounded off):

(a) Magnetic Transitions

(i) D increases with increasing Z. For instance, for
the E shell and for L=1, D increased from 0.1 at
Z= 5 to 42 at Z= 95.

(ii) D decreases with increasing L but not in a linear
fashion. To illustrate the trend„ the values of D corre-
sponding to L= 1 5 for the E shell at Z=95 are 42,
20, 16, 14, and 13.

(iii) The values of D for the Lr and Mr subshells are,
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TABLE VIII. Threshold values of internal conversion coefficients for the Mzv subshell.

(mc' units)

1.1854(—3)
1.8540(—3)
2.6731(—3)
3.6437(—3)
4.7672 (—3)
6.0450(—3)
7.4791(—3)
9.0714(—3)
1.0824(—2}
1.2740(—2)
1.4822 (—2)
1.7073 (—2)
1.9496(—2)
2.2096(—2)
2.4877(—2)
2.7842 (—2)

(mc' units)

1.1854(—3)
1.8540(—3)
2.6731(—3)
3.6437 (—3)
4.7672(—3)
6.0450(—3)
7.4791(—3)
9.0714(—3)
1.0824(—2)
1.2740(—2)
1.4822 (—2)
1.7073 (—2)
1.9496(—2)
2.2096(—2)
2.4877 (—2)
2.7842 (—2)

20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

p~(o)

1.2565 (1)
8.0998(0)
5.6749 (0)
4.2136(0)
3.2656(0)
2.6165(0)
2.1527 (0)
1.8104(0)
1.5508 (0)
1.3496(0)
1.1907(0)
1.0635 (0)
9.6028 (—1)
8.7574(—1)
8.OS95 (—1)
7.4801(—1)

PI(&)

6.8275 (2)
2.8033 (2)
1.3558 (2)
7.3438 (1)
4.3224(1)
2.7109(1)
1.7879 (1)
1.2283 (1)
8.7283 (0)
6.3819(0)
4.7814(0)
3.6586 (0)
2.8518(0)
2.2593 (0)
1.8161(0)
1.4789 (0)

Magnetic multipoles

p, (o)

3.8294 (5)
1.6157(5)
8.0835 (4)
4.5606(4)
2.8162 (4)
1.8677 (4)
1.3135(4)
9.7103(3)
7.5006 (3)
6.0284(3)
s.o276(3)
4'.3442(3)
3.8877 (3)
3.6058 (3)
3.4734(3)
3.4880(3)

Electric multipoles

p2(1)

1.3959(6)
3.6728 (5)
1.2369 (5)
4.9462 (4)
2.2468 (4)
1.1277 (4)
6.1429(3)
3.5896(3)
2.2344(3)
1.4761(3)
1.0339(3)
'/. 6870 (2)
6.0810(2)
s.13so (2)
4.6439(2)
4.5128{2)

p3(o)

1.0327 (10)
2.77o7(9)
9.5483 (8)
3.9179(8)
1.8296 (8)
9.4450(7)
5.2848 (7)
3.16os (7)
1.9995(7)
1.3281(7)
9.2071(6)
6.6320(6)
4.9465 (6)
3.8099(6)
3.0242 (6)
2.4702 (6)

p3(1)

4.5617(11)
'I.7368 (10)
1.8236 (10)
5.3986(9)
1.8897 (9)
7.5224(8)
3.3163(8)
1.5888 (8)
8.1578(7)
4.4418 (7)
2.5438 (7)
1.5225 (7)
9.4749 (6)
6.1048(6)
4.0588 (6)
2.7766 (6)

p4(0)

5.5091(13)
9.4031(12)
2.2336(12)
6.6735 (11)
2.3611(11)
9.5152(10)
4.2536(10)
2.0699(10)
1.0814(10)
6.0021(9)
3.5109(9)
2.1507 (9)-
1.3728(9)
9.0946 (8)
6.2326 (8)
4.4072 (8)

p (I)

1.4672 (16)
1.5948 (15)
2.6147 (14)
5.6983(i3)
1.5307 (13)
4.8274 (12)
1.7292 (12)
6.8707 (11)
2.9761(11)
1.3869(11)
6.8834(10)
3.6093 (10)
1.9867 (10)
1.1420 (10)
6.8271(9)
4.2298(9)

p (o)

1.1579(17)
1.2589 (16)
2.0647 (15)
4.5013(14)
1.2096 (14)
3.8167(13)
1.3678 (13)
5.4375 (12)
2.3565 (12)
1.0988(12)
5.4560 (11)
2.8622 (11)
1.5761(11)
9.0627 (10)
5.4189(10)
3.3575 (10)

p (I)

8.8226(19)
6.1211(18)
6.9466(17)
1.1o79(17)
2.2682 (16)
5.623O(15)
1.6219(15)
S.2912(14)
1 9119(14)
7.s3o7(13}
3.1943{13)
1.4449 (13)
6.9163(12)
3.4812(12)
1.8331(12)
1.0054{12)

& The power of 10 by which the numbers should be multiplied is given by the number in parentheses.

surprisingly, of the same order as the corresponding
values for the E shell (in fact the Mz values are slightly
greater than the LI values which, in turn, are slightly
greater than the E values). This indicates that D is very
insensitive to changes in the shell designation e' but
depends primarily, as we shall see, on the value of I(.

'
or, in other words, on the total angular momentum
of the electron.

(iv) The values of D for Lzz and Mzz are of the same
order (those for Mzz being slightly greater). Compared
to the D values for Lz and Mi at L=1, we notice a
decrease by a factor of 10 ' at Z=5 to a factor of 0.5
at Z=95. There is a further decrease by a factor of
2 as we go to L=5.

{v) The values of D for the Lzzz and Mzzz shells are
of the same order but in no case is D greater than 23.
Lower values still are generally obtained for the 3f&z
and Sf' shells.

(b) Electric Transitions

(i) D is generally much smaller than the correspond-
ing magnetic value.

{ii) D increases with increasing Z. For instance, for
the E shell and for L= i, D increased from 0.2X j.0
at Z=5 to 0.3 at Z=95.

(iii) In contrast to the magnetic case, D generally
increases with increasing L. To illustrate the trend, the
values of D corresponding to L=1. 5 for the E shell
at Z=95 are 0.3, 3, 9, 11, and 12. For the E shell, D
always increases with increasing L but for the other
shells D sometimes decreases with increasing L.

(iv) The values of D for E, Lz and Mz are of the
same order.

(v) The values of D for Lzz and Mzz are of the same
order and never greater than 6.

(vi) The values of D for Lzzz and Mzzz are of the
same order and never greater than 1.Lower values still
are generally obtained for the M&z and Mv shells.

To examine the sensitivity of D on the assumed
nuclear radius we considered different values ranging
from R to 10K (Church and Weneser' assert that there
is an appreciable difference between the finite-size
and point-nucleus wave functions up to a radius of the
order of 102). For the purpose of illustration, we will
compare the values of D at R and 10R. The general
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TABLE IX. Threshold values of internal conversion coeScients for the Mv subshell. '

(mc' units)

1.1840(—3)
1.8506{—3)
2.6660(—3)
3.6304(—3)
4.7444(—3)
6.oo85(—3)
7.4231(—3)
8.9891(—3)
1.0707(—2)
1.2578(—2)
1.4602 (—2)
1.6781(—2)
1.9115(—2)
2.1607(—2)
2.4256(—2)
2.7064(—2)

(mc' units)

1.1840(—3)
1.8506(—3)
2.6660(—3)
3.6304(—3)
4.7444(—3)
6.0085(—3)
7.4231(—3)
8.9891(—3)
1.0707(—2)
1.2578(—2)
1.4602 (—2)
1.6781(—2)
1,9115(—2)
2.1607(—2)
2.4256(—2)
2.7064(—2)

20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

pI(0)

8.2771(0)
5.3112(0)
3.6998(0)
2.7285 (0)
2.0980{0)
1.6658(0)
1.3567 (0)
1.1280(0)
9.5416(—1)
8.1891(—1)
7.1162(—1)
6.2513 (—1)
5.5440(—1)
4.9584(—1)
4.4679(—1)
4.0534(—1)

p (1)

1.0210(3)
4.1848(2)
2.0198(2)
1.0913(2)
6.4044(1)
4.0036(1)
2.6307 (1)
1.'1999(1)
1.2733 (1)
9.2647 (0}
6.9044{0)
5.2531 (0)
4.0695 (0)
3.2035 (0)
2.5S76{0)
2.0679(0)

Magnetic multipoles

p~(o)

5.9681(4)
2.4564(4)
1.1916(4)
6.4771(3)
3.8275 (3)
2.4116(3)
1.5987 (3)
1.1045 (3)
7.8970(2)
5.8127(2)
4.3864 (2)
3.3824 (2)
2.65S3(2)
2.1246(2)
1.7238 (2)
1.4172 (2)

Electric multipoles

p (1)

1.6226 (6)
4.2626(5)
1.4313(5)
5.6940 (4)
2.5647 (4)
1.2704(4)
6.7828(3)
3.8486 (3)
2.2965 (3)
1.4297 (3)
9.2280(2)
6.1456(2)
4.2063 (2)
2.9492 (2)
2.1125(2)
1.5426(2)

p, (o)

3.2511(10)
8.7509 9)
3.0281 9)
1.2489 (9)
5.8691(8)
3.0535 (8)
1.7247 (8)
1.0433 (8)
6.6930(7)
4.5210(7)
3.1991(7)
2.3629(7)
1.8174(7)
1.4542 (7)
1.2105 (7)
1.0500 (7)

p3(1)

6.9235 (11)
1.1824(11)
2.8109(10)
8.4084 (9)
2.9800(9)
1.2038 (9)
5.3993(8)
2.6392 (8)
1.3871(8)
7.7607 (7)
4.5881(7)
2.8504 (7)
1.8537 (7)
1.2587 (7)
8.9141(6)
6.5877 (6)

p4(o)

3.2708(15)
5.6103(14)
1.3408 {14)
4.O352 (13)
1.4397(13)
5.8579(12)
2.6471(12)
1.3037{12)
6.9022 (11)
3.8874(11)
2.3104(11)
1.4401(11)
9.3665 (10)
6.3320(10)
4.4352 (10)
3.21O6(1O)

p40)

1.4760 (16)
1.6089(15)
2.6474(14)
5.'/937 (13)
1.5639(13}
4.9603(12)
1.7882 (12)
7.1559(11)
3.1243(11)
1.4688(11)
7.3606{10)
3.9004(10)
2.1717(io)
1.2641(10)
7.6606(9)
4.8168(9)

p, (o)

4.3646{19)
4.7730{18)
7.8839{17)
1.7332{17)
4,7028 (16}
1.5002 {16}
5.4428 {i5)
2.1932(15)
9.6473 {14)
4.5713(14)
2.3098(1.4)
1.2345 (14)
6.9350{13}
4.0731(13)
2.4905 (13)
1.5799(13)

p~O)

1.3228 (20}
9.1753(18)
1.0409(18)
1.6592(17)
33946(16)
s.4osi(i5}
2.4227 (15)
7.8926 (14)
2.8469 (14)
1.1190(14)
4.7341(13)
2.1346(13)
1.0178(13}
5.0991(12}
2.6698(12)
1.4545 (12)

The power of 10 by which the numbers should be multiplied is given by the number in parentheses.

trend, for both magnetic and electric transitions, in
going from R to 10R, is an increase in D by factors of
the order of 10 for Z=S to factors of the order of 2
to 5 for Z=95.

The conclusions reached by Church and Weneser'
for the E shell agree, at least qualitatively, with those
enumerated above. To take one example, for Z~82,
Church and Weneser show that the Mz coefEcient for
the E shell has a D value of about 30 whereas our
corresponding figure is about 25. Our results also give
support to their statement that the ICC results are

quite insensitive to uncertainties in nuclear radius
and shape.
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