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Electromagnetic Decay of Nuclei with High Angular Momenta
According to the Litluid-Drop Model*
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The spectrum and the angular distribution of gamma rays from deformed liquid-drop nuclei are calculated.
It is shown that the angular distribution changes when the equilibrium shapes change from oblate spheroids
rotating about the minor axis to prolate spheroids rotating around one of their minor axes.

I. INTRODUCTION experiment, Mollenaur' was the Grst to measure the
angular distribution of gamma rays from nuclei with

high angular momentum. His measuremcnts indicate
that the gamma rays can be attributed mainly to E2
transitions; however, a small fraction has to be attrib-
uted to E1 transitions. Various nuclear Inodels imply a
dominating E2 transition. However, the calculated
angular distribution may vary from model to model
since the strengths of the contributing components of
the quadrupole tensor are model-dependent. In the
present paper the consequences of assuming the liquid-
drop model, as far as the spectrum and angular dis-
tribution are concerned, are investigated.

According to the liquid-drop model equilibrium
shapes of nuclei are very well approximated by sphe-
lolds. However~ these sphclolds alc only RppI'oxl-

mate shapes of equilibrium. But, even for angular
momenta much higher than those considered here they
are excellent approximations. " The quadrupole mo-
ments of the shapes discussed by Carlson and Pao Lu"
differ at most by 1'P& from the quadrupole moment of
the spheroidal shapes discussed by Scringer and Knox"
for cases relevant to the present discussion. It is there-
fore reasonable to use the Beringer-Knoxi3 shapes for
calculating quadrupo]e moments. These spheroidal
shapes have a vanishing dipole moment but a non-

vanishing quadrupole moment. Such a rotating charged
drop will emit E2 radiation. Transitions due to octupole
and higher multipolarities are neglected in the present
treatment. Even for the highly deformed nuclei con-
sidered here octupole transitions are inhibited by a
factor of (1/20) X (EA'Is j200)' The energy E is meas-
ured in MeV and A is the mass number. Transitions
duc to hlghcl' InultlpolRritlcs than 3 RI'c cvcn less

A CALCULATION of the spectrum and angular
distribution of gamma rays from a nucleus with

high angular momentum, according to the liquid-drop
model, is presented in this paper.

Kith the recent availability of heavy-ion accelerators
compound nuclear states with high, angulaI' momcnta
can be formed. %hen the fission channel is closed these
compound nuclear states wiH, necessarily decay by
neutron emission, if energetically allowed. However,
the emission of one or more gamma rays between two
succcsslVc neutron cnllSSlonS 1S not lnf I'CquCQ t.
Furthermore, thc Qcutx'ons cmltted 1Q thc dccRy from
the compound nuclear state carry away considerable
amounts of energy but only a small fraction of the total
angular momentum. Consequently a state with high
angular momentum may eventually be reached from
which neutron emission is energetically forbidden.
Decay from this state can therefore only occur by
photoQ cIQlssloQ.

Previously, Strutinski' and BabikovM calculated the
angular distribution of gamma rays from nuclei with
high angular momentum. However, both calculations
lacked any specihc assumption concerning the decay
mechanism, the nuclear matrix element being intro-
duced as a constant parameter. In addition, Babikov
neglects transitions other than those which are prefer-
ential in the direction of the angular momentum of the
emitting system. To be able to extract information
about highly excited nuclear states with high angular
momentum a model has to be assumed and the calcu-
lated spectrum and angular distribution compared with
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probable. For E2 contributions, values of m ranging
from —2 to 2 are included. For nuclei with an angular
momentum smaller than a critical value they fj.nd that
the equilibrium shapes are oblate spheroids with the
axis of rotation coinciding with the axis of cylindrical
symmetry. However, for nuclei with angular momenta
exceeding this critical value the shapes of equilibrium
are prolate spheroids rotating around one of their minor
axes. At high excitations the angular momentum is
entirely associated with rotation of the nucleus as a
whole""; hence, the use of the liquid-drop model is
most appropriate.

In the present paper the angular distribution from
the two types of spheroids is calculated. This calcu-
lation shows that the angular distribution from the
two types of spheroids differ from one another. Con-
sequently an experimentally discovered change in
angular distribution, in conformity with the present
theory, could be considered as an experimental verifjI-

cation of the Beringer-Knox theory' of equilibrium
shapes.

The main factors contributing to the asymmetry
are (a) the values of the contributing components of
the quadrupole tensor, (b) the dependence of the density
of levels on angular momentum, and (c) the orientation
of the angular momentum of the compound system.
The difference in the angular distribution from the two
types of spheroids is attributed to the erst factor. The
corresponding components of the quadrupole tensor are
diGerent.

First the angular distribution of gamma rays from a
nucleus with high angular momentum is calculated with
respect to a system of coordinates in which the s axis
points along the angular momentum of the emitting
system (Sec. II).The angular distribution would appear
isotropic as long as the direction of the angular mo-
mentum of the compound system is random. In
heavy-ion bombardment the direction of the angular
momentum of the compound system is far from random;
in particular, the angular momenta of the compound
system are close to a plane perpendicular to the
direction of the heavy-ion beam. For comparison with
experiment one would rather have an explicit expression
for the angular distribution of the gamma rays with
respect to the direction of the heavy-ion beam. There-
fore the previously calculated angular distribution is
rewritten in a system of coordinates in which the s axis
is in the direction of the heavy-ion beam and an
average over-all allowed directions of the spin compound
nucleus is performed (Sec. III).

II. THE SPECTRUM AND ANGULAR DISTRIBUTION OF
EMITTED GAMMA RAY WITH RESPECT TO

THE ANGULAR MOMENTUM OF THE
EMITTING SYSTEM

The spectrum and angular distribution of an E2
gamma ray emitted from a nucleus with high angular

"B.R. Mottelson and J. G. Valantin, Phys. Rev. Letters 5,
511 (1961).

momentum will be calculated in this section using the
liquid-drop model. In this calculation the s' axis is to
be chosen in the direction of the angular-momentum
vector of the emitting system. The probability I(E,Q)
of emitting a photon per second with energy between
E and E+dE into the solid angle dQ at an angle 0 is
given by the following":

4nc e'~ pE~sI(E,n) dEdn=
75 Sci Eire)

x Q ((z,M, IQ. Iz,M, =J,)IJy M'en

X I &- ""'I'p(Er~&Mf)dEda. (1)

In (1), E is the energy of the emitted gamma ray,
the (J~Mr I Qm'I J;M,) are the nuclear matrix elements
for the quadrupole transition, Y 'i2ii are the vector
spherical harmonics of order 2, and p(ErJfM~) is the
density of final states. The summation in (1) is over
all allowed values of JyMf and over all values of rg for
which the component of the quadrupole tensor does not
vanish. Using the liquid-drop model, the nuclear matrix
element (JfMr I Q 'I J;M;) is replaced by (Q '). Here

&Q„')= p. (r) y „'(r)d'r. (2)

In (2) p, (r) is the charge density and I" '(r) are the
solid spherical harmonics of order 2. For an oblate
spheroid rotating around the minor axis a simple
calculation shows that

(Qp') = -', (5/n-)'~'-s'ZeRp'(2/rPI') (g'—1) (3a)

&Q„)=&Q„)=0. (3b)

Here Z is, as usual, the nuclear charge, Eo is the radius
of the spherical nucleus and g is the ratio of the minor
to the major axis. The dependence of p on angular
momentum can be found in Ref. 13.

For a prolate spheroid a similar calculation shows

(Qs') = (5/ )'~' ZeRo'(1—/r)'~') (r)'——1), (4a)

(Q+i') =o (4b)

&Q+ ')=l(15/2 8'-'Z R '(1/n"')(n' —1) (4 )
In Eq. (4) again r) is the ratio of the minor to the major
axis. For angular momenta lower than the critical value
Eqs. (3a) and (3b) have to be used for evaluation of the
(Q '). For angular mornenta higher than the critical
angular momentum Eqs. (4a), (4b), and (4c) have to
be used for the evaluation of the (Q ').

For the density of levels the usual expression" "was

~ J. M. Slat, V. E. Weisskopf, Theoretical Nuclear Physics
(John Wiley 8z Sons, Inc. , New York, 1952), Chap. 12."H. K. Bethe, Phys. Rev. 50, 332 (1963)."H. E. Bethe, Rev. Mod. Phys. 9, 71 (1937)."C.Bloch, Phys. Rev. 93, 1054 (1954).~T. Ericson and V. Strutinski, Nucl. Phys. S, 284 (1958); 9,689 (1959)."T.Ericson, PhiiL Mag. Suppl. 9, 425 (1960).
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p(E,J,M) =E'(2J+1)p(0) exp( —J'h'/2a'T). (5)

In (5) S' is a normalization factor, p(0) is the density

of states with zero angular momentum, 8' is the nuclear
moment of inertia, and T the nuclear temperature.

Introducing (3) and (4) into (2) and using the explicit
forms of the vector spherical harmonics, one obtains
Io(E,Q) for a rotating oblate spheroid

Io(E,Q) = (S'cZ'/rr) (e'/hc)Ro' exp( —h'JP/28T) exp(E;/T) (E/hc)' exp( —E/T)
X{(2J+1)+(2J+3) exp[—(2J+1)r)+(2J+5) exp[—{4J+4)rg} cos'8 sill'8. (6)

Here
r = (h'/28T}.

On the other hand, for a prolate spheroid, one obtains for I„(E,Q)

I„(E,Q) = (X'cZs/7r) (e'/Ac)Ro' exp( —h'Js/28T) exp(E;/T) (E/hc)' exp( —E/T)
X{(2J+1)+(2J+3) exp[—(2J+1)rj+ (2J+5) exp[—(4J+4)rj}cos'8 sin'8

+[2(2J+5) exp[—(4J+4)rj+(2J+3) exp[—(2J+1)rj+(2J+1)
+(2J'—1) exp(2J —1)r+(2J—3) exp(4J —4)rl sin'8. (8)

It is apparent from (6) and (8) that the angular dis- &~ (2 2 l 2 2
cos2e sin2e= —~ ~28~ 1»~2~

tribution from the two types of spheroids di8er from
!15i.- &0 0 0 110j

one another.

III. THE SPECTRUM AND THE ANGULAR DISTRIBU-
TION WITH RESPECT TO THE DIRECTION

OF THE HEAVY-ION BEAM

To be able to compare theory and experiment easily,
one has to calculate the angular distribution in (6) and

(8) with respect to the direction of the heavy-ion beam.

One has to consider all possible directions of the angular-

momentum vector of the compound nucleus. This

angular momentum can be anywhere in a plane per-

pendicular to the direction of the heavy-ion beam. One

averages of all directions in this plane. The polar and

azimuthal angles of the angular momentum of the

compound system with respect to a system in which the

s axis is along the beam are ir/2 and n, where n varies

between 0 and 2m. The direction characterized by 8 and

f in the old system of coordinates is characterized by
0~ and C in the new coordinate system so that"

XD,o'i n,—,0 F„'(OC), (9a)'

k
'2'

(2 2 lq 2 2 l~
sin48= P (21+1)'ls~

15 ~ (0 0 Oj 2 2 Oj

XD,o' n, ,0 iF„'(04)—. (9b)
2 j

a A c't
(9)

~

are the Wigner 3j symbols andn Vj
D~, '(n, p,y} are the matrices of the five-dimensional
representation of the three-dimensional rotation group.
Averaging over 0, yields

D,o' n,—,0 idn= dos' —ib„,,o.
2s

'
2

'
2j

™0 (10)

Using (6), (g), (9a), (9b), and (10) the spectrum and
the angular distribution from an oMate and prolate
spheriod, respectively, are

Io(E,O~,C )= (S'cZ'/s 8) (e'/hc)Ro4 exp( Jsh'/28T) e—xp (E,/T) (1/ri"') {ii'—1)'(E/hc) ' exp (—E/T)
X ( (2J+1)+(2J+3) exp[—(2J+1}r]+(2J+5)—(4J+4)r) [1+2cos'0 —3 cos'Oj

=To(1+2 cos'0'+ —3 cos'O'E' exp( —E/T) . (11a)

Here

Ir (E,eP) =3Tof~o+&s cos'0+&4 cos'0'jEo exp( —E/T) . (11b)

~c (es q ( — J,A'- yZ' (q'e—1)' wc (e' i ( J;A' Ze (ri —1)-
I

—
II exp E—

I „, , (12a) &„=,V'
I

—
(I e,p E

' "
(12b)

4625 ihc j 5 28T j vi4ls 4625&hcj I 28T

"M.E. Rose, L~'lemomlory Theory of Arigllor Momowlom (John Wiley k Sons, Inc., New York, 19$'/), p. 61.
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Ao ——18(2J+5) exp[—(4J+4)rj+11(2J+3)exp[—(2J+1)rj
+11(2J+1)+(2J—1) exp(2J —3)r+7 exp(4J —4)7, (13a)

22=28(2J+1) exp[—(4J+4)rj+ 18(2J+3) exp[—(2J+1)rj
+18(2J+1)+10(2J—1) exp(2J —1)v+10 exp(4J 4)—r, (13b)

A 4= —30(2J+5) exp[—(4J+4)rj—21(2J'+1) exp(2 J21)r
—21{2J+1)—9(2J—1) exp(2J' —1)r—9(2J—3) exp(4J' —4)r. (13c)

IV. MSGUSSION

From (11a), (11b), (13a), (13b), and (13c) it is
obvious that the angular distribution from oblate and
prolate spheroids di6er from one another. For the case
of Cu" Beringer and Knox" calculated that at an
angular momentum of 50 Ps the nucleus changes from
an oblate to a pmlate spheroid. Using this value of the
angular momentum and 1.5 MCV for the nuclear
temperature using (11b), (13a), (13b), and {13c) the
angular distribution for prolate sphemids I„can be
written

I (O,C)=E [(1+1.55 cos'0 —1.65 cos'8 jE'
&& exp( —E/T) . (14)

This angular distribution divers from the one derived
in (11a). Consequently, as states of the compound
nucleus with angular momenta higher than the critical
become available the angular distribution, at least
partially, should follow (14).An interesting experiment
would consist of varying the angular momentum of
the compound system by varying the energy of the
hcavy-ion beam Rnd discovering a change in the
angular distribution. An observed change in the angular
distribution in accord with the present calculation
would be an experimental proof to the existence of the
two diferent shapes of equilibrium predicted by
Bcringcr RQd Knox.

The anisotropy predicted in (11a) and (11b) apply
to nuclei all having the same angular momentum. In

an actual experiment the angular distribution observed
ls duc to RQ avci'agc ovcI' IQRny Rngular mollMnta, oQ
account of the following two effects, (a) there are many
impact parameters in a heavy-ion bombardment so
that the angular momentum of the compound nucleus
may vary over a range of angular momenta, and (b) in
the de-excitation cascades the decrease in angular
momentum may vary from one nucleus to another. An
exact knowledge of the distribution of angulal Inomenta
due to these two CGccts would enable one to calculate
an average anisotmpy by averaging the presently
calculated Rnisotropy over such an angular momentum
distribution. However, at the present time these angular
momentum distributions have Qot been obtained. One
has therefore, to estimate the importance of such an
RQgulal-InoIncQtuIQ distribution. Fox' this puxposc a
comparison between two calculated anisotropies was
made. First the anisotropy of gamma rays emitted from
a nucleus of 3=200 and J=30 was calculated. Then
the gamma-ray anisotropy from the same nucleus was
calculated using a Gaussian distribution for the angular
momenta such that the mean angular momentum was
30 and half-width at half-height of the Gaussian was 5.
The results of the calculated anisotropies diGcred by
five percent. This result indicates that as long as the
spread in the aligular momentum of the distribution is
relatively small the calculated anisotropy using (11a)
and (11b) with the mean angular momentum of the
distribution is a very good approximation.


