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Experimental values of the electric-susceptibility hole mass m, of PbTe are given for temperatures ranging
from 24 to 300°K and carrier concentrations from 3.5 1018 to 4.8 X 10% cm™3. The masses are deduced from
measurements of infrared reflectivity using the method of Spitzer and Fan. The mass increases monotonically
with increasing temperature and carrier concentration in a way which indicates strong nonparabolicity of the
valence band. The carrier-concentration dependence at 30°K is explained in terms of a single-band, non-
parabolic multivalley model and the band-edge parameters reported by Cuff, Ellett, Kuglin, and Williams.
The constant-energy surfaces involved are (111) prolate surfaces of revolution located at the zone bound-
aries. The temperature dependence of m, for a carrier concentration of 3.5X 1018 cm™ can also be explained in
terms of this single-band model. The agreement depends upon the assumption that the interaction gap
varies linearly with temperature in the same way as the optical gap, the coefficient being 4.9X 10~ eV/°K.
For a carrier concentration of 4.8X10% cm™3, the single-band model does not yield results which are con-
sistent with the observed values of m, as a function of temperature, except at the lowest temperature of
30°K. Differences between calculation and experiment at higher temperatures suggest that a second band
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becomes appreciably populated.

I. INTRODUCTION

HERE have been many experimental studies of

the valence-band structure of lead telluride during

the past few years.! These studies have established the
existence of (111) prolate-ellipsoidal energy surfaces at
the zone boundaries. The surfaces are believed to be
strongly nonparabolic at low temperatures.?? There is,
also, evidence for the existence of other populated
bands.*= Unfortunately, considerable uncertainty re-
mains concerning the appropriate over-all valence-band
model and its parameters. Part of thedifficulty is that the
experiments which have given direct information about
individual band parameters often have been limited to
low temperatures and to a relatively small range of
carrier concentrations. For this reason, many of the
desirable tests of proposed models have not been made.
The measurements of the electric-susceptibility hole
mass m, which we are reporting here were made for the
purpose of carrying out such tests over large ranges of
temperature and carrier concentration. This mass is
directly related to the band masses near the Fermi
energy. For the case of PbTe, it depends upon the

1 References through 1958 are given in W. W. Scanlon, Solid
State Phys. 9, 83 (1959). A complete listing of more recent publica-
tions is not given here but can be easily compiled using the papers
which we reference.

2 C. F. Cuff, M. R. Ellett, and C. D. Kuglin, Proceedings of the
International Conference on the Physics of Semiconductors, Exeter
(T51<136Institute of Physics and the Physical Society, London, 1962),
p. 316.

3K. F. Cuff, M. R. Ellett, C. D. Kuglin, and L. R. Williams,
Physics of SMM ductors, Pr dings of the 7th Intemalttmal
Conference, Paris (Dunod Cle Paris, 1964)

4 R S. Allgaier, J. Appl. Phys Suppl. 32, 2185 (1961)

P. J. Stiles, E. Burstein, and D. N. Langenberg,] Appl. Phys.
Suppl 32, 2174 (1961).

. H. Rediker and A. R. Calawa, J. Appl. Phys. Suppl. 32,
2189 (1961)

7H. R. Ried], Phys. Rev. 127, 162 (1962).

8 J. R. Dixon and H. R. Riedl, Proceedings of the International
Conference on the Physics of Semiconductors, Exeter (The Institute
of Physics and the Physical Society, London, 1962), p. 179.

9 R. S. Allgaier and B. B. Houston, Jr. (private communication).

temperature and carrier concentration in a way which is
sensitive to the types of energy surfaces involved.
Therefore, such measurements serve as a stringent
consistency test of proposed band models and their
parameters.

Our experimental method, details of data analysis, and
results are described in Secs. IT and IV. In Sec. III, the
equations which relate m, to the pertinent types of
constant-energy surfaces are reviewed or developed.
Finally, in Sec. V, we compare our experimental results
with those calculated on the basis of proposed band
models and discuss the implications.

II. EXPERIMENTAL

Susceptibility masses were determined from measure-
ments in the infrared region of the frequency dependence
of the spectral reflectivity R at normal incidence. The
method was first described and applied by Spitzer and
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Fic. 1. Wavelength dependence of the normal reflectivity at
81°K for p-type PbTe samples of various carrier concentrations.
Electrical properties of these samples are given in Table L.

A 873



A 874 J.

Fan.® Our measurements of R were carried out in the
exit optics of a Model 99 Perkin-Elmer monochromator.
The optical system was designed to provide an angle of
incidence of approximately 10 deg. The reflectivity at
this angle is expected to differ from that obtained at
normal incidence by less than 0.3%,. A cesium bromide
prism was used throughout the wavelength region from
4 to 30u. Typical resolutions are indicated in Fig. 1.
Sample temperatures were varied by placing the samples
in an optical Dewar similar to the one described by
Duerig and Mador.* Temperatures were measured to
within £1°K using a copper-constantan thermocouple
attached to the edge of the sample with silver paste.

Optical samples of p-type PbTe were cut from pulled
crystals prepared and supplied by B. B. Houston, Jr.,*?
of our laboratory. Material prepared in this manner
normally had a hole concentration of approximately
4X10'® cm—® (sample A). Other carrier concentrations
were obtained by heat treatment® (sample B) or by
doping the melt with sodium (samples C and D).

The measured reflectivities of these samples were
dependent upon the method used to prepare optical
surfaces. When mechanical polishing techniques were
employed, reflectivities in the wavelength region of the
reflectivity minimum depended strongly upon the
nature of the polishing process and were not repro-
ducible. Reproducible results were obtained, however,
by using an electrolytic polishing technique developed
by M. K. Norr.* This polish produced a smooth, mirror-
like surface. Laue back-reflection x-ray diffraction pat-
terns from electropolished surfaces were well defined,
indicating good crystalline structure within a surface
layer of thickness corresponding approximately to the
x-ray penetration depth. This penetration depth was
made small by using a relatively low x-ray tube voltage
of 10 kV and long exposure times of over 9 h. An estimate
based upon the x-ray short-wavelength cutoff of 1.24 A
and the mass absorption coefficients of lead and tellur-
ium indicates that the maximum x-ray penetration
depth was less than 8u. The fact that the penetration
depth of the infrared light used in the reflectivity
measurements was normally greater than 8u indicates
that reflectivities from electrolytically polished surfaces
are characteristic of the bulk crystalline material rather
than a damaged surface layer.

Carrier concentrations NV and conductivity mobilities
u were determined from measurements of the low-field
Hall coefficient Ry and the conductivity o, using the
relations:

AT:’/ lRo]C,

p=|Ro|a/r.
In these expressions, r= R, /Ry, where R,, is the high-

VW, G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882. (1957).

u'W, W. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952).

2 B, B. Houston, Jr., Bull. Am. Phys. Soc. 5, 166 (1960).

13 R. F. Brebrick and E. Gubner, J. Chem. Phys. 36, 1283 (1962) ;
W. W. Scanlon, Phys. Rev. 126, 509 (1962).

4 M. K. Norr, J. Electrochem. Soc. 109, 433 (1962).
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TaBLE I. Electrical properties of p-type PbTe

samples at 77.4°K.
Carrier Conductivity Optical
concentration mobility mobilitys
Sample (cm™3) (cm?/V sec) (cm?/V sec)
A 3.5 108 18 000 7800
B 5.7X1018 15 000 9400
C 1.5X10® 9400 3300
D 4.8X10% 2400 720

a Optical mobilities were determined by fitting reflectivity curves calcu-
lated on the basis of classical free-carrier dispersion theory to our experi-
mental data. These data apply to temperatures of 81 4-2°K.

field Hall coefficient. We have used an » of 0.88 over
our entire range of carrier concentrations. This repre-
sents an average of the values determined from the
magnetic-field dependence of the Hall coefficient re-
ported by Allgaier.t Electrical properties of our optical
samples are given in Table I. The mobilities are typical
of those reported previously.!®

III. THEORY

A. Classical Treatment of Dispersion
Due to Free Carriers

The free-carrier dispersion of the real and imaginary
parts of the dielectric constant, ¢; and e, depends upon
the electric susceptibility mass of the carriers involved.
It gives rise to our experiments to a frequency depen-
dence of the reflectivity R measured at near-normal
incidence. The relationship between m, and the fre-
quency dependence of R, which is our primary concern,
is implicit in Egs. (1) through (6) written below in the
cgs system. R is given in terms of the index of refraction
n and the extinction coefficient « by

R=[(n—1y+x]/[(n+1)++], M

and # and « are related to e; and e; by the defining
equations
e =n’—k?,
2
€= 2nk.
The dispersion relations derived from classical consider-
ations of free-carrier effects are!®

. [1——“’“2 ] 3)

: Wy
Yi wp,iz
€= €y, 0 ——( ) , (4)
i o \o’+vd

where ¢, is the optical dielectric constant arising from
the combined effects of bound charges, v; is a phenome-
nological damping constant, and wy,; is the plasma fre-

15 R, S. Allgaier and B. B. Houston, Jr., Proceedings of the Inter-
national Conference on the Physics of Semiconductors, Exeter
(The Institute of Physics and the Physical Society, London,
1962), p. 172,

16 Frank Stern, Solid State Phys. 15, 299 (1963).
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quency. The summation index ¢ refers to the different
types of free carriers contributing to e; and €. 7; and
wy,: are related to the properties of the free carriers of
type ¢ by

wp,i=[47N ie*/m. e, ]'?, ®)

vi=1/1i=e/ms i, (6)

where IV is the carrier density, e is the magnitude of the
electronic charge, ms,,; is the electric susceptibility
effective mass of the carriers, 7; is the energy-indepen-
dent scattering time, and p; is the carrier mobility.
For the range of frequencies such that &>y and
k*<n?, the equations above can be simplified to give

R=(n—1)*/ (n+1), M
a=n2=¢,— (dme*/w?) (N1/ms), €))
where
NT= Z ]\71' s

1/m,=Z (fi/ms,i);

f41s the fraction of carriers of type <. When only a single
type of carrier is involved, these equations reduce to
those given by Spitzer and Fan.® Using Egs. (7) and
(8), values of m, and ¢, can be extracted from the ex-
perimentally determined frequency dependence of R.
A point of particular significance in this connection is
that the analysis does not require knowledge of the
carrier scattering mechanism.

B. Relationship of Susceptibility Mass
to Energy Bands

The electric susceptibility mass #, is defined by the
relation
Xe=—Neé*/wm,, ©

where x. is the free-carrier susceptibility and NV is the
total carrier concentration. Expressions for m, in terms
of energy-band parameters can be derived by evaluating
the corresponding x. and applying Eq. (9). This pro-
cedure has been carried out for various simple band
structures by Spitzer and Fan.!? They find for parabolic,
spherical energy surfaces of effective mass m™ that

(10)

and for parabolic ellipsoids of revolution having trans-
verse and longitudinal mass parameters my and my, that

1 172 1
)
ms 3\mp mrp

A type of energy surface which is of particular interest
here is a nonparabolic, (111) prolate surface of revo-
lution which results when only two components of the
effective-mass tensor are determined by a small energy
gap. This situation has been treated by Cohen in his
study of the energy surfaces of bismuth.!” His Eq. (26)

1 M. H. Cohen, Phys. Rev. 121, 387 (1961).

ms=m*,

(11)
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describing the constant-energy surface can be rear-

ranged to give!'
1 kr?
|, a2

72 (kr? '
2 Lz D1+ (1 B (B+ (k12 2m1"))] ma

where kr and kg, are the transverse and longitudinal
wave numbers; mr and mz, the transverse and longi-
tudinal band-edge masses; mz’, the longitudinal mass
of the interacting band; and E,, the interaction gap.
We shall refer to such surfaces as the Cohen model.
However, in so doing, we do not wish to imply that
Cohen has proposed the model for the case of PbTe.
The appropriateness of this model for the valence band
of PbTe is suggested by the results of Shubnikov-
de Haas oscillatory-magnetoresistance measurements.?
The susceptibility mass associated with such surfaces
can be evaluated as indicated in the Appendix. The
result is

N * dfo
M /0 E%WP(E)I(E,)dE, (13)

Ms

where E is the energy ; E,= E/E,; fois the Fermi-Dirac
distribution function; N, the concentration of carriers
in one valley; 91,(E), the number of states within a
parabolic ellipsoid of energy F having mass parameters
mp and mr. The term I(E,) is related to the band
parameters by the following group of equations:

Ir(E,) IL(E)

I(E,)= + , (14)
mr mr,
1+-E. [1—(b—1)E,]
r\Lir) = - 1—
Ir(E. (1+2E,) (b—1)E, (=9
b 1 (1-p)
- —_— 15
(b——l)[S b ] (1)
. [1—(®-1DE.P
L(E)=——"—""—(1~-
IL(E)) —DE, (1-8)
A= (b—l)Er]b[}_ (1—6)]
(b—1) 3 8
42 1 11 (1-8)
LT T R ) 16
+(17—1)E {5 32[3 82 :” (16)
in which
b=m1,/m.r,’,

o= I:(b'— I)Er/ 1+ ZEr):lll2 ’
B=tan~13/s, when m>mz’
=tanh™%5/6, when mp<mz .
18 The term involving sz’ in Eq. (12) producesa deviation from
an ellipsoidal relation. However, for the parameters which have

been proposed the deviation is small. For this reason, such surfaces
are sometimes referred to as being ellipsoidal.
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90— characteristics. At short wavelengths, the reflectivities
80 approach a value of approximately 509%,. This results
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Fic. 2. Wavelength dependence of the normal reflectivity at
various temperatures for p-type PbTe having a carrier concentra-
tion of 1.5X10® cm™3, Experimental points have been omitted
for graphical clarity. The density and scatter of the data are similar
to those shown in Fig. 1.

The situation for which mzi=m (b=1) is applied in
the analysis of our experimental data. In this case, the
relations

Ip(E,)=—
() (142E,)

(G+3E), an

1
IL(Er) = [:%“I'%Er'i’ (4‘/7)E7‘2] ’
(14-2E,)

are used along with Egs. (13) and (14) to obtain ..
When T'=0, Eq. (13) simplifies to

Ni/me=Np(Ex) (Ex/E,), 19)

where Ep is the Fermi energy. At this temperature, the
concentration of carriers in one valley N, is equal to the
number of states within a Cohen surface of energy Ev.
It is shown in the Appendix that the number of states,
N¢(E), within a Cohen surface of energy E is given by

Ne(E)=Np(E)1+E.(14-3b)]. (20)

When these considerations are applied to Eq. (19), it
becomes

(18)

1 1 (EF/ Eg)

me 1+ (Be/E)(1+30)

The term I(Ew/E,) in this expression is evaluated
using the appropriate relations given in the preceding
paragraph.

(21)

IV. RESULTS
A. Reflectivity Data

Typical results of reflectivity measurements at near-
normal incidence on p-type PbTe of various carrier con-
centrations and at various temperatures are shown in
Figs. 1 and 2. The reflectivity curves have common

from the contribution of bound electrons to the index of
refraction, a contribution which is expected to be nearly
independent of temperature and free-carrier concen-
tration as indicated by the data. In the intermediate
wavelength range, the reflectivity decreases to a mini-
mum, a variation which results from the contribution of
free carriers to the index. At longer wavelengths, the
reflectivity becomes uniformly high, typical of metallic
reflection.

B. Analysis

When the minimum reflectivity is small, as for the
curves of Fig. 1, Egs. (7) and (8) can be applied at
frequencies between the reflectivity minimum and the
fundamental absorption edge. Values of m, and e, have
been extracted from the reflectivity data by plotting
the corresponding e,’s as illustrated in Fig. 3. Equation
(8) shows that the slope of such a curve yields m, and
the intercept gives ¢, directly. Values of m, obtained in
this manner are plotted in Fig. 4 for various carrier
concentrations and temperatures. These results are
uncertain to £=109%,, and they include corrections which
are discussed below.

The average value of ¢, for all temperatures and
carrier concentrations was 32.6. This is in reasonable
agreement with the value of 31.84£0.3 reported by
Walton and Moss!® on the basis of prism measurements.
Our results indicate that e, decreases with increasing
temperature and carrier concentration. However, since
the variations involved are only slightly greater than
the uncertainty of 42 in each experimental value of e,
no quantitative statement regarding these dependences
can be made on the basis of our results.

34 €
32r i
30 SAMPLE B
28 T = 83°K .
26 -
24} -
20l _ Fic. 3. Real part of the
dielectric constant at 83°K
20 b for p-type PbTe having a
< 18l . carrier concentration of 5.7
X108 cm—3, The valueswere
161~ . determined from the reflec-
14 - tivity data of Fig. 1 and
Eqgs. (7) and (8) given in
12 7 the text.
10} -
sk -
6k N
4l N
2 I 1 1
0 100 200 300 400

(WAVELENGTH IN MICRONS)2

B A, K. Walton and T. S. Moss, Proc. Phys. Soc. (London)
BS81, 509 (1963).
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C. Correction for Carrier Scattering

When the minimum reflectivity is not small, as in
the curve for T=300°K of Fig. 2, the more general
Egs. (1) through (6) which take carrier scattering into
account must be used to determine ¢, #,, and v corre-
sponding to the experimental reflectivity curves. This
more complicated analysis was required for only a small
number of our experimental points, those indicated in
Fig. 4 by the filled-in symbols. These corrected values of
ms are smaller than those obtained from the simpler
analysis described in Paragraph B. The maximum
correction was 219

The method used to obtain these corrections was to
find by trial calculations the values of €., m,, and ¥
which gave the best fit to an experimental reflectivity
curve. The calculations were straightforward but numer-
ous and were carried out on the 7090 IBM computer.
In applying Egs. (1) through (6), it was assumed that
only one type of carrier was involved. There is evidence
that this assumption is not realistic and that two types
of carriers contribute to the electrical and optical proper-
ties, especially at temperatures above 150°K.*7 The
justification for our assumption is based upon the fact
that good fits were obtained between calculated and
experimental reflectivity curves. Nevertheless, because
of the uncertainty regarding the types of carriers
involved, the correction for carrier scattering which we
have used should be considered first order in nature.

Typical values of the mobilities calculated from the
scattering frequencies using Eq. (6) are listed in Table I
as optical mobilities. It is interesting to compare these
with the conductivity mobilities which were determined
from measurements of the Hall coefficient and electrical
conductivity. In all cases, the optical mobilities are
smaller than the corresponding conductivity mobilities.
It is possible that these differences are related to the
fact that optical mobilities are characteristic of a
relatively thin surface layer rather than the bulk of the
material and that carrier scattering can be different in
the two regions. The difference between the optical and
conductivity mobilities of sample B is relatively small.
This may be associated with the fact that this sample

0.20

1 T T

LR I

0.10 f— —
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0.06 |- B .

0.05— A -

0.04 31l 1 1

20 30 40 50 7 100
TEMPERATURE (°K)

200 300 400

Fic. 4. Temperature dependence of electric-susceptibility mass
for p-type PbTe samples having various carrier concentrations.
Electrical properties of these samples are given in Table I. The
filled-in symbols represent data which required correction for
carrier scattering, as discussed in the text.

PbTe A 877
WAVELENGTH (MICRONS)
I ? :
X0
10F -0.18
9k ~ (RIEDL'S EXPERIMENTAL RESULTS) 40 14
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F1c. 5. Optical constants associated with the extra absorption
in the free-carrier region of p-type PbTe. The constants apply to a
sample at 300°K having a carrier concentration of 3.7 1018 cm=3.
The real part of the dielectric constant e; was calculated using a
dispersion relation and Riedl’s experimental extinction coef-
ficients «.

was the only one subjected to annealing (760°K for
approximately one hour).

D. Correction for Lattice Dispersion

Lattice dispersion contributes a small but significant
amount to the dielectric constant e; measured in our
experiments. This contribution produces an error in
the value of m, calculated as described above. Corrected
values have been obtained using the relation!®

1 1 €0\ € 1
<~> = (—>— 1.22 1(r48( 1——)—~ -,
Ms/ corrected M e/ N2 N

where N is the carrier concentration, ¢ is the static
dielectric constant and Az is the wavelength in microns
of the longitudinal optical mode. In applying Eq. (22),
we have used the values of 400 for ¢ reported by Kanai
and Shohno,?® and 91.2 u for Az as given by Hall and
Racette. The resulting corrections increase the values
of m, from 1 to 15%,.

(22)

E. Effect of Dispersion Due to Extra Absorption

An absorption which adds to the classical free-carrier
effect at wavelengths just beyond the fundamental
absorption edge has been observed and studied by
Riedl.” It is believed to arise from intravalence band
transitions. The extinction coefficients « associated with
this extra absorption for a sample having a carrier con-
centration of 3.7X 10'8 cm—3 and a temperature of 300°K
are shown in Fig. 5. These values have been used to
calculate the corresponding e;’s. This has been done by
applying the dispersion relation!®

4 [~ En(E)(E)
& (E)=- / s
o E—E

™

2y, Kanai and K. Shohno, Japan. J. Phys. 2, 6 (1963).
(1291611(' N. Hall and J. H. Racette, J. Appl. Phys. Suppl. 32, 2078
).

dE'. (23)
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Fic. 6. Carrier-concentration dependence of the electric-
susceptibility mass at 30°K. Curve I was calculated on the basis of
the single-band Cohen model and the band-edge parameters given
by Cuff e al. in Ref. 3. Curve II represents values of the suscepti-
bility mass calculated for the two-band model described in the
text. The upper curve gives the Fermi energies for holes corre-
sponding to the Cohen model.

In performing the numerical integration, it has been
assumed that the values of x for energies beyond the
range shown in the figure are zero. The indices of re-
fraction # were determined experimentally from re-
flectivity measurements. The calculated results given in
Fig. 5 are small in comparison with those associated
with the usual free-carrier effect. The error in the de-
termination of m, caused by the extra absorption in such
a sample is estimated to be less than 29,

Riedl has shown that the intraband absorption de-
creases with temperature, and its significance to calcu-
lated values of m, is expected to vary in the same way.
In addition, it has been shown that the magnitude of
this absorption is proportional to the carrier concen-
tration in the range from 5.0X 107 to 3.7 10 cm™3.
We have extrapolated this relationship in an effort to
estimate the significance of this effect for our sample D.
Calculations similar to those described above indicate
that the extra absorption increases the experimental
value of m, by less than 49, This is believed to be the
largest possible error due to the extra absorption in
our measurements since it applies to our highest carrier
concentration and temperature. None of the data in
Fig. 4 have been corrected for this small effect.

V. DISCUSSION
A. Carrier Concentration Dependence of m,

The data of Fig. 4 show a strong dependence of m,
upon N, especially at low temperatures. This is illus-
trated more clearly in Fig. 6, where mass values applying
to a temperature of approximately 30°K have been
plotted. The large and continuous variation of m,
indicates that the energy bands involved are non-
parabolic. This follows from the fact that the carrier-

R. DIXON AND H. R. RIEDL

concentration dependence of m, arising from parabolic
bands would be either independent of IV or characterized
by sharp breaks. The breaks would be associated with
the carrier concentrations at which the Fermi level
first enters another band of different mass. The non-
parabolic behavior suggested by our data is consistent
with the results reported by Cuff ef al.,2® which show
that the transverse mass associated with the (111)
surfaces is strongly dependent upon N. They have
interpreted this behavior in terms of the Cohen model
described in Sec. III. B.

We have calculated the carrier concentration de-
pendence of m,, which would be expected at 30°K on
the basis of the single-band, Cohen model. This was
done by applying Eqs. (13) through (21). The results
are plotted as Curve I in Fig. 6. The corresponding
Fermi energies are given in the upper part of the figure.
The calculations were based upon the parameters

mr=0.022 m,,
mr=0.3 m.,,
E,=0.14¢V,

'mL’=O.3 Me.

The first three of these parameters were deduced by
Cuff et al.? from oscillatory-magnetoresistance data ob-
tained at temperatures around 4°K. We have assumed
that they are valid at 30°K, the temperature applying
to the data of Fig. 6. The reasonableness of this as-
sumption is supported by the relative insensitivity of
ms to temperature in the low-temperature region, as
shown in Fig. 4. This insensitivity would be expected
to extend down to 4°K, suggesting a corresponding
small variation of the band parameters. Additional
support for this assumption is afforded by the small
variation of the optical gap over this temperature
region.2 Our assumption that my=m;’ is based upon
the similarity of the (111) surfaces of the conduction
and valence bands.2 The major part of the interaction
producing nonparabolicity is expected to be between
these surfaces. Nevertheless, our assumption should be
considered somewhat arbitrary since all of the inter-
acting bands have not been definitely identified.
Fortunately, the calculated values of m, are very in-
sensitive to my, and mz’ over a reasonable range of their
values. For example, a change in our value of either
my, or my’ to 0.15 m, or to 0.60 m, produces variations
of less than 59, in m, throughout the range of carrier
concentrations shown in Fig. 6. The interaction gap
E, is somewhat smaller than the optical gap of 0.19 eV
at 4.2°K.22 A possible explanation is that there are
more than two interacting bands producing the non-
parabolicity. Models with more than two interacting
bands have been considered by Dimmock and Wright.®

2D, L. Mitchell, E. D. Palik, and J. N. Zemel, Physics of
Semiconductors, Proceedings of the 7th International Conference,
Paris (Dunod Cie., Paris, 1964), p. 325.

2 J. O. Dimmock and G. B. Wright, Phys. Rev. 135, A821
(1964).




ELECTRIC-SUSCEPTIBILITY HOLE MASS OF PbTe

They show that these may sometimes be approximated
by a two-band model involving an effective-interaction
gap smaller than the optical gap.

The good agreement between calculation and ex-
periment serves as evidence that a Cohen-type band is
primarily responsible for the observed carrier-concen-
tration dependence of m, at low temperatures. This
point is of particular significance because of conflicting
reports regarding the existence of a k=0 heavy-mass
band with an edge at nearly the same energy as that of
the (111) bands.?*~%2* Such a band would contribute to
the magnitude of m, and its dependence upon carrier
concentration. To illustrate this, we have calculated the
susceptibility mass corresponding to the two-band
situation as a function of N. The calculation was based
upon the relation

1 s8 fcB
Ms Msp MCB

in which fsp and fop are fractions of the total carriers
in the spherical and Cohen bands, respectively, and
mss and mcp are the corresponding susceptibility
masses. The susceptibility mass of the Cohen band was
calculated using the method and the band parameters
described previously. The mass for the spherical band
was determined using Eq. (10) and the effective mass of
0.15 m, reported by Stiles, Burstein, and Langenberg.®
We have assumed that this band is parabolic and that
its edge is at the same energy as the Cohen band.

Results of the calculations are plotted in Fig. 6. They
show that both the magnitude and carrier-concentration
dependence of m, for this two-band case differ signifi-
cantly from the observed behavior. We conclude that
the existence of the heavy-mass band described above
is not consistent with our experimental data. Allgaier
has also concluded that there is no evidence from Hall
data that a second band is occupied at low tempera-
tures.* Other Hall measurements and analysis support
this conclusion up to a carrier concentration of 1X 102
cm™3.0

B. Temperature Dependence of m,

The data of Fig. 4 also show that there is a pronounced
temperature dependence of m, for each of the samples.
The behavior can be partially explained in terms of the
single-band Cohen model. To demonstrate this, we
have calculated the temperature dependence of i,
which would be expected on the basis of this model for
samples A and D. The calculations were based upon the
band parameters given above and the assumption that
E, varies linearly with temperature from 30°K. In
addition, it was assumed that mr and E, are related by
mr=—1+Ep'/E,. Ep’ is the parameter given by
Cuff ef al. as 6.4 eV.3 It is related to an effective trans-
verse momentum matrix element. Because of the in-

% Riro Nii, J. Phys. Soc. Japan 19, 58 (1964).
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F16. 7. Temperature dependence of the electric-susceptibility
mass for p-type PbTe having carrier concentrations of 3.5 1018
and 4.8X10® cm™3, The calculated curves were based upon the
single-band Cohen model and an interaction gap which varies
linearly with temperature. Curves 1 and 2 represent the results
obtained for temperature coefficients of 4.9X 10~ and 6.7 104
eV/°K, respectively. The significance of these coefficients is dis-
cussed in the text. The upper curves give the corresponding values
of the Fermi energy for holes.

sensitivity of m, to both my and my’, we have taken
them to be temperature-independent.

The results of our calculations are given in Fig. 7.
These depend upon the value of the temperature co-
efficient « describing the linear temperature variation of
E,. The exact value of this coefficient is not known. For
this reason, our calculations are based upon two ap-
proximations of «, represented by the two pairs of
Curves 1 and 2. For Curves 1, we have used the value of
o applying to the optical energy gap, Eop:. This value
of 49X10~* eV/°K was determined from the experi-
mental results of Scanlon at 300°K25 and those of
Mitchell et al. at low temperatures.?2 The reasonableness
of this assumption is based upon the belief that the
major part of the interaction producing nonparabolicity
is between the (111) surfaces in the conduction and
valence bands. Therefore, E, would be expected to vary
with temperature in approximately the same way as
Lo, since the latter is a measure of the separation
between extrema of these surfaces. For Curves 2, we
have chosen an a of 6.7X10~* eV/°K, so that at 300°K
E, is equal to E,p or 0.32 eV. This value of o probably
represents an upper limit, since E, is not expected to
become larger than E,y. For the lower carrier concen-
tration (sample A), there is agreement between calcu-
lation and experiment; both Curves 1 and 2 are within
the limits of error of our experimental results. Thus the
large temperature dependence of , for this sample can
be adequately described in terms of the single-band
Cohen model and a temperature-dependent inter-
action gap.

For sample D, the calculated curves are in agreement
with experiment at 30°K, but they deviate from the

% W. W. Scanlon, J. Phys. Chem. Solids 8, 423 (1959).
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data as the temperature is increased. The deviation
may be related to the existence of a second band at
lower energies. There is experimental evidence in the
temperature range from 150 to 300°K that a second
band exists with an edge approximately 0.1 eV below
the extrema of the (111) surfaces."? The Fermi energies
Ey given in Fig. 7 for sample D indicate that m, would
be influenced by such a band in this temperature region.
Conversely, the relatively small values of Er associated
with sample A suggest that the second band would
contribute only a small amount to m, at the lower
carrier concentration. The mass of a single-valley second
band required to bring Curves 1 and 2 into agreement
with experiment for sample D at room temperature is
0.6 m,.. This value was obtained from a two-band
analysis similar to that described in Sec. V. A. This
analysis was based upon a band separation of 0.08 eV
estimated from the low-energy threshold of the extra
absorption data of Riedl shown in Fig. 5. This extra
absorption has been attributed to transitions from a
second band to the (111) band, and the threshold is a
measure of their separation. The good agreement
between the single-band calculation and experiment at
30°K indicates that the second band is not occupied.
By considering the corresponding Fermi energy, it can
be concluded that at this temperature the second band
is at least 0.19 eV below the Cohen band. Thus, it
appears that the separation between the two bands
increases as the temperature is lowered. Such a vari-
ation is consistent with the fact that the low-energy
threshold of the extra absorption moves to higher
energies as the temperature decreases.”

Despite the success of the single-band Cohen model
for sample A, we cannot rule out the possibility that a
second band is populated also, at least to a small
extent. The uncertainties in our experimental values of
ms and the assumed temperature coefficients of £, limit
the significance of the agreement which we have ob-
tained using the Cohen model. However, by taking all
of these factors into consideration, we estimate that
less than 2097, of the carriers are in a second band at
room temperature. We emphasize these points here
because of the rather strong evidence based upon the

R. DIXON AND H. R. RIEDL

electrical measurements of Allgaier* that a second
valence band is occupied at this carrier concentration
for temperatures above 150°K. Allgaier and Houston
have extended these measurements, and their analysis
leads to the prediction that about 109, of the carriers
occupy the second valence band at 300°K.? Recent work
of Lyden?® also supports this two-valence band model.
He has measured m, and the density-of-states mass mgy
as a function of temperature for both p- and #-type
PbTe. Carrier concentrations of his samples were ap-
proximately equal to that of our sample A. His results
for m, are presented in Fig. 8 and are in approximate
agreement with ours.?” Lyden’s analysis of his results
for n-type PbTe indicates that conduction band ellip-
soids are responsible for the observed temperature de-
pendence of m, and mg. From the p-type results, how-
ever, he concludes that, in addition to the valence band
ellipsoids, a second band is occupied.

C. Significance of Calculations and Data

The values of m, calculated on the basis of the Cohen
model are sensitive to each of the parameters my and
E, but very insensitive to mz and mz'. Thus the good
agreement between calculation and experiment at low
temperatures described in Sec. V. A can be considered
substantiation for both the Cohen model and the values
of mr and E, reported by Cuff et al® It should be em-
phasized, however, that the agreement does not serve
as an independent determination of these parameters.
This arises from the fact that the good fit to our ex-
perimental data is not unique to these particular values
of mr and E,; other combinations of these quantities
can be found which give equally good agreement.

A knowledge of the large variations of m, as a function
of carrier concentration and temperature is of particular
significance because of its pertinence to investigations
of the carrier-scattering mechanisms in PbTe. Such
studies are often based upon measurements of the
electrical conductivity as a function of these variables.
The analysis of such data to obtain information about
scattering mechanisms requires that the conductivity
mass of the carriers 7, be known as a function of carrier
concentration and temperature. Since 7, is identical to
ms, our results provide the required information.

VI. SUMMARY

We have observed large changes in the electric sus-
ceptibility hole mass of PbTe as the carrier concen-
tration and temperature are varied. The carrier-con-
centration dependence at our lowest temperature, and
the temperature dependence for our smallest carrier
concentration can be explained on the basis of a single-
band, Cohen-type nonparabolic model of (111) prolate

26 H, A. Lyden, Phys. Rev. 135, A514 (1964).

27 In Ref. 26, Lyden compares his data with our early results
given in Ref. 8. These early results differ somewhat from our pres-
ent ones because they were not corrected as described in Sec. IV.
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surfaces of revolution. The band parameters used are
those reported by Cuff ef al. There is no evidence at
low temperatures for the previously reported heavy
mass band at k=0 with an extremum near those of the
ellipsoids. At our largest carrier concentration, the
Cohen model fails to give the observed values of #, as a
function of temperature, except at our lowest tempera-
tures near 30°K. This is possibly due to a second band
which becomes populated at higher temperatures. Such
a band has been suggested by the experimental work of
others. We estimate from our results and the intraband
absorption data of Riedl that at room temperature this
second valence band has a mass of 0.6 m, and is 0.08 eV
below the ellipsoids. In making this estimate of mass,
it is assumed that the second band consists of a single
valley. The low-temperature interaction gap of the
Cohen model is somewhat smaller than the correspond-
ing optical gap. A possible explanation is that the
interaction producing nonparabolicity involves more
than two bands.
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APPENDIX

The derivation of Eq. (13) for the electric-suscepti-
bility mass of free carriers occupying a Cohen energy
surface, described by Eq. (12), is based upon an evalu-
ation of the corresponding electric susceptibility x.. It
follows directly from the relations given by Spitzer
and Fan' or Cardona et al.?8 that when the frequency
of the excitation w and the carrier-scattering time = are
such that (wr)2>1, the electric susceptibility for a cubic
crystal is given by

1 ¢
dE,

2 T r°df
Y 5 7 / ——[/ Z‘dks‘k]
3w (27)3 hJo OELJg, E

where T' is the number of equivalent valleys, v=(1/%)
X |V+E|, and Sy is one of the equivalent constant energy
surfaces in k space. By applying Eq. (9) to this relation,

(25)

28 M. Cardona, W. Paul, and H. Brooks, Helv. Phys. Acta 33,
329 (1960). These authors have carried out an analysis similar to
ours, and their work is a helpful reference.
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it becomes
Ny 1 2 * 9 fy ’
Lt / [ / vdsk} dE, (26)
M 3 (2m)3hJo OELJ g, E

where N;=N/T' is the carrier concentration in one
valley. The relation is simplified by substituting

dSy=2x[ |ViE|/| (V4E)r| Jrdkz,

afO k1,(max) v2kT
——[ / ——-—~—dkL:| dE
AEL/ [ (VkE)TI B

(27)

giving
N, 1 4 /“"’
me 3202

The evaluation of the integral over % requires an
expression for E as a f(k). This is obtained from an
algebraic rearrangement of Eq. (12) and is

W2k 2
2E=— [E,,+——-(b-— 1)]
ZmL
h2kL2 2 h2kT2 1/2
+ [[E,+———(b+1)] +4Ea——} . (28

mr mr

These last two relations lead to the result

Ny ® dfo
— / Lmr@ye, )
Mg 0 oE
where
Ir (Er) I (Er)
I(E,)= *——+ )

mr

Y[EA+1]—[1— (b—1)E]EL—bE,E:?)
In ()= / [(14+2E,)+ (b— D E, E1]
Xd(EL'"?),
1{[1— (b—1)E, ]+ 2bE,EL}Ey,

IL(E,)= d(E
o [(+2E)+(—1)EEL]

L!/2) .

In these relations,
E,=E/E, and Ep.=#%1}/2mLE.

The integrals can be evaluated using standard tables,
and the results give Egs. (15) and (16) when 51, and
Egs. (17) and (18) when d=1.

Equation (20) which relates N¢(E) and 9Np(E) is
derived by carrying out the integration

2 kr(max)
/ kridky,,
(27")2 0

using an expression for k7 obtained from Eq. (12).

Ne(E)= (30)



