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Electric-Susceptibility Hole Mass of Lead Telluride
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(Received 7 December 1964)

Experimental values of the electric-susceptibility hole mass m, of PbTe are given for temperatures ranging
from 24 to 300'K and carrier concentrations from 3.5X10' to 4.8&(10"cm '. The masses are deduced from
measurements of infrared reQectivity using the method of Spitzer and Fan. The mass increases monotonically
with increasing temperature and carrier concentration in a way which indicates strong nonparabolicity of the
valence band. The carrier-concentration dependence at 30'K is explained in terms of a single-band, non-
parabolic multivalley model and the band-edge parameters reported by Cuff, Ellett, Kuglin, and Williams.
The constant-energy surfaces involved are ltttl prolate surfaces of revolution located at the zone bound-
aries. The temperature dependence of m, for a carrier concentration of 3.5X10' cm ' can also be explained in
terms of this single-band model. The agreement depends upon the assumption that the interaction gap
varies linearly with temperature in the same way as the optical gap, the coefIIcient being 4.9)(10 eV/'K.
For a carrier concentration of 4.8)(10"cm, the single-band model does not yield results which are con-
sistent with the observed values of m, as a function of temperature, except at the lowest temperature of
30'K. Differences between calculation and experiment at higher temperatures suggest that a second band
becomes appreciably populated.

I. INTRODUCTION

'HERE have been many experimental studies of
the valence-band structure of lead telluride during

the past few years. ' These studies have established the
existence of (111)prolate-ellipsoidal energy surfaces at
the zone boundaries. The surfaces are believed to be
strongly nonparabolic at low temperatures. "There is,
also, evidence for the existence of other populated
bands. ' ' Vnfortunately, considerable uncertainty re-
mains concerning the appropriate over-all valence-band
model and its parameters. Part of the difFiculty is that the
experiments which have given direct information about
individual band parameters often have been limited to
low temperatures and to a relatively small range of
carrier concentrations. For this reason, many of the
desirable tests of proposed models have not been made.
The measurements of the electric-susceptibility hole
mass m, which we are reporting here were made for the
purpose of carrying out such tests over large ranges of
temperature and carrier concentration. This mass is
directly related to the band masses near the Fermi
energy. For the case of PbTe, it depends upon the

'References through 1958 are given in W. W. Scanlon, Solid
State Phys. 9, 83 (1959).A complete listing of more recent publica-
tions is not given here but can be easily compiled using the papers
which we reference.' C. F. Cuff, M. R. Ellett, and C. D. Kuglin, Proceedings of the
International Conference on the Physics of Semiconductors, Exeter
(The Institute of Physics and the Physical Society, London, 1962),
p. 316.

3 K. F. Cuff, M. R. Ellett, C. D. Kuglin, and L. R. Williams,
Physics of Semiconductors, P'roceedings of the 7th International
Conference, Paris (Dunod Cie., Paris, 1964), p. 677.

4 R. S. Allgaier, J. Appl. Phys. Suppl. 32, 2185 (1.961).' P. J. Stiles, E.Burstein, and D. N. Langenberg, J.Appl. Phys.
Suppl. 32, 2174 (1961).

'R. H. Rediker and A. R. Calawa, J. Appl. Phys. Suppl. 32,
2189 (1961).

~ H. R. Riedl, Phys. Rev. 127, 162 (1962).' J. R. Dixon and H. R. Riedl, Proceedings of the International
Conference on the Physics of Semiconductors, Exeter (The Institute
of Physics and the Physical Society, London, 1962), p. 179.' R. S.Allgaier and B.B.Houston, Jr. (private communication).
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temperature and carrier concentration in a way which is
sensitive to the types of energy surfaces involved.
Therefore, such measurements serve as a stringent
consistency test of proposed band models and their
parameters.

Our experimental method, details of data analysis, and
results are described in Secs. II and IV. In Sec. III, the
equations which relate m, to the pertinent types of
constant-energy surfaces are reviewed or developed.
Finally, in Sec. V, we compare our experimental results
with those calculated on the basis of proposed band
models and discuss the implications.

II. EXPERIMENTAL

Susceptibility masses were determined from measure-
ments in the infrared region of the frequency dependence
of the spectral reAectivity R at normal incidence. The
method was first described and applied by Spitzer and
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FIG. 1. Wavelength dependence of the normal reQectivity at
81'K for p-type PbTe samples of various carrier concentrations.
Electrical properties of these samples are given in Table I.
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Fan."Our measurements of 8 were carried out in the
exit optics of a Model 99 Perkin-Elmer monochromator.
The optical system was designed to provide an angle of
incidence of approximately 10 deg. The reQectivity at
this angle is expected to differ from that obtained at
normal incidence by less than 0.3%. A cesiumbromide
prism was used throughout the wavelength region from
4 to 30p,. Typical resolutions are indicated in Fig. 1.
Sample temperatures were varied by placirig the samples
in an optical Dewar similar to the one described by
Duerig and Mador. " Temperatures were measured to
within &1'K using a copper-constantan thermocouple
attached to the edge of the sample with silver paste.

Optical samples of p-type PbTe were cut from pulled
crystals prepared and supplied by B. B. Houston, Jr.,

"
of our laboratory. Material prepa, red in this manner
normally had a hole concentration of approximately
4)&10ts cm ' (sample A). Other carrier concentrations
were obtained by heat treatment" (sample B) orby
doping the melt with sodium (samples C and D).

The measured reQectivities of these samples were
dependent upon the method used to prepare optical
surfaces. When mechanical polishing techniques were
employed, reQectivities in the wavelength region of the
reQectivity minimum depended strongly upon the
nature of the polishing process and were not repro-
ducible. Reproducible results were obtained, however,
by using an electrolytic polishing technique developed
by M. K. Norr. '4 This polish produced a smooth, mirror-
like surface. Laue back-reQection x-ray diGraction pat-
terns from electropolished surfaces were well defined,
indicating good crystalline structure within a surface
layer of thickness corresponding approximately to the
x-ray penetration depth. This penetration depth was
made small by using a relatively low x-ray tube voltage
of 10kvand long exposure times of over 9h. An estimate
basedupon thex-ray short-wavelength cuto6of 1.244
and the mass absorption coefhcients of lead and tellur-
ium indicates that the maximum x-ray penetration
depth was less than 8p. The fact that the penetration
depth of the infrared light used in the reQectivity
measurements was normally greater than 8p indicates
that reQectivities from electrolytically polished surfaces
are characteristic of the bulk crystalline material rather
than a damaged surface layer.

Carrier concentrations iV and conductivity mobilities
p, were determined from measurements of the low-field
Hall coeScient Ro and the conductivity cr, using the
relations:

x=r/lesly,
"= IZsl'/r.

In these expressions, r=R„/Rs, where R„ is the high-

"W. G. Spitzer and H. V. Pan, Phys. Rev. 106, 882. (1957).' W. W. Duerig and I.L. Mador, Rev. Sci. Instr. 23, 421 (1952).
'2B. B.Houston, Jr., Bull. Am. Phys. Soc. 5, 166 (1960)."R.F.BrebrickandE. Gubner, I.Chem. Phys. 36, 1283(1962);

W. W. Scanlon, Phys. Rev. 126, 509 (1962).
"M. K. Norr, j.Electrochem. Soc. 109, 433 (1962).

TAsLE I. Electrical properties of p-type PbTe
samples at 77.4'K.

Sample

A
B
C
D

Carrier
concentration

(cm-')

3 5X10»
5.7X10»
1.5X10'9
48X10"

Conductivity
mobility

(cm'/V sec)

18000
15000

9400
2400

Optical
mobility'

(cm'/V sec)

7800
9400
3300

720

& Optical mobilities were determined by fitting reflectivity curves calcu-
lated on the basis of classical free-carrier dispersion theory to our experi-
mental data. These data apply to temperatures of 81 +2oK.

field Hall coeKcient. We have used an r of 0.88 over
our entire range of carrier concentrations. This repre-
sents an average of the values determined from the
magnetic-field dependence of the Hall coeKcient re-
ported by Allgaier. 4 Electrical properties of our optical
samples are given in Table I. The mobilities are typical
of those reported previously. "
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where e„ is the optical dielectric constant arising from
the combined eGects of bound charges, y; is a phenome-
nological damping constant, and orp, ; is the plasma fre-

"R.S.Allgaier and B.B.Houston, Jr., Proceedings of the Inter-
national Conference on the Physics of Semiconductors, Exeter
(The Institute of Physics and the Physical Society, London,
1962), p. 172.

~6 r'rank Stern, Solid State Phys. 15, 299 (1963).

III. THEORY

A. Classical Treatment of Dispersion
Due to Free Carriers

The free-carrier dispersion of the real and imaginary
parts of the dielectric constant, t-'1 and e2, depends upon
the electric susceptibility mass of the carriers involved.
It gives rise to our experiments to a frequency depen-
dence of the reQectivity E measured at near-normal
incidence. The relationship between m, and the fre-
quency d.ependence of E, which is our primary concern,
is implicit in Eqs. (1) through (6) written below in the
cgs system. R is given in terms of the index of refraction
e and the extinction coeKcient K by

g=[(~—1)s+ssj/((~+1)s'ssj (1)

and e and K are related to e1 and e& by the defining
equations

61=0 —K

62=28K.

The dispersion relations derived from classical consider-
ations of free-carrier effects are"
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quency. The summation index i refers to the diferent
types of free carriers contributing to e& and e2. 7; and

co~,; are related to the properties of the free carriers of

type i by
&o, ,,= [4rrN, e'/m, ,;e„]'I',

y, = 1/r;=e/m, ,;p;) (6)

1/m, =P (f;/m, ,;),

f; is the fraction of carriers of type i Whe. n only a single

type of carrier is involved, these equations reduce to
those given by Spitzer and Fan." Using Eqs. (7) and

(8), values of m, and e„can be extracted from the ex-

perimentally determined frequency dependence of R.
A point of particular significance in this connection is
that the analysis does not require knowledge of the
carrier scattering mechanism.

B. Relationship of Susceptibility Mass
to Energy Bands

The electric susceptibility mass m, is defined by the
relation

x,= —Ne'/(a'm„ (9)

where x, is the free-carrier susceptibility and N is the
total carrier concentration. Expressions for m, in terms
of energy-band parameters can be derived by evaluating
the corresponding x, and applying Eq. (9). This pro-
cedure has been carried out for various simple band
structures by Spitzer and Fan. ' They find for parabolic,
spherical energy surfaces of effective mass m* that

(10)

where N, is the carrier density, e is the magnitude of the
electronic charge, m, ,; is the electric susceptibility
effective mass of the carriers, ~; is the energy-indepen-
dent scattering time, and p; is the carrier mobility.
For the range of frequencies such that oP))y and
~'«e', the equations above can be simplified to give

E= (e—1)'/(m+1)'

er n'—=—c„—(4rre'/co') (Nr/m, ), (8)
where

Nr=+N;,

describing the constant-energy surface can be rear-

ranged to give"

lss kr' 1 kL,
'

mr [1+(1/Es)(E+ (b'kr, '/2mr. '))] mz,
, (12)

where kz and kl. are the transverse and longitudinal

wave numbers; mp and ml. , the transverse and longi-

tudinal band-edge masses; m~', the longitudinal mass

of the interacting band; and E„ the interaction gap.
We shall refer to such surfaces as the Cohen model.

However, in so doing, we do not wish to imply that
Cohen has proposed the model for the case of PbTe.
The appropriateness of this model for the valence band
of PbTe is suggested by the results of Shubnikov-

de Haas oscillatory-magnetoresistance measurements. "
The susceptibility mass associated with such surfaces
can be evaluated as indicated in the Appendix. The
result is

Ng

me

00 rlf
x~(E)S(E,)~E,

p BB
(13)

) 1+E„i [1—(b—1)E,]
Ir(E.) =

I fP

"
(1-p)

t 1+2E„& (b—1)E,

(1—P)
(15)

(b—1) 3 bs

[1—(b 1)E,]'—I.(E,)= (1-P)
(b 1)E„—
4[1-(b-1)E.] -1 (1-P)-

b ——
(b—1) 3 b'

where E is the energy; E„=E/E„'fo is the Fermi-Dirac
distribution function; N~, the concentration of carriers
in one valley; Kv(E), the number of states within a
parabolic ellipsoid of energy E having mass parameters

mr and mz. The term I(E,) is related to the band

parameters by the following group of equations:

Ir(E.) Iz(E.)I(E)= +-

and for parabolic ellipsoids of revolution having trans-
verse and longitudinal mass parameters mp and ml. that

4b' 1 1 1 (1—P)
E.

(b 1) 5 b—s 3 bs
(16)

+
I

~

m, 3m, m, )
A type of energy surface which is of particular interest

here is a nonparabolic, (111) prolate surface of revo-
lution which results when only two components of the
effective-mass tensor are determined by a small energy

gap. This situation has been treated by Cohen in his

study of the energy surfaces of bismuth. "His Eq. (26)

M. H. Cohen, Phys. Rev. 121, 387 (1961).

in which
b= mz/mz',

b=[(b-1)E,/(1+2E,)]'",
p= tan-'8/b, when mz&mr, '

= tanh-'b/b, when mz(mr, '

"Tire term involving mz,
' in Eq. (12) produces a deviation from

an ellipsoidal relation. However, for the parameters which have
been proposed the deviation is small. For this reasori, such surfaces
are sometimes referred to as being ellipsoidal.



A 876 R P I XON AN D H. R. RI I DL

'90

80

70

~O

50
I-

t: 40

U
tLt 50

characteristics. At short wavelengths, the reQectivities
approach a value of approximately 50%. This results
from the contribution of bound electrons to the index of
refraction, a contribution which is expected to be nearly
independent of temperature and free-carrier concen-
tration as indicated by the data. In the intermediate
wavelength range, the reQectivity decreases to a mini-
mum, a variation which results from the contribution of
free carriers to the index. At longer wavelengths, the
reQectivity becomes uniformly high, typical of metallic
reQection.
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FIG. 2. %'avelength dependence of the normal reactivity at
various temperatures for p-type PbTe having a carrier concentra-
tion of 1.5)&10' cm '. Experimental points have been omitted
for graphical clarity. The density and scatter of the data are similar
to those shown in Fig. 1.

The situation for which tttr, ——ttti, '(b=1) is applied in
the analysis of our experimental data. In this case, the
relations

I~(E.) = (5+SE ),
(1+2E„)

(17)

I (E,)= Ll+lE.+(4/7)E'3,
(1+2E,)

(18)

are used along with Eqs. (13) and (14) to obtain ttt, .
When T=O, Eq. (13) simplifies to

N&/tl, = Kp(Ep)I(Ep/E, ), (19)

where Ep is the Fermi energy. At this temperature, the
concentration of carriers in one valley E& is equal to the
number of states within a Cohen surface of energy Ep.
It is shown in the Appendix that the number of states,
Ko(E), within a Cohen surface of energy E is given by

Ko(E) = Xp(E)L1+E„(1+xtb)j. (20)

B. Analysis

When the minimum reQectivity is small, as for the
curves of Fig. 1, Eqs. (7) and (8) can be applied at
frequencies between the reQectivity minimum and the
fundamental absorption edge. Values of m, and e„have
been extracted from the reQectivity data by plotting
the corresponding t.& s as illustrated in Fig. 3. Equation
(8) shows that the slope of such a curve yields ttt, and
the intercept gives ~„directly. Values of m, obtained in
this manner are plotted in Fig. 4 for various carrier
concentrations and temperatures. These results are
uncertain to &10%, and they include corrections which
are discussed below.

The average value of e„ for all temperatures and
carrier concentrations was 32.6. This is in reasonable
agreement with the value of 31.8+0.3 reported by
Walton and Moss" on the basis of prism measurements.
Our results indicate that e„decreases with increasing
temperature and carrier concentration. However, since
the variations involved are only slightly greater than
the uncertainty of +2 in each experimental value of e„,
no quantitative statement regarding these dependences
can be made on the basis of our results.

28

26

24
When these considerations are applied to Eq. (19), it
becomes

22

20

(21)
'i Is

l6

1 I(Ep/E, )

ttt, 1+ (Ep/Ep) (1+F5-b)

l2

IO

The term I(Ep/E, ) in this expression is evaluated
using the appropriate relations given in the preceding
paragraph.

IV. RESULTS

A. Re6ectivity Data

FIG. 3. Real part of the
dielectric constant at 83'K
for P-type PbTe having a
carrier concentration of 5.7
X10"cm '.The valueswere
determined from the reQec-
tivity data of Fig. 1 and
Eqs. (7) and (8) given in
the text.

Typical results of reQectivity measurements at near-
normal iricidence on p-type PbTe of various carrier con-
centrations and at various temperatures are shown in
Figs. 1 and 2. The reQectivity curves have common

2 l t l

0 100 200 300 400
(WAVELENGTH I N MICRONS)

"A. K. %alton and T. S. Moss, Proc. Phys. Soc. (London)
881, 509 (1963).
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Fzo. 4. Temperature dependence of electric-susceptibility mass
for P-type PbTe samples having various carrier concentrations.
Electrical properties of these samples are given in Table I. The
filled-in symbols represent data which required correction for
carrier scattering, as discussed in the text.

%hen the minimum reQectivity is not small, as in
the curve for T=300'K of Fig. 2, the more general
Eqs. (1) through (6) which take carrier scattering into
account must be used to determine ~„, nz„and y corre-
sponding to the experimental reflectivity curves. This
more complicated analysis was required for only a small
number of our experimental points, those indicated in
Fig. 4 by the filled-in symbols. These corrected values of
m, are smaller than those obtained from the simpler
analysis described in Paragraph B. The maximum
correction was 21%.

The method used to obtain these corrections was to
find by trial calculations the values of e„, m„and y
which gave the best fit to an experimental reQectivity
curve. The calculations were straightforward but numer-
ous and were carried out on the 7090 IBM computer.
In applying Eqs. (1) through (6), it was assumed that
only one, type of carrier was involved. There is evidence
that this assumption is not realistic and that two types
of carriers contribute to the electrical and optical proper-
ties, especially at temperatures above j.50'K.' "The
justification for our assumption is based upon the fact
that good fits were obtained between calculated and
experimental reflectivity curves. Nevertheless, because
of the uncertainty regarding the types of carriers
involved, the correction for carrier scattering which we
have used should be considered first order in nature.

Typical values of the mobilities calculated from the
scattering frequencies using Eq. (6) are listed in Table I
as optical mobilities. It is interesting to compare these
with the conductivity mobilities which were determined
from measurements of the Hall coefficient and electrical
conductivity. In all cases, the optical mobilities are
smaller than the corresponding conductivity mobilities.
It is possible that these differences are related to the
fact that optical mobilities are characteristic of a
relatively thin surface layer rather than the bulk of the
material and that carrier scattering can be different in
the two regions. The difference between the optical and
conductivity mobilities of sample B is relatively small.
This may be associated with the fact that this sample
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Fn. 5. Optical constants associated with the extra absorption
in the free-carrier region of P-type PbTe. The constants apply to a
sample at 300'K having a carrier concentration of 3.7)& 10» cm '.
The real part of the dielectric constant ei was calculated using a
dispersion relation and Riedls experimental extinction coef-
Gcients a.

was the only one subjected to annealing (760'K for
approximately one hour).

E. Effect of Dispersion Due to Extra Absorption

An absorption which adds to the classical free-carrier
effect at wavelengths just beyond the fundamental
absorption edge has been observed and studied by
Riedl. ' It is believed to arise from intravalence band
transitions. The extinction coefFicients I(. associated with
this extra absorption for a sample having a carrier con-
centration of 3.7)& 10"cm ' and a temperature of 300'K
are shown in Fig. 5. These values have been used to
calculate the corresponding e~'s. This has been done by
applying the dispersion relation'

4 "E'tt (E') x (E')
e~ (F)=— dE'. (23)

Z'2 —Z
"Y.Kanai and K. Shohno, Japan. J. Phys. 2, 6 (1963)."R.N. Hall and J. H. Racette, J. Appl. Phys. Suppl. 32, 2078

(1961).

D. Correction for Lattice Dispersion

Lattice dispersion contributes a small but significant
amount to the dielectric constant ei measured in our
experiments. This contribution produces an error in
the value of nz, calculated as described above. Corrected
values have been obtained using the relation"

(
1 t1 t e~~„1

=~ ——1.22X10 "~ 1——
~

—, (22)
m. ..„„„,g km, & ~o~ &I.' &

where X is the carrier concentration, eo is the static
dielectric constant and Xl. is the wavelength in microns
of the longitudinal optical mode. In applying Eq. (22),
we have used the values of 400 for eo reported by Kanai
and Shohno, " and 91.2 p, for XL, as given by Hall and
Racette. "The resulting corrections increase the values
of m, from 1 to 15'Po.
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Fro. 6. Carrier-concentration dependence of the electric-
susceptibility mass at 30'K. Curve I was calculated on the basis of
the single-band Cohen model and the band-edge parameters given
by CuB et a/. in Ref. 3. Curve II represents values of the suscepti-
bility mass calculated for the two-band model described in the
text. The upper curve gives the Fermi energies for holes corre-
sponding to the Cohen model.

In performing the numerical integration, it has been
assumed that the values of z for energies beyond the
range shown in the 6gure are zero. The indices of re-
fraction e were determined experimentally from re-
Qectivity measurements. The calculated results given in
Fig. 5 are small in comparison with those associated
with the usual free-carrier effect. The error in the de-
termination of ns, caused by the extra absorption in such
a sample is estimated to be less than 2%.

Riedl has shown that the intraband absorption de-
creases with temperature, and its significance to calcu-
lated values of m„ is expected to vary in the same way.
In addition, it has been shown that the magnitude of
this absorption is proportional to the carrier concen-
tration in the range from 5.0)&10' to 3.7)&10" cm '.
We have extrapolated this relationship in an effort to
estimate the significance of this effect for our sample D.
Calculations similar to those described above indicate
that the extra absorption increases the experimental
value of m, by less than 4%. This is believed to be the
largest possible error due to the extra absorption in
our measurements since it applies to our highest carrier
concentration and temperature. None of the data in
Fig. 4 have been corrected for this small effect.

V. DISCUSSION

A. Carrier Concentration Depend. ence of m,

The data of Fig. 4 show a strong dependence of m,
upon N, especially at low temperatures. This is illus-
trated more clearly in Fig. 6, where mass values applying
to a temperature of approximately 30'K have been
plotted. The large and continuous variation of m,
indicates that the energy bands involved are non-
parabolic. This follows from the fact that the carrier-

concentration dependence of m, arising from parabolic
bands would be either independent of N or characterized

by sharp breaks. The breaks would be associated with
the carrier concentrations at which the Fermi level
first enters another band of different mass. The non-
parabolic behavior suggested by our data is consistent
with the results reported by Cuff et al. ,' ' which show
that the transverse mass associated with the (111)
surfaces is strongly dependent upon N. They have
interpreted this behavior in terms of the Cohen model
described in Sec. III. B.

We have calculated the carrier concentration de-
pendence of m„which would. be expected at 30'K on
the basis of the single-band, , Cohen model. This was
done by applying Eqs. (13) through (21). The results
are plotted as Curve I in Fig. 6. The corresponding
Fermi energies are given in the upper part of the figure.
The calculations were based upon the parameters

my=0. 022 m. ,
my=0. 3 m„
Eg=0.14 eV,

~1.'= 0.3 m, .
The erst three of these parameters were deduced by
Cuff et al.' from oscillatory-magnetoresistance data ob-
tained at temperatures around 4'K. We have assumed
that they are valid at 30'K, the temperature applying
to the data of Fig. 6. The reasonableness of this as-
sumption is supported by the relative insensitivity of
m, to temperature in the low-temperature region, as
shown in Fig. 4. This insensitivity would be expected
to extend down to 4'K, suggesting a corresponding
small variation of the band parameters. Additional
support for this assumption is afforded by the small
variation of the optical gap over this temperature
region. "Our assumption that ml, =mL, ' is based upon
the similarity of the (111) surfaces of the conduction
and valence bands. ' The major part of the interaction
producing nonparabolicity is expected to be between
these surfaces. Nevertheless, our assumption should be
considered somewhat arbitrary since all of the inter-
acting bands have not been definitely identified.
Fortunately, the calculated values of m, are very in-

sensitive to m~ and ml, ' over a reasonable range of their
values. For example, a change in our value of either
mL, or m, l,

' to 0.15 m, or to 0.60 nz, produces variations
of less than 5% in m, throughout the range of carrier
concentrations shown in Fig. 6. The interaction gap
E, is somewhat smaller than the optical gap of 0.19 eV
at 4.2'K." A possible explanation is that there are
more than two interacting bands producing the non-

parabolicity. Models with more than two interacting
bands have been considered by Dimmock and Wright. "

"D. I,. Mitchell, E. D. Palik, and J. N. Zemel, Physics of
Semicondlctors, Proceedings of the 7th International Conference,
Paris (Dunod Cia., Paris, 1964), p. 325."J.Q. Dimmock and G. 3. Wright, Phys. Rev. 135, A821
(1964).
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They show that these may sometimes be approximated
by a two-band model involving an eGective-interaction
gap smaller than the optical gap.

The good agreement between calculation and ex-
periment serves as evidence that a Cohen-type band is
primarily responsible for the observed carrier-concen-
tration dependence of m, at low temperatures. This
point is of particular significance because of conflicting
reports regarding the existence of a k=0 heavy-mass
band with an edge at nearly the same energy as that of
the (111)bands " ' "Such a band would contribute to
the magnitude of m, and its dependence upon carrier
concentration. To illustrate this, we have calculated the
susceptibility mass corresponding to the two-band
situation as a function of X. The calculation was based
upon the relation

SB
(24)

ms fnsB mcB

in which fsa and fc,s are fractions of the total carriers
in the spherical and Cohen bands, respectively, and
mz& and mz& are the corresponding susceptibility
masses. The susceptibility mass of the Cohen band was
calculated using the method and the band parameters
described previously. The mass for the spherical band
was determined using Eq. (10) and the effective mass of
0.15 m„reported by Stiles, Burstein, and Langenberg. '
We have assumed that this band is parabolic and that
its edge is at the same energy as the Cohen band.

Results of the calculations are plotted in Fig. 6. They
show that both the magnitude and carrier-concentration
dependence of m, for this two-band case differ signifi-
cantly from the observed behavior. We conclude that
the existence of the heavy-mass band described above
is not consistent with our experimental data. Allgaier
has also concluded that there is no evidence from Hall
data that a second band is occupied at low tempera-
tures. 4 Other Hall measurements and analysis support
this conclusion up to a carrier concentration of 1)&10'
cm 3.'

B. Temperature Dependence of m,

The data of Fig. 4 also show that there is a pronounced
temperature dependence of m„ for each of the samples.
The behavior can be partially explained in terms of the
single-band Cohen model. To demonstrate this, we
have calculated the temperature dependence of m,
which would be expected on the basis of this model for
samples A and D. The calculations were based upon the
band parameters given above and the assumption that
E, varies linearly with temperature from 30'K. In
addition, it was assumed that mz and E, are related by
mr '= —1+8&'/E, . EI' is the parameter given by
Cuff et al. as 6.4 eV.' It is related to an effective trans-
verse momentum matrix element. Because of the in-

'4 Riro Nii, J. Phys. Soc. Japan 19, 58 (1964).
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FlG. 7. Temperature dependence of the electric-susceptibility
mass for p-type PbTe having carrier concentrations of 3.5)&10"
and 4.8&&10" cm '. The calculated curves were based upon the
single-band Cohen model and an interaction gap which varies
linearly with temperature. Curves 1 and 2 represent the results
obtained for temperature coefficients of 4.9X10 4 and 6.7X10
eV/'K, respectively. The significance of these coefficients is dis-
cussed in the text. The upper curves give the corresponding values
of the Fermi energy for holes.

25 W. XV, Scanlon, J. Phys. Chem. Solids 8, 423 (1959).

sensitivity of ns, to both m& and uzi, ', we have taken
them to be temperature-independent.

The results of our calculations are given in Fig. 7.
These depend upon the value of the temperature co-
ef6cient e describing the linear temperature variation of
8,. The exact value of this coefficient is not known. For
this reason, our calculations are based upon two ap-
proximations of n, represented by the two pairs of
Curves 1 and 2. For Curves 1, we have used the value of
o. applying to the optical energy gap, E„&.This value
of 4.9)&10-' eV/'K was determined from the experi-
mental results of Scanlon at 300'K25 and those of
Mitchell et al. at low temperatures. "The reasonableness
of this assumption is based upon the belief that the
major part of the interaction producing nonparabolicity
is between the (111) surfaces in the conduction and
valence bands. Therefore, E, would be expected to vary
with temperature in approximately the same way as
E.~~, since the latter is a measure of the separation
between extrema of these surfa, ces. For Curves 2, we
have chosen an n of 6.7)(10 ' eV/'K, so that at 300'K
E, is equal to E„,& or 0.32 eV. This value of o. probably
represents an upper limit, since E, is not expected to
become larger than E„~.For the lower carrier concen-
tration (sample A), there is agreement between calcu-
lation and experiment; both Curves 1 and 2 are within
the limits of error of our experimental results. Thus the
large temperature dependence of m, for this sample can
be adequately described in terms of the single-band
Cohen model and a temperature-dependent inter-
action gap.

For sample D, the calculated curves are in agreement
with experiment at 30'K,. but they deviate from the
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FrG. 8. Comparison of our results for the temperature depend-
ence of the electric-susceptibility mass with those reported by
Lyden in Ref. 26. The carrier concentration of our sample was
3.5&(10» cm '. Lyden's results apply to several samples having
carrier concentrations ranging from 2.2&10" to 3.8)&10" cm '.

data as the temperature is increased. The deviation
may be related to the existence of a second band at
lower energies. There is experimental evidence in the
temperature range from 150 to 300'K that a second
band exists with an edge approximately 0.1 eV below
the extrema of the (111)surfaces '" '

T. he Fermi energies
Ep given in Fig. 7 for sample D indicate that m, would
be inAuenced by such a band in this temperature region.
Conversely, the relatively small values of EF associated
with sample A suggest that the second band would
contribute only a small amount to m, at the lower
carrier concentration. The mass of a single-valley second
band required to bring Curves 1 and 2 into agreement
with experiment for sample D at room temperature is
0.6 m, . This value was obtained from a two-band
analysis similar to that described in Sec. V. A. This
analysis was based upon a band separation of 0.08 eV
estimated from the low-energy threshold of the extra
absorption data of Riedl shown in Fig. 5. This extra
absorption has been attributed to transitions from a
second band to the (111)band, and the threshold is a
measure of their separation. The good agreement
between the single-band calculation and experiment at
30'K indicates that the second band is not occupied.
By considering the corresponding Fermi energy, it can
be concluded that at this temperature the second band
is at least 0.19 eV below the Cohen band. Thus, it
appears that the separation between the two bands
increases as the temperature is lowered. Such a vari-
ation is consistent with the fact that the low-energy
threshold of the extra absorption moves to higher
energies as the temperature decreases. '

Despite the success of the single-band Cohen model
for sample A, we cannot rule out the possibility that a
second band is populated also, at least to a small
extent. The uncertainties in our experimental values of
m. and the assumed temperature coefIicients of E, limit
the significance of the agreement which we have ob-
tained using the Cohen model. However, by taking all
of these factors into consideration, we estimate that
less than 20% of the carriers are in a second band at
room temperature. We emphasize these points here
because of the rather strong evidence based upon. the

electrical measurements of Allgaier4 that a second
valence band is occupied at this carrier concentration
for temperatures above 150'K. Allgaier and Houston
have extended these measurements, and their analysis
leads to the prediction that about 10% of the carriers
occupy the second valence band at 300'K.' Recent work
of Lyden" also supports this two-valence band model,
He has measured m, and the density-of-states mass md

as a function of temperature for both p- and e-type
PbTe. Carrier concentrations of his samples were ap-
proximately equal to that of our sample A. His results
for m, are presented in Fig. 8 and are in approximate
agreement with ours."Lyden's analysis of his results
for n-type PbTe indicates that conduction band ellip-
soids are resporisible for the observed temperature de-
pendence of m, and mz. From the p-type results, how-

ever, he concludes that, in addition to the valence band
ellipsoids, a second band is occupied.

C. Signi6cance of Calculations and. Data

The values of ns, calculated on the basis of the Cohen
model are sensitive to each of the parameters rez and
E, but very insensitive to nsz, and mI, '. Thus the good
agreement between calculation and experiment at low
temperatures described in Sec. V. A can be considered
substantiation for both the Cohen model and the values
of nsz and E, reported by Cuff et al.' It should be em-

phasized, however, that the agreement does not serve
as an independent determination of these parameters.
This arises from the fact that the good fit to our ex-

perimental data is not unique to these particular values
of mz and E„other combinations of these quantities
can be found which give equally good agreement.

A knowledge of the large variations of m, as a function
of carrier concentration and temperature is of particular
significance because of its pertinence to investigations
of the carrier-scattering mechanisms in PbTe. Such
studies are often based upon measurements of the
electrical conductivity as a function of these variables.
The analysis of such data to obtain information about
scattering mechanisms requires that the conductivity
mass of the carriers m, be known as a function of carrier
concentration and temperature. Since m, is identical to
m„our results provide the required information.

VI. SUMMARY

We have observed large changes in the electric sus-

ceptibility hole mass of PbTe as the carrier concen-
tration and temperature are varied. The carrier-con-
centration dependence at our lowest temperature, and
the temperature dependence for our smallest carrier
concentration can be explained on the basis of a single-

band, Cohen-type nonparabolic model of (111)prolate

''1 H. A. Lyden, Phys. Rev. 13S, A514 (1964).
"In Ref. 26, Lyden compares his data with our early results

given in Ref. 8. These early results diBer somewhat from our pres-
ent ones because they were not corrected as described in Sec. IV.
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