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ESect of Uniaxial Compression on Impurity Conduction in p-Germanium*t
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The e&ect of uniaxial compression along L100]and $111jon impurity conduction has been investigated in
Ga-doped p-Ge in the concentration range 3)&10"&gg&9)&10"cm ' for compensation K=0.04 and in the
range 9&(10"&%~&4&(10"cm ' for X=0.40. The experiments were performed between 300 and 1.2'K.
The largest stress applied was 6.8)&10' dyn cm . The analysis of the experimental results deals primarily
with the high-stress region (X)4&&10' dyn cm ') in which the two valence bands, which in the absence of
stress are degenerate at 4 =0, are nearly decoupled so that the eGect of the lower band on the acceptor wave
function is treated as a perturbation. In the low-concentration region (17~&5)&10"cm ') the extension of
Miller and Abrahams' theory to include nonspherical charge distributions, together with the acceptor wave
functions calculated from the effective-mass approximation, accounts for the observed stress dependence of
the resistivity. At intermediate concentrations (2)(10"&Ez &9&(10"cm ') a linear relation between the
impurity-conduction activation energy e2 and the acceptor ionization energy c& is established. Although the
experimental results are not able to distinguish between Mikoshiba's and Frood's theories of the e2 process
they are clearly in disagreement with the predictions of Mycielski's theory. The investigation of the stress
dependence of the transition from nonmetallic to metallic conduction yields the stress dependence of the
effective Bohr radius. The form of this stress dependence indicates the importance, at high concentrations,
of the potential-energy term in the eBective-mass Hamiltonian. This term can be neglected at low con-
centrations.

I. INTRODUCTION
" T has been shown in e-Ge that the size and shape
~ - of the donor wave functions are greatly changed by
the application of a uniaxial stress, ' ' which removes
the degeneracy of the four (111] conduction-band
valleys. This stress-induced change of the donor wave
function was observed to have a considerable effect on
impurity conduction, which depends sensitively on the
overlap of the wave functions of neighboring impurities.
From these studies information was obtained about
the detailed structure of the donor states and about
the effect of the valley-orbit splitting energies.

The purpose of this work is to report similar studies
on p-Ge in which the stress-induced change of the
acceptor wave function results from the splitting of the
heavy and light hole valence bands which at zero stress
are degenerate at 4=0.

Because of the different types of degeneracies occur-
ring at the extrema of the conduction and valence bands
quite a different behavior of impurity conduction as a
function of stress is expected in p-Ge as compared to
e-Ge.

The investigation of the stress dependence of impurity
conduction in p-Ge is expected to yield information in
two different ways. First, by relying on the aspects of
impurity conduction which are understood one can test
the approximations needed to obtain the stress-
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dependent acceptor wave functions from the change of
the valence band structure. Secondly, by reversing the
arguments and relying on our knowledge of the acceptor
wave function one can obtain information about the
process of impurity conduction in the range of inter-
mediate and higher impurity concentrations for which
no satisfying theory exists at present.

Since impurity conduction and its stress dependence
exhibit quite different properties in the different con-
centration ranges, 4 we shall brieQy describe the proper-
ties of impurity conduction and define four concentra-
tion regions as they are used in this paper. A more
detailed account of the experimental and theoretical
status of impurity conduction can be found in the
review article by Mott and Twose. '

It has been shown that in the temperature range
77'K(T&1'K the temperature dependence of the
resistivity p can be approximated by the sum of three
exponential terms'

p '=P p, 'exp( —e,/kT),

where e& is the acceptor ionization energy. In Fig. 1 the
impurity-conduction activation energies e2 and c3 at
zero stress, for low-compensation4 Sb and Ga-doped Ge
are plotted as a function of average impurity separation
R. Figure 4 of Ref. 7 shows ~3 as a function of R for
compensation K=0.40. (At these high compensations
es does not appear. )

In toto corrcentratiors regiors -I (LCR I; Eg(5X10rs
cm ') impurity conduction exhibits only activation

4 H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958).
5N. F. Mott and 97. D. Twose, Suppl. Phil. Mag. 10, 107

(1961).
6 H. Fritzsche, Phys. Rev. 99, 406 (1955).' H. Pritzsche and M. Cuevas, Phys. Rev. 119, 1238 (1960).
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on impurity conduction, particularly in the high-stress
region (X)4X10' dyn crn ') in which the two valence
bands are almost decoupled. Speci6.cally, we have
investigated the stress dependence of (1) ps and es in
LCR I and II, (2) es and es in ICR, and (3) the transi-
tion from nonmetallic to metallic conduction. The
experiments were performed at temperatures between
300 and 1.2'K. The largest stress applied was 6.8&10'
dyn cm '. The resistivity was measured for current
Qow parallel to the stress direction, except for one
sample (Ga-16) for which the current and stress direc-
tions were perpendicular.

The reproducibility of the piezoresistance effect was
repeatedly checked and found to be better than 1%%u~.

GI. EXPERIMENTAL RESULTS

Table I lists the samples used in this experiment with
their compensation ratio E, resistivity p at 300, 78,
and 4.2'K, acceptor concentration S~„and average
acceptor separation R. The properties of the samples
with K=0.40 have already been described. ~ K for
Ga-2 was determined by fitting e3 at zero stress to

II. EXPERIMENTAL DETAILS

All samples were cut from single crystals perpendic-
ular to the growth axis to minimize the impurity concen-
tration gradient along their length. YVafers about 1 mm
thick were erst cut from the crystal and then strips
about 1 mm wide were cut from the wafer along the
direction to be stressed. Samples Ga-15 and Ga-16
are adjacent strips from the same wafer. The orientation
was by x rays to better than one degree.

The surface treatment, mounting of samples, cry-
ostat, and stressing arrangement have been described
before."However, two modifications have been made.
(1) The samples were cemented into brass cups with
epoxy cement. (2) Instead of weights a spring was used
to apply the stress. A Schaevitz linear variable differen-
tial transformer (LVDT) was mounted inside the spring
and a matched LVDT was mounted on a micrometer,
having 0.0001-in. graduations, outside the system. The
two LVDT's were connected as the two arms of an ac
bridge, the null being detected by a vacuum-tube
voltmeter. The output voltage per displacement of the
LVDT's was matched to 0.15'Po.

1.0

-2
10

Ga-2

TABLE I. Sample characteristics.

p{3oo'K)
Sample E (0-cm)

Ga-1
Ga-2
Ga-3
Ga-4
Ga-5
Ga-6
Ga-7
Ga-8
Ga-9
Ga-1O
Ga-11
Ga-12
Ga-13
Ga-14
Ga-15
Ga-16
Ga-17
Ga-18
Ga-19

0.04 5.03
0.04 1.23
0.40 1.19
0.04 0.576
0.04 0.557
0.40 0.194
0.04 0.253
0.04 0.216
0.04 0.215
0.04 0.146
0.04 0.141
0.04 0.108
0.04 0.0957
0.04 0.0898
0.04 0.0875
0.04 0.0870
0.04 0.0787
0.04 0.0677
0.04 0.0633

p(78'K)
(n-cm)

0.466
0.148
0.196
0.111
0.111
0.0844
0.0644
0.0605
0.0604
0.0519
0.0519
0.0459
0.0436
0.0432
0.0431
0.0431
0.0402
0.0395
0.0384

& (4.2'K)
(n-cm)

9.63X10'
9 01X105
1 69X104
1 65X104
1.35x 104

18.9
1.24X 104
8 51X10'
8.26X10'
1 26X10'
1.05X10'
1 91X10'

74.8
60.4
21.2
25.0
11.2
3.78
0.971

(cm ')

9.5X10"
3.0X10"
6.8X10"
6.6X10»
7.0X10'
4.2X10"
1.7X10"
2.2 X 10'6
2.2 X10'6
3.2X10"

X1P
4.8X10"
5.3X 1016
6 OX10"
6 2X10"
6.2X10"
7.0X 101
8.2X 1016

9.0X10"

& H. Fritzsche, Phys, Rev, 115, 336 (1959).

R
(x)

630&10
430~7
330~6
330~6
320a6
180~3
240+4
220~4
220~4
1&5+3
195&3
170~3
165+3
160~3
155a3
150~3
150~3
142~2
138~2

2.0 4.0
Stress X (IO dyn cm )

6.0

FxG. 2. Ratio of the resistivity with stress to the value without
stress of Ga-2 as a function of uniaxial compressional stress along
L100).The three lowest temperatures are in the impurity-conduc-
tion region while 9.90'K is the eq region.

Eq. (25). The other samples of low compensation are
assumed to have the same E. X~ was determined from
the resistivity at 300'K.'4 The error in this determina-
tion is about 5%. R was calculated using the relation
R= (3/4s. /g)'~s.

A. Stress Parallel to [100]
1. Lou-Comcemtration Region I

Figure 2 shows px/ps as a function of compressional
stress X for Ga-2 at various temperatures, where px

~ W. W. Tyler and T. J. Soltys (private communication).
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and po are the resistivities with and without stress,
respectively. For the same sample Fig. 3 shows the
resistivity p as a function of 1/T for various stresses.
This curve exhibits acceptor ionization energy e& and
impurity conduction activation energy e3. The stress
dependence of e~ has been measured and in the high-
stress region is given by""

Sample

Al-30
In-71
Al-30
In-7 1

Stress
direction

[100]
I 1001
[111]
C

111$

"(")'
(10 ' eV)

4.75~0.15
4.78~0.15
6.30~0.15
6.76%0.15

AI&
(106 eV dyn cm ')

11.7~1.6
13.5~1.6
8.4~2.1

9.8~1.7

TAm, z lI. EXperimental ValueS Of el(cc) and AI.

er(X) = er(oo)+Ar/X. (2)
a Reference 16.

The values of er(oo) and Ar for compressional stress
along (100$ and L111] for Al and In impurities are
listed in Table II.

10

IO

IO

E
CJ

E
O

cT) lO

t.o

lO
I

0.20
I

OAO

I

0.60

In the low-temperature region, where impurity
conduction is observed, px/ps increases, reaches a
maximum and then decreases as the stress is increased.
At higher temperatures, where e» is observed, the
resistivity decreases monotonically. This behavior is
typical of all samples measured. Because of the complex-
ity of the acceptor wave function at low stresses little
can be said about its stress dependence although the
increase in resistivity suggests that the wave function
is contracting with increasing stress in this stress region.
As will be shown in the next section, in the high-stress
region the envelope function of the upper band is

I /Absolute Temperature ('Kelvinl)

Fro. 3. Resistivity of Ga-2 for various [100] compressional
stresses as a function of 1/T. The range of impurity conduction
extends from about 5'K to the lowest temperatures.

expanding with increasing stress causing the resistivity
in the impurity conduction region to decrease. Since e&

decreases monotonically as a function of stress"" so
does the resistivity in this temperature range. Table
III lists (px/ps) and the stress for which it occurs for
two temperatures, 4.2'K and the lowest temperature
measured for that particular sample. In this concentra-
tion region (px/ps) isnotverytemperature-dependent
and the stress for which it occurs shifts to slightly lower
values as the temperature decreases

As shown in Fig. 3, in the impurity conduction region,
the effect of the stress is to change both e3 and lnp3, "
the intercept of the extrapolated lnp versus 1/T curve
to 1/T=O. These quantities were determined by a
least-squares frt of lnp versus 1/T for T(2 5'K .The.
deviation from linearity was less than 0.25%. The
plateau which appears in the curve at about 5'K,
the high-temperature end of the impurity-conduction
region, gradually disappears as the stress increases.
This plateau, which has been explained as a saturation
in the carrier concentration, " has been observed for
both acceptors'~ and donors4 but is more prominent
in samples of low compensation and concentration.
Because of the decrease of e1 with stress, the onset of
impurity conduction moves to temperatures which are
lower than the saturation temperature and hence the
plateau disappears.

In Fig. 4 lnps and es are plotted as a function of 1/X
in the high-stress region (X)4)&10s dyn cm '). With
increasing stress lnp3 decreases while e3 increases. The
decrease in lnp3 is caused by the expanding wave func-
tion. The fact that ea is stress-dependent means that it
is no longer due to a simple Coulomb interaction. "
Since both quantities are linear in 1/X one can write

es(X)=es(~)+A s/X,

lnps(X) =inps(~)+Bs/X.

(3)

(4)

This linear relationship was found also for Ga-1.
Table IV lists the experimental values of es(oo), As,

lnps(~ ), and I3s. It should be noted that A s is negative.

Z. I.om-Concerltrati orI, Eegi orl, II
In this concentration region the behavior of the

resistivity as a function of stress is similar to LCR I. In

"The quantity p3 has the dimensions of resistivity and will
always be given in units of 0 cm.
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Tmx.z III. (px/po), and the stress X for which it occurs at 4.2'K and at the lowest temperature. The concentration region
in which the sample belongs is listed in parenthesis.

Sample
X (109 dyn

(i /~o) ~ ) bx/~ol .* X (10' dyn
cm ')

T
( K)

Stress
direction

Ga-1(LCR I)
Ga-2 (LCR I)
Ga-3 (LCR II)
Ga-4(LCR II)
Ga-6(LCR II)

Ga-7 (ICR)
Ga-9 (ICR)
Ga-11(ICR)
Ga-12 (ICR)
Ga-13(ICR)
Ga-14(ICR)
Ga-15 (ICR)
Ga-16(ICR).
Ga-18 (ICR)
Ga-19 (ICR)

Ga-5 (LCR II)
Ga-8 (ICR)
Ga-10 (ICR)
Ga-17 (ICR)

0.40
0.04
0.40
0.04
0.40

0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04

0.04
0.04
0.04
0.04

630&10
430a7
330&6
330+6
180+3

240+4
220a4
195&3
170&3
165&3
160&3
155w3
155+3
142~2
138&2

320+6
320~4
195a3
150+3

2.35
2.72

1.48
2.39
2.27

1.80
1.71
3.20
4.11
7.18
6.06

14.8
20.8
26.5
26.1

3.52
2.75
5.09

38.5

0.68
0.86
0.87
0.75
0.83

0.76
0.82
0.86
1.01
1.01
1.13
1.04
1.14
1.18
1.28

1.30
1.99
2.28
1.93

4.2
4.2
4.2
4.2
4.2

4.2
4.2
4.2
4.2
4.2
4.2
4.2
4.2
4.2
4.2

4.2
4.2
4.2
4.2

3.35
3.25
2.65
9.09
5.17

10.5
11.2
23.9
34.5
47.2
31.1
69.4

117
164
520

17.1
60.8

180
1127

0.54
0.57
0.71
0.68
0.60

1.01
1.05
1.29
1.22

1.30
1.27
1.25
1.65
1.32
1.35

1.59
2.95
2.72
2.73

1.73
1.44
1.24
1.35
1.23

1.25
1.22
1.36
1.23
1.27
1.41
1.31
1.30
1.28
1.22

1.58
1.58
1.46
1.27

[100]
[100]
[100]
E100j
[100]

[100]
[100]
[100]
[100]
fi00j
[100]
L100)
[100]
L100)
[100]

[111]
[111]
xiii]
fiiij

& Current parallel to $0101.

the high-stress region both lnp3 and e3 are linear func-
tions of 1/X. However, in this concentration region A3
is positive. Table IV lists the experimental values of
es(~), A3, 1np3(~) and 83. Ga-6 is included here,
rather than at ICR, because it exhibits only e3 and not
e2, due to its high compensation. The limits of this
concentration region are compensation-dependent.

3. Interrfledi ate-Concentrati on Region

In Fig. 5 the resistivity p is plotted against 1/T for
various stresses for Ga-14. In the impurity conduction
region the curve exhibits both activation energies e2

and e3. Here again, as in the low-concentration regions,

px/po erst increases, reaches a maximum and then
decreases as the stress is increased. In the eq region
px/po again decreases montonically. In contrast to the
low-concentration regions, however, the temperature
dependence of (px/po) is stronger, increasing as R
decreases. The stress at which (px/po) occurs becomes
slightly larger as the temperature decreases. This is
shown in Table III.

It should be noted that both e2 and e3 increase at low
stresses and then decrease in the high-stress region.
Both e2 and e& are linear functions of 1/X in the high-
stress region and hence one may write

e,(X)= e,(~)+A;/X for i= 2, 3.

lOQ

Ga-2

xlxl 00t3

O

lO

In this concentration range both A2 and A3 are positive.
It is found that lnp2 decreases only slightly with stress.
Although lnp3 decreases with stress it is not linear in
1/X for any of the samples measured. Its stress depend-
ence decreases as R decreases.

Table V lists the experimental values of em(~), A2,
es(~), and As. It should be noted that (1) Ag is equal
in sign and, within experimental error, " equal in
magnitude to Aq (see Table II), (2) A2 is concentration
independent and (3) As is concentration-dependent,
increasing as R decreases. The exceptions to the above
statement are samples Ga-18 and Ga-19. 1V~ for these

2.5
IiX (IO em dyn )

FIG. 4. The values of lnp~ and es of Ga-2 as a function of 1/X. Both
curves are linear in 1/X for X&4X10' dyn cm '.

"The values listed in Table II are somewhat diRerent for Ge
doped with Al or with In. Our measurements on Ga acceptors
should be compared with those on Al acceptors since the zero-
stress ionization energy of Ga acceptors (0.0108 eV) is closer to
that of Al (0.0105 eV) than that of In (0.0115 eV).



UN I AXIAL COM P RESS ION 0 N I M P URI T Y CON DUCTION I N p —Ge A623

TAsxz IV. Comparison of experimental and theoretical values of lnp3(~), 83, c3(~), and A3.

Experiment Theory
(1(PO J33 (10'~

lnp3(~) dyn cm~) lnp3(~) dyn cm-~)

Experiment Theory
~~(~) A3 (10' eV c3(00) 23 (10' eV Stress

(10 3 cV) dyn CIQ~) (10 3 cV) dyn CIQ ~) dlx'cctlon

0.04 430+7

0.40

0.40 330+6

0.04 320'6

+11.65
~0.30
+5.99
~0.20

+3.92
~0.20
+2-73
~0.22

+4.08
+0.15
—1.54
~0.05

+0.80
~0.15
+0.80
~0.15
+0.47
+0.15
+0.32
~0.06

+0.99 +3.79
~0.02 a0.15
+0.52 +3.79
~0.04 ~0.15
+0.36 +3.85
&0.02 &0.15
+0.89 +0.86
~0.03 +0.10

Low-concentration region
+1.42 +10.50 +2.10
%0.03 +0.40 +0.40
+1.22 +5.62 +1.18
w0.03 ~0.20 ~0.20

Low-concentration region

I
+0.41
~0.01
+1.37
&0.03

II
+0 44
a0.02
+1.54
a0.15
+1.77
&0.03
+0.04
&0.01

—0.72
+0.07

+0.47
~0.04
+0.47
w0.05

+0.08
+1.06
+0.03

+0.42
+0.02
+1.21
~0.02

+0.86
~0.02
+1.61
+0.03
+1.68
~0.03
+1.90
~0.03

[100]

—0.31
~0.06
—0.59
+0.11
—0.29
~0.iO
—1.91
~0.35

[100]

&0.010
0.045 Doo]

—0.27
+0.05

samples is such that they are already outside the
intermediate concentration range. This can bc sec»n
Fig. 1.At R= 140 A the curve has a smail t»i vvhe« the
behavior of the activation energies ls di~«ent from
that at larger R This tail has also been obse«cd f«
P and As impurities. '

For Ga-16 the current eras measured perpendicular to
the stress direction to determine vrhether the stress de-
pendence of ~2 and ~3 is isotropic. The results are listed in
Table V and should be compared to those of Ga-15. One
observes that es(oo ) and As are isotropic vv»ch suggests
that the conduction process in the e2 region is thermally
activated. As and es(~ ) appear to be slightly anisotropic

but since these factors are more sensitive to concentra-
tion than es(~) and As the apparent anisotropy could
be caused by a small concentration diGerence between
Ga-15 and Ga-1.6. For samples Ga-7 and Ga-9, in the
high-stress region, 1np versus 1/T is not linear in the
63 lcglon Rnd hence thc RctlvRtlon energy couM not be
determined. Figure 6 illustrates this behavior vrhich
has also been observed in e-GC.' It is interesting to note
thRt Rlthough at zero stress one obsclvcs no 62 rcglon
it appears at high stresses.

TAnzz V. Experimental values of sq(ca), Aq, ea(~), and As.

A2 A3 Stress
If sq(ce) (10' eV e&(oo) (10' eV direc-

Sample (&) (10 'eV) dyncm~) (10 'eV) dyn cm ') tion

Ga-7 240~4

Ga-9 220~4

Ga-11 195~3

Ga-12 170+3

Ga-13 165~3

Ga-14 160~3

Ga-15 155~3

Ga-16~ 155~3

Ga-18 142+2

Ga-19 138+2

Ga-17 150a3

+0.49
~0.02
+0.10
&0.02
—0.62
&0.02
—0.96
&0.02
—1.16
~0.02
—1.19
~0.02
—1.44
~0.02
—1.43
+0.02
—1.34
+0.02
—1.17
&0.02
+0.16
~0.02

Current parallel to $0101.

+10.4
~ 0.4
+10.8
~ 0.3
+10.6
& 0,3
+10,9
&0.03
+10.6
~ 0.3
+109
~ 0.3
+10.8
& 0,3
+10.6
~ 0.3
+ 8.7
& 0.2
+ 6.5
~ 0.2
+10.8
~ 0.3

+0.40
~0.03
—0.11
~0.03
—0.41
~0.03
—0.73
~0.03
—1.01
~0.03
—1.26
~0.03
—1.19
~0.03
—0.82
~0.03

[100]

[100]

[100]

+3.1
+0.1
+4.3
~0.1

+0.2
+54 [Mo]

~0.2
+6' [100]

+0.2
+~ 6 [1oo]

+0.2
+g 6 [100]

+7.2
~0.2

~0.2
+" [loo]

t

0.20 0.40
t/Abmlute Terfiperature ('Kehfin j

Pro. 5. Resistivity of Ga-14 for various [100] compressional
stresses as a function of 1/T. fn the impurity-conduction region,
which extends from about 10'K to the lowest temperatures, both
e2 and eg arc pI'cscnt.
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0.20
I

0.40
1/Absolute Temperoture (eKelvin ')

I
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FIG. 6. Resistivity of Ga-7 for various L100j compressional
stresses as a function of 1/T. For large stresses the curve is not
linear in the e3 region and the activation energy e2, which is absent
at zero stress, appears.

Fro. 7. Resistivity of Ga-17 for various 1111)compressional
tresses as a function of 1/T. Except for low stresses the curve is

not linear in the e3 region. Note that in the impurity-conduction
region the resistivity for the largest stress applied is greater than
the value at zero stress.

B. Stress Parallel to Llll]
Figure 7 shows the resistivity p as a function of 1/T

for various stresses for Ga-17. The behavior of the
resistivity is similar to that for L100) stress. At low
stresses e2 and e3 increase and then decrease in the high-
stress region. It should be noted that in contrast to
L100] stress, for the largest stress applied px/ps) 1 in
the impurity conduction region. Also, as shown in
Table III, the stresses at which (px/ps), occurs are
larger than the stresses at which it occurs for L100]
stress.

Also for this stress direction A2 is equal in sign and,
within experimental error, magnitude to A~, as shown
in Tables V and II.

At high stresses the lnp versus 1/T curve for Ga-17 is
not linear in the e3 region. For Ga-8 and Ga-10 it is
not linear in either the e2 or e3 region at high stresses.

IV. THEORETICAL DISCUSSION AND COMPARISON
%PITH EXPERIMENTAL RESULTS

In unstressed p-Ge the effective mass theory of the
acceptor wave function is complicated" " because of
the degeneracy of the valence bands at k= 0. Variational
calculations have yielded only approximate solutions" "
which have not yet been extended to describe the wave
functions at arbitrary stresses. The shear component
Of a uniaxial stress removes this degeneracy and the

bands are separated by an energy proportional to the
stress.""""The hydrostatic pressure component
shifts the band edges and acceptor states by the same
amount" and hence does not affect the wave function.
The case for compression along L100) is shown in Fig. 8,
where Sy~ and S~2 are elastic constants and b is the
deformation potential for this stress direction. As will
be shown below, the separation of the bands by the
stress causes the envelope function originating from the
upper band to expand with increasing stress in the
high-stress region.

At stresses large enough so that the two bands can
be considered decoupled the acceptor ground state will
be composed solely of Bloch functions from the upper
band. ""We shall henceforth refer to this as the
"infinite"-stress case. The acceptor ground-state wave
function is the product of Bloch functions from the

"W. Kohn, in Solid State Physics, edited by F. Seitz and
D. Turnbull |Academic Press Inc., New York, 1957), Vol. 5,
p. 257.

"In this discussion we have ignored the J=-, band split off
by the spin-orbit interaction (see Fig. 8). Hasegawa (Ref. 21) has
pointed out that the effective-mass tensor of the upper band has
an explicit stress dependence due to the interaction of this band
with the J=~ band. This effect has been observed in cyclotron
resonance studies of strained Si )I. C. Hensel and G. Feher,
Phys. Rev. 129, 1041. (1963)j and Ge (Ref. 35). In the case of Si
the deformation potentials were determined from this effect. It
will be shown that the interaction of these two bands is not
important in our case.
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top of the band and an envelope function F(r, oo),
where ~ stands for X= ~. Cyclotron resonance
studies have shown" that for large compressional stress
along [100]or [111]the upper band, near k=0, is an
oblate ellipsoid whose principal axes coincide with
those of the strain tensor. F(r, ~) satisfies the effective-
mass equation

A2 —82

2m„(~) Bx'

IE2 — 82 82

+ —e'/sr
2rN, (~ ) By' Bs'

XF(r, ~)=sr(~)F(r, ~), (6)

and
mo/m„(~) = (A+ D/v3)

mo/mr(~) = (A v3D/2), —
(8)

where 2, 8, and D are the inverse cyclotron mass
parameters" and mo is the free-electron mass.

Equation (6) is not separable and exact solutions
have not yet been found. However, at large r, where the
potential energy may be neglected compared to the
kinetic energy, Eq. (6) can be solved with the result that

where 5$„(oo) and mi(oo) are the infinite-stress effective
masses parallel and perpendicular to the stress direction,
respectively, and ei(~ ) is the acceptor ionization energy
at infinite stress. For [100]stress"

rrlo/rrl~, (oo) = (A+8) and mo/nsi(oo) = (A 8/2) (—7)

and for [111]stresses

TABLE VI. Comparison of a»(oo) and u&(ao) as determined from
Eq. (10) and a variational calculation.

«i(~)
~~(~)
~II(~)
~~(~)

Eq. (10)

132 A
84&

121 z
69'

Variational
calculationa

129 i.
93 i.

130 x
86 i.

Stress
direction

L1001
5100]
L111j
5111]

a Reference 31.

Z(k) 3fl2($ 2+P 2)[P 2+1/4(P 2+/ 2)]
+Co(k,sk„s+l'o„sk,'+k,sfo,'), (11)

the two means of determining u„(oo) and ar(oo) will

yield approximately similar results. For [100] stress,
since rwi/m„=2. 45 and the inf'mite-stress chemical
shift, h, (~),ro is only 10% of ei(oo), the agreement is
good. For [111]stress, since mi/m„=3. 18 and h, (~)
is at least 25%%uq of ei(~) the discrepancy+is greater.
Hence, for stress along [100]Eq. (10) can be 'considered

a good approximation at large distances from the
impurity ion.

At inhnite stress the upper and lower valence bands
can be considered decoupled but when the stress is
reduced the bands will interact causing a perturbation,
which to first order is given." by Z(k)/E, . F., is the
energy separation between bands. For [100] compres-
sional stress"

F-,= 2b(Sii —Sis)X= 2.44X 10 "bX, (12)

where

+exp
g2 y2+ s2 112

+
o„(oo)s gi(oo)s

and for [111]compressional stress
)

Z(k) = (28'+D'/3)k, '(1's '+k, ')
y (B'/4+ D'/6) (Io '+ kg')' (13)

a;(~)=h[2ns;(~)ei(~)] "' with
~si

or J . (10)

An approximate solution to Eq. (6), for all r, has
been obtained by a variational calculation" using Eq.
(9) as a trial function and a„and ai as the varia-
tional parameters. Table VI lists the values of a~[(oo)
and ai(~) (1) as determined from Eqs, (7), (8),
and (10) using the experimental values of A, 8, D, '
and of ei(~) (see Table II) and (2) as determined
from the variational calculation. In the limit of
mi/m&~ = 1 the value of a (oo ) determined from Eq. (10)
will of course be equal to the value determined from the
variational calculation, if there is no chemical shift. "
Hence, for values of mi/m„not too different from unity

Kx
0

UNSTRESSED

Acceptor

s, 1 Stot

E (k)

HIGH STRESS

Ei(x)= l(m)+ IAl

K )

Kz

F.,= (S44d/~3X=0. 838X10 "dX,

Kx

b4

K
Y

Axis

"T.R. Loree, M. H. Halloran, and R. N. Dexter, Bull. Am.
Phys. Soc. 6, 426 (1961)."B.W. Levinger and D. R. Frail, J. Phys. Chem. Solids 20,
281 (1961)."R.W. Keyes, IBM J. Res. Develop. 5, 65 (1961).

3'The chemical shift 6, is the difference between the experi-
mental and calculated values of the ionization energy e1 and is a
measure of the failure of the effective-mass approximation (and
the associated variational calculation) to describe the impurity
ground state.

FIG. 8. The left side shows the valence bands of unstressed
germanium near k=O. The warped energy surfaces are shown
schematically. The acceptor ionization energy is e&. The right side
shows the split valence bands at high stresses for uniaxial compres-
sional stress along L 100).The band splitting at k =0 is denoted by
E,. The energy surfaces near R=O are an oblate ellipsoid (upper
band) and a prolate ellipsoid (lower band) both having axial
symmetry about the stress direction. The stress dependence
Of el ls ShOWn.
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where C=(D' —3B')'", 5ii, 512, and 544 are elastic
constants, "and b and d are deformation potentials. '6

z{k)/E 111Ry llc considered Rs R correction tcllll to
Eq. (6), the infinite stress effective-mass Hamiltonian,
and following Kohn and Luttinger'4 we will assume that
the effect of this correction term on the envelope
function can be included in the variational parameters
ail and ag. That is, p= p3 exp(e3/kT), (18)

in potential energy arising from the spatia, l variation in
local fields produced by nearby ionized acceptors and
donors. The holes are then well localized and conduction
occurs when an acceptor tunnels from an occupied to
an unoccupied site with the emission or absorption of a
phonon to conserve energy. Their Anal expression for the
resistivity is, in our nota, tion,

a;(X)=&[2m;(X)41(X)]—'I' with i=
~~

or J . (15) where

The effect of stress on ej is calculated by 6rst-order
perturbation theory to be'5

p, =C(R/a„) [1+18.2 (|I„/E)4I'$

Xexp[1.09(R/II„)'I'], (19)

C=4.55X10' 8,(0/8)'I'14'44Pov'h'a) ('/e'EI'

a= (4I„/4II)' —1. (20)

AI and 41(~) have been measured for compressional
stress along [100$ and [111$for Al and In impurities
and are listed in Table II. The deformation potentials
b and d were determined from these measurements. I6

The stress dependence of ml& and mj, was calculated
by Hasegawa2i and measured by Dexter. "It is found
experimentally that in the high-stress region, for both
[100jand [111jcompression, 444„ is almost independent
of stress while m~ is increasing with stress. For a change
of stress from 4)&109 dyn cm to 7/109 dyn cm 2 mII
decreases by about 1% while IIII Illcreases by about
10jo."From this two conclusions can be drawn: (i) the
stress dependence of ai& is caused almost entirely by
the stress dependence of el and hence from Eqs. (15)
and (16) one obtains

~~~(X)=«~(~)(1—[~I/2~1(~) j(1/X)+ "), (»)
where a„(~) is given by Eq. (10), and (ii) the stress
dependence of alI is greater than that of a~. Since a« is
larger and has a greater stress dependence than a~ the
eGects which have been observed are caused primarily
by utt.

Equation (1/) can be verified by investigating the
stress dependence of lnp3, at high stresses, in LCR I as
will be shown below.

A. High-Stress Region (X)4X10' dyn em ')

/. Lozv-ConcerItratiox Region I
An expression for the resistivity has been calculated

by MA' based on the assumption that the overlap of
wave functions of neighboring impurity sites is small
enough so that the resonance energy of a neighboring
pair of acceptors is much smaller than their difference

~ M. E. Fine, J. Appl. Phys. 26, 862 (1955).~ W. Kohn and J.M. I.uttinger, Phys. Rev. 97, 883 (j.955).
'5 R. ¹ Dexter (private communication).
3'In the stress region discussed the stress dependence of the

eBective masses is caused by the interaction of the upper band
with the band split off by the spin-orbit interaction (Ref. 21).
As will be shown, mfl is a more important parameter than mq so
that the observed weak stress dependence of nil in this stress
region indicates that we can neglect the interaction of these two
bands.

The effects of the excited states are contained in 4, ;
these are unimportant in our case and hence 4,= 1. The
number of valence band maxima s ls equal to one, g is
the static dielectric constant (=16 for Ge), po the
density and v the velocity of sound in the crystal. E& is
an average deformation potential which takes into
account both shearing strain and dilation.

Pre expoii-espial factor p4. The stress dependence of

p3 is caused primarily by the stress dependence of a».
The predominant effect will come from the exponential
term of Eq. (19) and hence one may write

lnp4(X) = 1.09[2/a„(X)]4I'+ 1nD4 (X),
where

D3(X)=C(X)[E/II/l (X)j(1+18.2[II[[(X)/z]'I') .

Any changes in the second term of Eq. (21) will be
very small compared to the first term and hence lnD3
is evaluated at infinite stress. Combining Eqs. (17)
and {21),one obtains

lnp4(X) =1np3(~)+B4/X, (22)

l p( )=1.09Ã/ ( )j"'+l D(")

B =1.09[~/~ ( )O'I2[3~1/4CI( )j. (24)

Therefore, in the high-stress region lnpg is a linear
function of 1/X with a positive sign for Bs. Listed in
Table IV Rle tllc theoretical VRlllcs of lnp4(~) Rnd B3
calculated. from Eqs. (23) and (24) using the values of
the parameters listed in Table VII.

As seen in Table IV the theory gives the correct sign
for B3 and accounts well for the magnitude of inp, (m)
and 83. This agreement indicates that in this region the
stress dependence of the Bohr radius is given by
Eq. (17).

ActiM, SorI, energy es. The activation energy e3 was

first explained by Mott" as due to the Coulomb
interaction of the carriers with the compensating
impurity ion. The theory of MA gives

44 ——(e'/aR) f(E), (25)
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al)( ~)
aq(~)

A1
~1( ~)

PO

E1

$100j Stress

132 L
84 A

(11.7 +1.6) )&10~ eV dyn cm»
(4.75+0.15) 0&10 3 eVa

4.92 X105 cm sec»
5.32 gcm 3

4eV

$111j Stress

121 i.
69 A

(8.4 +2.1) &&106 eV dyn cm 2 a

(6.30+0.15) &&10 3 eVa
4.92 &(10& cm sec»
5.32 gem 3

4eV

TABLE VII. Values of parameters used to calculate
lllp3(00 ), J3g, eg(oo ), aIId A 3.

from Eqs. (29) and (30) using the values of the param-
eters listed in Table VII and' f(K)=0.289 for K=0.40.
The theory accounts qualitatively for e3(~) and Aa.
Considering that only the first term of Eq. (27) was
retained it is not surprising that the theoretical values
are low. However, the essential features, i.e., the
negative sign of 33 and the concentration and compensa-
tion dependence of e~(~) and A3, are brought out.

Z. Low-Concentration Region II
& Reference 16.
b H. J. McSkimin, J. Appl. Phys. 24, 988 (1953).

where R is the average separation between majority
impurities, ~ is the static dielectric constant, and f(K)
is a function of the compensation ratio E. For 0(E
(0.20 it has been found by MA that f(K)= (1—1.35
K"'). Equation (25) is based on the assumption that
the charge distribution of an acceptor is spherically
symmetric about its ion core and hence the interaction
with the compensating impurity ion is just the classical
Coulomb potential and independent of wave function
size. However, if the charge distribution is cigar
shaped, as it is at high stresses, the interaction between
the hole and donor ion is given by

P*(r)[ e'/em—n]P (r)dr, (26)

where P(r) is the wave function of the hole given by
Eq. (9) and rHQ is the distance between the hole and
donor ion.

This integral has not yet been evaluated exactly
but certain approximations can be made which bring
out the essential features. If the line connecting the
acceptor and donor ions lies along the stress direction,
a multipole expansion of Eq. (26) gives

(e'/eR)(1+[(a~~' ai')/R'j+' ' '} (27)

Hence, because of the anisotropy of the charge distribu-
tion some correction terms are added to the Coulomb
term e'/ Rwehich now makes the interaction dependent
on the size and shape of the acceptor wave function.
The stress dependence of ~3 can be approximated by
assuming that it is caused only by the stress dependence
of a&& and by retaining only the 6rst term of Eq. (27).
One then obtains from Eqs. (17), (25), and (27)

e3(X)= e3(~)+Aa/X, (28)
where

e3(~) = (e'/«) f(K) (&+La~ ~
(~)'—ai(™)'j/R) (29)

and
A, = —(e'/eR) f(K)[a„(~)'Ai/R'ei(~) j (30).

Since the sign of 33 is negative e3 should increase with
increasing stress. A3 and e3(~ ) should be dependent on
concentration and compensation.

Table IV lists the values of e~(~) and Aa calculated

In Table IV are listed the theoretical values of
1npa(~), 83, e3(~), and Ae as calculated from Eqs.
(23), (24), (29), and (30) using the values listed in
Table VII. For p3 the agreement is fairly good except
for Ga-6, for which the agreement is only qualitative.
This indicates that MA theory for p3 is still valid in this
concentration region. However, the theory gives the
wrong sign for Aa and an incorrect concentration
dependence for ea(~). The fact that the theory is
unable to account for the stress dependence of e3 is
not surprising because, as shown in Fig. 1, the theory
no longer accounts for the concentration dependence of
e3 in this region. Since the overlap of acceptor wave
functions in LCR II is greater than in LCR I, e3 may
no longer be determined only by the Coulomb interac-
tion of the acceptors with the ionized minority impu-
rities so that it may be necessary to take into considera-
tion the resonance energy between neighboring sites,
which was neglected in LCR I. As far as the activation
energy is concerned these samples should be included in
ICR because of the positive sign of Aa and the con-
centration dependence of e3(~).

3. Intermediate-Concentration Region

In this concentration region impurity conduction
exhibits both e2 and e3. Little is known about either of
these processes. As shown in Fig. 1, the R dependence of
e3 no longer agrees with the prediction of MA. The
reason for the breakdown of the theory for concentra-
tions greater than those in LCRI has already been
discussed. The stress dependence of e3 in this region, its
increase at low stresses and decrease in the high-stress
region, suggests that it is a function of the effective
Bohr radius. However, we have found that it is not
possible to express e3 as a function of only R/a. Since
there is no theory for e3 in this concentration region no
comparison with the experimental results could be
made.

It has been found that e2 is a sensitive function of R
(see Fig. 1) and the effective Bohr radius. ' Several
theories have been proposed to explain this conduction
process" '4 and in the following sections these theories
will be outlined and compared with the experimental
results for both the high- and low-stress regions.

Mihoshiba's theory of e2. On the left side of Fig. 9
are shown some randomly distributed neutral acceptors
A. At low temperatures most of the holes are in the
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FIG. 9. The left side shows schematically some randomly
distributed acceptors, A, and a positively ionized acceptor, A .
The right side shows schematically the valence band of germanium
and the bands formed by the positively ionized 3+ states and
neutral acceptor ground state as a function of the overlap param-
eter 8/a.

acceptor ground state. However, due to thermal
excitations it is possible to form a positively charged
hydrogen-like ion 2+. Because the hole wave functions
of the A+ ion states are spread out further than the hole
wave function of the neutral acceptor ground state, the
exchange lnteractlon between A+ states ls stronger,
causing an A+ band'~ to be formed in which the holes
will be considerably more mobile than in the narrow
band formed by the neutral acceptor ground state.

The energy of the isolated A+ state is very nearly
equal to the neutral acceptor ionization energy ei, as
shown on the right side of Fig. 9. Because of the
exchange interaction P, the energy of the A+ state is
lowered. The activation energy e2 is then assumed to be
the energy gap between the neutral acceptor ground
state and the bottom of the 2+ band. Neglecting the
slight broadening of the neutral acceptor ground state
and the small energy difference between e& and the
energy of the isolated A+ state, one obtains

es —et—P.
In order to calculate P, Mikoshiba approximates the

wave function of the 3+ state by a screened is hydrogen
wave function and the interaction potential U(r) by
a screened Coulomb interaction. That is,

It should be noted that the wave functions are assumed
to be spherically symmetric in contrast to the cigar-
shaped wave functions which wclc used in thc discussion
of low-concentration impurity conduction. This assump-
tion will be justi6ed in Sec. IV-A-4.

By Slater rules'8 the screening parameter s equals
0.70 for the isolated 2+ ion. The parameter e is the
number of nearest neighbors and may be considered
as adjustable.

In Fig. 10 the experimental values of es(~), for
I 100) stress, are plotted as a function of R. The solid
line has been calculated from Eqs. (31) and. (32) using
the values shown in that 6gure. The values of n and
a(~) were obtained in the following manner. The
extrapolation of the experimental curve of es(~)
versus E to E=O is found to be —5&10—' eV, which
happens to be —et(~). Therefore, from Eq. (31), P
should equal 2er(~) at R=O. Since s=0.70, if we
assume m= 2 and e&(~) to be given by

er(~) =es/2xa(ee)

then at R=O, from Eq. (32), P=0.98 es/xa(~) =2et(~).
The value of u(~) was then determined from Eq. (33)
using et(~) =4.9X10 ' eV.

From Eq. (31) one obtains

(34)flas/8 (1/X) =Bet/8 (1/X) —BP/8 (1/X)

and hence from Eqs. (5) and (16) it is found that

as=a, —aP/a(1/X) ix . (35)

0

O

G.G—
e, (m)=490 xIO eY
g(cot=91.5A

s=0,70
n= 2.0

As shown in Tables V and II, it has been found
that As (1) is concentration-independent and (2) is
equal in sign and, within experimental error, equal in
magnitude to A». In Table VIII are listed the values of

P=N 4 (r')U(r')0 (r)d,

= (me's'/xa) (1+sR/a) expi —(sR/a) j, (32)

l50
I

200
0

Average Impurity Separotion R{A)

Ficj. 10

4' (r) = ("/ o')'" -pL —(-/o) j,
U(r) =ses/«r.

"The term band has been used rather loosely because the
impurity atoms are assumed to be randomly distributed rather
than in a periodic sublattice. However, the term band can still
be used in the sense of a distribution of energy levels.

FIG. 10, The experimental values of e2 (m), for L100$ compres-
sional stresses, plotted as a function of average impurity separation
ff. The solid line has been calculated from Eris. (31) and (32)
using the values shove in the figure. Note that e2(co) is an almost
linear function of E.

See for example, C. A. Coulson, Valence (Oxford University
Press, London, 1952), p. 40.
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R
(x)

240
220
195
170
165
160
155

SP/S (&/X) I x=-
(10'eV dyn cm ')

—1.80—0.59
+1.27
+3.52
+4.02
+4 54
+5.03

Ap
(10' eV dyn cm~)

13.5
12.3
10.4
8,2
7.7
7.2
6.7

TABLE VIII. Theoretical values of BP/8 (1/X) I x= and A 2

for different values of E.
been able to account for certain results of other experi-
ments on impurity conduction. '

Mycielski's theory of es. Mycielski" proposes that the
conduction may be due to a hopping over, as opposed
to a tunneling through, the Coulomb barrier separating
an occupied majority ion from an empty one. Figure 1
of Ref. 14 illustrates how the activation energy e2 is
obtained in this proposed mechanism. The energy of
the carrier in the ground state of the impurity center,
taking into account the interaction with the ionized
center, is

et ———er —e'/aR, (36)

c)P/r)(1/X) ~x=„and As, for different values of R,
calculated from Eqs. (32), (43), and (35) using the
values of ts, et(~), and a(~) shown in Fig. 10 and
2&——11.7X10' eV dyn cm '. Although there is a
qualitative agreement for A2 the theory predicts a
concentration dependence which is considerably greater
than the experimental error. The conduction process is
assumed to be thermally activated which explains the
observed isotropy of ~&. The theory accounts quite well
for the dependence of es (~) on R under the assumptions
mentioned.

Mikoshiba's theory also accounts qualitatively for
the increase of e~ at low stresses, as shown in Figs. 5 and
7, if it is assumed that in the low-stress region the
effective Bohr radius is decreasing with increasing
stress. Since the changes in e~ are small at low stresses"
(for X=1X10' dyn cm ' e, has decreased about 10%
from its zero-stress value), Eqs. (31) and (32) account
for the increase of ~~.

It should be pointed out that the concentration
independence of A2 and the observed agreement
between A2 and A~ means that in the high-stress region
the stress dependence of e2 is due only to the change in
e~ and not a change in the effective Bohr radius. The
dependence of e2 on the effective Bohr radius is illus-
trated by its behavior at low stresses.

Frood's theory of es. Frood."suggests that the conduc-
tion takes place in the lower tail of the valence band
which includes the delocalized excited impurity states.
He finds that the effective ionization e2 decreases with
decreasing impurity separation and increasing tempera-
ture. This model shows a distinct stress dependence
through the shift in the ground state and might thus
explain the observed agreement between A2 and A~.
The proposed mechanism is thermally activated thus
explaining the observed isotropy of e2. The theory is
not sufficiently developed to quantitatively compare it
to the observed dependence of es(~) on R. As in
Mikoshiba's theory, t.2 is the difference between e& and
an exchange energy (although in, this theory the
exchange energy is due to the interaction of the excited
states of the neutral acceptor). This might explain the
low-stress behavior of e2 but encounters difFiculty in
accounting for the concentration independence of A2.
In addition to this discrepancy Frood's theory has not

where e&' is the ionization energy of the isolated impurity
and E. is the separation between impurity centers. The
energy at the top of the potential barrier, which is
midway between the two centers, is Es 4e'/x——R. T—he
activation energy ~2 ——E2—E~ and therefore

es = et —38 /KR. (37)

Mycielski further assumes that the majority centers
form an impurity sublattice in the crystal and hence

1/R=S1P", (38)

where S is a parameter depending on the type of
sublattice, but never far from unity, and E is the
concentration of majority impurities. From Eqs. (37)
and (38) one obtains

es = et' —(3e'/x) S1P" (39)

Figure 2 of Ref. 14 shows e2, for zero stress, plotted.
against X'I'. For X'~'=0 it is found that e2 6] y

ln
accordance with Eq. (37). From this curve a value of
S=0.88 is obtained.

Equation (39) predicts a linear relationship between
c2 and the acceptor ionization energy and hence would
explain the observed agreement between A2 and A~.
The second term of Eq. (39) is stress-independent which
would account for the concentration independence of
As. (One could argue that the Coulomb interaction is
stress-dependent, as was the case at low concentrations.
However, as will be shown in Sec. IV-A-4 the charge
distribution of the carrier at intermediate concentra-
tions is spherically symmetric and hence the Coulomb
interaction is stress-independent. )

When the experimental values of es(~) are plotted
against lV'~' it is found that es(oo) =4.1&0.4&(10 ' eV,
which is approximately et(oo), at X'I'=0. However,
S as determined from the slope of the curve is 0.52
+0.05. %hile it is true that the stress distorts the
lattice slightly it is dificult to explain such a large
change in S oo the basis of this model. Also, since the
second term of Eq. (39) is stress-independent the theory
does not account for the increase of e2 at low stresses.
Another discrepancy with this model is the prediction
that the ionization energy increases with decreasing R
[see Eq. (36)j.Experimentally, it is found4 to decrease
slightly with decreasing R.
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R, (X) u(X) /A 2 1

R,(~) a(~) k n X
(42)

Because of the equality of A2 and A i and since n= ei(~)
one obtains from Eqs. (42) and (16)

~(X)/~(~) =~i(~)/~i(X). (43)

This relation between the effective Bohr radius and
the ionization energy indicates that the potential energy
term in the effective-mass Harniltonian [Eq. (6)]
dominates the kinetic-energy term in this case. The use
of the term "effective Bohr radius" for the a's of Eqs.
(43) and (9) is extensive in discussions of impurities in
semiconductors. Strictly speaking the term Bohr radius
has meaning only for the hydrogen problem. In the case
of impurities in semiconductors the effective-mass
Hamiltonian differs from the hydrogen Hamiltonian
because of the anisotropy of the masses (other correction
terms such as the central cell potential and interaction
of other bands may also be present). In this case the
correct wave function will not be equal to the wave
function of the hydrogen problem. It has been shown
that the correct wave function may be approximated by
Eq. (9) for distances far from the impurity center.
However, in contrast to the hydrogen problem, the
values of a, &

and a, and the ratio a„/a, will vary with r.
For distances far from the impurity center a„/a, ~
(m&/m&~)'~' while at small r, where the isotropic potential
energy term becomes large, a~&/a& ~ 1. In discussions
of impurity conduction, which depends on the overlap
of wave functions of neighboring impurities, the as
which appear in the overlap expressions are those
corresponding to the distance from the impurity center
where the integrand of the overlap integral has its
maximum. In this sense it is possible to label a as "an
effective Bohr radius" and talk about its properties
far from the impurity center (low concentrations) or at
small distances (high concentrations). Therefore, at
these high concentrations the relation of Eq. (43) is

4. Traesitioe to Metal/ic Conduction

The critical impurity separation R, at which the
transition from nonmetallic to metallic conduction
occurs is defined by e&

——0. Since e&(~) is an almost
linear function of E, as shown in Fig. 10, and since A2
is concentration-independent, one can write in the
high-stress region

e2(R,X)= —n+yR+A g/X.

This yields

R,(X)=R,(~){1—[A2/yR, (~)](1/X)), (41)

where
R.(")=~A.

According to Mott and Twose' R/a at which metallic
conduction occurs is a constant. Therefore, one obtains

expected because the maximum contribution to the
overlap integral comes from parts of the wave function
which are close to the impurity center. In this region
the wave function is nearly isotropic which justihes the
assumption on which Mikoshiba's theory is based.

Further evidence for the fact that at these high
concentrations Eq. (43) is a hetter approximation than
Eq. (17) is also found in e-Ge doped with As, P, or Sb.'
There the ratio of the effective Bohr radii of the different
donors as determined experimentally agree much better
with those calculated from Eq. (43) than with those
quoted, which were determined from Eq. (17).

Figure 10 shows that e2(~) =0 at R=215 A. Using
this value for R,(~) and a(~) =91.5 A we find that
R/a=2. 35, which agrees favorably with the values of
R/a found for m-Ge. '

B. Low-Stress Region (X(BX10' dyn cm ')

For low concentrations the primary effect of the
stress is to change pa rather than e3 and hence (px/po)
has only a weak temperature dependence, as can be
seen in Table III.

In the intermediate-concentration region the pre-
dominant effect of the stress is an increase of the
activation energies e2 and e3, as shown in Figs. 5 and 7.
Therefore, the temperature dependence of (p /po), in
this concentration region is greater than at low con-
centrations, as shown in Table III. Because of the rapid
decrease of e2 and e3 with decreasing E, the relative
change of the activation energies with stress becomes
greater as R decreases and hence (px/po), . becomes
more temperature-dependent as E decreases.

Since it has been shown that an expanding effective
Bohr radius causes p3 and e2 to decrease, the increase in
these quantities at low stresses indicate that the
effective Bohr radius in this stress region is contracting
with increasing stress.

V. CONCLUSIONS

Since uniaxial stress changes the size and shape of
the impurity wave function it has proven to be a
powerful tool in the investigation of impurity conduc-
tion, particularly at high stresses where the wave
function is relatively simple.

In LCRI the extension of the theory of MA to
include nonspherical charge distributions together with
the acceptor wave function calculated from the effective-
mass approximation was able to account for the
observed stress dependence of p3 and e3.

The results for LCR II indicate that the theory of
MA is valid for p3 but not for ea in this region.

In ICR the high-stress results have established the
linear relation between e2 and e~. Although the experi-
mental results were not able to distinguish between
Mikoshiba's and Frood's theories of the e2 process,
they are clearly in disagreement with the predictions
of Mycielski's theory. A study of the compensation
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dependence of e2 may determine whether the process is
due to a band formed by positively charged impurity
ions or the excited states of the neutral impurity. It may
also be of interest to determine if e2 and ei have a linear
relation also for other acceptors in Ge and for p-Si.
The experimental results indicate that e3, in this
concentration region, is a function of the effective Bohr
radius although the detailed process leading to e3 has
not been established.

The investigation of the transition to metallic
conduction yields the stress dependence of the effective
Bohr radius. The form of the stress dependence in-
dicates the importance, at high concentrations, of
the potential energy term which can be neglected at
low concentrations.

The low-stress behavior of the resistivity indicates
that the effective Bohr radius is initially decreasing
with increasing stress, due to the change in the relative
contributions of the two valence bands to the impurity
wave function.
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Paramagnetic-resonance measurements for Gd'+ in CdSe and CdTe are reported. The resonance param-
eters for Gd'+ are compared with those of the isoelectronic ion Eu'+ in the same crystals. The b„parameters
characterizing the splitting of the S7~2 ground state are much larger for Gd3+ than for Eu'+ in both CdSe and
CdTe. The g values for Gd'+ are significantly lower than those for Eu'+. The presently available theories of
the splitting of the S7~2 state are considered in the interpretation of these results.

INTRODUCTION

' 'N this paper paramagnetic resonance measurements
~ - for Gd'+ in the II-VI compounds CdSe and CdTe
are reported. Measurements for the isoelectronic ion
Eu'+ in these crystals have previously been reported. '

The literature has very few references to measure-
ments on rare-earth ions in semiconducting crystals.
One is led to speculate whether this is due to a lack of
previous interest or due, perhaps, to difficulties in
incorporating rare-earth ions in these materials. No
difFiculty was encountered in incorporating Eu or Gd
into CdSe and CdTe. However, only negligibly small
amounts of Eu or Gd were obtained in ZnSe and ZnTe.
This is probably due to the smaller size of the Zn ion as
compared to the rare-earth ions. ' ' The Cd ion, on the
other hand, is comparable in size to those of the rare-
earth ions. ' The resonance measurements for Eu and
Gd in CdSe and CdTe, as will be shown, provide some
information concerning the surroundings of the rare-
earth ion. The information is not without ambiguity
because of the presently inadequate understanding of
the splitting of the '57~2 state.

Information concerning the surroundings of the rare-

' R. S. Title, Phys. Rev. 133, A198 (1964).' R. S. Title, Phys. Rev. 131, 2503 (1963).
& P. M. Goldschnntt, Trans. Faraday Soc. 25, 253 (1929).

earth impurity is obtained from the effect of the crystal-
line field of the surrounding ions on the electronic
ground state of the rare-earth ion. The crystalline field
removes some of the degeneracy of the ground state and
leads to splittings which for most rare earths are in the
optical range (100 to 1000 cm '). Paramagnetic reso-
nance measurements carried out in the microwave
region are therefore limited to the lowest lying level.
The measurement of the g tensor of this level is sufFicient
to determine the symmetry of the rare-earth site, but
provides insufFicient data to determine the magnitudes
of the radial parameters characterizing the crystalline
field. In certain cases where the spin lattice relaxation
is via an Orbach process, the position of the next
highest level may be determined by a measurement of
variation of the spin-lattice relaxation time with
temperature.

One advantage of working with Eu'+ or Gd'+ is that
they have splittings of their ground states which are in
the microwave rather than the optical range. All the
data concerning the splittings may therefore be ob-
tained by paramagnetic resonance techniques. There
is however, at present, some difIiculty in interpreting
the splitting of the ground state. The 4f' con6guration

'R. Orbach, Proc. Roy. Soc. (London) A264, 458 (1961).


