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In this paper, two methods are presented for calculating the spin diffusion coeKcient, the long-wavelength
low-frequency limit of the spin pair correlation function. These methods are used to evaluate this coefFicient
in the isotropic Heisenberg paramagnet. In the first method, successively higher correlations are neglected,
and eventually an approximate nonlinear integral equation is obtained. In the second, a dispersion relation
and sum-rule moment relations are utilized. Expressions are obtained for the diffusion coeKcient both at
high temperatures and near the Curie temperature. The two evaluations of the diffusion constant at high
temperatures agree with each other extremely well, and are in qualitative agreement with two previous
determinations.

I. INTRODUCTION

'HAT part of the spin pair correlation function
which gives the long-time large-distance behavior

of the system contains a description of the spin diffusion
process. However, in practice this part is the most
difFicult part to compute since it refers to a situation in
which the behavior of the system is dominated by many
collisions. Conventional pertubation theory is not suited
to such a discussion. In the language of perturbation
theory the treatment of the diffusive behavior in the
isotropic Heisenberg ferromagnet requires integral
equations or, equivalently, extensive resummation of
diagrams.

We shall present two methods for calculating the spin
diffusion coeKcient. In the first, we use the equations of
motion for the spin operators and certain boundary and
subsidiary conditions to construct the equations of
motion for the spin pair correlation functions. The re-
sulting equations express the pair correlations in terms
of the four spin correlations and lower order correlations.
The erst approximation consists of closing the system
of equations by factoring the four spin correlations into
products of pair correlations. From this factorization,
exact in the high-temperature limit, we obtain nonlinear
integrodifferential equations for the spin pair correla-
tions. In principle, the nonlinear integrodiBerential
equations contain information about the behavior of the
system for times both long and short compared to a
characteristic time, To (5/J), where J——is the exchange
integral. We concern ourselves here with the former time
domain. Because we cannot solve the resulting nonlinear
equation, we complete our analysis by assuming that the
correct form in the hydrodynamic limit (the limit in
which all properties of the system vary suKciently
slowly in time and space to insure local thermodynamic
equilibrium) can also be used in the kinetic region. We
then obtain an expression for a temperature-dependent
diGusion coefFicient.

The second method employs an exact spectral repre-
sentation for the spin correlation function which puts
into evidence its frequency and wave-number depend-
ence in the hydrodynamic limit. This spectral repre-
sentation contains a smoothly varying function of
frequency and wave number, whose moments are all
determined by equal-time spin correlations. In the
simplest approximation this smoothly varying function
is assumed to be a single Gaussian. Its parameters are
then determined by the Qrst two moments which depend
on the instantaneous correlations of two and four spins.
The correlation functions are evaluated in an effective-
fIeld (random-phase) approximation which is exact at
high temperatures. We thereby obtain a second expres-
sion for the temperature-dependent diGusion coefficient.

We represent the thermal average of the spin operator
in the i direction at the space-time point (r,t) by M(r, t).
An essential feature of the Heisenberg ferromagnet is
that the total spin is a constant of the motion,

d'r M(r, t) =0.
dt

The conservation law (1) has the differential form,

where j,(r,t) is a spin current. When all properties of the
system vary slowly in space and time we may relate the
spin current to the quantity M(r, t),

j,(r, t) = DVM(r, t) = DX—VB(r,t) = LVB(—r, t) . (3)—
The coeKcient D is the spin diGusion coefIicient; g is
the static susceptibility; 8 is the s component of the
magnetic 6eld; and I. is the Onsager coefficient. Equa-
tions (2) and (3) combine to give us the diffusion equa-
tion for the spin magnetization, '

From the hydrodynamic description given by Eq. (4),
we shall determine the form of the slowly varying
part of the spin pair correlation function. The hydro-

*This work is based in part upon a portion of the doctoral thesis
submitted by H. S.Bennett to the Physics Department of Harvard
University, March 1964.
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dynamic description will involve the spin susceptibility
(a thermodynamic derivative) and the spin diffusion
coefficient (a transport coefIicient). By comparing the
hydrodynamic results with the equation-of-motion
description of the pair correlation function, we shall
show how a nonlinear integral equation obtained from
these equations determines the diffusion coefFicient. The
only parameters which are available to characterize the
high-temperature behavior of the system are J, d, and A,

where d is the distance between lattice sites. Dimen-
sional analysis requires that at PJ=O the diffusion
coefficient is a pure number times (Jd'/Pz). Our two
methods express this number in terms of the zero
wave-vector and frequency limit of a dimensionless
nonlinear integrodifferential equation, and in terms of
the properties of a dimensionless spectral function. The
values we obtain by these methods do not differ greatly
from values obtained by de Gennes' and Mori and
Kawasaki. ' Both yield the high-temperature diffusion
coeKcient and predict that the diffusion coeScient goes
to zero at the critical point. They also provide inter-
polation approximations between these limits.

II. FORMULATION

A. Heisenberg Hamiltonian

For the physical description of the ferromagnetic
crystal, we shall adopt the Heisenberg model of mag-
netism which attributes a localized spin to each site of
the periodic crystal lattice. We assume that the correct
crystal structure and lattice site spacings for a specified
temperature have been given to us and that the mean-
square deviation of the nuclei from their equilibrium
positions is negligible. We will therefore devote our
discussion to the statistical mechanics and to the spin
correlations of the system described by the Heisenberg
Hamiltonian,

&= —Z(LB+8'(n, t)]S.(n, t)

+8+(n, t)S„(n,t)+8—
(n, t)S (n, t)}

—
p P J(n a')(S+(n, t)S—(a', t)

+S,(n, t)S, (n', t)}. (5),
The notation used in Hamiltonian (5) will be described
in the following paragraph.

The spin operator in the Heisenberg representation
for the localized spin at site 0, of the magnetic lattice
and at time t is represented by S(n, t). The exchange
integral J(n—n') describes the interaction between the
spin at site n and the spin at site n'. We will use the
convention that J(0)=0 so that we may extend the
double summation over all lattice sites, including the
term +=0,'. The quantity p is the ratio of the intrinsic

' P. G. de Gennes, J. Phys. Chem. Solids 4, 223 (1958).' H. Mori and K. Kawasaki, Progr. Theoret. Phys. (Kyoto) 27,
529 (1962).

magnetic moment to the spin angular momentum,
AS(n, t). The quantity (8/Ii) =8—' is a spatially uniform
and time-independent external magnetic field in the 8
direction. Finally, the Hamiltonian (5) contains an
additional space and time varying magnetic field,

[8(n, t)/p]. This field will serve later as a mathematical
device to generate higher order functions. Also, we
define 8+= -'(B*wiB&).

Because we choose 8=98, the representation,

S~(n, t) =S.(n, t)aiS„(n,t), (6)

We also have the subsidiary condition,

S(n,t) S(n, t) =S(S+1), (10)

which specifies the magnitude of the spin.
When the ferromagnetic system is in thermodynamic

equilibrium, we may compute the thermal expectation
value of an operator by using the canonical ensemble

(X)=Tr[e—~~X]/Tr[e ~~]. (11)

The parameter P is the inverse temperature measured
in energy units, i.e., P= (1/AT), where A is Boltzmann's
constant.

B. Dynamic Response Function

We shall discuss the properties of the ferromagnetic
system in terms of the dynamic response function which
expresses the linear response of the system to a weak
field. We obtain this function by first-order perturbation
theory,

z t

8(S,(n, t)) =—P
Q a', i'

&&([ (Stn) S (a t )])s pB'(a t ) . (12)

The externally applied field, 8"(n', t'), is zero for t'(t p

Its indices i range over the values (+, —,s). If we
introduce the response function, x,,'(nt; n't'),

;;.(; ' ')= ('/A)„( —')([S,(, ), S,'( ', ')]), (13)

where rt(t) is the step function, we may write,

b(S; (n, t)) = dt' X;.(nt a't')8" (n', t'). (14)

The invariance of the equilibrium system under time
translation and the invariance of the crystal under
translation through a lattice vector n allow us to express

is convenient. The equal-time commutation relations
for these operators are

[S (,t), S-( ',t)]=2~-,- S.(,t),
[S,(n, t), S~(n', t)]=~S...S~(n, t), (g)

and
LS (,t), S ( ',t)]=[S*(,t), S*( ',t)]=o (9)
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(LS'(u, t) S' (n', t') j)~=o
+ kd

e~q (a a'—) ~&a(i i'—)2/x, «(q ~)S 0 to 2''
(15)

X,,'(nt; u't')

functions in terms of Fourier time-lattice transforms:

1- x (qO)- '

q' X„(q,s)

dM D(q&(d )
(1g)

m ((a"—s')

Ol

is an analytic function of complex s except on the real
axis.4 Therefore, we may write for arbitrary frequency
and wave vector,

+" dko
&sz (u u') f—~(t —i')x .,—(q &) (16)

2x

x„(q,s)-
1—— — = 1+q'

x„(q,O)

dc' D(q,M )
(19)

(&o"—s')

where the prime means that the summation is carried
out over only those values of the wave vector q which
lie in the first Brillouin zone.

From Kqs. (14), (15), and (16) we deduce the
"Kramers-Kronlg" relation,

+" des' x,; "(q,(o')
( )x;; (q,a))=2

2' 40 Z6

C. Spectral Representation

where e is inhnitesimal and positive. The spectral weight
function X,,'"(q,&o), the imaginary part of X,; (q,co), gives
the absorptive response.

We evaluate the imaginary part of (19) for real co by

using)

+"da' D(q, (o')
lim

7r Gl' —(CO+M)

+" da&' D(q.o)')
+miD(q, a)),

where I' represents the principal value integral. We
obtain thereby the spectral representation for X„"(q,&o)

in terms of the static susceptibility,

We next present a useful spectral representation for
the function X„"(q,a&). To construct it, we first note that
because AX„"(q,~) is even and positive, the quantity

L1—x**(q,O)/x-(q, s)] '

x.,(q,0)=2

and the function D(q,&o);

+" d(o x„"(q,(v)

2Ã GO

(2o)

x„"(q,co) = X.,(q,0)D (q,a))q'(u

+" da)' D(q, (o') -' —1

+[D(q,(a) q' j'
m (a)"—(o')

The form of representation (21) incorporates the
irregularity in X.,"(q,ru) for small q and a& associated with
the existence of the diffusion process. In addition, we
see that the diffusion coefficient D is D(0,0);

(8), and (9),

8
ih S,(n, t) = —8+—(n, t)S+(n,t)+8—

(n, t)S (n, t)
8$

(oX.,"(q,(o)—
D=D(0,0) =lim lim-

q'x (q, O) .

D. Equations of Motion

(22)
—

2 Z J(u—n') P'+(n, t)S-(n', t)

S+(n', t)S —(n, t)), (24)

The equations of motion foI' the HeiseIlberg spin
operators, '

t'A—S,(n, t) = LS,(n, t), Hg,
Bt

ik—S~(n, t) =+$8+8'(u, t)jS~(n, t) W28+ (n, t)S.(n, t)
8t

~Z ~( —'){S.(,t)S+( ', t) —S.( ' t)S+( t)) (25)
a'

The total angular momentum of the E spin system is
are obtained by using the commutation relations (7)~ given by the expression,

4 We refer the reader to Sec. II, Part E and to Appendix 8 of
Ref. 1 for a more detailed discussion of spectral representations.

An extensive discussion of these equations and their conse-
quences at lour temperatures is contained in M. Wortis, thesis,
Harvard U'niversity, j.9Q (unpublished).

Sr(t)=g S(n, t)=sr. (26)

'The rotational invariance of each term in the no=source
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field Hamiltoniari, Bo II——(B=0), leads to the coiiserva-
tion of total spin,

LSr, IJo]=0. (27)

8
ih S,(n, t—), S,(n', t) =-', P J(n —n")

Consequences of Eq. (27) include the conservation
law (1) and the conservation law,

Lih (8/Bt) WB]S~r(t) =0. (28)

In determining the diffusive behavior of the ferro-
magnetic crystal, it is more convenient to employ
equations of motion for the spin pair correlations which
explicitly contain second-order derivatives with respect
to time. In deriving these equations we use the two
additional identities:

the Fourier series transform of G with period P,

G;;.(nt; n't') =—p' p e'o'& "'& '""" '~g, ,'(q, (o„) (35)
PTit o v

+"d(o' X,,'"(q,oo')

2K (oo —co~)

(36)g~e (q)~v) = 2

The statements (34), (35), and (36) have been proven
many times in the literature. '

Since three particular Green's functions will occur
very frequently in our later studies, it is convenient to
give them special names; the magnetization,

M (n, t) =(S,(n—,t)); (37)

where &o.=i(n.v/hP) and where v assumes the values
0, +2, +4, +6, ~, etc. To change from the coefficient

g to the physics, l response x, we replace &o, by (oo+io),
that is,

X8, {S+(n,t)S (n",t)+S+(n",t)S (n, t) }
——,'J(n —n'){S~(n,t)S (n', t)+S+(n', t)S (n, t)}, (29)

the transverse spin pair correlation function,

G(nt; n't')—= ((S (n, t)S (n', t'))+); (38)

8
ih—Sg(n, t), Sp(n', t)

8$

=28, LB+B*(n,t)]S,(n,t)+P J(n —n")

G" («; n t )=((S'(n,t)S*'(n,t ))+), (31)

and their cumulants,

G, ; '(nt; n't') =G, ,'(nt; n't') —(S,(n, t))(S, (n', t')). (32)

They are defined in terms of the unordered spin corre-
lation functions,

G,,'&(nt; n't') —= (S,(nt)S,'(n't'))=—G,',&(n't'; nt),
as,

G„'(nt; n't') =~(t—t')G„'&(nt; n't')
+~(t' —t)G, ; &(nt; n't') . (33)

The fluctuation-dissipation theorem shows that the
functions G;,'& ~(nt;n't') arid therefore G satisfy a
periodic boundary condition in the time variable when
it takes on imaginary values:

G,; (nt; n't') =G;; (n, t+ i'; n't') . (34)

One consequence of Eq. (34) is that we ma, y introduce

XB„, {S~(n",t)S~(n, t)+2S, (n, t)S,(n",t)}
—J(n —n'){Sg(n, t)Sp(n', t)+2S,(n, t)S, (n', t)}. (30)

E. Green's Functions

For,calculational purposes, it is convient to study
slightly different, less directly physical functions, the
time-ordered spin correlation functions or Green's
functions,

and the longitudinal spin pair correlation function,

Mo(nt; n't') —=((S,(n, t)S, (n', t'))~). (39)

The average spin per site M is,

M= lim(S, (n, t)). (40)

III. THE NONLINEAR INTEGRAL EQUATION

Ke will now employ the preceding formalism and
mathematical tools to construct the equations of motion
for G and M2 when the source field has only a s compo-
nent; i.e. , B(n,t) =zB*(n,t) = zB(n,t). There exist several
ways by which the equations of motion may be con-
structed. However, we have found the one below
fruitful:

8 8
ih i h G(nt; n't—')—

8$' 8$

8
= ih—{ihS(t—t')}([S,(n, t), S (n', t)])

Bt'
8

+ihr(t —t') S (n', t), ih—S,(n, t)
Bf

a
+ (

ih—S+(n, t)ih—S (n', t') ~, (42)
Bt Bt' ) p

P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).

The commutation relation (7) and subsidiary condition
(10) produce aii expression for M(n, t),

M (n, t)+S(S+1)=G&(nt; nt)+Mo(nt; nt) . (41)

In the following sections, we shall present two
methods to determine the number D; the first involves a
nonlinear integral equation, the second a moment
expansion. Both methods yield qualitative statements
throughout the temperature domain of paramagnetism.
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8 t9

ih—ih—Mz(nt; n't')
Bt' R

identity'

~(w)
=((5'(,t)~)+)—(5'( t))(~) (44)

SB'(u, t)
8

=zhg(t t'—) S,(n', t), ih S—,(n, t)
l9t

(
zh—S,(n, t)zh—S,(u', t') . (43)

to write

—ih(SG(nt; n't')/bB(ni, ti))
=((s.( „t,)s,(,t)s ( ',t')).)

—(5,(n, ,tz))((s~(n, t)s (n', t'))+). (45)

JJ (—ih)'
5'G 5G 5G

+M (—ih) +M ( ih) —+MzG
5888 58 88

In the last two expressions we have introduced the

After we substitute Eqs. (24), (25), (29), and (30) into
Eqs. (42) and (43), we find that the right-hand side of
each equation contains very many terms. We schemati-
cally list the basic structures which occur:

8G
M;BM; JG; JMz, BBG;BJ zh +—MG

58
and

M O, B=O M=O, B=-0

The above two conditions greatly reduce the corn-
plexities of Eqs. (42) and (43).

Setting M and 8 equal to zero in Eq. (42) and apply-
ing the symmetry property (46) give us the nonlinear
integrodifferential equation for Mz(nt; n't'):

We are interested in only the paramagnetic region
with no external magnetic Geld present; thus %=0 and
8=0. We also limit our considerations to the isotropic
Heisenberg Harniltonian with cubic symmetry. The
latter provides us with the statement,

lim G(nt: a' t') = 2 lim Mz(nt: n't') . (46)

8 8
ihzh M,—z(ut;—n't') = —2zh6(t —t')(8 P J(n —u)Mz(nt; nt) —J(n —n')Mz(nt; n't))+ P J(n n) J(n' —u')—

Bt' Bt I

( i h—) ' —6'G(nt; n't')
+M, (ut; n't')Mz(nt; n't')—

2 68(u, t) tiB(u', t )

I . -/-CE~tX 0! ~ 0,' (X~0! 0! ~ A

, + . . . (47)
B~n o. ~0. n —+n u ~n

where the notation

means that o. and a of the first term enclosed in square
brackets are interchanged.

In order to truncate this first equation of the hier-
archy, we neglect the higher order fluctuations reflected
by the second-order functional derivative; i.e., we
assume,

(PG/5868)«M~, . (48)

The assumption (48) leads in fact to the following
fractorization of the four spin correlation function,

((5,(n, t)s+(n, t)S.(n', t')5 (u', t'))„)
=G(nt; n't')Mz(nt; n't'). (49)

The analogous factorization,

((5„(n,t)s (n, t)s+(u', t')5 (u', t'))~)
=G(nt; n t')G(n't'; ut), (50)

will arise for Eq. (43) and will reduce Eq. (43) to Eq.
(42) when it is used in conjunction with condition (46).

The assumption (48) or equivalently the factorization
(49) or (50) is exact in the PJ=O limit.

The functional derivative assumption (48) yields the
approximate high-temperature (above the critical point
P.) equation of motion for the longitudinal correlation
function Mz. This is Eq. (47) without the (ezG/eBeB)
terms. The space-time transform of the latter equation
assumes the form:

~ 'Mz(q, ~.)—, Z' L3(q )—3(qi—«)j'
h'P1V zi, n

XMz(qr, ~„)Mz(qi—q, ~„—~,)
2 E' L3(qi) —3(qi—q) jMz(qr, ~.,) (5~)
V qi, tz

~ Equations (44) and (45) are based upon the use of the generat-
ing function,

—;Op
Tr exP —PB0 exP —(i/5) dtHI(t)

0 +
where Hr(t) =—Z $(a, t) 8(e,t) and

—st)sp

8; (n, t) = exp (z/h) dtHr (t)
0

Xe,.(~,t) exp —(i/~)
0
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The exchange interaction transform is given by,

Q(q)=P J(n) cosq n, (52)

«x(»,0),

x(q,0; RPA)=x(010)/(1+x(0, 0)j(q)). (57)

where we have used the inversion symmetry of the
lattice, J(n)= J( n—) Since when co„ is replaced by
(co+is), the function x is obtained and Im(x) =x", we

may express Eq. (51) as a nonlinear integral equation
for the spectral weight function x"(q,&o). Then as usual,
using the fact that,

1
=

I ~(~)+2],
pk &1 (6) &pi)

Here j(q)={~l'(0)—Z~(q)). At high temperatures the
form (57) for x(q,0) is exact. Henceforth, we shall not
distinguish between x(0,0; exact) and x(0,0;RPA),
understanding that our results for finite PJ are certainly
no more justihable than those of the RPA.

When we insert the low-frequency spectral form (56)
into the right-hand side of Eq. (55), we obtain

x', [3(qi)—3(qi —q)]'

P&'& ~ L1+xj(qi)][1+xj(» —«)]

D(qi —q)'{&v'+D'[(qi —q)' —q&'] }
{co'+D'[(qi—q) '—qi']) '+D'qi'~0'

where m(co) = [exp(PAa&) —1] ', we obtain,

1
~'x" (q,~) = 2' [3(qi)—3(qi—q)]'

A,V Dq, '{~'—D'[(q, —q)' —q, '])
(58)

{~2 D2[(ql q)4 q14]}2+4D2(qi q)4~2d(d ]
x («i&i)x (qi q &i ~)

jX2-g
-&(xj)

A
(59)

QQ where x= x(0,0).
X[ii(~i)—+(~i—~)]. (54) In accordance with the procedure indicated by Kq.

(22), we obtain for the diffusion coefficient the
We have also suppressed the subscripts s of p". In the expression
high-temperature limit p ~ 0 we have —I/2

~x"(q,~)= 2' [3(qi)—3(qi—q)]'
pk'1V ai

fix (qip») x (qi qi» ~)
(55)

(CO i M)

where

~(xj)= (60)
3ir9 '

0 [1+@']4[1+xj(x)]'

Actually, for these diffusion processes, we may treat
p, harC(1, so that this equation holds for small &0 through-
out the paramagnetic region.

IV. THE DIFFUSION COEFFICIENT CALCULATION

A question now arises as to which approximate form
for the spectral weight function is the most appropriate
one to use in the nonlinear integral equation (55). This
equation contains an integration over all values of v&

along the real co~ axis. But in addition, the choice for
x"(q,&0) ought to take into account the fact that due to
the weighting factor {1/~i(&u&—a&)) appearing in Kq.
(55), the low-frequency behavior of the spectral weight
function will be most important in the evaluation of
the integrals. According to the spectral representation
(21) and assuming the phenomenological equation (4)
to be correct, the spectral weight function must for
suKciently small q and co behave lik.e

x"(q,~) =x(»,0)DV'~/(~'+(D0')') (56)

This gives us a one-parameter spectral weight function
if we use the effective field [random-phase approxima-
tion (RPA)] form for the q and temperature dependence

and where the subscript nl means the value for D ob-
tained from the nonlinear integral equation. In order
to facilitate the computation of the limit of expression
(22) we have invoked the spherical continuum model of
Appendix A and carried out the angular integration.
From our Eq. (59), we can determine an expression for
D throughout the paramagnetic region. In the conclu-
sion of this paper, we shall do this and also compare our
results with those of the moment method and with those
of other authors.

V. THE SUM-RULE MOMENT METHOD

In the previous section we pointed out that the low-
frequency region gave considerable contribution in the
integral equation that determines x"(q,&o) and that in
this region x"(q,ra) had a Lorentzian form. We know,
on. the other hand, that for large frequencies x"(q,&o)

decreases much more rapidly than a Lorentzian since
all its frequency moments exist. The present procedure
treats more correctly this second facet of the behavior
of x"(q,co). In this method. we compute the diffusion
coe%cient in terms of parameters whose values are ob-
tained in terms of these moments (which are equal-time
spin correlation functions). This method has to some
extent been employed previously by de Gennes. ' He
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+ dc' 1—O(4&)x"(q,4o) —=O'Cp (q) q'= —p B"'
S (---)

and

8
iO—S.(n, t), S.(u',t), (61)

+ dc@ 1—O (Ooo) ox" (q M) —=O4Co'(q) q'=—
QQ 7l g (a—e')

~

iO
~

S,(n, t), iO —S,(n—', t) . (62)
Bt) R — B=0

Performing a high-frequency expansion in powers of
Oo

' on the spectral representation (19) and equating the
coeflicients, we relate the moments of D(q, &o) to the
moments of X"(q,&o). The first two identities expressing
the moments of D(q, &o) in terms of those of X"(q,4o) are

aild

C '(q) + de—D(q,~),
x(q, o)

Coo (q) +" dOo q'Ci'(q)
oo'D(q Oo)+-

x(q,0) . ~ x'(q, 0)

(63)

(64)

We now introduce a two-parameter approximation to
the function D (q,4o) which incorporates all the properties
mentioned previously. The two sum rules (63) and (64)
then provide us with a sufficient number of conditions

to compute these two parameters in terms of equal time
commutators. The generalization of the example pre-
sented in this paper is to introduce a representation for

D(q,4o) containing rt parameters and exhibiting all the
correct properties, and then to use the first e nonzero

moments to determine the e parameters.

uses a Lorentzian form for x"(q,Oo) and introduces a
cutoff frequency in order to make the Lorentzian mo-
ments finite. He then employs two sum rules to deter-
mine the diffusion coefFicient and the cut off frequency.

Our spectral representation (21) provides an ap-
parently more satisfying form for incorporating the
features which he noted and demonstrates the properties
that for small Oo and q, X"(q,&o) must be Lorentzian and

D(q,&o) must be a slowly varying regular function; but
that on the other hand as ~ ~~ the tails of both func-
tions must have finite moments of all orders. In our
moment method the high-frequency form is dictated by
the high-frequency dependence of D(q,4o); while the
low-frequency form is determined by the spectral repre-
sentation (21) with the function D(q, 4o) taken to be the
constant D= D(0,0).

The first two nonzero moments of the spectral weight
function x"(q,4o) give us,

We now suggest that a sufFicient approximation to the
function D(q, &o) is the two-parameter Gaussian form:

D(q,~)=~(q) r(q) expf —[~r(q)j'), (65)

where we interpret the function r(q) as the collision time
for processes involving the wave-vector transfer q. In-
serting the Gaussian form (65) into Eqs. (63) and (64)
yields the expressions for r(q) and n(q) in terms of
C&(q) and Co(q):

~"'CiO (q)
(66)a(q) =

x(q,0)
and

Ci'(q)x(q, o)
r'(q) =

2Lx(q, 0)Co'(q) —q'Ci4(q)]
(67)

In terms of the two parameters n and r the diffusion
coeflicient D= D(0,0) becomes

1 ~s Ci'(0)
D. =n(0)r(0)=

x(0,0) v2 Co(0)
(68)

where the subscript sm means the value for D obtained
from the sum-rule moment method. Using a different
method, Mori and Kawasaki' also obtain Eq. (68). We
briefly discuss their method in Sec. VI.

It is interesting to compare our result (68) with the
corresponding result of de Gennes. He approximates
X"(q,co) by the Lorentzian form (56). However, because
the moments of the Lorentzian form (56) are inanite,
he neglects the tail of the Lorentzian. This truncation
adds one more parameter to the problem, the cutoff
frequency for the integration limits appearing in the
equal-time commutation sum rules (61) and (62). In our
notation, his method yields the diffusion coefficient,

x Cio(0)

x(0,0) 2v3 C, (0)

A close parallel exists between the shortcomings of
the nonlinear integral equation method and those of the
moment method. Just as we can not solve the nonlinear
integral equation, we can not compute exactly the equal
time commutators O'Ci'(q)q' and O'Co'(q)q' at 6nite
temperatures. Hence as before, we must seek approxi-
mations to the quantities Cio(q) and Coo(q). These
equal-time commutators have been evaluated at PI= 0
for nearest-neighbor interactions by de Gennes and by
Mori and Kawasaki. We shall evaluate them away from
PE=0 by invoking assumptions similar to those we
employed with the integral-equation method.

Since the equal-time commutator ([(iOoj/ojt) S„S,])B o

contains only the correlation of two spins, we may
readily express the function CP(q) in terms of the
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spectral weight function:

C '(«) = (2/q'h&)Z' [3(e)—3(e—«)]a(e) (7o)

where,

g(q) =
+ dc'—X"(q,~)[~(~)+2].

Expression (70) is exact. The equal-time commutator
([(ihB/47t)2S„(—ihB/Bt)s, ])s 2 contains the correla-
tion of four spins. We therefore introduce the factoriza-
tion scheme

The high-temperature limit for D„I becomes,

jX' S(s+1) v tan 'y-'~2
D„i-~

~"o I 3 48&9,3
(77)

D„I
h 12V2rP, j(Xj)'12

(78)

where we have used (g/p) p q~ [S(S+1)/3]=p,J; the
behavior of D„~ near the Curie point p, assumes the
form

—I/2

The functions appearing in the expression (68) for D
(S+(1)S-(2)S+(3)S-(4)) computed by the sum-rule moment method have the

=G(1,2)G(3,4)+G(1,4)G(3,2), (71a) high-temperature limits:
and

(S,(1)s,(2)s~(3)s (4))=3I2(1,2)G(3,4), (71b)

and thereby obtain an expression for the function C22(q)
which is bilinear in the spectral-weight function:

10
C2'(«) =, , Z' 3(«4)3(q~)

g A V Ql %2

X[3(«2)—3(«2—q)]C(e)a(«2) (72)

The random-phase approximation (RPA) to x"(q,~)
for the paramagnetic region, which is exact at PJ=O,
gives us the qus, ntities C22(q) a,nd C22(q) as functions
of

2
Cr'(q) =, 2' [3(e)—3(e—«)]

ph2q2Ã qi

Xx (qg, 0; RPA), (73)
and

10
C2'(«) = Z'3(e)3(q~)[3(«2) —3(«2—«)]

P h4$2 qi, q2

2x'
C~'(q) -~ Z'3(e)[0(e) —3(«~—«)], (79)

P 'Ph'q2ll qi

C2'(«) -~ 2'3(e)3(e)3(«2)
P~O P2h4q2 P2 qy q2

X[3(q)-3(« -«)], (80)

where we have employed the statements

and

x(«,0;RPA) '-x{1—xj(q)) . .
P-+0

Z'3(q ) =o.

(81)

(82)

Because expansion (81) reproduces the exact high-
temperature expansion of z(«,0) up to the second term,
Eqs. (79) and (80) are exact. We must of course use the
rigorous expansion

Xx(«~,0; RPA)x(«2, 0; RPA). (74) s(sy1) pg(0)s(s+ 1)
x— 1+ ~ ~ ~

Using the expressions (73) and (74) we obtain from
Eq. (68) the expression for D as a function of
temperature.

VI. CONCLUSION

for the g=x(0,0) which appears in expansion (81).
The sperhical continuum model of Appendix A then

gives us for y tan —'y))1:

We shall conclude our discussion by computing the
high-temperature limit of the diffusion coefFicient and
its behavior near the critical point P,. We shall also
compare our results with those of other authors.

The function B(xj) obtained from the nonlinear
integral-equation result (59) has the limits:

QX2y 2

CP(0) -~ tan 'y,
P ' 8m.9.Ph2

5p2~3j4
C2'(0) - (tan —'y)'

o 32 4g4P2h4

(83)

limB(x j)= tan —'y
48+9'

for y tan 'y))1 and

hmB(xj)= (xj) "'.
12+X'

(76)

e tan —'y
C '(0)

Ph22r9

5jv2(tan
—'p)'

C '(o)
P~Pg 2P2h4 4l 4

(85)
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The corresponding limits for D, become

jx'(s(s+1)'tar 'v)"'
h 5 3 160~X'

and
jX'1 stan —'p~"'

D..
P Pc h xj 5Pj~7 )

(87)

(88)

J(n)=J, for n a nearest neighbor,

=0, for 0. nor a nearest neighbor

(91)

is not feasible, we have introduced the spherical con-
tinuum model. In order to be consistent, when we com-
pare D, with D ~ for the PJ=O case, we have also
used this model in the evaluation of D, Prefer to
Eqs. (83) and (84)].

The treatments of de Gennes' and of Mori and
Kawasaki' contain evaluations of CP(0) and C3'(0) at
t'J=O for the simple cubic lattice with the nearest-
neighbor interaction (91). In order to compare the
PJ=0 predictions of our theory with those of the above
authors, we use the interaction (91) in Eqs. (79) and
(80) and evaluate the quantities Ci2 and C32 at t'J=O
for the simple cubic lattice:

[Ci'(0)/x]sr=o= ( / )5(5+ )(Jih)'d' (9 )

[Ca'(0)/x]PJ o= (2o/3=)5'(5+1)'(J/A)'d' (93)

All evaluations of [CP(0)/x] agree. However, our
evaluation of [CP(0)/x] differs from the evaluations of
de Gennes and Mori and Kawasaki. de Gennes makes
a spherical approximation for the Brillouin zone and
6nds)

[C3'(0;«)/x]»=o=( 7/6)5'(5+ )'( ih)'d' ( 4)

Mori and Kawasaki make a small wave-number ap-
proximation and 6nd

[C (O'ME)/x]»=0=(16/3)5 (5+1) (J/h) d

X[1—(13/60){1+[3/26S(5+1)])] (95)

Our value, Eq. (93), is exact because we use expansion
(81) which yields the rigorous high-temperature result

up to the second term. Comparison is made more
complicated because each of us has substituted into a

The high-temperature limits of D„l and D, agree
quantitatively very well, the ratio is (D, /D») =0.97.
In addition, in a simple cubic lattice with a preponder-
ance of nearest-neighbor interactions, we have

D»(8J=O) =0.20(Jd'/A)[S(5+1)]'~' (89)

D, (PJ=O) =0.19(Jd'/A)[5(5+1)]'~' (90)

if we use l'= 1.13d, y=4.40, and j=6J in relations (77)
and (87).

Because analytic evaluation of D &(PJ=O) from
Eq. (58) with the exact nearest-neighbor interaction

different form of the exact expression for Ca'. We have
worked from

([(iha/Bt)'S, (n, t), (ih8/Bt)5. (u', t)]);
while de Gennes computes from

((ih8/Bt)'5, (n, t)5, (n', t));
and Mori and Kawasaki compute from

((ih8/Bt)'5, (n, t) (ih8/Bt)'5, (n', t))

by assuming that

([(ihB/Bt)5, (n, t), 5,(n, 't)])
decays in time according to a two-parameter Gaussian
distribution.

The final t'J=O results for the simple cubic lattice
with the interaction (91) are:

D. (t'J=0) =0.26(Jd'/h)[S(S+1)]'",
Dao(t'J=O) =0 23(Jd'/h)[5(5+1)]'»

(96)

(97)

DMK(pJ=O) =0.33(Jd'/h)[S(S+1)]'I' (98)

The results (96) and (98) follow from Eq. (68), while
the result (97) follows from Eq. (69). A more sensible
comparison of approximation procedures involves
using the exact evaluation of CP(0) in the compared
expressions:

Dao[t'J=O; Eq. (93)]
=(0.72)(0.26)(Jd'/A)[5(5+1)]'» (99)

DMK[t'J=O; Eq. (93)]
= (0.26)(Jd'/A)[5(S+1)]"' (100)

In other words, with the same evaluation of C3 the
difference between DMK and D~G is smaller. On the
other hand, the close agreement between Dd G and
D, =D l results from compensation between the differ-
ent expressions (68) and (69) and different evaluations
of C3(0). Equivalently, we may write,

D, [PJ=O;Eq. (94)]
=(1.39)(0.23)(Jd'/h)[5(5+1)]'» (101)

D, [PJ=O;Eq. (95)]
= ( ")(Jd'/")[5(5+')]"'

Our Eq. (78) predicts that D„behaves as (xj) '~4 for
P near P, ; while our Eq. (88) predicts that D, behaves
as (xj) ' for t' near t', . Thus, both methods agree
qualitatively with the conclusions of other authors' '
predicting that D vanishes at the transition point. These
conclusions are essentially assertions that in the Einstein
relationship D=(L/x), Eq. (3), L is not as badly
divergent at P, as x. If, for example, [CP(0)/C3(0)],
and therefore L, is not singular at t'=t', the coeScient
D behaves as (xj) ' fort' near t', . Since different inter-

L. Van Hove, Phys. Rev. 95, 1374 (1954).
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polation procedures give diRerent singularities for I.,
quantitative agreement is not obtained in the transition
region. Indeed we feel that all estimations of the
behavior near P, are so unreliable that even a non-
vanishing value of D has not been truly ruled out.

To summarize, we have presented two methods for
treating the time-dependent finite-temperature behavior
of the paramagnetic state of the isotropic Heisenberg
ferromagnet. We obtained two diffusion coefficients,
D ~ and D, , which characterized long-wavelength
decay in the paramagnetic state of the system. The
two estimates agreed closely in the high-temperature
limit and were in qualitative agreement with other
treatments. Both methods predicted that the diRusion
coefficient vanished near P„but the predictions in this
region are much less reliable.
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APPENDIX A: THE SPHERICAL CONTINUUM
MODEL

The physical content of Eqs. (58), (73), and (74) will

be much more accessible after we introduce into the
theory simplihcations concerning the lattice structure
and the exchange interaction.

The first simplification assumes that the first Brillouin
zone of the wave-vector space contains many points.
This is equivalent to stating that E is extremely large.
Replacing~the discrete summation by an integral is

justified in the limit as E approaches infinity, that is,

(A1)

A rigorous investigation of the function j(q) would be
out of place due to the complex nature of the equations.
Therefore, we will motivate a crude approximation for
j(q) which simulates the behavior of the exact expres-
sion. (A4) in a qualitative manner.

When there is one electron per site, the Heisenberg
model gives the result

U-;*(r.)U-; (r- )J (n —a') = e' d'r d'r, (AS)
r —r ~

where U„,.(r ) is a bound-state eigenfunction localized
about the site at 0,. Because a bound state is character-
ized by an exponential decay at large distances, it is not
unreasonable to replace the exchange interaction by

(A6)

where J)0 for a ferromagnetic crystal, X)0, and at~0.
The quantity X plays the role of an eRective interaction
range.

When we replace the discrete summation by an
integral, we obtain

1
j(q) =— don[1 —e'o'~]J(n) = [jx /(1+x )], (A7)

where x= X
~ q~, j= [4z.»s/v], and where the crystal, is

of infinite extent in the evaluation of the integral in
Eq. (A7). The function j(q) as given by Eq. (A7) be-
haves as ( )g' when q approaches zero, in accord with
the exact expression (A4). Also, the form (A7) for
values of q near the Brillouin zone simulates more closely
the behavior of the exact Eq. (A4) than the form

j (q) =j*'

(1/Ã) Q,'= 1 (A2)

determines the radius qo of this sphere and in the
continuum limit, identity (A2) assumes the form

or,

QO

q'dq dP sinode= 1,
(2~)' o o

go
——(67rs/v)'i'.

We must know the behavior of the exchange inter-
action J(a—n') before we can make any additional
statements about j(q) beyond those implied by

To eRect a further simplification we approximate the
polyhedron for the first Brillouin zone by a sphere in
wave-vector space. The identity

used by other authors. '
The parameter ) (the effective interaction range)

determines an effective number of neighbors which
interact with a given site. These neighbors contribute
most significantly to the function j(q) and are contained
inside a sphere of radius X which is centered at the site
in question; i.e., Z,rt= (4s) '/3v) is the number of lattice
sites within a sphere of radius X. There are six nearest
neighbors in a simple cubic lattice and hence the
condition Z,~~&~6 must be satisfied if the continuum
limit is to be representative of the physical system. We
then have a lower bound on P,

) &~ [6(3v/4z-)]'i'= 1.13d.

We denote by p the dimensionless quantity Xqo.

j(q)=2 + J(n) srn'(q n/2). (A4) ' D. N. Zubarev, Usp. Fiz. Nauk. 71, 71 (1960) /English transl. :
Soviet Phys. —Usp. 3, 320 (1960)j.


