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A simple but approximate theory is given for the acoustic attenuation in impure metals or semimetals in a
strong magnetic field. In the extreme quantum case the acoustic attenuation is an oscillatory function of the
magnetic field. It is shown that the qualitative nature of the oscillation depends on two parameters w,r and
¢4, where w, is the phonon frequency, = the mean collision time, q the phonon wave vector, and  the electron
mean free path, and the z axis is chosen as the direction of the field. For w,7>>1 the quantum oscillation is
gigantic, as pointed out by Gurevich ef al. The large absorption occurs when the electrons near the Fermi
level drift in phase with the sound. In the intermediate region where wer $1 but ¢.2>>1, the oscillation is
still giant in the sense that only one quantum level contributes to the absorption, but the oscillation is
purely a density-of-states effect. When ¢,/ <1, all levels contribute to the absorption, and the oscillation is
of the de Haas—van Alphen type. The effect of varying the direction of sound propagation relative to the

field is also discussed in all three regions.

I. INTRODUCTION

HE acoustic-attenuation measurement is a power-

ful tool for studying the electronic structure of
metals. Our classic example of its usefulness is that it
gives a direct measurement of the dimensions of the
Fermi surface. Measurements have also been made on
metals under high magnetic fields and low tempera-
tures.! In this case, as a consequence of the Landau level
structure, the acoustic attenuation exhibits quantum
oscillations as a function of the field.2 Gurevich, Skobov,
and Firsov® predicted that, if the specimen can be made
pure enough, the quantum oscillations can become
“giant oscillations.” Several experimental observations
of such giant oscillations have been reported in the last
few years. Recently, one of the authors (A. M. T.) re-
viewed the present knowledge on the giant oscillations
and noted some important quantitative discrepancies
between the theory of Gurevich ef al. and the experi-
ments.? It seems that the main difficulty of the theory is
that the finite mean-free-path effect is not properly
taken into account. Gurevich et al. first derived a result
based on perturbation theory on free electrons. Then
they relaxed the energy-conservation condition by re-
placing the 6 function by a Lorentzian function. This, of
course, is not the proper way to do the problem. Later,
Skobov® made a more sophisticated study by intro-
ducing a set of randomly distributed scattering centers
into the model and calculating the acoustic attenuation
in the presence of scattering. The paper itself is a
brilliant work of analysis, but for a person whose in-
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terest is in the physical effects due to collisions, it is of
little value. Moreover, Skobov neglected the phonon
energy in his final formula. This is justified in practice,
but tends to obscure the physical effect because, for
instance, one cannot recover the perturbation-theory
result by letting the mean-free-path approach infinity.
The spin splitting is also ignored in this work.

In the present paper we give a more general formula
for the acoustic attenuation by including the spin
splitting as well as the phonon energy. A part of this
paper duplicates the work of Skobov. However, by ex-
hibiting more intermediate mathematical steps in the
derivation, we hope to achieve greater clarity. We also
point out that the qualitative nature of the oscillations
depends on two parameters w,r and ¢./, where w, is the
phonon frequency, ¢, the component of phonon wave
vector in the direction of the field, 7 the mean collision
time, and / the mean free path of the electrons. Three
different regions may be distinguished, namely, the
giant oscillation region (w,7>>1), the intermediate re-
gion (wrS1, ¢.2>1), and the de Haas—van Alphen
region (¢./<1). The amplitude of oscillation, the line
shape, and the tilt-angle effect are discussed in detail for
the three cases.

We use the same method for the acoustic attenuation
as Gurevich et al.? and Skobov.® This method is a direct
generalization of the golden-rule calculation for the
phonon life time. We treat the finite-free-path effect of
the electrons by the Green’s function technique. This
calculation is not rigorous because it treats the electrons
as damped plane waves between successive interactions
with phonons. This simplification is valid only when the
electron mean free path is long compared with the
phonon wavelength. In the opposite case this treatment
ignores a diffusion effect. The rigorous treatment of this
effect was first given by Pippard® for normal metals.
Tsuneto’ reformulated the theory in the standard
framework of many-body problems. It will be shown by

SA. B. Pisppard, Phil. Mag. 46, 1104 (1955). See also C. Kittel,
z(xlcta )Met. , 295 (1955), and T. Holstein, Phys. Rev. 113, 479
959).
7T. Tsuneto, Phys. Rev. 121, 402 (1961).
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direct comparison that, in the case of no magnetic field,
our result is rather close to the results of Pippard for
both longitudinal and transverse phonons. Even in the
short mean-free-path region, where the error should be
the largest, our result has the correct frequency and
free-path dependence and is only about 209, larger in
numerical value. In the presence of a magnetic field we
can see no reason why the diffusion effect should be
more important. But our method has the advantage of
being much easier to carry out. So, it is hoped that we
can at least obtain a first understanding of the physical
effect from this calculation. A better calculation of the
Pippard or Tsuneto type is reserved for the future.

II. SCATTERING OF LANDAU STATES
BY IMPURITIES

In the effective-mass approximation the unperturbed
Hamiltonian for an electron gas in a field is

o= (1/2m)L; [pi—eA(x:) I, (2.1)

where m is the effective mass, p; the momentum, and e
the algebraic charge of the ith electron; A(r) is the
vector potential. We work in the unit system with
c¢=h=1. Choosing the external dc field H to lie in the z
direction and the gauge

A= (0, —Hx,0),
we can write down the one-particle wave function
¥ (kg k.| 1) = LleihuvtkedX, [ x4 (k,/mows.) ],

where %, k,. k. are the quantum numbers of the state,
X, is the one-dimensional harmonic oscillator wave
function, L the linear dimension of the sample, and w,
the cyclotron frequency

(2.2)

(2.3)

w,=eH/m. (2.4)
The energy of the state is
k2
e(nky,k.)=—+ (n+3)w,. (2.5)
2m

If the spin splitting is included, the wave function is
simply multiplied by a spinor and the energy becomes

e(n,ky,k.,s) = (B2/2m)+ (n+3)w, 45w,  (2.6)

where s==% and wo=gupH is the Zeeman energy. For
bismuth wy is very nearly equal to w,. We shall simplify
the notation by using Greek letters {a}, {8}, etc., to
denote the set of quantum numbers %, &, k.. The wave
functions and energies will be denoted by ¢ (as|r) and
e(a,s), respectively. For the many-body system, we
write the wave function

‘Il(r) = Zas Cus’yb(a;sl I‘) ’ (27)
and the Hamiltonian
Fo=2" as €(01,5)Cas Cas (2.8)
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where ¢, is the fermion destruction operator associated
with the single-particle state ¥ (e,s).

We now introduce a set of randomly distributed
scattering centers. To make the mathematics tractable,
we assume that the scattering potentials are é functions
in space

V(t)=uQe2;86(r—1,), (2.9)

where # is the strength of the potential and Q, is the
volume of the unit cell. The sum is over the positions of
all the scatterers. The use of this potential corresponds
to the assumption that s-wave scattering predominates
and the scattering length concept is applicable. Using
the wave functions (2.7), we may write V(r) in the
second quantized form

V=Y {'s|V]as)as'cas. (2.10)
The matrix elements are
{o's| V]as)
=yIN-1 Z‘l’ et (ky—ky") yit+iCke—ks')zi
XXp* @itk /mwe)Xa[ 2+ (ky/mwes)], (2.11)

where N is the total number of ions in the sample.

The effect of scattering on the Landau states is
studied by the Green’s function technique.? We define a
Green’s function

G(r,Y'; 7)=(T¥ (r,r)¥H(r',0)), (2.12)
where
¥ (r,7) = exp[ — 7 (u9—35C) ¥ (r) exp[ 7 (uI—3¢) ],
=3+V, (2.13)

N= Zaa Caafcas )

and p is the Fermi energy. The operator I is the
r-ordering operator such that

G(r,x'; r)=(¥(r,1)¥1(r',0)),
== (‘IJT(r,,O)\I’(r:T» )

Using Eq. (2.7) we may write
Gr'; )= X s |t W(as|)Glase's’; 1), (2.14)

aa’ss’

>0
7<0.

with
Glas,o's’; 7)=(Tcas(T)car 1 (0)). (2.15)
Furthermore, both G(r,t’'; 7) and G(as,e’s’; 7) can be
Fourier expanded in 7
Glas,e/s’; 7)=(1/8)X, G(as,a's’ ; w,)e~ %7,

where 8= (kT)™Y, w,= (2v+1)7/B, v=integer.
For the unperturbed system it is straightforward to
find that

(2.16)

6aa’6ss’
GO (as,s' ; w,) = @.17)

e(a,s)—u—1iw,

8 A. A. Abrikosov, L. P. Gor’kov, and I. E. Dzyaloshinskii, Zh.
Eksperim. i Teor. Fiz. 36, 900 (1959) [English transl.: Soviet
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Fic. 1. The diagram for cal-
culating the electron-impurity / \
scattering lifetime. 04 s

The perturbed Green’s function is related to the un-
perturbed Green’s function by the Dyson equation

Glas,a's’; w,)

= G(O) (Ols; wv)aaa'ass"‘l_ Z G«)) (as > w")

XZ(as,a’s” 3 0,)G"s" o's";w,), (2.18)

where 2 is the self-energy whose meaning will be ap-
parent shortly. In the lowest order perturbation theory
it can be shown that G depends on only one set of
quantum numbers and the self-energy is independent of
the quantum numbers {«}. Then the Dyson equation
gives

Glas; wy)=[e(a,s) —pu—iw,—Z(s,w,) 1. (2.19)

It is now clear that Z(sw,) is the self-energy due to
impurity scattering. In the renormalized theory the self-
energy is given by the diagram in Fig. 1 where the solid
line represents the true Green’s function. Explicitly,

Z(as; w) =2 ars{as| V]d's'Wo's' |V |as)G (as; w,) . (2.20)
Since the scattering preserves the spin direction, we

have

s=s'.

After averaging over the random position of the im-
purities the matrix element product becomes

ky
)
MW

X

2

k)
an(x+—)
MW

where ¢ is the density of the impurities. If we assume
that the renormalized self-energy is also independent of
the quantum numbers {a}, we can easily carry out the
sum over k,” in Eq. (2.20).

k)
Xn’ (x+__)

Mw,
for L much larger than the cyclotron radius. The final

x integration is trivial, so we obtain

Zku’ VAV Y aev= 2N ) ctiPme L2

VAV Yy =cu? LN~ /

2

dx,

2 L
= , (2.21)
2w

=

ky’

(2.22)

Putting this result into Eq. (2.20) and making use of
Eq. (2.19) we find the following equation for the self-

Phys.—JETP 9, 636 (1959)7]. See also L. P. Kadanoff and G.
Baym, Quantum Statistical Mechanics (W. A. Benjamin, Inc.,
New York, 1962).
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energy:
cuPmeo L2
(s w)=——
27rN 1
X 3 . (2.23)

k' e(ays)—u—iw,—Z (5,w,)

From the expression for = we may evaluate the energy
shift A and level width T of the state with energy w from
the Fermi level.

Als;0)=5{2(s; (1/9)[w+id])
+2(s; (1/9[w—i8])},
I(s; w)= (1/9{2(s; (1/9)[w+d])
—2(s; (1/9)[w—d0])} .
One usually ignores the level shift because it does not
lead to any important consequences. Then we find,

after some simple manipulations, the following equation
for the level width

(2.24)

wcro
I(s;0)=
20/
sinif,
X3 ;
' {[we(n'+3)+swo—p—w P4+[3T (s;w) JP}1/4
(2.25)
where
31(s; w)
tang, = , 0<0.<m, (2.26)
we(n'+3)+swo—p—w
and

To= cuzmQO(Zmy)W/vr .

The quantity I'o may be recognized to be the width of an
energy level near the Fermi level in the absence of the
magnetic field. A similar expression for I'(s;w), not
including spin splitting, was derived by Skobov.?

It is clear from Eq. (2.25) that, when the scattering is
weak, the level width becomes large when the energy
corresponds to a cyclotron level. Furthermore, when w
crosses a cyclotron level the quantity sin}f, varies from
nearly 1 to nearly 0. This means that I'(s; w) must vary
rapidly here. Since the Landau levels are equally spaced,
the level width is a periodic function of the energy.
Similarly when the field varies, the level width goes
through an oscillation every time a cyclotron level
passes through w. So I'(s ; w) makes de Haas-van Alphen
type of oscillations. A sketch of T'(s; w) as a function of
o is shown in Fig. 2.

Finally, it is well known that the Green’s function can
be expressed in the following spectral representation:

Glas;w,)= ,
2r w—iw,

(2.27)

?V. G. Skobov, Zh. Eksperim. i Teor. Fiz. 37, 1467 (1959)
[English transl.: Soviet Phys.—JETP 10, 1039 (1960)].
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Fic. 2. The electron level width (inverse lifetime) as a function of
the energy measured from the Fermi level.

where the spectral density 4 (as; w) is given by

A(as;0)=T(s; )/ ([elo,s) —u—w]
+ET(s;50) 1),

III. CALCULATION OF ACOUSTIC ATTENUATION

The acoustic attenuation coefficient is calculated
from the phonon level width as a result of electron-
phonon interaction. The diagram for this process is just
the self energy diagram for phonons as shown in Fig. 3.
Explicitly, the self-energy II(q; 7) is

I(q; 7)== |U( @) |*Glas; 1)G(a's; — 1),

aa’s

(2.28)

(3.1)

where U (a,o’) is the matrix element for electron-phonon
interaction. The expression for U will be derived from
the deformation potential model. We then take the
Fourier component I1(q; wa) of Eq. (3.1). Since phonons
obey Bose statistics, the frequency wn=2mmr/B, where
m is an integer. The phonon level width is evaluated by
the relation

(@)= (1/9){1Lg, (1/)(w+18)]
—I[q, (1/9)(w,—@)J}. (3.2)
The acoustic attenuation coefficient is related to ', by
a(Q)=T"4(q)/2., (3.3)

where v; is the sound velocity.
The deformation potential as given by Bardeen and
Shockley® is

SU=EA(r), (3.4)
where A(r) is the strain induced by the phonons
A(r)= (2pw L% 2geir, g=|q], (3.5)

and p is the density of the material. The quantity E; is

F1c. 3. The diagram for cal-
culating the acoustic attenu-
ation.

0 T

10 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950);
A. Sommerfeld and H. Bethe, in Handbuch der Physik, edited by
S. Fliigge (Springer-Verlag, Berlin, 1953), pp. 499-579.
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the energy of the interaction whose value depends on the
band structure of the material. For a degenerate band,
E, is of the order of the Fermi energy. Hence, the
matrix element U(e,a’) of the electron-phonon inter-
action is

U(ae’)={('s|8U | as)

= (EIQ/ (pr qL3)1/2 )51611' 2 loy+ flua ka'  kat Gz]n’n ) (36)

) q q
],L,n=/e“lﬂxn,*<x'+ ! )Xn(x—~—y—>dx.
2mw, 2mw,

For a material with a spherical Fermi surface, the
deformation-potential model applies only to the longi-
tudinal phonons. But for bismuth the Fermi surface is
highly anisotropic. As a result there should be no clear
distinction between longitudinal and transverse phonons.
Based on this reasoning, we use the same model
of interaction for both kinds of phonons as a first
approximation.

In the case of no magnetic field a simple calculation
gives the following result for the acoustic attenuation:

3.7

where / is the electron mean free path. This relation
holds when w,r<1, and 7 is the mean collision time of
the electrons. In Figs. 4 and 5 the quantity a(q)/q as a
function of ¢l is compared with the rigorous results of
Pippard for longitudinal and transverse phonons. The
value of E; is chosen to fit the curves in the short-wave
limit because this is the region where the golden rule
applies and the discrepancy between our method and
the rigorous method vanishes. It is apparent that the
approximate formula is in rather good over-all agree-
ment with the rigorous ones. In the long-wavelength
limit where the discrepancy is large, our result gives the
correct wavelength and mean-free-path dependence.
This gives us confidence that our result for the magnetic-
field-dependent acoustic attenuation should be quali-
tatively correct. The quantity E; comes out to be about
0.6-0.7 times the Fermi energy for both cases.

Going back to the main problem, we substitute into
Eq. (3.1) the spectral representation for the Green’s
functions, take the Fourier components of both sides,

a(g)= (m*Eq/n%v,) tan~'gl,

Eq(37)

Fic. 4. Compari-
‘son of the acoustic
attenuation in zero
field obtained from
the approximate
method, Eq. (3.7),
with the more rigor-
ous result of Pippard
for longitudinal pho-
nons. The curves are
matched at the very
high-frequency limit.

PIPPARD FORMULA FOR
LONGITUDINAL. PHONONS
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and calculate the phonon level width. The result is

dw
r@=Y |U@a)? f & A (aso)A (@'s, 0—w)
m

aa’s 2
X[n(w—w)—n(w)],

where #(w)=1/(ef*+1). The procedures for evaluating
the various sums and integrals in the above equation are
given in the Appendix. The final result for the acoustic
attenuation is

E2(2m)w N

(3.8)

)= T Tl / dolsech? (36e) ]
1 /%0
x—1|
S/ e L(v/ e—=/ o)+ (8/50)?

8/%o
+ ] . (39)
(W eta/e0)* 4 (8/50)

where the quantities 8, {o, € €, N1 are defined as
follows:
§=3T(w),
So=qz/ 2m)'2,
e=wtu—w.(n+3)—swo,
€= (wq/2{0)?,
N1=the index of the last cyclotron level for which
e>0.
This result is quite different from that of Gurevich et al.
because their intuitive way of introducing the mean-
free-path effect is not justified. Equation (3.9) is a more

general result than Skobov’s because both the phonon
energy and the spin splitting are included.

(3.10)

IV. DISCUSSION OF THE RESULT

We give a qualitative discussion of the result obtained
in the last section. From Fig. 2 we see that 6 is almost a
constant except when  is near a cyclotron level. The
periodic variation is caused by the change in density of
states of the electrons. For most values of w we may still
use the notions of relaxation time

r=1/s, @.1)

F1c. 5. Compari-
son of the acoustic
attenuation in zero
field obtained from
the approximate atq)
method, Eq. (3.7), @
with the more rigor-
ous result of Pippard
for transverse pho-
nons. The curves are
matched at the very
high-frequency limit. | L L |

o

PIPPARD FORMULA FOR
TRANSVERSE PHONONS

~
»
o
®
S
sL
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and mean free path

I=15/8, (4.2)

where vp= (2u/m)"? is the Fermi velocity. Furthermore,
to a good approximation 7 and ! may be treated as
constants. It can be seen from Eq. (3.9) that the
acoustic attenuation depends on the product of three
peaked functions, the thermal broadening factor
sech?(3Bw) which is peaked at w=0, the density of states
(e)~2 which is peaked at e=0, and the resonance factor
in the parenthesis which is peaked at e= . The proper-
ties of the last two peaked functions, and hence the
nature of the oscillations, depend on two dimensionless
quantities wq7 and ¢.. For bismuth

(wer/q)= (vs/vr)=210-2,

Hence, ¢.l>>w 7 unless the direction of propagation is
very close to being perpendicular to the external field.
We discuss separately the three regions, w,m~>1, w51,
but ¢.2>>1, and ¢.IS 1.

A. The Giant Oscillation Region

This region is characterized by w,>1, or equiva-
lently e>>(8/¢0)2 The density of states function is only
peaked at e=0, so the above condition implies that the
resonance function is sharper than the density-of-states
function as long as the direction of phonon propagation
is not nearly perpendicular to the external field. Since
usually e<Kw,, one can see that a(q) can be large if
¢ and w==0. This implies that the N;th cyclotron
level must lie below the Fermi level by the amount eq.
When the dc field is varied so that the cyclotron level
varies around this value, the variation of a(q) is ex-
tremely large due to the peaked nature of the resonance
factor. The peak is due to the Nith level only. It is easy
to show that the condition e=¢o is equivalent to de-
manding energy momentum conservation for the elec-
tron phonon interaction. When it is satisfied the z
component of the electron velocity coincides with the z
component of the sound velocity. This is the condition
for giant oscillations as described by Gurevich et al. In

@ IN ARBITRARY UNITS

)

H IN ARBITRARY UNITS

F16. 6. A set of quantum oscillations in the intermediate region.
The asymmetry in line shape is barely noticeable near the bottom
of the peaks. The Fermi energy and the spin splitting are chosen
to represent bismuth; the temperature is about 1.5°K.
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F16. 7. The ratio amax/amin plotted as a function of ¢.J. The
number # represents the ratio u/we. A peak occurs whenever this
quantity has roughly an integral value. The quantity amin is
defined as the trough on the high-field side of the peak.

fact, if we let 6 — 0, we recover the formula they ob-
tained by perturbation theory. For finite 6 the line
shape is a thermally broadened Lorentzian function.
The variation in a(q) is typically of the order of 10 or
more at ~1°K. The giant oscillation is also a sensitive
function of the direction of phonon propagation when
it is nearly perpendicular to the field. In this case the
width of the resonance becomes very large and the only
variation in a(q) will be due to the density of states
effect. The amplitude of oscillation is thereby reduced.
This effect is somewhat analogous to the tilt effect dis-
cussed by Spector!! and Eckstein.!?

In practice the condition w7>>1 is extremely difficult
to achieve. For phonons at the frequency ~10 Mc, we
need 72>2X 1078 sec. Taking the Fermi velocity to be
~10% cm/sec, we find that the mean free path should be
of the order of a few centimeters, roughly the size of the
sample.

B. Intermediate Oscillation Region

In this region w7 1 but ¢.2>3>1. The resonance factor
is no longer as sharply peaked as the density of states.
We may put #=%’ in Eq. (3.14) and obtain the follow-
ing formula for a(q):

Efm*¢ll Bw, N1
a(q)= 2 X |l
w2pvs 160/ s n=t
52

e anal

This formula is the final answer in Skobov’s paper.
Again N, is the last cyclotron level for which ¢>0. The
density of states become very large when w is close to
but above a cyclotron level, so a(q) is large when the
Nith level is near the Fermi energy. When the field
varies, a(q) also oscillates. The quantity

(0/50)=ws(4n/we) (1/¢:1)<we,
because u/w, is of the order unity. Thus, again, only one

1LH, N. Spector, Phys. Rev. 120, 1261 (1960).
2S. G. Eckstein, Phys. Rev. 131, 1087 (1963).

X / dw sech?(36w) (4.3)
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F1c. 8. A set of quantum oscillations in the
de Haas-van Alphen region.

level contributes to the sum because the factor
8/[et®+0*] is small for €>w,.. This oscillation differs
from the giant oscillation in that the peak is not due to
the resonance factor but rather to the large variation of
the density of states.

It is quite interesting to study the line shape in this
region. We have seen that a(q) is large when a cyclotron
level is near the Fermi level. If the field is decreased,
a(q) drops smoothly as described by Eq. (4.3). However,
if the field is increased so that this cyclotron level is
raised above the Fermi level, the corresponding term no
longer appears in the sum. As a result a(q) drops
abruptly to a very low value within a small region of
field corresponding to Aw,~k7T. Therefore, the line
shape is asymmetrical, being sharper on the high-field
side and more gradual on the low-field side. When the
temperature is sufficiently low the line shape on the low-
field side reflects the variation in density of states while
on the high-field side it reflects the thermal broadening.
For this reason the line shape contains valuable in-
formation about the band structure of the material. At
higher temperatures the large thermal smearing may
render the asymmetry less noticeable.

The total variation of a(q) is still quite large in this
region. Typical ratio of amax t0 ami is of the order of
10~1000 depending on the mean free path and the
temperature. A set of such oscillations is displayed in
Fig. 6. One can still get a tilt effect by varying the angle
between the magnetic field and the phonon propagation.
As the angle approaches 90°, {o becomes very small.
Equation (4.3) shows that all the levels with n<N,
contribute to the sum. This increases the minimum
value of a(q) and reduces the net variation amax—0min-
In Fig. 7 the dependence of the ratio max/Gmin iS
plotted as a function of g.l.

C. de Haas-van Alphen Region

This is the region where ¢./S1 or (8/¢0)2Sw.. This
may either be due to short mean free path or small ¢,
when ¢ is nearly perpendicular to the field direction. All
cyclotron levels contribute to the sum in Eq. (4.3), but
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the level closest and below the Fermi energy gives rise
to the peak. The oscillation is no longer large,
@max/@min~1. The asymmetry in line shape is more
pronounced. Once in this region, further reduction in
¢.! has no effect on a(q). Thus, if the mean free path is
short, varying the angle between the field and the
phonon propagation will not affect the absorption. A set
of oscillations of this kind is depicted in Fig. 8.
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APPENDIX
Evaluation of the Integrals in Eq. (3.8)

We give here in detail the steps leading from Eq. (3.8)
to Eq. (3.9). Inserting the electron-phonon matrix
element Eq. (3.6) into Eq. (3.8), we find

Elzqz dw
Z Z Ijn’n 2/ _{ Z 6ky',ky+qy}

prqL3 s nn! T kyky’
X{ Z 6kzl,kz+qu((¥S;w)A<a,S;O)_wq)}
kzkz’
X{n(w—wy)—n(w)}.

I'p(q)=

(A1)

From Eq. (2.31) we see that 4 (as; ») does not depend
on %, so the summation over k,, &, is easy to carry out:

Z 5k,,’ Jkytay = mwcL2/27r .

kyky’

The limits on %, are such that the center of the cyclotron
orbit should be contained in L. For the summation over
k. and &/, it is convenient to define the following
shorthand symbols:

§=ko/CQm)'2, '=k'/2m)V2, {o=q./(2m),
e=wtu—w,(n+3)—swo,
€=w—wtu—w.(n'+3)—swo,

=3l (w), &=1il'(w—w,).

(A2)

Then we can write

Z 6kz'1kz+QaA (CIS; w)A (Clls; w—w ‘1)

kz k2’

@mLy> =
= oy / P S O
T —o0

26d¢ 28'd¢’
X / / (A3)
B—z_ e]2+52 B-/2_ e']2+ &2

after a simple transformation. The ¢, {’ integrations are
done by the contour method. We define

tanf=4/e,
tanf=4§'/¢ ,

<. (a4)

0<9,
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Then the poles of the integrands are at

=+ (e140)V2= =4 (u-t1iv) ,
and
+ (38 2= o (' +14v') ,
where
u= (&+6)Y4 cos3f, v=(e+06%)"sind, (AS)

and similar expressions for #’, . The choice of 6, ¢
makes u, v, 4, v'>0. We close the contours of the ¢, {’
integrations in such a way that the final integration
over £ should converge. For instance, for £>0, we must
close the ¢ contour by an infinite semicircle below the
real axis, and the {’ contour above the real axis. For
£<0, the reversed choice is made. The contour integrals
and the £ integral are all easy to do, and the result for
the quantity in Eq. (A3) is

(2m)2L/2 Re{ (u+1) (' + ") v+ v —i(u+u'— o) )1

+ ((u42v) (' — 30" ) o+ 9"+ (' — u+$o) )

+ ((w—av) (' + ") v+ v — i (o —u— o) )

+ ((u—v) (W — i) [o+v'+i(uto'+50) )7} (A6)
Finally, the thermal factor, the third bracket in Eq.
(A1), may be written as

n(w—wq) —n(w)=216w , sech?(36w) . (A7)

Thus the final expression for the attenuation constant
contains sums over # and #’ and an integration over w.

The result we obtain so far is still highly complex. To
facilitate further discussion, we must make a number of
approximations. Since the phonon frequency is usually
extremely small compared with the cyclotron frequency,
transitions from one cyclotron level to another are
forbidden by energy conservation. This eliminates all
terms with £’ from the sum. The first and last terms
in the parentheses of Eq. (A6) are not of the Lorentzian
form because u-+u’ appears. Consequently they are not
important because they never resonate. For the other
terms we observe that the quantity e may be positive or
negative depending on the value of the index #. As long
as | e|>>6 and wy,

utv=+/e+1(6/24/¢),
w92 e— (wo/24/€)+i(8/24/€) ,
for ¢>0, and

(A8)

wtiv=u'+1v'=1/¢, (A9)

for €<0. It is clear that if § is small enough (&<w.) the
contribution of those levels with ¢<0 are highly damped
compared with those with ¢>0. This allows us to carry
the sum up to Ny where N designates the last level for
which €>0. With these simplifications it is easy to
show that the acoustic-attenuation constant reduces to
the expression in Eq. (3.9).

The approximations in Eqs. (A8) and (A9) are only
valid for |e[>>6 but the w integration requires that all e
values must be considered. This is not a serious objec-
tion to the approximation procedure because the
integral about e=0 is convergent. Hence, we make only
a small error in replacing e+15 by e even for || <8.



