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Theory of the Excitation of the 4686-L Line of He+ by Electron Impact*
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The cross sections for the production of He+ ion in the 4S state by single-electron collisions with neutral
helium atoms in the ground state have been calculated by the Born approximation at various incident-elec-
tron energies from 200 to 450 eV. These cross sections range from 8.2)&10 "to 6.6X10 "cm'. By using the
ionization-excitation cross sections of the 4P and 4D states calculated by Dalgarno and McDowell and by
extending their calculations to 4P, the cross sections of the excitation of the m=4 —+ m=3 transitions of
He+(4686 Al have been computed. It was found that the transition 4S ~3P contributes about 90% of the
total radiation of the various members of the n=4 —+ rI,=3 group. The theoretical cross sections of the
4686-L radiation agree with the experimental values to within 15'Po. It is concluded that the observed
4686-L radiation can be ascribed mainly to direct ionization-excitation to the m=4 states of He by single-
electron impact, and no evidence is found for any indirect excitation mechanism which is responsi'ble for a
signi6cant portion of the population of the 4S state of He+.

INTRODUCTION

ECENTLY, the production of excited ionized
helium atoms by electron impact has been ob-

served by the optical method. "In these experiments
the intensity of the transition I=4 —+ ts=3 (4686 A)
of He+ which resulted from a beam of electrons passing
through a container of helium was measured. Because
of the near L degeneracy in He+, the observed radiation
is the total intensity of the Gve transitions 4S—+ 3P,
4P —+ 3S, 4P ~ 3D, 4D + 3P, and 4F —+ 3D. If the
emission of the 4686-A radiation is believed to result
primarily from direct ionization-excitation induced by
electron impact, the cross section of the 4686-A radi-
ation can be calculated from the ionization-excitation
cross sections of the 4S, 4P, 4D, and 4F states of He+.
Calculations for the 4P and 4D states have been made
by Dalgarno and McDowell. ' In the paper of St. John
and Lin, it was assumed that the ionization-excitation
cross section of the 4S state of He+ lies somewhere
between those of 4P and 4D as suggested in Ref. 3.
Using a cross section of the 4S state estimated in this
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manner, we found that the 4S~ 3P transition alone
constitutes about half of the total intensity of all the
m=4 —+ m=3 lines. This happens because the 4S state
cascades only to 3P and 2P with an intensity ratio of
3:4, whereas the majority of the atoms in 4P cascade
to 1S, leaving a small fraction of the population for the
4P —+ 3S and 4P —+ 3D transitions. The ionization-
excitation cross section for 4F can be well expected to
be much smaller than that of 4D, and the 4F —+3D
transition should be quite insignificant compared to
the other members of the 4686-A group.

Because of the importance of the 4S —+ 3P transition
in its contribution to the intensity of the 4686-A radi-
ation, we have calculated the ionization-excitation cross
sections for the 4S state of He+ by the Born approxi-
mation. Also, the ionization-excitation calculations of
Dalgarno and McDowell have been extended to include
the 4F state. The theoretical cross sections for the
4686-A radiation are then determined and. compared
with the experimental results. In the case of the ex-
citation of the triplet states of the neutral helium atoms,
St. John, Miller, and Lin' have found that the observed
cross sections are much larger than the theoretical
values, leading to the conclusion that the observed
population of the triplet states in their discharge ex-
periment is produced mainly by processes other than

4 R. M. St. John, F. L. Miller, and C. C. Lin, Phys. Rev. 134,
A888 (1964).
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direct excitation. It is therefore of interest to see if the
observed intensity of the 4686-A radiation can be
ascribed mainly to direct ionization-excitation
processes.

II. EXCITATION OF THE 4S STATE OF He+

Z" which is denoted by y„, or

1
P„*(r) &„*(Z"Ir) =-

22r 1—exp( —22rZ"/K)

x I I'(1—iz"/K)] ' exp(iKr)

—1/2

I,et us denote the radius vectors of the two atomic
electrons and the colliding electron by r&, r2, and r;
the energies and wave functions of the initial and 6na1
states of the atomic states by E;o, Efs, 4', (rr, rs), and
kf(rr, rs); and the wave vectors of the incident and
scattered electron by k; and kf. According to the Born
approximation, the differential cross section for the
ejection of an electron with momentum between & and
K+dK into the solid angle do by an electron which is
scattered into der is, in atomic units, ' ' '

X I ' "'exp( —N)Js((4iK)u)'")d21, (5)

(=r+(r x)/K.

The choice of Z" is rather dificult; in their calculation
of ionization cross section of helium, Massey and Mohr'
used Z"= 1.69 so as to make +I orthogonal to O';. This
value will be adopted for our calculations. The integral
involving V can now be decomposed into

I dod&dK (lsf/4Ir Ir ') V (rl r2 r)P (rl r2')Pf (rl r2)
$(s,f)= P~V%'f 8 ' dTdTIdT2

where

Xexp(iK r)dTIdTsdT dodIodK, (1)
= (42r/E') Lexp(iK rI)+exp(iK rs)]

X+ '(r1 rs)Pf (rI rs)dTldT2

1 1 2
V= +

1'—ry I—1'2 (2)

= (SIr/v2E ) exp(iK rI)QI (Z I rI)

XQ„I*(z'Irr)dTI QI, (z I rs) q „*(z"
I rs)dT2

The wave function for the ground state of the helium
is taken as the product of two hydrogenic wave func-
tions with effective charge Z, i.e.,

P'(rrrs) 4'I (Zlrr)41. (Zlrs) ~

We have omitted the spin part of the wave function,
since within our approximation of neglecting exchange
effect, the interaction potential is devoid of spin co-
ordinates. The effective charge is chosen as Z=1.69
in accordance with the work of Massey and Mohr. '
The final state of the atom consists of an electron of
He+ in the (fsl) state with nuclear charge Z'=2 and
an unbound electron with momentum x. The wave
function for this system is

Pf (r1 r2) —(1/%2)l &.I(Z'
I rI)p. (r2)

+q„I(Z Irs)4„(rr)]. (4)

Following Massey and Mohr, ' we shall approximate
P„, the wave function of the ionized electron, by the
continuum wave function in a Coulomb field' of charge

~N. F. Mott and H. S. W. Massey, The Theory of Atomic
Collisions (Oxford University Press, London, 1949), 2nd ed.' H. S.W. Massey and C. B.O. Mohr, Proc. Roy. Soc. (London)
A140, 613 (1933).' A. Sommerfeld, Ann. Physik 11, 257 (1931).

+ exp(iK rI)yI, (zlrI)q„*(z"Irr)dTI

X &I,(Z Irs)&„I*(Z'
I rs)dT2 . (6)

For l=0, the orthogonality between 4; and 0 J indeed
requires Z". =Z, thus the above integral becomes

LS (i,f)]1=2——(4V22r/Es)

x exp(2K rI)4„(zl rI) q „*(z"
I rI)dTI

X QI, (ZI rs)p„, (Z'I rs)dT2. (7)

When //0, the angular dependence of &„I makes %f
orthogonal to 0';, and the condition of Z"=Z is no
longer necessary. In fact, for //0, the use of Z"=Z leads
to vanishing cross sections as may be seen from Eq.
(6). The choice of Z" for these cases has been discussed

by Dalgarno and McDowell. '
The expression given in (7) is now used to calculate

the excitation cross sections of the 45 State of He+.
The procedure of integration has been outlined by
several authors'6 and will not be detailed here. The

' P. Swan, Proc. Phys. Soc. {London) A68, 1157 i1955).



EXC I YAr ION OF 4686-X OF He+ 8 Y ELECTRON IMPACT A303

total cross sections have been calculated for several
energies of the incident electron by integrating I„ in
Eq. (1) over rr, ro, and s. The results are summarized
in Table I. These cross sections will be denoted by
Q(He+, 4S). The peak value of the cross section occurs
at about 230 eV.

Since the choice of Z" for the continuum wave
function is somewhat arbitrary, it is interesting to
investigate this point in some detail and attempt to
estimate how sensitively the calculated cross sections
depend on this parameter. tIItte have calculated the
values of Z" for the particular wave functions q „which
give the same cross sections Q(He+, 4P) and Q(He+, 4D)
at 405 eV as those reported by Dalgarno and
MacDowell. ' They are

Z"= 1.45, for 4I',
Z"=1.53, for 4D. (8)

To get an estimate on the variation of the calculated
cross sections with respect to .Z", we shaH compute
Q(He+, 4S) for Z"= 1.45. However, in the case of l=0,
if Z" is chosen to be diferent from Z, the wave func-
tions of the initial and 6nal states are not orthogonal
to each other when the approximation described in
Eq. (5) were adopted. To avoid this difliculty we shall
orthogonalize the continuum function with respect to
$„(zl r), i.e., we construct'

4 (r) =«*(Z"lr)+&er (zlr) (9)

and select the coeKcients so that f„ is orthogonal to
pr, (zlr). The cross sections are then obtained from
(7) upon replacing q&„by f„as given in the preceding
equation. Corresponding to Z"= 1.45, the value of the
excitation cross section to the 45 state of He+ at 405 eV
is 8.7X10-"cm'. This amounts to a variation of 25%%uq

from the calculated value listed in Table I.

exp(iK r,)y„(Z l r,)y„,(z'l r,)dr,

&& &r (Zlrs) t „(Z"lr,)d„. (10)

The cross sections for the 4I' and 4D state of He+ have
been calculated by Dalgarno and McDowell, ' and. their
method of calculation will be extended to 4F. Since
we do not have the value of Z" for 4F, we shall use
those of 4I' and 4D as a guide. For Z"= 1.45 and 1.53,

'D. R. Bates, A. Fundaminsky, and H. S. W. Massey, Phil.
Trans. Roy. Soc. London A243, 93 (1950).

III. EXCITATION OF THE 4E STATE OF He+

For excitation to states of He+ with l/0, the second
term in the right-hand side of Eq. (6) vanishes, and

$(i,f) becomes

$63(i,f)js s (4Vlx/E——')

TAnr. E I. Cross sections (in 10~' cm') for simultaneous
excitation and ionization of He by electron impact.

Incident electron energy (in eV)
200 270 340 405 450

Q(He+ 45)"
Q {He+,4P)b

Q {He+,4D) b

Q(He+, 4F)'
Q (He+, 4 ~ 3)
theoretical
Q(He+, 4~ 3)
experimental, Ref. 1

8.1
2.9
0.68
0.01
3.7

8.2 7.6
3.1 2.9
0.69 0.66
0.01 0.01
3.8 3.5

6.9 6.6
2.8 2.7
0.62 0.57
0.01 0.01
3.2 3.0

3.0

a Calculated by using Z"=1.69.
b Taken from Ref. 3.
& Obtained frora the average of the ca1culated values using Z" 1.83 and

Z" =1.45.

the calculated cross sections at 405 eV are 1.6&10-23
and 0.7&(10-" cm', respectively; thus we shall take
Q 1)(10-ss cm'. Fortunately, as will be seen in the
foHowing section, the contribution from the 4F state
to the total cross section of the excitation of the 4686-A
line is exceedingly small; even a variation in Q(He+, 4F)
by a factor of 10 would hardly alter the cross sections
of the 4686-A radiation. The theoretical cross sections
of He+(4F) at five different energies are included in
Table I.

The values of these branching ratios are B(4S,3P) =2.4,
B(4P,3S)=2'I„B(4P,3D) =270, B(4D,3P) =3.9,
B(4F,3D)=1 0 Becaus.e .B(4P,3S) and, B(4P,3D) are
much greater than B(4S,3P), and because Q(He+, 4D)
and Q(He+, 4F) are rather small, the major contribution
to Q(He+, 4-+3) arises from the Q(He+, 4S) term. At
405 eV, for example, the magnitudes of the 6ve terms
in the right-hand side of Eq. (12) are 2.9, 0.10, 0.010,
0.16, and 0.01, respectively. The calculated cross sec-
tions Q(He+, 4~ 3) are shown in Table I along with

IV. EXCITATION OF THE n 4 —+ n=s
TRANSITIONS GF He+

Ke are now in a position to calculate the excitation
cross sections of the us=4~ x=3 transitions which we
shall denote as Q(He+, 4-+3). Let us represent the
transition probability from the jth state to the kth by
2 (jk), the total probability of transition from the jth
state to all the lower ones by A (j), and introduce the
branching ratio 8 in the usual manner'

B(i&)=~ (i)/~ (i I ).
We can then express Q(He+, 4~3) in terms of the
excltations cross sections of the 8=4 states of He+ a$

Q (He+,4S) Q(He+, 4P)
He+, 4-+ 3)= +

B(4S,3P) B 4P,3S)

Q(He+, 4P) Q(He+, 4D) Q(He+, 4F)
+ + — +

B(4P,3D) B(4D,3P) B(4F,3D)
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the experimental values. The theoretical values agree
better with the experimental results of St. John and
Lin' than with those of Hughes and Weaver. ' The
discrepancy between the two sets of experimental data
has been pointed out in Ref. 1.

Before making a detailed comparison between the
theoretical and experimental cross sections of the 4686-A
transitions, we must point out that the experimental
values include the contribution from both the direct
ionization-excitation processes and the cascading from
the upper states. Since no other radiation associated
with He+ has been observed in the ionization-excitation
experiment, we are not able to determine the cascade
correction. However, from the results of the analysis4
of the excitation cross section data of neutral He, the
cascade correction is estimated to be about 10% which
is within the experimental uncertainty of the data
reported by St. John and Lin. '

Since the majority of the m=4 —+m=3 radiation
resulted from the ionization-excitation to the He+(4S)
state, let us erst consider the cross section of this
process. In Sec. II we have shown that a variation of
the effective charge in the Coulomb continuum wave
function may produce as much as 25% change in the
cross sections. Considering the uncertainty of the wave
function of the ionized electron and the use of the Born
approximation in the calculation, we see that the
agreement between the theoretical and the experimental
cross sections is quite satisfactory. It is interesting to
compare (7) with the corresponding integral for ioni-
zation (excitation to the 1S state of He+), viz. ,

LS(i,f))ionization= (4~tr/& )

X exp(iK r)pt, (Z~r, )y„*(Z~r,)dr,

P„(Z~r,)P„(Z'~r,)diaz, (13)

which was used in the calculation of the ionization
cross section. ' Equations (7) and (13) differ only in
the second integral (overlap integral) and in the rela-
tion between k; and kf due to the difference in the energy

threshold of the inelastic collision processes. Since the
overlap integrals in (7) and (13) involve only the
bound-state wave functions and should be reasonably
accurate, the cross sections Q(He+, 4S) calculated in
this work should have an accuracy comparable to that
of the theoretical ionization cross sections of He given
by Massey and Mohr. ' The results of these authors
agree with the experimental results to within 10% for
incident electrons with energies greater than 150 eV.

For the calculation of the ionization-excitation to
the 4I', 4D, and 4F states, one must recourse to Kq.
(10). Here the overlap integral between Qt, (Z~ r) and
the Coulomb continuum function vanishes at Z"=Z;
hence the calculated cross sections depend very sensi-
tively on the choice of Z" in the neighborhood of 1.69.
The values of Z" shown in (8) are indeed rather close
to 1.69. This places the cross sections in the "sensitive
region" with respect to Z". Thus Dalgarno and
McDowell pointed out that their results are good to
within a factor of 5. Calculations show that at 405 eV
the value of Q(He+, 4P) varies more or less steadily
from 0 to 2.8)(1Q cm in going from Z"=1.69 to
Z"= 1.45. Fortunately, the contribution to the in-
tensity of the 4686-A radiation from the Q(He+, 4P),
Q(He+, 4D), and Q(He+, 4F) terms in Eq. (12) totals
to about only 10%. In spite of the large uncertainty
of these cross sections, the values of Q(He+, 4~ 3)
should remain fairly accurate.

In conclusion, we have shown that the observed
intensity of the 4686-A line in helium discharge ex-
periment can be accounted for quantitatively by the
direct process,

He(1S)' —+, He+(4L)+t:,
He+(4L) —& He(3L')+hv(4686 A).

The agreement between the calculated and observed
cross sections for this process is comparable to that of
the case of single ionization of helium. ' Since the great
majority of the 4686-A radiation originates from the
4S —+ 3I' transition, our analysis shows that, unlike the
case of the excitation of the triplet series of neutral
He, 4 the population of the 4S state of He+ is produced
primarily by direct ionization-excitation rather than
indirect mechanisms.


