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Electron Spin Relaxation in Copper Tutton Salts at Low Temperatures~)
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By means of a pulse saturation technique applied at X-band frequencies, electron-spin relaxation times
have been observed as a function of crystal size in the liquid-helium temperature range for the CuNH4
Tutton salt throughout the concentration range 0.02-100 jo.The concentration range 12-100%exhibits what
is thought to be a phonon bottleneck. This is manifest in a marked size dependence of the observed decay
constants. Alternative explanations are considered. For the concentration range 0.05 to 5%, size-dependent
decay times have also been recorded. There appears to be a correlation between this kind of size effect and
contamination by the paramagnetic impurity of iron. Rapid crystal growth is found to alleviate the size
efkcts throughout the range of concentrations studied. The effects of deuteration have been examined in
crystals of 1% concentration and it was found that there was an order-of-magnitude difference in the re-
laxation times of the hydrated and deuterated salts, size for size, below the helium) point. The hydrated and
deuterated CuK Tutton salts at the same concentration showed no such diGerence. The supposed spin-
lattice coupling is concentration-dependent, and its nature has not yet been established theoretically.

I. INTRODUCTION

S OME preliminary studies of electron-spin relaxation
in the dilute copper ammonium Tutton salts by

Giordmaine et el., indicated that the time constants,
which characterized the recovery of the spins from a
saturating pulse, were relatively large and the spin,
S=~, made these crystals attractive in the light of
possible size-dependent studies. Later, in an attempt
to cxRminc thc cross-relaxation DlRscI' effects~ lt wRs
discovered' that deuteration of the same dilute crystals
(concentrations 1%) resulted in an order-of-magni-
tude decl case ln thc clcctlon spin I'claxatlon tDncs. Morc
recently the marked size-d. ependent relaxation times4

in the fully concentrated hydrated copper ammonium
Tutton salt suggested a lattice-bath bottleneck.

Crystals of the copper Rmxnonium Tutton salt,
CuSO4 (NH4)RSO4 6HaO, are easily grown and by the
substitution of diamagnetic atoms of zinc or magnesium
for the paramagnetic atoms of copper, it is possible to
achieve any desired degree of spin concentration. The
ammonium ions can be replaced by those of potassium,
rubidium, or cesium; selenates (Se04) can be used
instead of the sulfates; and crystallization will take
place in either heavy or normal water.

The investigation which was actually carried. out
was much less ambitious than the above variations
suggest, but nevertheless the majority of the phe-
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nomena uncovered have successfully eluded quantita-
tive interpretation.

Electron spin recovery times have been observed for
Cu[ZnjSO4 (NH4)2SO4 6H20 as a function of con-
centration and crystal size at 1.34, 2.10, and 4.21'K.
The substitution of K for NH4 was made at I%%u~ con-
centration and D for H at 1/~ and 100/~. At several
diBcrent concentrations relaxation times were re-
corded for crystals which were grown 1000 times more
rapidly than normally. In Sec. II we shall present a
summary of the experimental findings. After a brief
discussion of the crystals and experimental techniques
(Sec. III) the remaining sections will be concerned with
examination and interpretation of the data.

The electron spin relaxation time constants, denoted
by v&~„were measured at frequencies =9&10' cps,
magnetic Gelds =3000 Oe, and at temperatures in the
liquid-helium range, 1.34—4.21'K.

(a) Slowly grown, 4 fully concentrated crystals of
the hydrated CuNH4 Tutton salt $CuSO4 (NH4)aSO4
6H20j and the deuterated version showed relaxation

times (Fig. 1) which were linearly' dependent upon the
size of the crystal and identical within the experimental
error (&10%). Rapid growth4 removed the linearity
but a marked size dependence remained (Fig. 2). When
the coolant, which was in direct contact with the slowly
grown crystallitcs, was changed from helium liquid to
helium gas, no change in the recovery curves was
noticed for the crystallite sizes; 2000, 500, 200, and 90p.
An upper limit of 7 msec was placed. on the spin-lattice
relaxatlon tlDles Rt, 1.34 K. This was obtalncd fI'oD1

several runs on different collections of crystals whose
average size was &37 p. Relaxation times for the
smallest crystals (&37 y) were arbitrarily plotted at
~5 p,.

(b) Reference to Fig. 2 shows that for equal parts of
copper and zinc {50% concentration) the type of
growth did not signi6cantly affect the size dependence
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TAsx, E I. The content in ppm of the paramagnetic impurity of iron for some of the crystalline sample sizes. The accuracy of the
determinations is ~30%.All other paramagnetic ions of the 6rst-transition group were present to no greater degree than 10 ppm (the-
detection hmit).
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and the results are not too diferent from the rapidly
grovrn fully concentrated crystals.

(c) Figure 3 shows that the size effect is reduced as
the concentration is lowered, being almost negligible
at 12%. Figure 9 shows that for the concentration
range 12—100%, rrf, decreases as the concentration
decreases.

(d) Figure 4 gives evidence that a different kind of
size dependence is present at 5% concentration. At

1% (Fig. 3) the same sort of size dependence in crystals
of normal growth is completely removed by rapid
crystallization. Figure 9 reveals that for the concentra-
tion range 12—0.3%, rt~, increases as the concentra-
tion decreases.

(e) For 0.1% and 0.05% concentration (Figs. 6
and 7) size dependence remains although Ttf once

again decreases with concentration. At 0.02% (Fig. II)

v ~~, is very insensitive to the bath temperature.
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Fig. 6. Relaxation times versus characteristic size of crystals
for slowly grown crystals of Cuo ~3Zno 997(NH4)2(SO4)2 6H20
(0.3 j& concentration) represented by ——,slcerly grown
crystals of Cu ~'Zno 9 (NH4)2(SO4)2 6H&O (0.1% concentration)
represented by ———,and quickly grown crystals of Cu'~'Zn'"'
(NH4) 2(SO4)q. 6H2O (0.1 j0 concentration) represented by
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(f) Comparison of Figs. 5 and 10 indicates that the
substitution of deuterium for hydrogen in the copper
ammonium salt resulted in a change in r~~, of a factor
of =8.5, below the ) point. Deuteration of the cor-
responding copper potassium salt showed no such
change (Fig. 11).The extent of deuteration was 90%.

(g) Table I suggests a correlation between the
paramagnetic impurity of iron and the size effect for
concentrations &5%, size for size.

(h) The presence of two inequivalent copper sites
in a unit cell gives rise to two resonance lines in the
fully concentrated salt. The resonances could barely be
resolved in the hydrated salt and were fully resolved in
the same salt, deuterated.

Fxe. 8. Relaxation times in stomty grown crystals of Cu'~"
Zn"99'(NH4)s(SO4)s 6HsO (0.02% concentration) versus char-
acteristic size of crystals.

(i) For single crystal measurements at 5%, the
hyperfine components LRef. 1, Fig. 1] all had approxi-
mately the same relaxation times which changed by
no more than a factor of 2 as the orientation was
varied. Single crystal measurements at 1% showed a
maximum orientational change in rj(, of a factor of 3;
the relative spacing of the hyperine components and
their relaxation times necessary for "cross-maser"
eGects' are in agreement with the predictions of Sorokin
et al.'

(j) Large fully concentrated single crystals (1.)1
mm) for which recovery times 1 sec were recorded
were transparent and at a grazing angle reflected light
specularly. Dehydration of the surfaces of crystals
never appeared to aGect the dynamic decay curves.

III EXPERIMENTAL TECHNIQUES AND CRYSTALS

The crystals, their spin concentrations, and growth
rates accompany the graphs of the experimental results.
The percentages indicate the concentrations present in
the parent solutions, and in the range 100-0.3% these
agree to within =10% of the concentrations as deter-
mined by quantitative chemical analyses. From
0.3-0.02%, the quantitative analyses were 30%
higher than the nominal concentrations. This tendency
to "read high" .in the low-concentration range is
inherent in the chemical analysis so that the over-all
agreement is quite satisfactory.

The spin concentration is de6ned as 100% times the
ratio of the number of Cu'+ ions to the number of
potential Cu'+ sites. In all cases the crystals were the
product of reagent grade chemicals (iron group im-
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zan be found in Bleaney et al.' The apparatus and
techniques employed to establish the spin recovery
curves are similar to those of Bowers and Mims. ~ It
was found that apart from initial nonexponentiality,
the decay curves could always be described by a single
time constant (the time for 1/e recovery) for the region
LOP= hgs. The experimental error was +10% (this
being slightly higher above the X point due to the bub-
bling of the helium, despite the use of a Styrofoam cavity
insert. )

A measure of the reliability of the results can be
gauged from the following: (1) Samples of 100% and
03% concentration gave the same results as samples
from the same "batches" did six months later. (2) Many
repeated "runs" on powders and single crystals over
periods of several days gave no indication of a variation
in the observed recovery curves, despite a dehydration
of the crystal surfaces. (3) During every run the
monitoring and saturating powers were varied by at
least 6 dB, The length of the saturating pulse was also
varied from 4 msec to 10 sec. No variations in relaxation
were noted.

purities (0.001%) and distilled water. The growth
and preparation oi the various sizes of naturally grown
single crystals are described elsewhere. 4 For purposes
of deuteration the chemicals were dissolved in heavy
water, and the growth took place in a dessicator.
Microscopic examination of the contents of the ten
slcvcs (l'allglllg ill slzc from 37-1000 p) used to sol t 'tile

crystals revealed that most of the single crystals in any
given sieve were of about the same size and free of
small parasitic particles.

Quantitative analyses were also performed on slowly

grown 1% Cu[Zn](ND4)s(SO4)s 6Dso [1.(37,I=89,
212 Is], 1% Cu[Zn](NH4) s(SO4) s 6Hso [L(37)I.=89
Il] and quickly grown 1% Cu[Zn](NH4)s(SOs) s 6Hso
[I.(37, 1.=45, 89, 300 Is]. For each size three different

types of analyses (amine and neocuprione methods
and a colorimetric technique) showed that to within

+15%, the copper content was the same.
Each experimental "sample" consisted of a collection

of naturally grown, randomly oriented single crystals
of the same size (to within +10%). No attempt was
made to correlate the size e8ects observed with the
"shape" of a single crystal. The relationship between
the microwave frequency v and the dc magnetic 6eld B,
is given by hv= gPH, g=2.16 and P is the Bohr mag-
neton. Due to the increase in "sample" volume,
necessary for measurement as the concentration de-

creased, the cavity frequency varied in steps from 9600
to 8700 Mc/sec. The frequency change from one con-
centration to the next was a good deal less than this
and it was assumed to have no signi6cant bearing on
the results.

Paramagnetic resonance data for the Tutton salts
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IV. LINEAR SIZE DEPENDENCE

In this section we will be concerned with the linear
size dependence which is displayed in Fig. 1. These
data are best explained by a phonon-bottleneck theory,
although we shall consider alternative explanations.

A. Phonon BottIeneck

The phonon bottleneck has been quantitative1y con-
sidered~I in some detail. Under certain circumstances
thc obscrvcd decay tDIlc of a spin icsonancc can bc a
good. deal larger than the actual spin-lattice relaxation
time. The "persistence" or "trapping" time is a con-
sequence of the relative slowness of heat transfer from
the lattice to the cryogenic environment, and its
existence depends upon the dominance of Qrst-order
spin"lattice coupliilg.

In more detail we can picture the phonons of the
lattice modes, which are in contact with the "core"
of the spin resonance, as being absorbed and re-emitted
many times in the course of their spatial flight. "
The paucity of these carriers, relative to the number of
spins, dictates the shortness of their mean free path in
the center of the resonance, and also that the tempera-
ture of these modes be more akin to that of the spins.
Under the circumstances, a diffusion process would be
expected to govern the kinetics of phonon energy
transport. However, because of spin-spin interactions,
phonons are subject to spectral as well as spatial dif-
fusion, and as a result, thc spins come into equilibrium
with a range of lattice modes that exceeds the width of
the spin resonance. The lattice energy is conveyed to
the bath not by those phonons which are effectively
trapped but instead by those whose central frequencies
lie somewhere in the wings of the spin resonance and
whose mean free path is of the same order as the size
of the crystal (this being true in the absence of anhar-
monic lattice interactions).

One 6nds' that thc trapping time associated. with a
Gaussian-shaped resonance for a spin temperature
which is approximately equal to that of the helium
bath is

t
hvqs NLg -1(Isv~' NLri

Tr'=0.8i i
ln -i

i
' . (1)

l kTI p(v)Ave 2(AT) p(v)AveTi I

The parameters which are appropriate for I.=10 '
cm and T=1.34'K (Fig. 1) are: N=total number of
spins per unit volume=3X10s' spins/cms, v=9.6X10s
cps, p(v) =mode density=g4s. v'/es, s=average acoustic
velocity= 2.5X 10' cm/sec, hv =full width of spin
resonance=9&(10 cps, and T~——spin-lattice relaxation

s 3. W. Fanghnan and M. W. P. Strandberg, J. Phys. Chem.
Solids 19, 155 (1961}.

9P. L. Scott and C. D. Je8ries, Phys. Rev. 127, 32 (1962).
'0 J. A. Giordmaine and F. R. Nash, following paper, Phys.

Rev. 138,A1510 (1965); this work may be consulted for a more
complete listing of references.

time which is &7 msec (this upper limit comes from
measurements on crystals whose average size &37 p).
The acoustic transmission or mismatch factor lies in
the range 1(q&(ps)„i;aL4(ps)h, i;, & ', where p is a
mass density, and (pe)»i;s))(ps)h. i;„~.The lower limit
corresponds to perfect transmission and. the upper limit
is the result of a simple acoustic theory. "

Although it is quite reasonable to suppose that heat
is transmitted from a solid to the surrounding helium
liquid by means of phonons ""detailed experiments'4 "
indicate that transmission at v~kT/h is at least an
order of magnitude more rapid than one would suspect
and independent of properties peculiar to helium below
the X point. The work of Jeffries et al. ,' ' and Standley
and %right'~ support this at lower frequencies and
indeed they 6nd q 1. Our experimental findings for
gaseous and liquid environments show q= 1, rather less
than the theoretical factor of =30. The theoretical
calculations by Mills' shows this to be quite reasonable.

In order to estimate Tj' we shall choose T~= 7 msec
and g=3. Then Ti' (theoretical) =1.1 sec. From Fig. 1,
T&' (experimental) =0.98 sec. This agreement is
actuaHy better than it should be because of the foOowing
uncertainties:

1. Equation (1) applies to an infinite slab of thick-
ness I.. For the actual crystals which are roughly cubic
one would expect T~' to be smaller.

2. Equation (1) also neglects the effects of diffusion
out to the cutoff frequency" which would have the
effect of making Tg' smaller.

3. The value of T~= 7 msec is an upper limit, and a
smaller value would make T»' larger.

4. Since liquid helium will not support transverse
modes the degeneracy factor g will lie in the range
1&g&3 and hence Tg' might actually be larger.

Although the predicted linear dependence of T~' on
crystal size is in evidence, the data of Fig. 1 will not
permit a meaningful comparison with the theoretical
temperature dependence. The temperature dependence
predicted by (1) for the above values of the parameters

I

"If the reQection coefBcient for acoustic waves normally in-
cident upon the interface is

~=6(vv).ois-(vs)s i' P/L(vv) o1's+(ps)s i ],
then g = {1—2} ', and for E. not very diferent from unity, g may
be interpreted as the number of times that a phonon must present
itself at the interface before escape to the helium. 8E is the power
in a wave packet, then the power remaining after m interface
reflections is E~P and when the power equals I'/e,

m=fln(R ')g—r=(1—8) '=e.
"I. M. Khalatnikov, Zh. Eksperim. i Teor. Fiz. 22, 687 (1952).
'%. A. Little, Can. J. Phys. 37, 334 (2959).
~4L. J. Challis, K. Dransfeld, and J. Wilks, Proc. Roy. Soc.

(London) A260, 31 (1961).
'~ R. C. Johnson and %.A. Little, Phys. Rev. Do, 596 (1963).
~6 R. H. Ruby, H. Senoit, and C. D. Je6ries, Phys. Rev. 127,

52 (1962}.
D K. J. Standley and J.K. Wright, Phys. Letters, 3, 101 (1962}.» D. L. Mills, Phys. Rev. A133, 876 (1964); A134, 306 (1964).
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is effectively TI' cc T . Allowing fol' R, &i0%%ug 1111-

certainty in the experimental results, one 6nds a dc-
pcQdcncc of Tj ~ T Such R depcndcQcc ls then
Rpproxilnatcly consistent arit the theory.

Very little can be said about the nature of the spin-
lattice coupling except that the single-phonon process
appears to be dominant. The lattice-bath step is quite
evidently a puzzle. Our discussion concerning g reveals
that there is no satisfactory explanation for the transfer
of energy from one substance to another at low tern-

peratures. " " A striking contrast to the conclu-

sions ' thRt g 1 ls thc RpprcclRblc mismatch

g» 1 dete~ted in the ultrasonic echo experiments"
conducted on quartz rods (end faces optically polished)
at v~io' cps and T=4'K Little' has shown that jLf

the phonon wavelength is comparable to the surface

roughness the heat Row across the crystal-helium inter-

face is smaller than for a, smooth surface. If the rou.gh-

ness is in excess of the phonon wavelength then the
integrated microscopic interface area will exceed the
macroscopic geometrical area. However, large single

crystals of the fully concentrated salt which showed

relaxation times of i sec were transparent, gcncraDy

quite clear, and they rejected specularly light which was

incident at R grazing angle. Dehydration of the crystal
surface ln repeated cxpcl011cnts had no slgM6cant

bearing on the results. Since ),~t,„l=h~h,„, it is
probable that no interface irregularities, which could
"bottle-up" the phonon energy (and hence yield.

'ggvvgpe~g 1), cxlstcd ln Gill' CRsc

However the work of Mills'8 shows that an irregular
suI'f Rcc which ls characterized by R poI'oslty 1Rdlus

&&X~h,„, can make the interface nonreAccting for sou.nd

waves. The examinations which were made of the

crystal surface were not sensitive to such a surface

layer.

spectrum is incapable of acting as a reservoir for the
spin energy. However, the intuition provided by this
approach is misleading since a phonon might typically
decay to the bath in one-ten-thousandth the time re-
quired for the reorientation of a spin.

Before examining Kisenstein's assumptions we can
set an upper Emit on the rise of temperature of the
entire lattice over that of the bath by equating the
power delivered by the spins to the low-frequency
oscillators to the power delivered by the complete lattice
spectrum to the bath, assuming instantaneous equilibra-
tion of the low-frequency modes with the main body of
osciHa, tors and the existence of a steady-state condition.

Following Little" we 6nd that the expression for the
heat Qow rate across an interface between two media is

(2)

where Tx and T~ are the crystal and bath tempera-
tures, respectively, 3 equals the interface area, and
e equals the average acoustic velocity of the sohd.
f(T)=J'x'Lexp(x) —1)-ldh, x=hv/kT, and the in-

tegration is over the range of modes responsible for
heat transfer. In the derivation of (2) we have taken the
mode density to bc 12m@ 8 slncc thc Rcoustlc Dlodcl

predicts that g»j, . Boundary conditions" require that
if energy is in a mode of one polarization, this energy
will bc dlstI'lbutcd ovcl modes of other polRI'lzatlons

when refraction and reAection occur at the interface.
At low temperatures, the upper limit of integration

can be taken to be inflnlty, and if Tx is not very diferent
fl'Onl TR, Tx TII 4TII DT. E—qllRtllig (2) wltll

hvV(azv —SÃ) (2T,)-' we find that for a slab of
thickness 1.

(3)

B. Fang'8 Ayymach

Recently, Fang" has attempted to explain the
results4 of Plg. 1 on the basis of size-dependent con-

siderations originally put forth by Kisenstcin. 22 The
Klscnstc1n model RppcRI's to lnvolvc two assumptions:

(l) The spin energy is somehow transferred to. the

thermal modes (that portion of the Debye spectruln in

equilibrium with the bath), and (2) a difFusion equation

governs the kinetics of energy transport. A bottleneck
can then arise if the thermal conductivity of the lattice
is suKciently smaH. This bottleneck exists over a band-

width equal to the Debye cuto8 frequency and is in

contrast to the bottleneck, in a narrow range at
v (kT/3h), which was considered in Subsec. A.

By examination of the speci6c heats of the entire

lattice and the spins, it would appear that the mode

"See article by E. H. Jacobsen, Ref. 2, p. 468.
~%.A. Little, Phys. Rev. 123, 1909 (1961).
~' P. H. Fang, Phys. Rev. 129, 1548 (1963).
~' J. Eisenstein, Phys. Rev. 84, 548 (1951).

assuming T (spin temperature)))Tx. For the values
used previously in connection with Eq. (l), V=AI.,
Rnd fj= (pv) s(&II/L4 (pv) g~l;~~$ 30 (slllcc p801;s= 1.9
g/cnl ) Rlld Rt 1.4 K~ phei;~~=0. 145 g/clll RIid vhelI~~
=2.45)&10' cm/sec) we find 3T=0 3'I .Expe. ri-
ments'4" show that the rate of heat transfer to the
bath is at least an order of magnitude larger than our
estimate, so that AT is negligible. In the present cal-
culation the phonon mean free path I., an assumption
which wc shaB justify shortly.

In consideration of Kisenstein's 6rst assumption wc

we shaH examine the potency of anharmonic three-
pllolloll (nolmal) pl'occsscs 111 wlllcll tllcic ls Rll llltcr-

chRngc of cncrgy among lattlcc osclllRtoI's Rt dlfkrent
frequencies. Such processes have been examined by
Van Vleck," Klcmens, " and Orb ach." The most

"J.H. Van Vleck, Phys. Rev. 59, 730 ($41).
~P. G. Klemens, SoM State I'hysks, (Academic Press Inc. ,

Nm York, 1958), Vol. 7.
~6' R. L. Orbach, doctoral dissertation, University of California,

1960 (unpubhshed).
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eGective process is the interaction of a low frequency
(v&(k Tjk) transverse wave with two longitudinal
waves, both of frequency kT/k. The relaxation time
for energy in a low-frequency mode is given'4 by
73pq

'=10"p'vT4p 'e '. For p = Gruneisen's constant
=2, v=9.6X10 cps, p=1.9 g/cm' and v=2.5X10
cm/sec we find that Ts,h=1.5X10 ' sec for T=1.34'K.
Direct coupling to the bath (including mismatch) gives
Tr.ff=rtLe '=1.2X10 ' sec (it=30 and I. 10 ' cm)
and is 2 orders of magnitude smaller. Pour phonon
processes" are a fortiori negligible.

The assumption of phonon diffusion is correct only
if the phonons are signi6cant1y scattered by impurity
atoms. Klemens'426 has examined this process and
found that the relaxation time associated with the
elastic scattering of phonons from a random arrange-
ment of a single species of defect lattice sites is

1/T r) = fas(AM/M)s(s&4/4frps) .

AM is the deviation of a unit cell mass from the normal
mass M, f is the fractional concentration of defect
sites, and u is a unit cell dimension. For more com-
plicated crystals in which a unit cell contains atoms
of several elements, Eq. (4) can still be applied, pro-
vided that the masses and their deviations are inter-
preted'~ as properly weighted averages. The general
validity conditions"" for (4) are satisfied for our case.

The role of defect scattering in thermal conduction
can be gauged if the frequency of the modes which are
dominant in energy transfer at low temperatures is
known. If we maximize the expression for the thermal
conductivity given by Callaway and von Baeyer" (in
such a way as to exaggerate the importance of defect
scattering), we find that the dominant modes have
a frequency =4kT/k. By defining lz& =Tnv, we fin—d that
for T=1.4'K, a=2 A, f=1/130 and ((AM)s)/(M)s
= 1/750 (taking into account the isotopic abundances of
the elements and the impurities present in the fully
concentrated salt, i.e., Fe-10 ppm, Si-50 ppm, Al-10

ppm, etc.), that lid 200 cm. The largest crystal used
in our experiments had a side =0.4 cm.

Thus our reasonable estimates confirm our previous
assumption that phonons in the wings of the spin
resonance have a mean free path 1., and suggest that
Fang's calculation is not applicable in our particular
case.

C. Spin Diffusion

Size sects can in principle arise from conduction
within the spin system itself. We may estimate an over-
all diffusion time from a simple random-walk equation;

~6 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955)."R. Herman, E. Foster, and J.Ziman, Proc. Roy. Soc. (Londonl
A237, 344 (1956)."P. Carruthers, Rev. Mod. Phys. 33, 92 (1961),see Appendix C.

'9 J. Callaway and H. C. von Baeyer, Phys. Rev. 120, 1149
(1960).

the net distance traveled in a particular direction is
equal to the mean free path times the square root of the
number of steps. Mathematically this is 2L/3=0 8.
a(Tsn/Ts)"'; L is the crystal slab thickness, (2L/3)
is an average distance over which energy must be trans-
ported in order to be susceptible to direct absorption
by the helium bath, Ts= (2frd, v) ' is the time for one
step, 2d v = full width of the spin resonance and a=mean
free path. H I. 10 ' cm, a~6X10 ' cm, 2hv~10' cps,
then TgD 600 sec and is several orders of magnitude
larger than the observed time of 1 sec. More elaborate
calculations by Frohlich and Heitler" and Sloem-
bergen" give substantially the same results. We note
that spin diffusion predicts a strong size dependence
(~Ls) and a weak temperature dependence, neither
of which is observed.

Nevertheless there is a manner in which cross relaxa-
tion and spatial spin diffusion might be responsible
for the size e6ects observed in Fig. 1. From Table I we
see that the iron concentration, for the fully concen-
trated sample, is XF, 10'r iron spins/cc and increases
with decreasing sample size. The approach that will be
used was independently suggested by Van Vleck,"
Bloembergen and Pershan, "and Klliott and Gill."We
shall imagine that the "excess" spin excitation spatially
diGuses to strongly coupled pairs of Fe spins. Cross
relaxation then couples the microwave transition of a
Cu'+ spin to an energetical1y similar transition between
excited-pair states which lie 6 above the ground state
in energy. (4))kT))b=kp). The probability that two
adjacent nearest-neighbor sites of a copper atom be
occupied by atoms of iron is (Zc)s where Z is the
number of nearest neighbors for any site and
c=NF,/Xc„The numb. er of random steps required in
the diffusion of energy among copper spins before a high
probability of encounter of a pair-system is (Tsn/Ts)

(Zc) '. For Ts 3X10 "sec, Z~10, c~3X10 ', we
find that TgD 3&(10-' sec. The cross-coupling time for
the transfer of excitation from a copper atom to the
pair system is T» Ts exp(h/kT). Even if 6 20 cm-',
T~2 0.15 sec for T= 1.4'K. Thus it is not unreasonable
to suppose that spin-spin processes are suKciently potent
so that the relaxation which we might be observing
would be the "iron-spin-lattice" interaction. If indeed
TsD+ Trs«1 sec then we may define an effective relaxa-
tion time for a copper spin (following Elliott and Gillss)
as (Tcu)sff~ (Xcu/NF p@' )TF.. The sPin-lattice relaxa-
tion time TF. for the excited state ~$64(na+1)j '
where nq is the average number of phonons at an energy
6 and since XF ps'„~cs exp( —6/kT) we find that

(Tcp).ff '~ c'Q, expt —&(T)jkTj
Xhs(r) (na+1) =csg&s(r)na.

~ H. Fr51ich and W. Heitler, Proc. Roy. Soc. (London) A155,
640 (1936).

"N. Bloembergen, Physica 15, 386 (1949).
3'Advances in Quantum Electronics, edited by J. R. Singer

{Columbia University Press, New York, 1961),pp. 373-403.
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If we assume that the iron spins are dipolar coupled
(6=boa'/r') and let Q„~ J'4nrr'dr we find for d&)kT
that (ro,),ii '~ (ckT)'Dq. Exchange coupling $6=60
Xexp( —r/a) j leads to c'(kT)' in'(60/kT). If the data
of Fig. 1 are to be explained by the presence of iron
then the first expression" for (ro,),ii ' is more appro-
priate. The variation of c with L falls within the experi-
mental error in the determination of Ãp, .

Thus, if the impurity of iron is uniformly spread
throughout the crystals in which it is present, then the
preceding analysis would indicate that the observation
of a relaxation time ~ LT ' is not certain proof of the
existence of a phonon bottleneck, although the latter
appears to be the more reasonable explanation.

Strains or dislocations which depend upon the crystal
size and at which anharmonic processes couM occur
seem an unlikely explanation for Fig. 1 since the
relatively slow growth ( 2 weeks) of the fully con-
centrated deuterated crystals resulted in a duplication
of the data for the hydrated samples. The departure
from nonlinearity at 4.2'K is not explained by the
competition of three-phonon processes since ri, h(4.2'K)
~10 scc while direct absorption by the helium occurs
in 4&10 ~ sec.

V. CONCENTRATION AND SIZE DEPENDENCE

In this section we will bricQy examine the data
plcscQtcd lQ Figs. 2—11.

Because of the hyperfine structure and potent cross-
relaxation processes the frequency range of modes
responsible for energy transport should remain approxi-
mately constant down to concentrations 1%%uo. Equa-
tion (1) would predict that Ti' should decrease as
the concentration is decreased; this is roughly what is
observed (Fig. 9). The phonon-bottleneck effect
apparently becomes marginal in a region of concentra-
tion ~10% (Figs. 3 and 9).

The actual dependence of the observed relaxation
times upon the spin concentration cannot be deter-
mined from the data (Figs. 1—3). The tiny single
crystals of the fully concentrated salt tended to be
approximately cubic in shape, whereas the 50% samples
had one dimension somewhat smaller than the other
two. With dilution (Figs. 2 and 3) the linearity vanishes
and some internal conversion process associated with
the dilutent appears to limit the extent of the bottle-
neck. The observed relaxation time (Figs. 1—3) for
crystals whose size &37 p increases as the concentration
decreases; this may be related to concentration-
dependent spin-lattice coupling. In any case, the
over-all size cGect falls OG much more rapidly with
increased dilution than one would expect.

From 5% down to 0.05%, the nature of the size
cGect changes. The relaxation times of the larger
crystallites increase with increasing dilution (Fig. 9),
a situation which has been observed rather often for
paramagnetic atoms of the first-transition group and

which might be explained by an elaboration of the sug-
gestions of Van Vleck," Pershan and Bloembergen, "
and Gill and Elliott." Such approaches can lead to a
variety of concentration and temperature dependences.

The reversal in the concentration dependence in the
region 0.3—0.02% (Fig. 9) would make the following
tentative explanation reasonable. In all crystals there
might be a constant density of imperfections or para-
magnetic impurities which act as an energy sink for a
small number of adjacent spins. When the ratio of
copper to zinc falls below a certain level these sinks
start to be CBective and become increasingly important
as the amount of energy that has to be handled de-
creases. This kind of effect would prevent one from
observing spin-lattice relaxation times which either
increased or remained constant as the dilution was
further increased in a low concentration region. Spin-
spin coupling might be responsible for the approximate
temperature independence at 0.02%.

The most plausible explanation of the size effect in
the concentration range (5% is related to the sharp
lncI'case 1Q ll on contamination which commenced at
the "knee" of the rii, versus I.curves ( 90 p) and was
at least an order of magnitude higher for the smallest
sizes (Table I). Table I suggests why the size effect
was not marked at 0.1%and also shows that for quickly
grown 1% crystals there was some discrimination
against the incorporation of iron during growth. Figure
5 appears to con6rm this contamination hypothesis.

Since no extensive rj~. versus temperature data was
recorded, it is pointless to speculate at any length about
the nature of mechanisms responsible for the size
dependence. Any model will have to agree with the
following observations in the concentration range
0.3-5%:

1. The frequency dependence' (for large single
crystals at 1%) of the observed relaxation time is
v " 2&us&3

2. The temperature dependence is T—,1.5&m&4.
3. The copper concentration dependence is Ec

0.5(p(1.
4. The iron concentration dependence (if it is

significant) is LVF,
—

&, g 0.2.
5. Size for size the temperature dependence is

approximately constant for a particular copper
concentration.

6. RcfcI'cncc to Figs. 5 10 and 11 lndicatcs
apparently that deutcration of the ammonium ion is
responsible for an order of magnitude change in r~~, .

7. Regardless of the copper concentration, the
"knee" of the r~~, versus L curves always occurs at the
same sample size and it is just at this point that the
iron concentration begins to increase.

The mechanisms suggested. by Van Vleck et' ak. ,
32

which have been examined are strongly dependent upon
the iron concentration and independent of the Zeeman
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frequency v. It is tempting then to associate the plateaus
with spin-lattice relaxation. However, as the tempera-
ture is increased the "knee" of the curves should be
displaced toward smaller sizes and hence larger iron
concentrations. This would reQect the competition be-
tween direct coupling to the lattice and cross coupling
to the atoms of iron. The role played by the iron is not
clear but it should have some CRect since for the smallest
crystalhtes at 0.3% concentration there are as many
atoIQs of lion as thelc arc of coppcl.

Rapid growth might reveal enhanced anharmonic
effects; however, apart from the fully concentrated
samples, the rate of crystallization did not have much
eRect on the magnitude of the observations (Figs. 2, 5,
6, and 7). For 50% concentration, rapid growth and
dilution have qualitatively the same CGect. For the
fully concentrated samples which were grown quickly
the observed temperature dependence of el&, will

depend upon whether the frequency conversion proc-
esses compete in parallel or in series with direct
absorption of energy by the bath. Unfortunately, the
data do not allow a meaningful distinction to be made.

Deuteration of the fully concentrated salt (D/H
~90%) showed that the two malll lines (due to two
inequivalent sites per unit cell) were resolved for a
particular crystal orientation. Under the same condi-
tions in the hydrated salt, the lines were not resolved
at all. This narrowing is not to be expected unless
intervening atoms participate in the interaction between
two Cu+ splns.

VI. NATURE OF SPIN-LATTICE COUPLING

The purpose of this section is to demonstrate the
inadequacies of the relaxation mechanisms originally
proposed by %aller, 33 Van Vleck and Kronig, 34 if the
time constants observed for dilute samples are related
to spin-lattice coupling.

Because of the concentration dependence of the
relaxation times, coupbng33 via the thermal modulation
of the dipolar interaction becomes appealing. Al'tshuler'5

has extended %aller's calculation for the case of the
simultaneous reorientation of two spins and has also
considered thc coupling due to modulation of an
anisotropic exchange interaction between spins. Even
if we allow for abnormally strong interactions such as
those of "superexchange" which were proposed" to

"I.Wailer, Z. Physik 79, NO {1932).
~K. Kronig, Physica 6, 33 (1939); J. H. Van Vleck, Phys.

Rev. Si, 426 (1940).
"A. Al'tshuler, Bull. Acad. Sci. USSR 20, 1098 (1956)."F.%. DeVrijer, Physica 18, 194 (1952};R. J. Benzie, A. H.

Cooke, and S. %hitley, Proc. Roy. Soc. (London} A232, 277
(1955).

account for the anomalously large speci6c heat of the
CuHN4 Tutton salt, vre find that the calculated relaxa-
tion times are orders of magnitude larger than those
observed.

Nagaoka, '~ employing the approach taken by Van
Vleck'4 (spin-lattice coupling via the thermal modula-

tion of the crystalline electric field), has made exphcit
computations for magnetically dilute copper Tutton
salts. For the direct process it was found that
Ty ~ T II ' and has a very marked asymmetry with

respect to the angle between the magnetic 6eld and the
crystaOine axes. For II 3000 Oe and T 1'K, T~
varies from 10 ' sec t (110) direction( to 10' sec L(100)
direction(. No asymmetry in excess of a factor of 2

was ever observed, and the dependences upon tempera-
ture and frequency are noticeably diRerent. The calcula-
tion of thc RaIQan pl occss llldlcatcd that Ty tx T
and is independent of magnetic 6eld.

The situation is thus only aggravated by the observa-
tion that deutcration can have an CGect which is
quite unexpected, " and which suggests that other
atoms, apart from impurities, in the molecule are
signi6cantly important in the relaxation process.
(From Table I it is seen that all the slowly grown
crystals of i% concentration exhibit approximately
the same iron contamination size for size.)
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