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We investigate how conduction electrons in dilute alloys are affected by the exchange interaction with
localized spins of impurities. It is shown that, if the interaction is antiferromagnetic, the perturbational
treatment breaks down below a critical temperature, and that near the Fermi surface there appears a quasi-
bound state between the conduction-electron spin and the localized spin. Because of the appearance of this
quasibound state, the resistivity increases with decreasing temperature, but has a finite value at 7=0.
There is no logarithmic term in the resistivity at low temperatures, in contrast to Kondo’s theory of the
resistance minimum. There also appears an anomaly in the specific heat at low temperatures.

1. INTRODUCTION

ANY authors! have investigated how conduction
electrons are affected by the exchange interaction
with localized spins of impurities, i.e., by the so-called
s-d exchange interaction in connection with various
properties of dilute alloys such as Cu-Mn alloy. Recently
Kondo? explained the phenomenon of the resistance
minimum in dilute alloys by this interaction. Calcu-
lating the transition probability of conduction electrons
to the third order of the interaction, he showed that the
transition probability has a logarithmic anomaly at the
Fermi surface, and that in the resistivity there appears
a term proportional to In7. According to Kondo, the
resistance has a minimum at low temperature if the
interaction is negative (antiferromagnetic). The theory
is in good agreement with experiments.

From the theoretical point of view, however, there
remains an essential difficulty in Kondo’s theory; the
lifetime of conduction electrons obtained by perturba-
tion diverges at the Fermi surface in the third order
[see Eq. (17) of Ref. 2], and, as will be shown later,
even becomes negative if higher order terms are taken
into account. This means that the perturbational treat-
ment breaks down there, and that the unperturbed
state of conduction electrons becomes unstable.

The situation seems to be quite similar to the case
of superconductivity,? in which the perturbational treat-
ment breaks down at the transition temperature. From
the similarity between the two cases it is reasonable to
expect that, in the case of dilute alloys, there appears
some correlated state, or a kind of bound state, between
localized spin and conduction-electron spin at low tem-
peratures corresponding to the Cooper pair. In the
theory of superconductivity, we solve the problem in a
self-consistent way, taking into account the correlation
between electrons. Similarly in solving our probelm of
dilute alloys we have to take into account the correlation
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between localized spin and conduction-electron spin.
Naturally there is also an essential difference between
these two cases, i.e., in our problem one of the inter-
acting particles is localized at the impurity site, and so
the interaction does not conserve momentum. There-
fore, some results, for example the energy spectrum of
conduction electrons, are expected to be quite different
from those in the case of superconductivity.

In this paper we shall investigate, by a method similar
to the theory of superconductivity, how the conduction-
electron states are modified by the s-d exchange inter-
action, by taking a very simplified model for dilute
alloys. In Sec. 2, the problem is formulated and some
approximations are introduced. It is shown, in Sec. 3,
that the usual perturbational treatment breaks down at
low temperatures if the interaction is antiferromagnetic.
In Sec. 4 the problem is solved in a self-consistent way
for the case of antiferromagnetic interaction, and it is
found that at low temperatures there appears a quasi-
bound state between the localized spin and the con-
duction-electron spin. In Sec. 5 the resistivity and the
specific heat of dilute alloys at low temperatures are
calculated using the results obtained in Sec. 4. Some
discussions are given in the last section.

2. FORMULATION AND APPROXIMATION

Let us consider a system of conduction electrons and
an impurity on which a magnetic moment is localized.
The so-called s-d exchange interaction acts between the
conduction electrons and the localized moment. The
Hamiltonian of the system is given by

J
H=3, ékckaTCka—E 2 {(CirTCrt —Ciy1Cxry)
ko

kk’

XS Cut ' CrrsS_+Cit 1Cut Sy},  (2.1)

where Cyg,' and Cx, are the usual creation and annihila-
tion operators of the conduction electron with wave
vector k and spin ¢, e is its one-electron energy, S, and
Sy are the components of the spin operator associated
with the impurity. V is the total number of atoms in the
crystal and J is the strength of the exchange interaction
which is assumed to be independent of % and %’. In the
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following calculations, we assume that J is small so
that |J|p/N<K1, p being the density of state of the
conduction electrons at the Fermi surface, and we con-
sider the case S=3% for simplicity.

To investigate the effect of this exchange interaction
on conduction electrons, we use the method of the re-
tarded double-time Green’s function, which is defined by

<A|B>l=_7‘<[:A(t))B(0)]+> for 1>0,

2.2
= 0 for <0; 22

where ( ) denotes the statistical average, A and B being
operators. Its Fourier transform is given by

1 )
(4] B)o=— lim / (A| By, (2.3)
2 10+ ”

(0= £u) G (0)+(J/2NV )Zl Ti(w) = (1/27)dune
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In the following we suppress the suffix w of the Fourier
transforms for simplicity. Using (4 | B), we can obtain
the average (B4 ) by the formula

(Ba)= / (—2Im(4| B} f)dw,  (2.4)
with w
flw)=1/(e/T+41). (2.5)

Here we took %=1 and Boltzmann constant kz=1.
Introducing

G (@) = (Cwrt | Ct ) (2.6)
T (0) = (CurtS:4-CursS—| Ciat), (2.7)

we set up the equations of motion to be satisfied by
these functions in the usual way.* We have

(2.8)

(0= & )(CirtSs| Cea®)+-(T/ ZN)Zl {{C1rS:2| Cua)F-3(CuS_| Cia )}

+ (]/ZN)§ {— (CurtCit"CryS_| Cia )+ (Curt Crt CraS4 | Cua ')} = (1/27)(S. Do, (2.9)

(0= £ )(Cus S| Cur)+ (J/2N)§ {3{C1t [ Cur D)= (C11S:2| Cuaet ) H+-3(CuS_ | Ciett)+-(C11S. | Cua )}

+(T/2N)Z {{CirsCitTCr4S_| Citt)—(Cirs CiTC 1y S_| Cit ) — 2(Cirs CuitCr1S:| Cu )} =0,  (2.10)
11’

where &= ex— er, with er denoting the Fermi energy, and use has been made of the following relations which are
valid for S=1%:

SiSz=:F%Si, SzSi=:|:%Si, S+S_=%+SZ—S=2. (211)
To solve Egs. (2.9)-(2.11), we must approximate higher order Green’s functions appearing in Eqgs. (2.10) and

(2.11). We shall take an approximation in which some combination of operators is replaced by its average value.
In doing so, we should notice that only the average of such combinations that conserve the total spin does not

vanish. For example (Cyxt'Cy3S4) should vanish, but (Cxi'Cw1S.) should not. Thus we put

(CrrtCitTCriS_| CutT) = (CutCit ' ){Cr4S—| Cit )+ (C1t'CraS_YWCirt | Cia 1),
(CitCuCraS4| Cia)y=(Cu’CraS ){Cirt | Cit ) — (CrutCitS1)H{(Crrt | Cit Ty,
(CrsCrafCr4 S| Ciet )= (Curs Cra ! XC1r4S, | Cir ) — (Cry T Cir s S ){Crrt | Cipt),
(CansCutCriS_| CutT) = (C*Cri ){CirsS_| Cut )+ (Cirs Cuut)Y{CrruS_| Cit ).

This approximation is quite similar to the approxi-
mation used by Zubarev® in his treatment of super-
conductivity by the use of the double-time Green’s
function, which gives the Bardeen-Cooper-Schrieffer
(BCS) results. The approximation is reasonable and
seems to be the simplest way to take into account the
correlation between the conduction electrons and the
localized spin in the calculation. The averaged quantities
of the type (C'CS), which are closely related to the
correlated spin polarization of the conduction electrons
around the impurity, play an important role in our
treatment.

4D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [English transl.:
Soviet Phys.—Uspekhi 3, 320 (1960)].
5 See Sec. 6 of Ref. 4.

(2.12a)
(2.12b)
(2.12¢)
(2.12d)

Now it is easy to see that the average values appear-
ing in Eqgs. (2.12) are connected with each other by the
following relations which come from the symmetry of
the system:

(Cit'Cr1)={(CutCrs),
(Cit'CriS_)=(CutCr1S4)=2(C11'C11S.)

=—2CutC1S.). (2.13)

Further, we have (S,)=0.°
By the use of the approximaion (2.12) and the relation
(2.13), the equation of motion for I'uw(w) can be ob-

6 It must be remarked here again that ( ) means the statistical
average, and not the expectation value at one of the degenerate
ground states. Therefore, even if there exists a localized spin,
(Se) should vanish while (S.?) should not.
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tained from Egs. (2.9) and (2.10) as

J
(0— &) Tier (w)'f‘ﬁ(ﬂk' - %)213 Tii(w)

J
+—z§(%—m"')z Gu(w)=0, (2.14)
1
where
ner=2_1 {C1+'Ci1t), (2.15)
=3 31 {C1r'CrrsS_). (2.16)

Equations (2.8) and (2.14) are to be compared with
Eq. (6.14) of Ref. 4.

Now that we have obtained a set of simultaneous
equations for Guw(w) and I (w), i.e., Egs. (2.8) and
(2.14), it is easy to solve them, and the solutions are
found to be

1 0uw J? 1
Gy (w)=— —_
2r lw—E&x 4N (w— &) (w— &)
T(w)
X (2.17)
1+JG(w)+372F () T(w)
1 J 1
Dy (w) =— — ————
27 2N (w— &) (w— fxr)
X(mk'——)[l-l-JG(w)] (mw—3)JT(w )’ 2.18)
1+JG(w)+372F (w)T'(w)
where )
Flw)=—3" (2.19)
N x w— &k
1 nk—%
Glw)=—2" (2.20)
N x w—ék
1 mk—%
Iw)=—3 ; (2.21)
N x w—Ek
or, introducing
Gi(w)=2w Guk(w), (2.22)
Ti(w)=>w Teil(w), (2.23)
we have
1 1 14+ JG(w
Gu(w)=— +76() (2.24)

21 w— §x 14+JG(w)+1J2F ()T (w)
1 JF(w) (mx—3)[1+JTG(w) ] (nx—3)JT(w)

I'i(w)=—
1+ JG(w)+3/%F ()T (w)
(2.25)

By the use of Eq. (2.4), nx and myx are obtained from

w— £

nk=/ {—2 ImGy(w)} f(w)dw, (2.26)

M= f {(—4ImTy(0)} fl)dew.  (2.27)
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Now Egs. (2.24)-(2.27) form a set of simultaneous
equations which is to be solved in a self-consistent way.

3. PERTURBATIONAL TREATMENT: SOLUTION
AT HIGH TEMPERATURES

Before looking for self-consistent solutions of the
equations obtained in the last section, we shall try to
solve them perturbationally. Then we can replace #x and
my by their zeroth-order quantities with respect to J,
because they appear only in higher order terms. There-

fore we put
mx=0, mx= fi= f(£) (3.1)
in Eq. (2.17), and obtain
1 e 372
Gy (0)=—1——+—
Irlo—& 16N
1 F(w)
X 3 (3.2)
(0— &) (0— ) 1+7G(w)
and, in particular, we have
1 372 F(w)
—Gu(w) ' =o—fk———————,  (3.3)
27 16N 1+JG%(w)
where
fi—3
Gﬂ(w)——z 2 (3.4
kE w— Ek

and higher order terms were neglected in the
denominator.

In the following discussion it is assumed for simplicity
that the real part of F(w) can be neglected, and that its
imaginary part is independent of w; that is F(w) is
replaced by a pure imaginary constant as

F(w)=—1imp/N, (3.5)
p denoting the density of states of conduction electrons
of pure metal near the Fermi surface.

Let us examine the self-energy part in Eq. (3.3).
We put

G (w)=K(w)—iL(w), (3.6)

where K (w) and L(w) are real functions of w defined by

K(w)——— > P _: G3.7)
L(w)=mp[ f(w)—3%]. (3.8)

In calculating K(w), we replace the summation over
k by the integration over . Then, if we assume the
density of states to be independent of w, the integral
diverges. Therefore we should cut off the integration at
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some energy. We calculate K(w) as follows:

01
K(w)=— d
()N[_w Epas)s

N

w—

f(E)——
w—§

D 1

£
P— tanh( )dE, (3.9
2N J.p w—E§ 2T

3

-D

P

where the cutoff energy should be of the order of band
width. In particular at T=0 we have

K(0)=—(o/N) In|w/D|. (3.10)

Although the approximation taken above is rather
crude, it does not seem that inclusion of actual band
structures and k, k' dependence of J affects, at least
qualitatively, the behavior of K(w) near w=0, which
is our main interest. At finite temperatures K(w) has a
sharp maximum at w=0.

By the use of Egs. (3.5) and (3.6), Eq. (3.3) becomes

1 3rJ% JL(w)
—Gkk(w)"l =w— {—
2 16N2 [14+JK(w) P+ [T L(w) ]2
3rJ% 14+JK(w)

+i . (3.11)
162 [14JK () 4+ [J L(w) ]2

It should be noticed here that, if /<0 and the tempera-
ture is low enough, the imaginary part of the above
expression, which is equal to the inverse of the lifetime
of conduction electrons, becomes negative near w=0.
This means that the conduction-electron states become
unstable near the Fermi surface. The critical temperature
T. below which this instability arises is determined by

J
1= [———lf ~t nh( : )dé, (3.12)
N Jo & 2T,
or
T.=1.14A, (3.13)
with
=Dexp(—N/|J|p). (3.14)

It should be noticed that the expression for T, is quite
similar to that for the transition temperature of super-
conductors. If D~5 eV and |J|p/N~1071, we have
Ap~2.5X107* eV and T,~3°K.

When J<0 and T<T., we have to solve the equa-
tions more carefully. In this case my is expected not to
be small, but to have a quite large value near the Fermi
surface.

4. SELF-CONSISTENT TREATMENT: SOLUTION
AT LOW TEMPERATURES

Now we shall consider the case J<0 and T'< T, and
solve Eqgs. (2.24)-(2.27) in a self-consistent way. As was
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discussed in the last section, my is expected to be quite
large near &=0. In fact it will be shown later that m
has a logarithmic singularity at £ =0 at T'=0. Because
of this singularity of my, I'(w) is also expected to be
anomalous as a function of w near w=0. By the use of
these properties of #x and I'(w), we can find an approxi-
mate solution of Eqgs. (2.24)-(2.27) which is valid near
the Fermi surface.
Let us assume the relation’
Mk_%=a(”k"%)/$k ’ (a>0) ’ (41)
where « is a parameter to be determined in a self-con-
sistent way. Then G(w) becomes

1
Ng—3

%) 1
G(w) =;I‘(w) _E %

. &k
Assuming
| m—3
N & &
we have a simple expression for G:
Gr(w)=——"— (4.3)
21r (0— &) (w—l-zA)
where
A= (m/4N)|J|pa>0 (4.4)

and we have made use of Eq. (3.5). Similarly Eq. (2.25)
becomes

1T me—%
Ty(w)=1—— (4.5)
4N w—l—'LA
From Eqgs. (2.26) and (4.3), we obtain
2 1 A&
ng—F= (fe—3)+-
£k2+ A2 T EkZ_I_ AZ
D 1 w \ 1
X / (P dw, (4.6)
o\ o—f wrhar)er41
which reduces to
Ady &
m—}=——(fi'=} o=,
E2+A T aera
at =0, (4.7)

where we have taken the same approximation as we did
in calculating Eq. (3.9).

7 The parameter o has been taken to be positive; for, if other-
wise, G (w) has a pole in the upper half-plane of complex w, which
contradicts the required analytic property of Gyx(w). However,
negative a can also satisfy the self-consistent condition, because
Eq. (4.8) determines only the magnitude of « and not its sign. It is
not so clear what this unstable solution means physically.
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A/Be
Fic. 1. Tempera-
ture dependence of
A. Aisnormalized by
its value at 7'=0.

0.5t

0 L
[+} 0.5 1.0
T/Te

Substitution of Eq. (4.6) in Eq. (4.2) gives

[Jlp P & £
1=—-ro / tanh(w)dé
N J, &4+A7 2T

D

7 A 1 1

e / / (p © N\ .
NJJ 2r A\ w—t @A er 1

The integral of the last term is shown to be of the order
of (A/D) In(A/D). It will be shown later that A/D<K1,
so we can neglect the second term of the above expres-
sion. Thus we have a relation

[Jlo (P & £
1=—— tanh(—)d£ ,
N J, 8442 2T

which determines A as a function of 7.
my is calculated by Egs. (4.1) and (4.6). We have

4A [ &
w|J|p/N &2+A2

b, 0 \ 1
X / <p dw} 4.9)
o\ o—f @A eT 11

and, in particular,

(4.8)

1
(fem1)4—
(fem? T £ A2

4

4 T,
~————ln(—), at £=0, (4.10)
2| J|p/N \T

3 _
Me— 34—

where T, is given by Eq. (3.13). [The calculation of
Eq. (4.10) will be given in the Appendix.] From Eq.
(4.10) it can be seen that |(mx)g—o|>>% except in the
region |T.—T|<T(Jp/N).

Next we consider Egs. (2.27) and (4.5). Inserting
Eq. (4.5) in Eq. (2.27), we have

M= [%—If /;D £2'iA2 tanh(%)d{l(mk—%). (4.11)

At first glance, Eq. (4.11) is inconsistent with Eq. (4.9),
However, it can be seen from Eq. (4.9) that |mu[>>1

YOSUKE NAGAOKA

at —A<&<A. If we confine our calculation to this
region, we can neglect 2 in Eq. (4.11) compared with
my. Then Eq. (4.11) reduces to Eq. (4.8) which was
already obtained. This means that Egs. (4.6) and (4.9)
together with Eq. (4.8) are the self-consistent solution
of our problem which is valid near &=0.

It should be said, however, that there remains some
ambiguity. In the above discussion we used the relation
(4.1) in the whole range of k in calculating G(w) and
I'(w), while Eq. (4.1) has been proved to be valid only
in the region near the Fermi surface. However, it can
be seen from Egs. (4.6) and (4.9) that, as | &| increases,
nx and my tend to their zeroth-order values (3.1)
rapidly. It seems that a deviation of #x and my from
Egs. (4.6) and (4.9) in the region | £| > A does not affect
G(w) and I'(w), in particular their behavior near w=0,
seriously.

Equation (4.8) has a solution when 7'< T'.. In particu-
lar we have

ANA[1—30%(T/A)?] at T~0,  (4.12)
AX(4/7)(To—T) at T<T., (4.13)

where Aq and T, are given by Egs. (3.14) and (3.13),
respectively. [ Calculation of Egs. (4.12) and (4.13) will
be given in the Appendix.] T" dependence of A is shown
in Fig. 1. Although Eq. (4.8) has a solution as long as
T<T., we must notice that the inequality |my|>2 does
not hold when |7T—T.|~T(|J|p/N). Therefore the
solution obtained above is meaningful in the region

| T—T|>>To(|T|p/N). (4.14)

By the use of the above results Egs. (2.17) and (2.18)
are reduced to

1 Bkk'll 1

Gy (0)=— F —t, (4.15)
2r lw— & 7p (0— &) (w— Exr) w+1A
17 i —3
Ty (@) =— — —————; (4.16)
27 2N (w— &) (w+14)
in particular, we have
1
—Gux(w) 1=0w— f—— 4.17)
2w mp wHiA

From Eq. (4.17) it can be seen that the lifetime of
conduction electrons is positive in the whole region of
energy.

The physical meaning of the additional pole w=—3iA
becomes clear if we examine how conduction-electron
spins are polarized around the impurity. The behavior
of the conduction-electron spin polarization is seen by
calculating the quantity

PR)=2 (CxtTCiry S_)eit—kNR
kk’

=32 (4.18)

kk’

dwf(w){—2 ImT e (w) }e?EEI R,
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For simplicity we consider the case T=0. Then after
some calculations we get

p(R)=—(4AN?/3mp)[a(R)

by
Brar
1 A

w3z |

—In
T &2+ Al

If R&Kwvp/A, vp being the Fermi velocity, k dependence
of the exponential factor in Eq. (4.19) is slower than
that of the factor in the wavy brackets, and hence, the
former can be replaced by its average over the Fermi
surface. Then we obtain

H(R)— (AN?/3rJ%)(sinksR/krR)?
for R<wp/A. (4.20)

For R>vr/A, p(R) will vanish more rapidly. Equation
(4.20) is compared with the usual Ruderman-Kittel-
Yosida type polarization,® which is proportional to
sin(krR)/(krR)? when kpR>>1. First of all we see that
the polarization has a much longer range in this case,
and that it is negative, or antiparallel to the localized
spin, in the whole region of space rather than oscillating.
If A~5X 107 eV, ep~5 eV, and kr~10% cm™, we have
vp/A%(ep/A)kF"1~ 10~* cm.

Thus it is concluded that, when the temperature be-
comes lower than 7, there appears a quasibound state
around the localized spin, whose range is of the order
vr/A. However, it should also be remarked that T is
not a transition temperature in an ordinary sense, be-
cause, if T.—T<T:(|J|p/N), the quasibound state
obtained here is no longer stable. Although we could not
get the solution in this transitional region of temperature,
it seems that the quasibound state appears gradually
rather than suddenly at 7'=T'..

)
= ]e“"k. (4.19)
A

5. RESISTIVITY AND SPECIFIC HEAT

So far we have considered the case of one impurity.
It is not difficult, however, to extend the result to the
case of many impurities, if their concentration ¢ is small
enough and the interaction between them can be
neglected. In this case we have only to multiply by ¢V
those terms which come from the interaction with the
impurity. Thus we have from Eqgs. (3.11) and (4.15)

1 3wJ%pc 1
—Gualw) = o= b ————,
27 16N 1+JK(w)
for T>T,, (5.1)
¢cN A
—Gu(w) l=w— f—— for T<T.. (5.2)
T mp w-l-’LA

In Eq. (5.1) we have neglected higher order terms of J.
By the use of Egs. (5.1) and (5.2) we shall calculate the
resistivity and the specific heat of the system.
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A. Resistivity

The static conductivity ¢ is calculated by the formula

e af
g=—— /7kvk2—pd£k 5 (53)
3 Atk

where vy is the velocity of the conduction electron with
wave vector k and 7y is its mean free time. If we use
Eq. (5.1) for the Green’s function, 7y is given by

1 3nJ%c 1

——= . (5.4)
™ 16N 1—|J|K(&)
Then ¢ is calculated as
2e%pu? 16N af
o= [a- |J|K<s»(—-—)

3wJ%c

ne 16 T

= n\ , (5.5)
m* 3r|J|c 10.68T,

where # is the total number of conduction electrons and
we put p=3n/2m*vp?, m* denoting the effective mass of
conduction electrons. Thus we get the resistivity
m* 3r|J|c
(i

pres=1/0 as
-1
—_— n .
16 \ )

ne?
If the temperature is high enough above T, Eq. (5.6)

reduces to
[J]e 10.77D
14+ lni ':l , (5.7
N T

T
0.68T,

(5.6)

Pres=

m* 3rJ 2pc|‘
Pres=—"

net 16N L

which is essentially the same as the result obtained by
Kondo.? It should be noticed, however, that Eq. (5.7)
is correct only at high temperatures. Equation (5.6)
itself diverges at 7=0.68T". and becomes negative for
T<0.68T,, which corresponds to the instability men-
tioned before.

For T<T,, we should use Eq. (5.2). Then we have

1 ¢cN A?
—_——— (5.8)
T« mp &P+A?
ne? wp w2y T\?
L) e
m* cN 3\A
m* cN w2y T\? 7!
p,es=———~[1+~<—):| . (5.10)
ne* mwp 3\A

It should be noticed here that pre tends to a finite value,
which is independent of the magnitude of J, as the
temperature decreases, and that there is no term pro-
portional to InT" at low temperatures. The 7" dependence
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F16. 2. Temperature dependence of resistivity. pres is normalized
by its value at 7’=0. Curve 4 is calculated by Eq. (5.10) and
curve B by Eq. (5.7) (|J|p/N=0.01). For T~T,, we interpolate
these two curves.

of Egs. (5.10) and (5.6) is shown in Fig. 2. For T'~T,,
we interpolate the two expressions, because both of them
are incorrect there. If we add the contribution from the
electron-phonon interaction to the above result for the
resistivity, it is clear that there appears a resistance
minimum near I'=7T,.

B. Specific Heat

The appearance of quasibound states changes the
density of states of conduction electrons, which is

given by
plw)=2x {—2 ImGix(w)} .

Inserting Eq. (5.2) in Eq. (5.11), we get the change in
density of states as

(5.11)

cN? A2 @

Sp(w)=— r -+
w2—l--A2l N w24 A?

w2

} , (5.12)

where. the derivatives of I(w)=ReF(w) and p(w)
= —(N/7) ImF(w) with respect to w have been replaced
by their values at the Fermi surface, I’ and p’.

The change in the total energy of the system is
calculated as

6E=/w6p(w)f(w)dw

cN? 12)
=———{A2p f fw)da
7% Wi A2

wAp’ w?
g
N w2 A?

By the use of Eq. (4.8) the first term in the brackets
reduces to I'A2/J(p/N). In the calculation of the second
term there remains some ambiguity. In the above we
used Eq. (5.11), which is valid only in the neighborhood

f(w)dw} . (5.13)
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of the Fermi surface, as if it were correct over the whole
region of w. Such extrapolation is allowed only when the
integral to be calculated converges rapidly. In the
second integral contributions come from the whole
region of w to the same order. Therefore, to calculate
it precisely, we have to know Gix(w) in the whole region
of w. Instead of doing so, we estimate it by cutting off
the integration at w~=-A. The second term then gives a
contribution of the order p’A2/N, which is at most of
the same order of the first term. Thus we have

_ cNI'
| T[(o/N)?

v

A2, (5.14)

where I’ should be considered as a parameter of the
order ez 2.

The contribution to the specific heat is given by
8C=0(8E)/dT. To calculate the derivative of A with
T, we differentiate both sides of Eq. (4.8) with T and

obtain
dA?

o
ar T{A(A/T) }

(5.15)

* X X
A(6)=252/ ——— tanh—dy. (5.16)
o O+ 2

For the cases 8>1 and 6«1, 4(3) becomes

A@B)=1—(x2/3)(1/8?), for &>1,
=(r/4)4, for oK1.

Thus we obtain the anomalous part of the specific heat,
which is due to the appearance of quasibound states, as

(5.17)

cNI' 2A2 1
— _—{ 1}, (5.18)
| J[(o/N)* T \A(4/T)
particular,
2cNI’
=——T for T~0  (5.19)
3|71 (e/N)?
32cNI’
=————-(T,—T), for T~T,. (520)
7| | (o/N)?

The T' dependence of 6C is shown in Fig. 3, where I’ is
assumed to be negative,

Fi1c. 3. Temperature

dependence of theanom-
8c alous part of the specific
heat in an arbitrary
\ scale.
o 05 1.0
/T,
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The order of magnitude of 8C is (¢cN/|J|)T, for
I'~ e 2 and p~Ner!, while the specific heat of pure
metals is of the order (NV/er)T. Therefore the relative
magnitude of 6C is of the order (cer/|J|)~10"1 if we
take c=10"2 and | J|/er=10"1. The contribution to the
specific heat seems to be rather small.

6. DISCUSSION

As was suggested in Sec. 1, our problem has been
solved by a method similar to the theory of super-
conductivity. The results, however, have some differ-
ences from the case of superconductivity. In the energy
spectrum of conduction electrons appeared an anomaly
near the Fermi surface, corresponding to the quasi-
bound state, rather than an energy gap. Further, the
appearance of the quasibound state seems to take place
gradually in a transitional region of temperature,
although we could not determine the behavior of the
system in the transition.

Our model treated in this paper looks oversimplified
compared with the actual case of dilute alloys. First of
all we neglected Coulomb interaction between the con-
duction electrons. To see the effect of Coulomb inter-
action, we calculate the charge density of electrons
associated with the quasibound state. It is calculated
from Eq. (4.15) in a way similar to the calculation of
Eq. (4.18), and is found to be smaller than the spin
polarization density by a factor (J/er)2<X1. This means
that the bound state is essentially a bound state of
electron-spin density, and not that of electron-charge
density. Therefore it cannot be destroyed by Coulomb
interaction as long as Coulomb interaction is taken into
account in Hartree approximation. Our theory is not
applicable to the case where the exchange interaction
between the conduction electrons plays an important
role.

If we do not neglect ReF(w) [li.e., if we do not assume
Eq. (3.5)], A becomes complex and the energy of the
quasibound state shifts upwards or downwards from
the Fermi surface according to the sign of ReF(w). Some
of the expressions will be a little more complicated, but
the main results are not modified, at least qualitatively.
In addition, it can be seen that, if this is the case, there
appears some space charge around the localized spin.
It is, therefore, expected that A effectively becomes real
if the Coulomb interaction is taken into account.

There is no essential difficulty in generalizing the
treatment to the case S>3, although it might be much
more complicated. It is quite reasonable to believe that
the main result obtained here, i.e., the appearance of
the quasibound state at low temperatures, is not
modified even in the case S>31.

The main defect of our theory seems to be that the
equations are solved only in the neighborhood of the
Fermi surface and the solution is extrapolated to the
whole region of energy when we calculate some integrals.
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Because of this approximation we could not see how the
quasibound state appears in the transitional region of
temperature. It is very desirable to refine the treatment
of this point.

The same problem of Kondo’s effect has also been
treated by Suhl® by the method of Chew and Low in
scattering theory. Though his result seems to have some
similarity to ours, it is not so easy to see the relation
between these two treatments.

There also remains an interesting problem of the
magnetic susceptibility at low temperatures. The polari-
zation of conduction-electron spins associated with the
quasibound state is expected to behave as a part of
localized spin, and hence, the effective magnitude of
localized spin will be reduced at low temperatures.
However, the calculation of the magnetic susceptibility
is beyond the scope of this paper, because it requires
calculation of the two-particle Green’s functions. In
addition the interaction between localized spins, which
we have neglected throughout this paper, will play an
important role there. This problem will be left for
future investigations.

Note added in proof. It should be said that the calcu-
lation in Sec. 3 for the case of high temperatures has
only a qualitative meaning. The lifetime of conduction
electrons obtained in (3.11) differs from that of the
perturbational calculation? in the third order of J, when
the former is expanded in powers of J. This is because
we put m,=0 in (3.1), which is correct only to the
zeroth order. From Eq. (2.18) we get to the lowest
order of J

T (@) =— (3T /16xN) - [ (w— &) (w— £) T

It is then easy to see that m; is proportional to J log | &|
in this order (for 7=0). From this term there arises
another contribution to the lifetime which is propor-
tional to J3log|w| (for T=0), and the final result is,
as it should be, the same as Kondo’s.

A different expression for the lifetime of conduction
electrons has been obtained by Suhl® by a dispersion
theoretical method. His expression gives no negative
lifetime even near the Fermi surface. However, as
pointed out by Suhl himself, it has a pole in the upper-
half plane of complex frequency at low temperatures.
The existence of such a pole usually means that the
unperturbed Fermi surface has some instability. In this
case it is expected that the Fermi surface is unstable
locally, in the vicinity of the paramagnetic impurity. If
this is the case, the self-consistent treatment in Sec. 4
has an essential importance in the present problem.
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APPENDIX

(1) Proof of Eq. (4.10): Putting £&=0 in Eq. (4.9),
we have

(mu—3) g, =0
4 |Jlp /2 1 1
=————{1+ / P- dw}
2To/N2 N Jp wenTH1
D/Tl

4 Jle X
= {1——' | —tanh—dx} . (A1)
72(Jp/N)? N Jo «x 2

The integral is divided into two parts as

D/T D/Te | X
/ = / — tanh—dx4-
0 0 X 2

where T, is given by Eq. (3.13). By the use of Eq. (3.12)
the first integral becomes N/|J|p, while in the second
integral tanh($x) can be approximated by unity because
D/T>>1. Thus we have

Jlp (P71 x [Jlp (T,
l———l— — tanh—dy= l-l-——l— ln(-—) . (A2)
o X 2 N T
Substitution of Eq. (A2) in Eq. (A1) gives Eq. (4.10).
(2) Proof of Egs. (4.12) and (4.13): Equation (4.8) is

rewritten as

DIT {
— tanh—dy,
D/Te X

JTlp 27 x X
1= |——L tanh(—)dx , (A3)
N Jo x> 2
with
5=A/T. (A4)

When T<T., we have &>1, for A tends to a finite
value for 77— 0. In this case the integral in Eq. (A3)
is divided into two parts as

D/T 4 5 X
/ = / tanh—dx
0 o x> 2

D/T X X
+ / tanh=dyx, (A5)
A x0tE 2

where A is a constant such as 1<KA4<. In the first
integral x* can be neglected compared with 42, and it

becomes
4 1 A X
/ >— / x tanh—dyx
0 62 0 2

1 4 X A?
=-—/ x(tanh—-— l)dx-l-— .
8% Jo 2 262
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In calculating the integral in the last expression, we can
replace the region of integration by (0,%), for the
integrand vanishes rapidly for x>>1. Thus we have

4 g2l Al
[
0 6 62 26°
In the second integral of Eq. (AS), tanh(}x) is approxi-
mated by unity, and we have

D/T D/T X D A 2
[ (D)
A 4 x:+ 62 A 262

By the use of Egs. (A6), (A7), and (AS), Eq. (A3)

becomes
[T D\ w2/ T\?
= ()50
N A/ 6\A

Solving Eq. (A8) for A, we finally obtain Eq. (4.12).
When I'~T., we have §<1. We divide the integral

as Eq. (AS), but in this case 4 is chosen as 6<<4<1. In

the first integral tanh(3x) is expanded with x, and it

becomes
I R A4 =
/ - / dx>t———0.
o 2Jo x*06* 2 4

In the second integral &2 is neglected compared with x2
and it is calculated as follows:

(A6)

(A7)

(A8)

(A9)

D/T D/T 1 X
/ = —tanh—dyx
4 4 X 2
D/Ts | x D/7T |
= / — tanh—dx+ — tanh—
0 X 2 DITe X

41 5
-—-/ —tan—dy.
0 X 2

The first term becomes N/|J|p by the use of Eq. (4.8).
In the second term tanh(%x) is approximated by 1, and
in the third by %x. Then

D/IT N TN 4
/ g—+1n(—)——.
A |J[p T 2

Inserting Egs. (A9), (A10), and (AS) in Eq. (A3), we
have

(A10)

A=4/m)T n(T./T), (A11)

which becomes Eq. (4.13) for | T—T.| KT



