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where the plasma is well-matched to the waveguide. The
radiation standard was a neon gas discharge calibrated
by the Bendix Corporation to have a temperature of
17 500+680'K.

The time resolution for the measurement of the
electron radiation temperature was obtained by energiz-
ing the microwave receiver with a 1-p,sec gating signal
such that in one cycle the receiver would detect the
signal eieTrt+1'ieT, at the desired time in the afterglow
and one-half cycle later detect the signal from the
standard alone, kT, . Since this whole process was
repetitive, it was possible to employ synchronous detec-
tion, thus reducing the time required to make a given
measurement.

VI. DISCUSSION OF ASSUMPTIONS

By studying the variation of the radiation tempera-
ture of the plasma as the magnetic field is varied through

cyclotron resonance, ' an estimate of the error made in
assuming that ~kT=~kTg I is obtained. Such meas-
urements show the error made in making this assump-
tion for the experiments here reported is never greater
than 20%.

The validity of the assumption that the number of
electrons in the perturbed part of the distribution func-
tion represent a small fraction of the whole may now
be directly verified by integrating Eq. (12) over all
electron velocities and substituting the appropriate
quantities from Sec. IVB to obtain this fraction for the
particular case therein discussed. The value thus found
for this fraction is 1/20, thus justifying the assumption.

ACKNOWLEDGMENTS

The authors gratefully acknowledge the work of
J. J. McCarthy and W. J. Mulligan in developing the
electronic circuitry used in the experiment.

P H YS ICAL REVI EW VOLUME 138, 'NUMBER 4A 17 MAY 1965

Recombination of Ions and Electrons in a Highly Ionized Hydrogen Plasma*

WILLIAM S. COOPER) III' AND WULF B. KUNKEL

Iaiorence Radiation Laboratory, University of California, Berkeley, California

(Received 16 December 1964)

A hydrogenic plasma with an electron density near 5X10"cm g and a temperature between 1 and 3 eV is
produced by a powerful transient discharge in a tube of 14-cm diam and 86-cm length. Spectroscopic tech-
niques are used to follow the subsequent decay of both electron density and temperature for about 300 @sec.
Astrong uniform axial magnetic 6eld suppresses rapid radial particle losses, but does not appreciably reduce
the radial energy transport. The axial transport apparently results merely in the slow growth of relatively
thin dense boundary layers at the tube ends. In the interior the ionization is shown to decay primarily by
volume recombination, and the rate coefBcient agrees well with that calculated by Bates, Kingston, and
McWhirter for plasmas that are virtually opaque to the Lyman-line radiation. Evidently, the plasma starts
out essentially fully ionized and seems to remain close to local thermal (Saha) equilibrium for 120 @sec.The
inferred energy-loss rate, on the other hand, initially exceeds that expected for kinetic transport by perhaps
an order of magnitude, indicating that early in the afterglow radiative transfer may be signi6cant.

I. INTRODUCTION

sEVERAL authors, beginning with Lord Rayleigh
in 1944, have observed recombination in dense

hydrogen plasmas. ' ' The recombination was at first
attributed to "radiative recombination, " described by

II++e -+ II*+hv,

with an associated recombination coefficient 0. defined

*Work done under the auspices of the U. S. Atomic Energy
Commission.
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by
dS;/dt = n(T)X;g„— (2)

where S; is the ion density, X, is the electron density,
and T is the temperature. Measured values of 0, have
been too large, sometimes by more than a factor of
10, to be explained by radiative recombination alone.
O'Angelo showed that another process, "three-body
recombination, " could contribute significantly to the
recombination rate of a dense plasma. ~ This process is
simply the inverse of electron collisional ionization:

II++e+e —+ II*+e. (3)

Several recent publications by Bates and Kingston, ' '
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TABLE I. Parameters of decaying hydrogen plasma.

Quantity

Length
Diameter
Magnetic 6eld
Initial pressure
Electron density
Plasma temperature
Decay-time constant
Electron gyrofrequency
Ion gyrofrequency
Electron-ion collision frequency
Electron-ion equilibration time
Plasma magnetic energy-density

ratio
Estimated atom density
Inferred atomic charge-exchange

frequency

Symbol

L
2E.
8
PO
X,
T
r

Ci

&eq

Value

86 cm
14.6 cm
16 kG
0.10 Torr
4.5 ~ 0.5X10"cm '
2 —+ 0.8X104 'K
=10 4 sec
3X10» sec-»
1.5X108 sec ~

7 —+ 25X10~o sec-~
=10 'sec

&3X10-3
0~4X10"cm 3

25-+3)&10 sec '

"Joseph Q. Hirschfelder, Charles F. Curtiss, and R. Byron
Bird, 3folecular Theory of Gases and Liquids (John Wiley Bt
Sons, Inc. , New York, 1954), p. 490."J.A. Fay, Energy Transfer in a Dense Plasma, in Propagation
and Instabilities in Plasmas, edited by W. I.Futterman (Stanford
University Press, Stanford, 1963), p. 104.

that of the electrons, and the electrons must have a
velocity distribution that is very nearly Maxwellian.
Because of the large cross section for resonant charge
transfer, the neutral atomic component may also be
considered as tightly coupled to the plasma, so that the
entire mixture can be adequately described as a single
Quid with well-defined macroscopic properties. In
particular, it turns out that the recombination rate is
much larger than the rate of interdiffusion of atoms and
ions, so that the drift of these two species with respect
to each other may be neglected as a macroscopic
motion. However, as is well known, the energy transport
associated with these drifts has to be included as a
contribution to the generalized heat-Qow vector."

The latter considerations permit an estimate of the
growth rate of the thermal boundary layers that must
exist between the plasma and the end plates of the
tube." The gas in these boundary layers must be
relatively dense, since no pressure gradients can persist
in a direction parallel to the magnetic field. Substitution
of reasonable values for the thermal diffusivity then
shows that during the time of the experiment the
thickness of the layers should grow only to about 1
or 2 cm. The spectroscopic observations indeed showed
that the plasma was reasonably uniform along the axis,
at least to within 2 cm from the end plates. " The
plasma is evidently not decaying primarily by transport
along the magnetic-field lines.

The situation is quite different in regard to radial
gradients. Here the pressure balance is easily dominated
by the magnetic field, and no dense boundary layer is
required. In the absence of Gute instabilities or
anomalous diffusion effects the radial drift velocity of
this plasma cannot exceed a few meters per second, and,
indeed, the experimental measurements gave no indi-

cation of any significant cross-field diffusion. " The
collisional energy transport, on the other hand, is not,
much affected by the magnetic field under the existing
conditions. Hence, when the dense boundary layer is
lacking, the radial temperature gradients may easily
extend over several centimeters, i.e., over a large
fraction of the tube diameter, just as observed in this
and similar experiments. ""We therefore arrive at the
conclusion that the plasma does not decay by either
radial or longitudinal loss of charged particles, but
primarily by radial energy transport accompanied by
recombination in the volume.
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FIG. 2. Weighted
mean value of the ion
density on a typical shot
as a function of time at
a radius of 335 cm.
Estimated errors are
shown.
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26 F. E. Irons and D. D. Millar, University of Sydney, Wills
Plasma Physics Department Report ER 8, 1964 (unpublished).

III. COLLISIONAL-RADIATIVE RECOMBINATION

As mentioned before, both the electron density and
the temperature of the plasma have been measured in
these experiments. It is therefore possible to compare
the results directly with the calculations by Bates and
co-workers without reference to the nature of the energy
Qow. We merely require that the disappearance rate of
the ions and electrons be controlled by local conditions
and do not depend directly on the existing gradients.
A very carefully prepared set of data, obtained at a
radial position 3.35 cm from the tube axis, is presented
in Figs. 2 and 3. It is seen that at early times the tem-
perature drops rapidly while the density changes only
little. It should be noted that the estimated errors do
not take into consideration the nonuniformities along
the line of sight that exist during the first 50 or 60 @sec.
After about 80 @sec the measurements should merit
comparison with theory, however. "

Since during the entire decay period almost all the
neutrals are in the ground state, we may assume
/& ———X;, permitting us to measure the decay co-
eKcient y, defined in Eq. (4), from the observed values
of N; and¹.We have calculated y as a function of time
for the decay of the plasma shown in Fig. 3. These
values are presented in Fig. 4 together with theoretical
values of y calculated from the work of Bates et gl. ,

""
using the observed values of the electron density and
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Fn. 3. Weighted
mean value of the
temperature on the
same shot as Fig. 2
as a function of time
at a radius of 3.35
cm. Estimated errors
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temperature at each time. It should be emphasized that
we are dealing with simultaneous measurements of the
electron density and temperature on a single shot, and
so are not depending upon shot-to-shot reproducibility.
Other shots, however, showed a similar behavior. The
theoretical values of 7 are shown for two cases: in the
first, the plasma is assumed to be optically thin (curve
A); in the second, the plasma is assumed to be opaque
to the lines of the Lyman series (curve 8).

The values of p early in the decay period depend also
on XI, the density of neutral hydrogen atoms in the
ground state, because the electron temperature is still
high enough to cause significant reionization and re-
excitation from the ground state. In calculating theo-
retical values of p we have evaluated E& by assuming
that (a) the plasma is initially fully ionized, enabling
us to equate the total particle density to the ion density
early in time, and (b) the total particle density in the
region of plasma observed remains constant during the
decay period, enabling us to calculate N& by subtracting
the measured ion density from the total particle density.
The first assumption we justify in retrospect; the second
seems very reasonable, as the estimated times for
diffusion are much longer than the observed decay
times.

The plasma is certainly not completely opaque to
the entire Lyman series, as was assumed in the theo-
retical treatment leading to curve B, as the lines are
broadened by Stark and Doppler broadening, and the
light in the wings of the lines must escape the plasma
with little reabsorption. This escape of radiation will
tend to increase p, as it essentially represents a new
mechanism for populating the ground state. However,
with this plasma it is easy to show that for the L line
the Doppler broadening is always much greater than
the Stark broadening, and furthermore that the plasma
is opaque to L during the entire decay period. Of all
discrete transitions populating and depopulating the
ground state the term corresponding to emission and
absorption of L, is by far the largest. We therefore
expect that even if I. is the Ority line in the Lyman
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FIG. 4. Typical values of the decay coefhcient 7 as a function
of time. Curves A and B show theoretical values of y for a trans-
parent plasma and for a plasma opaque to the Lyman lines,
respectively. These curves may be subject to a common systematic
error of a factor of 2 or 3. Estimated experimental errors are
shown for the measured values of 7.

series that is reabsorbed, the assumption that all the
Lyman lines are reabsorbed will yield a reasonable
estimate of the decay coef6cient. Measurements of p
in this decaying plasma should therefore fall between
the two theoretical curves in Fig. 4, but probably
should be closer to curve B.This is seen to be the case.
Besides, the calculations by Bates et a/. make use of
approximate cross sections, and it is not clear that the
theoretical values are reliable to within less than a
factor of 2.

It is instructive to plot the ion density versus tem-
perature in a single "decay curve" or "cooling curve, "
shown in Fig. 5. For the first 40 psec the temperature
drops but the ion density remains constant, as would
be expected if the plasma were initially completely
ionized. Also shown in Fig. 5 is an equilibrium cooling
curve calculated from Saha's equation (labeled LTE)
and 6tted to this early portion of the decay curve,
assuming a total proton density of 4.6)&10'5 cm '. The
error boxes show the estimated experimental errors; as
already mentioned, the points before 80 psec are more
uncertain than indicated because of the longitudinal
nonuniformities. Apparently the plasma at this radius
is initially fully ionized. This is to be expected, because
even if the temperature early in the decay were over-
estimated by as much as 50%, according to the calcu-
lations by Bates et at. the degree of ionization would be
very high even in the steady state, and must of course
be still higher in a decaying plasma. It is to be noted
that the initial ion density is less than the original
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Xo is the initial proton density, hence it is constant in
time, but in our case Eo may be a function of radial
position. From Figs. 2 and 3 it is clear that, after 50
psec, e;BN,/N constitutes the major portion of the
energy decay rate.

It is not obvious that the energy-flow vector Q for
reacting gas mixtures such as a partially ionized gas
can always be expressed in the form Q = K(T—)VT,
because the transport is in general strongly aGected by
the interdiAusion of the various components. '4'~ The
situation is much simplified in our experiment, however,
since we have already shown that the energy transport
is predominantly radial and that radial diffusion of
plasma in this case is adequately suppressed by the
strong axial magnetic field." We therefore should be
able to write Eq. (5) as

0
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FIG. 5. Decay curve for the shot shown in Figs. 2 and 3. The
solid curve labeled LTE was calculated from Saha's equation and
was fitted to the early portion of the decay curve.

l9 BT
rK(r, t) —+R(r,t), (7)

r Br Bf

hydrogen-atom density of 5.8)&10"cm ' (indicated by
the short solid line). This is not really surprising, since
we have already pointed out that the plasma must be
bounded by boundary layers of considerably higher
density, particularly near the two end plates. In addi-
tion, violent motion is produced during the plasma-
forming discharge, and therefore there is no real reason
to expect an original density to exist when the plasma
is finally immobilized by the magnetic field.

Figure 5 also indicates that the ionization remains
quite close to LT'E during the first 120 tisec and then
departs noticeably from the Saha equilibrium. A dis-
cussion of this behavior requires information concerning
the energy transport which, in the 6nal analysis,
controls the plasma decay.

where K(r,t) is the local ordinary coefficient of thermal
conductivity of our hydrogen plasma.

When the gas is very close to LTK the composition
is a function of temperature and pressure (or density)
only and therefore K=K(T,NO). Curiously, no meas-
urements of E for high-temperature partially ionized

hydrogen are as yet available in the literature. "We
may make a crude estimate based on a simplified
kinetic theory model, of course, "

75k
K=+ K,= (8~kT)"'

256

rrt,mi )"'
XZ N 2 &riNi I (8)

l m;+ gag

ah/at+v Q=J! (5)

The symbol h represents the energy density, Q the
particle-energy Qow vector, and E the net absorption
rate per unit volume of radiant energy. In the case
discussed here we can ignore the energy of molecular
dissociation, because the hydrogen remains atomic
throughout the period of interest. We can also neglect
the energy stored at any given instant in the form of
electronic excitation. Thus we have as a good approxi-
mation

h= e~,+-', (No+N, )kT, (6)

where e,=13.6 eV is the ionization energy per atom.

IV. ENERGY DECAY

In the absence of both mass flow (convection) and
electric currents (Ohmic heating) the conservation of
energy can be expressed in the simple form

where the summations extend over the three species
atoms, protons, and electrons, identified by the sub-
scripts a, i, and e, respectively. The masses and effective
collision cross sections are denoted by the conventional
m; and 0;~. Since the number densities ¹,are shown
explicitly in Eq. (8), the expression can be used even
when the composition deviates from that given by
Saba's equation.

When the contribution by the free electrons is sig-
nificant the value of E, is presumably very close to
that for a fully ionized gas."The contribution from K,
is always negligible and the only quantity in question
is E . Using as first guesses ~, = 10—"cm and

"W. Finckelnburg and H. Maecker, Handbgch der Physik,
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 22, p.
254.

-'' H. Maecker (private communication)."E.A. Mason and S. C. Saxena, Phys. Fluids 1, 361 I'1958).
~ l. P. Shkarofsky, Can. J. Phys. 39, 1619 {1961).
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FIG. 6. Thermal conductivity computed from Eq. (8) (solid
curve) and observed coefficient inferred from Eq. (7) if E(r,t)
were negligible.

where T is again in degrees Kelvin and E~ is the number
of ground. -state atoms per cm'. Thus during most of
the decay k» is quite large, in agreement with the
findings of Fig. 4, and the resulting contribution of J

31%.L. Fite, A. C. H. Smith, and R. F. Stebbings, Proc. Roy.
Soc. (London) A268, 527 (1962).

"Dieter Brezing, Columbia University Plasma Laboratory,
School of Engineering and Applied Science, Report 13, 1964
(unpub»shed)."T.Holstein, Phys. Rev. 72, 1212 (1947); 83, 1159 (1951).

0,,=5X10 " cm' (resonant charge exchange"), and
substituting observed values of E; and T, we can com-
pute K(r,t) for our plasma. The result is shown in Fig.
6 for r=5 cm, plotted against temperature rather than
time. This curve does not differ appreciably from more
refined calculations in which equilibrium ionization is
assumed. "K, is a decreasing function of temperature
for T)5000 'K because X„/S, decreases. K, is smaller
than K, below j.0000 'K because the Coulomb col-
lision cross section becomes very large. In Fig. 6 we

have overestimated E, for our cooling problem because
we have ignored the effect of the magnetic field. The
latter effect is probably offset in part by thermoelectric
currents which must be circulating in finite plasmas
with gradients such as ours. A rigorous analysis of the
heat-Qow problem would be very involved indeed.

The radiative contribution R (r,t) is even more
difIicult to estimate because the emissivity and absorp-
tion coefficient are very rapidly varying, complicated
functions not only of position and time but also of
frequency, particularly in the region of the Lyman
spectrum. It is very important to consider the absorp-
tion carefully because the power density emitted, for
example, in the I. line alone, J = eV&A»E2, is readily
shown to be near 3X10' erg/cm'-sec in most of the
plasma, and this is almost ten times the entire value of
88/Bt at r=3.35 cm. On the other hand, the absorption
coeKcient for the Doppler-broadened I- is given by"

kig=6y10 "ET 'I'cm '

to E. should be rather small. It is not clear, however,
that this argument permits us to neglect R(r, t) when
the radiative transfer is integrated over all frequencies.
Radiation from impurities may also contribute sig-
nificantly. In fact, the following observation may be
taken as an indication that radiation plays an important
part in the cooling process of the decaying plasma
described here.

Measurements of X,(t) and T(t) like those shown in
Figs. 2 and 3 have been performed for different radial
positions. " It is thus possible to solve Eq. (7) for an
upper bound of K(r, t) by setting R=O and integrating
numerically over a suitable radial interval. The results
of this procedure are included in Fig. 6. These values
are estimated to be reliable only to within a factor of 2
as indicated, because the temperature gradient could
not be evaluated with a higher precision. It is seen that
the energy decay rate is consistently substantially
higher than expected from kinetic thermal conductivity,
particularly at the higher temperatures, i.e., at the
higher degrees of ionization. This is the region where
the plasma tends to be less opaque. Unfortunately, the
experiment did not permit a direct measurement of the
far ultraviolet radiation escaping from the plasma.

BE, B.V, BT

Bt Bt g„h„B3
(10)

However, no special significance must be attached to
this feature. It merely means that in this region the
energy removal rate is slow enough for the ionization
to remain temporarily in a quasisteady state, and in this
case the latter happens to be indistinguishable from the
Saha equilibrium. "
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V. CONCLUSIONS

In the foreground discussion we have attempted to
demonstrate that the decay of a magnetically confined
highly ionized plasma is governed by the energy removal
rate. It appears that the hydrogen plasma investigated
experimentally cools more rapidly than can be expected
from kinetic heat transfer, presumably because of
contributions from radiative heat transfer. This occurs
in spite of the fact that during most of the decay the
plasma is expected to be nearly opaque to the Lyman
line radiation. The observed decay coeScient agrees
rather well with that predicted by Bates and co-workers.
During the first 120 @sec the degree of ionization in the
interior of the decaying plasma remains close to LTE,
i.e., we have


