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Using the exact three-body formalism with separable potentials proposed sometime ago by us, the scatter-
ing lengths and low-energy phase shifts in n-d scattering have been evaluated. The nature of the contribution
of the so-called "potential scattering" to the scattering lengths has also been examined within this formalism
and found not to exceed 10'%%uo of the "nucleon exchange" contribution.

S OME time ago one of the authors (A.N. M.)
proposed an exact formalism for the three-body

problem' as a means of studying the properties of the
triton. Subsequently this formalism was extended by
two of us (ANM and VSB) to the problem of neutron-

deuteron scattering. ' The preliminary results on the
m-d scattering lengths in the S=-,' and 5=-,' states were

given in Ref. (2), which we refer to here as A. The
formalism of the three-body problem as given in these
two papers can be cast almost without modi6cation in

the language of Faddeev's three-particle theory. ' In
the case 5= ~, for example, the Faddeev wave function
0'&'& for the scattering of particle 1 by the composite
of 2 and 3 is expressible in terms of the wave function
F (PI) of A t see Eqs. (3.5)$ by the relation

q &I& (p23,PI) =/Vg (p23)F (Pi) Lp232+ 43PI2 —/i/IE$ —'. (1)

Very recently a paper by Sitenko and Kharchenko'
on the three-body problem using separable potentials
with a formulation closely resembling that of A, has
come to our notice.

We would like to present here the results of a more
accurate evaluation of the m-d scattering lengths as well
as the low energy m-d phase shifts. Since the formalism
already exists in the papers mentioned above, we shall
omit the algebraic details completely and make free
use of the notation and results of A. However, in addi-
tion to the usual "exchange scattering" (represented by
the graphs in I'ig. 1), we have considered. here the effects
of the so-called "potential scattering" as represented by
the graphs in Fig. 2. It may be remarked that the
results of A or of Ref. (4) can be interpreted in terms of
the contribution of exchange scattering only.

Following Faddeev, ' the exact S=~ e-d scattering
amplitude works out to be

(@f ~
l 12+ l 13

~
ps/2) (2zr)'&'KI(kt, kf)+ (2zr)3/V9» dp KI(p,k;)KI(p&kf)+4zr%9 31 dp /z»(p)KI(p, kr)

Xa3/2 (p)//(p' —k,'—ie) —4zrÃ2)131 dpdq KI (p,kf) K2 (q, p) a3/2(q)/(q' J'3 i—e), —(2)

where
qI""'=&g(p-)(p-'+ ')-'5(P. kr)X i'-,

dq g'(V) (V'+~') ',

(3)

(4)

Ki(p, q) =g(y+lq)g(q+ly)LP'+sr'+y «+~'3 '

K2(p, q) =g(y+sq)g(q+ly)Lp'+q'+y q—/lf~l ',
and as/2(y) satisfies the equation Lcf. A, Eq. (3.28)$

4zl 431 (pzkj)a3/2 (y) =+ (2zr)3K2(p k) —4zr dq K, (p, q)a3/2 (q)/(zt' —0,'—ie) .

(5)

(6)

k, and. kr are, respectively, the initial and final momenta of the neutron in the center-of-mass system.
* Supported in part by the National Science Foundation.
f Now at the Institute for Direct Energy Conversion, University of Pennsylvania, Philadelphia, Pennsylvania.
f Now at the Department of Physics R Astrophysics, University of Delhi, Delhi, India.' A. N. Mitra, Nucl. Phys. 32, 529 (1962).
'A. N. Mitra and V. S. Bhasin, Phys. Rev. 131, 1265 (1963), referred to as A.'L. D. Faddeev, Zh. Kksperim. i Teor. Fiz. 89, 1459 (1960) LKnglish transl. : Soviet Phys. —JKTP 12, 1014 (1961)g.
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In Eq. (2), the erst two terms on the right-hand side represent, respectively, the lowest-order contributions to
the graphs of Fig. (1) and Fig. (2). Iterated solutions for ass(p) substituted from (7) in (2) would lead to the
contributions to successive higher order graphs shown in Figs. (1) and (2). The effect of the virtual deuteron
dissociation and recombination (the so-called self-energy "bubbles" ) is incorporated in this formalism through the
function

Li—Xsghs& (p)]-'
which appears in Eq. (7).

For the 5=-,' case the corresponding expression for the scattering amplitude is

(C'x'""
I
I'»+ l'»

I +us)

1 9
=-,'(2~)'&'E, (k,)kg)+ —&sg+ —&ps Ix'(2~)' dp E,(p&k,)E&(p,kz)+4~&' dp E,(p,k,) (p' rr,—' is—)

X Lskls&ls(p)as(p) s~31~31(p)al(p)]+~+ dpdq El(pykf) (g ~f s&)

XL3 (Z31+Xls)E3(q, p) a&(q) —(X»+9lb»)Es (q, p) a~(q)], (9)
where

dq |' E,(q, p)

q' —k, '—is( —3E&(p,q)

(4mk, g(p)ai(p) (—Es(k, ,p)= l (2~)'! +2~
(4s-k), (p)as(p) k 3Es(p,k,)

cf'"" &'g=(pss) (pss'+~') '~(Pi kf)—x"i',

—3Es(q, p)) t'a (q))

E4(p, q) I ka, (q))
(10)

(10a)

Es(q, p) =g(q+-:p)f(p+ lq) Lp'+q'+p q —~&] ',
«(q, p) =f(q+-;p)f(p+ lq) Lp'+q'+p q —~&]-'.

The unexplained notations are the same as given in A.
The scattering lengths and low-energy phase shifts

have been evaluated for the case of central s-wave
forces discussed in A. Two sets of parameters have been
considered (see also A):

and quartet) are shown in Table I, and those for
low-energy phase shifts (below break-up threshold)
appear in Table II.

TABLE I. Quartet and doublet scattering lengths.

(I): Pq
——Ps = 6 255n, . (Yamaguchi')

(II): P~——5.Bc', P s——5.5a, (Naqvi') .

The numerical computations were made on the IBM
709 situated at the Indiana University Computing
Center. The results for the scattering lengths (doublet

Spin
state

S=-'2

Set
No,

6.19 F
6.27 F

6.28 F
6.38 F

6.22 F
6.23 F

Values of the scattering lengths

With potential
Without potential scattering

(70X70 (70X70 (30X30
matrix) matrix) matrix)

S=-,' —2.41 F
—1.87 F

—2.62 F
—1.57 F

—2.03 F
—1.31 F

FIG. 1. Sum of the graphs representing "nucleon exchange"
in n-d scattering. Double lines denote the deuterons, while
nucleons are represented by single lines.

Spin
state

TmLz II. Low-energy phase shifts.

Energy Phase shifts (in degrees)
Set (MeV) in Present C 8z 6
No. lab. system calculations Results'

S=-'
2 I 0.60 —40

3.0 —66.2
—28—66.0

FIG. 2. Sum of the graphs corresponding to the so-called
"potential scattering" in e-d scattering. Double lines indicate the
deuterons and single lines the nucleons.

' V. Yamaguchi, Phys. Rev. 95, 1628 (1954).
6 J. H. Naqvi, Nucl. Phys. 36, 578 (1962).

S=-'
2

a See Ref. 7.

0.60
3.0

0.60
3.0
0.60
3.0

—41—67

—15
—0.5—22.0

—28—66

—19

—19
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Fro. 5. Amplitude —na3/2(P) as a
function of P/n for k; ——0. Curve I
refers to the case P~ ——p~ =6.255n
(Yamaguchi, Ref. 5) and curve II
corresponds to the parameters pI
=5.8n, P2

——5.5n (Naqvi, Ref. 6).
Right-hand scale refers to curve II.

-ga P)
8/g -g.og

The last column in Table I shows the results of
evaluation of the parameters using a 30)(30 matrix
representation for the integral equations, to be com-
pared with 70)&70 matrix representations used for
determining the various quantities shown in all the
other columns. It is seen that there is very little differ-
ence for the case of S=-,' but the correction is substan-
tial ( 20%) in the 5= —, case. This fact might explain
the large discrepancy between the cruder solution
obtained in A for the doublet scattering length and the
present one which is much more accurate, though there
has been little change in the results for the quartet
scattering length.

The graphs of the amplitudes as/Q(p) and +&/2(p) for
k'= 0 are shown in Figs. 3 and 4, respectively.

Table I shows that the quartet scattering length is in

excellent agreement with the experimental value of
6.4 F, corresponding to set I,~ in agreement with A as
well as Ref. (4). Potential scattering yields only a small
correction to this value. Further, as was already pointed
out in A, the Naqvi set (set II) of parameters' Pt and Ps
gives a slightly better agreement for a3~2 with experi-
ment than the corresponding set (set I) of Yamaguchi's
effective s-wave potential. ' As for the doublet scattering
length, we And from Table I that it has the wrong sign
compared with its experimental value of +0.7 F which

goes with a3/2 6.4 F.' This result is in general agree-
ment with that of Ref. (4). Potential scattering again
gives a small effect on the scattering length. In this
connection we note that the Naqvi set (set II) of P, and
Ps helps in substantially reducing the magnitude of
a&~2, a requirement badly needed to give at least the

go 2D 30

-d.o

FIG. 4. Amplitude —o.uI~2{P) aS a
function of Pjof, for k;=0. Curve I
corresponds to the case P~ =P2 =6.255m
(Yamaguchi, Ref. 5) and curve II
refers to the parameters P j.=5.8o.,
P&=5 5n (Naqvi, Ref. 6). .



NEUTRON —DEUTERON SCATTERING AT LOK ENERGIES 8 401

right order of magnitude to the rs-d cross section at
zero energy. In terms of Fig. (4) the point at which
arts(P) intersects the ordinate, while still remaining
above the I' axis, is substantially lower for set II than
for set I. However, it is not low enough to intersect the
ordinate slightly below the I' axis, as needed by the
experimental value of a1~2.

The m-d phase shifts are given in Table II, for the
energies 0.60 and 3.0 MeV (laboratory system). The
results seem to be in general agreement with the
corresponding results of Christian and Gammel' which
are shown in the last column for comparison.

' R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953).

The eRect of tensor forces on the scattering param-
eters will be the subject of a separate and more detailed
communication.
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Measurements of azimuthal asymmetry in the scattering of partially polarized neutrons from the
D(d, n)He' reaction have been carried out for Zn, Se, Sr, Y, and Ag, at a laboratory scattering angle of 90'.
The results, combined with values obtained from previously measured elements, are compared with pre-
dictions based on a nonlocal nuclear potential. No distinct departure from optical-model behavior is
observed.

I. INTRODUCTION

HE relation of, optical-model parameters to the
strength and radial dependence of spin-orbit

forces has been described recently in a variety of com-
parisons between scattering data and nuclear po-
tentials. ' ' Any finally acceptable set of parameters is
expected to predict successfully, among various aspects
of nuclear interaction cross sections, the azimuthal
asymmetries in elastic scattering of fast neutrons from
nuclei. A requisite feature of asymmetry measurements
is an incident particle beam which is partially polarized.
Although the reaction dynamics and cross section of the
D (d,st) He' reaction are advantageous in this respect, cur-
rently existing disagreement' ' in the measured magni-

* Supported by the U. S. Atomic Energy Commission.'F. J. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295
(1958).' F. G. J. Percy and B.Buck, Nucl. Phys. 32, 353 (1962).'F. Bjorklund, in Proceedings of the International Conference
on the NNclear Optical Model, Florida State University, 1959
(Florida State University, Tallahassee, Florida, 1959), p. 1.'4 P. E. Hodgson, in Proceedings of the Rutherford Jubilee Inter-
national Conference, Manchester, 1961, edited by J. B. Birks
(Heywood and Company, Ltd. , London, 1961),p. 409.' P. A. Moldauer, Bull. Am. Phys. Soc. 8, 81 (1963).

W. Haeberli, in Progress in Fast Eeutron Physics, edited by
G. C. Phillips, J. B. Marion, and J. R. Risser (University of
Chicago Press, Chicago, Illinois, 1963), p. 307.

7I. I. Levintov, A. V. Miller, E. Z. Tarumov, and V. N.
Shamshev, Nucl. Phys. 3, 237 (1957).

R. W. Meier, P. Scherrer, and G. Trumpy, Helv. Phys. Acta
27, 577 (1954).' P. J. Pasma, Nucl. Phys. 6, 141 (1958).

tude of the neutron polarization injects an additional
uncertainty when comparing asymmetries with theore-
tical prediction. Nevertheless, useful features can be
observed; for example, both theory and experiment indi-
cate an abrupt change in polarization as the target mass
is increased from A =50 to 2 = 100, for a neutron energy
of 3.3 MeV and a scattering angle near 90'. Investigation
of the region in which this change occurs was under-
taken partly in order to search for marked departure
from the predicted optical-model behavior. Thus, the
results reported here are an extension of earlier work"
to include scattering from Ca, Zn, Se, Sr, Y, Ag, In,
and Sb, with additional data obtained for some of the
elements measured previously.

II. EXPERIMENTAL

Details of the experimental technique have been
described in an earlier paper. '0 The left-right asymmetry
of neutrons scattered from the cylindrical samples
(1 in. diamX1 in. ) was obtained simultaneously from
pulse-height analysis of the response of two identical
stilbene crystals. Contributions from y rays were re-
moved by pulse-shape discrimination, and the compo-
nent from inelastically scattered neutrons was sup-
pressed by restricting attention to the upper portion of

' W. P. Bucher and D. W. Kent, Phys. Rev. 134, B361 (1964)."E.J. Campbell, H. Feshbach, C. E. Porter, and V. F. Weiss-
kopf, MIT Laboratory for Nuclear Science Technical Report 73,
1960 (unpublished).


