MUON SCATTERING AND NUCLEAR STRUCTURE OF C:!?

CERN group!® measured scattering in carbon to the
ground state and first few excited states, and compared
directly with electron scattering results. The previous
University of Washington experiment!” was, like the
present one, the summed elastic plus inelastic scattering
in carbon. Most of the data was at momentum transfers
below 200 MeV/¢, and agreement with the low-
resolution sum rule was obtained.

The present experiment is marginally able to dis-
tinguish some interesting features of nuclear models in
light nuclei. Improved muon beams at high intensity
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accelerators should make possible some analysis of the
energy and nature of the scattered particle, thereby
placing the muon in a position more nearly competitive
with the electron as a probe of medium and long-range
nuclear structure. However, short-range correlations
will require a better tool than the sum rule.
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A Wigner representation is used for expressing the thermal average occurring in the Van Hove formalism
for slow-neutron scattering from macroscopic systems. For quadratic and lower-degree potentials, results
in closed form may be obtained, and in general, an asymptotic series expansion in powers of % is still possible
for the incoherent part of the differential cross section for quasiclassical systems. The lead term of this
asymptotic expansion results in an expression relating the cross section to a four-dimensional Fourier in-
version of the classical space-time distribution G,°(r,#), and hence to the classical motions of the atoms in the
scattering system. Correction terms of O(%#2) have been obtained explicitly and found to be small for systems
at ordinary temperatures. It is shown that (at least to order %2) the results obey the constraint of detailed
balance and satisfy the Placzek moments. It is also shown that because of the contact nature of the Fermi
pseudopotential, the exact classical limit (A—0) for any system is the ideal-gas result. In principle, the
results can be extended to all orders of 7#2. No similar asymptotic expansion appears to exist, however, for
the coherent cross section. The analysis is then used for deriving other existing prescriptions and for examin-
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ing their implications and range of validity.

I. INTRODUCTION

GENERAL approach to neutron scattering by

arbitrary systems of atoms has been presented by
Van Hove,! based on the Fermi pseudopotential ap-
proximation.? In this approach, the differential scatter-
ing cross section is expressed as a four-dimensional
Fourier transform of a space-time correlation function
G(r,t). Such a formulation appears, then, as a natural
time-dependent generalization of the Zernike-Prins
“static approximation,”® in which the differential
scattering cross section is given in terms of the well-

* This work is based on a dissertation submitted by one of the
authors (M.R.) to The University of Michigan in partial fulfill-
ment of the requirements of the Ph.D. degree. Supported by the
U. S. Atomic Energy Commission.
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known pair distribution function g(r). In fact, the latter
function is equal to the nondiagonal component of G(x,?)
evaluated at =0. (Actually, the Van Hove approach is
directly applicable to describing system response to any
external probe. However, since the major application of
the method has been in the field of neutron scattering,
we shall discuss it in that context. Translation to other
problems is, in most cases, immediate.)

Accurate calculations of G(r,f) are possible only for
systems where the many-particle Hamiltonian may be
replaced by a sum of single-particle Hamiltonians. This
is the case for dilute gases and simple crystals, for which
the predicted angular and energy distributions of the
scattered neutrons are, indeed, in good agreement with
experiment. For dense fluids, on the other hand, the
complexity of the atomic dynamics is much greater than
in the above mentioned cases, and a calculation of G(r,?),
by reduction of the problem to a soluble one-body.
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problem, necessitates highly simplifying assumptions in
the specific dynamical models used.

There is, however, an alternative approach to the
analysis of neutron scattering experiments based on the
physical interpretation of the space-time correlation
function G(r,f) in the limit 2 — 0. In this limit, G(r,t)
represents the conditional probability density that given
an atom at the origin at time /=0 there will be an atom
(the same or another) at position r at time ¢. We shall
denote the function by G*(r,f).

The plausibility of this approach is then subject to the
existence of a relationship between this classical G°(x,t)
and the differential scattering cross section. Establishing
such a connection, however, is not as simple as might
at first be assumed. Various semiempirical prescriptions
have been proposed to this end. The most intuitive of
them results simply from replacing G(r,t) in the Van
Hove formalism by the function G°(r,f). This, as ob-
served by Vineyard,* corresponds to a development in
which the neutron is treated quantum mechanically
and the scatterer classically. It has the unsatisfactory
features that recoil effects are inadequately treated in
that the average energy loss is set equal to zero, and
that, as observed by Schofield,’ it violates the con-
straint of detailed balance. Schofield has suggested a
recipe to remedy these defects in which he sets G(x,?)
equal to G(r,i+iB#%/2), where B=1/kpT, instead of
G(r,t) and asserts its validity to first order in #%.
(kp=Boltzmann constant, 7'=absolute temperature.)

This assertion is not entirely correct, however, as
may be seen from the fact that the prescription fails to
yield the exact results for the ideal monatomic gas, for
which the cross section is, in terms of the significant
variables Ap and e (Ap, e=momentum and energy
transfer, respectively), actually independent of #.

All of this is discussed in a previous paper,® where a
connection is made between G*(r,t) and the differential
scattering cross section, correct to lowest order in %, by
utilizing a Wigner representation?-®~3¢ for the thermal
average occurring in the expression for G(r,!). The
Wigner representation, which we review elsewhere,®
results in the replacement of the conventional quantum
average by a phase-space average, over a Wigner dis-
tribution, of the “Weyl!® equivalent” of the operator
present in the thermal average. The purpose of the
present paper is to extend the results obtained in Ref. 6.
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Phys. Rev. 126, 1165 (1962).
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(c) J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949).

9 M. Rosenbaum, thesis, The University of Michigan, Ann
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In particular, it is shown that for the incoherent cross
section, this “Weyl equivalent” admits an asymptotic
series expansion in powers of % where the first contribut-
ing correction to the leading term is of order #* for
randomly oriented systems. By combining this expan-
sion with an expansion”!! of the Wigner distribution in
powers of %2, valid for ordinary temperatures, we obtain
explicit corrections of order 72 to the “quasiclassical”
approximation which we derive in Ref. 6. The approach
here is particularly convenient in that it shows sys-
tematically how, in principle, higher-order corrections
could be calculated.

It is further noted that because of the presence of an
essential singularity in G(r,) the above indicated pro-
cedure may not be applied to the coherent component
of the cross section, the exceptions being the cases of
harmonic and lower degree potentials. This limitation
is not considered too strong, however, because the
interference scattering is quite insensitive to target
dynamics.

The analysis is also used for deriving other existing
prescriptions and to examine critically their implications
and range of validity. Finally, numerical computations
are presented in which the cross sections for some simple
systems, as calculated by the Vineyard prescription,
are compared with the results of this work.12

II. DENSITY FLUCTUATION CORRELATION
FUNCTION IN THE WIGNER
REPRESENTATION

In the Van Hove formalism, the differential cross
section for scattering of slow neutrons by nuclei in an

" arbitrary macroscopic aggregate is expressed as the

product of a function which depends only on the prop-
erties of the individual particles of the system with a
spectral function which depends only on the dynamics
of the scattering system.! The latter, usually denoted by
S(Ap,e) is defined as the time Fourier inverse of the
density fluctuation correlation function x(Ap,#)*13:

N i
x(Ap,t)=N—! .Z Tr {p expl:——%Ap-Ri]

2,7=1

Xexp[gAp-Rj(t)]} . ()

(For the sake of simplicity we consider only monatomic
and monoisotopic systems.) Here, p is the von Neu-
mann'* density matrix defined explicitly by

1
p=;£l¢”>(¢”l , 2
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2 M. Rosenbaum and P. F. Zweifel, in Brookhaven National
Laboratory Report BNL-719, p. 276, 1962 (unpublished).

BD. Pines, The Many-Body Problem (W. A. Benjamin, Inc.,
New York, 1961).

“J. von Neumann, Mathematical Foundations of Quantum
Mechanics (Princeton University Press, Princeton, 1955).
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where |¢”) is the state vector of the »th system in the
Gibbsian ensemble, and the summation is carried over
all s systems of the ensemble. R;(¢) is the Heisenberg
position operator for the jth particle at time

R;(1)=exp[iH /% ]R; exp[—iH /%],

where H is the system Hamiltonian, and Ap= %« is the
momentum transfer to the scatterer. Then if 9% /9Q0¢
represents the differential scattering cross section per
atom, per unit solid angle and per unit interval of
neutron energy transfer we have, in the absence of spin
correlations,

(620/696 G) = (k/ko) [ainczss(Ap;e)+acoh2S(Ap; 6)] ’ (33')
where
1 ® 1€t
Ss(Ap,e)=—o / dt exp[———]xs(Ap,t) ,

2t J —y I3

(3b)
1 ® 1¢et

S(Ap) 5) = / dt exp[__:lX(Ap;t) ’

2rh /]

—

and X,(Ap,t) is the diagonal (¢=j) component of x.
The function G(r,) discussed in the previous section
is simply

Glr)=— [ B expl—in-t ). (30)
1,t)=—— | d*% exp[ —ix-r ®,1) . C
(2n)? €Xp| X

In order to evaluate the thermal average appearing in
Eq. (1), we make use of the following results of Ref. 9:

The ensemble expectation value of a quantum-
mechanical operator’® O(P,R,?),

(O(P,R,))r=Tr{pO(P,R,))],

can be written as!é

(OP,R-1))r= / / dpdq pu(0,0)0u(p,a,t),  (4)

where p,, is the Wigner distribution function

pw(p,q)=<;1h>w / dz eXPEz-p:I@—%ZIpquL%Z) ©®)

and O.(p,q,t) is the Weyl equivalent of O(P,R,f). We
write W: O(P,R,?) <> 0,(p,q,t). Specifically O, is found

from

0w(p,q,t)=(§11r—h)w / / dxdy eXPE(x-Hy-q)]

X Tr [O(P,R,t) exp[——é(x P4y- R):”

15 P and R represent 3N-dimensional quantum mechanical mo-
mentum and position operators corresponding to an N-particle
system.

16 g and p are 3V-dimensional ¢ numbers which satisfy Hamil-
ton’s equations of motion, and thus may be interpreted as classical
dynamical variables. However, the same variables subindexed
refer specifically to the particle denoted by the index.
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and leads to:
1) w: O01(P,R,1)05(P,R,t) <> Oy, #2040, , (6a)
where A is the Poisson bracket operator
A= (Vp‘vq“vq'vp)§
(2) W: OR) < 0u(q)=0(q); (6b)
(3) W: O(P) & 0u(p)=0(p); (6¢)

(4) When O(P,R,f) denotes the Heisenberg operator
O(P,R)) =exp[ (i/h)H{JO(P,R) exp[ — (i/h)H{],
then

w: O(P,R;t) o> OW(piq)l)
=exp[(2t/h)H, sin(374)J0.(p,q). (6d)

All this is explained in more detail in Ref. 9. Applying
it now to Eq. (1) we find

i,j=

N
x(@pm) =Nt ¥ / f dpdq pu(p,a)
"

X {exp[—;Ap-q«':l eXp(Z—iA)ﬂw(p,q,T)} » (D

where
t=hr,

Qu(p,q,7) =exp[2rH,, sin(37A)] exp[ (i/ %) Ap-q;,]

and
Hy(p,q)=H(p,9)=(p*/2M)+V(q).

Or, since
/3
exp[—(i/%)Ap-as] EXP(EA)

=exp[ —(i/h)Ap-q.] exp[34p-V,,] (8)
then

N
x(8pfir) =N~ 2 / / @pdq pu(p,9)

4,5=

7
Xexp[—;Ap-qi] exp[Ap- V1. 12(0,0,7) . (9)

It is interesting to note that if V is quadratic or of
lower degree in q, the operator

H At1=(0 for m>1

and Eq. (9) reduces to

N i
x(Ap,ir)= N1 Zl / / dpdq p.(p,q) eXPl:_;Ap"h‘:I

i,J=

7
X exp[3AD- V] eXP[;Ap-qj(hr)] . (10)

where use has been made of the Taylor series expansion
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property

exp[ ArH,A] exp[ (i/#)Ap-q;]
=exp[ (¢/h)Ap-q;(hr)]. (11)

In these cases, the expression for p,, may be obtained
in closed form and the calculation of x(Ap,%7) is
straightforward.

A. Asymptotic Expansion of x(Ap,#r)

Except for the special cases mentioned previously, a
solution in closed form of Eq. (9) is impossible for the
following reasons:

(1) The operator exp[27H,sin(3%#A)] acting on
exp[(¢/#)Ap-q;] yields an infinite series; and

(2) pu(p,q) cannot be obtained in closed form
although, as mentioned previously, for a “quasiclassical”
system a series expansion in powers of %2 is possible. A
similar expansion in powers of # for the rest of the
integrand in Eq. (9) is not possible, however, because
it contains an essential singularity at the point 2=0.

All of these considerations lead us to attempt, then,
an asymptotic expansion'” for Q,(p,q,7). The term
exp[ — (¢/%)Ap-q] is retained iz folo. To determine the
form of this asymptotic expansion, we note that

exp[27H, sin(3#A) ]=exp[r(hH,A+A4)], (12a)

where

A=-2

o (—1)» (h
w1 (2n41)!

2n+1
E) (V¥ -F,)(Fe- ¥ )7 (12b)

Moreover, making use of the identity (A1) and Egs.
(A2) and (A3) as proven in Appendix A, we get

exp[ 7(AH A+ A)]=e*"Huvhe ™ T (1) (13)
and

Al (7)/dr="1(r)T'(r), T(r=0)=1,
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where

—1)»

t()=ert 5

n=l 7!

[ hH oA A e, (14)

Equation (14) may be integrated formally, leading to
the integral equation

T(r)= l—i—/ Y(r)T(7")dr’

which is readily solved by Picard’s process of successive
approximations, yielding

I()=1+3

m=1

T T1
T(TI)dTI/ T(Tz)de' .
0 0

% /  rdrn, (re=1). (15)

Observing, however, that each term in the sum in
Eq. (15), when operating on exp[ (i/%)Ap-q], generates
an infinite series in powers of #, of which the lowest is
h°, we can write

Qu(p,gq,7)=exp[r(hH A+ A)] exp[(i/%)Ap-q;,]

= f(r)[1+#F(7)+W2F(r)+-- -], (16)
where
f(r)=exp[hrH,A] exp[(i/%)Ap-q;] an
and
f(0)=2.(p,q,0) = exp[ (/%) Ap-q;]
F,(0)=0, for »>0. (18)

The terms in the expansion (16) may be evaluated by
substituting this equation into the expression

(92,/31)(p,a,t) = (2/ 1) H,, sin(37A)2.(p,q,t)  (19)

which describes the time evolution of the Weyl equiva-
lent of a Heisenberg operator, thus obtaining

F@)[AF (1) +12Fo(7)+ - - - J— f()RH AL 14 A2F (1) + - -]
© (_. 1)m(h)2m+1HwA2m+1

— {f(D)[1+hF(7)+h2Fo(7)+--- 3 =0, (20
D TR (HR()+- T} =0, (20)
where .
F,=0F,/dr.
Grouping terms with equal powers of %, by explicitly taking into account that
— 1Pm U H AP f(r)Fo(7) ]= W2 V-V ) (VQ'VP)M{Fn(T) expl (i/#)Ap-q;+ (ir/M)Ap-p;
— (thr?/2M)Ap+V o,V — (ih*73 /6 M) (p- V ) (Ap-V i, V)4 - - - Ty =O(h2m+1)  (21)
yields the following set of differential equations for the first three terms in the expansion (16):
Fl(T)—‘HwAFo(T)=0,
Fo(r)— H,AF(r)=0, (22)

Fy(r)— HuAFo(7)—(1/24) (ir/M)*(Ap+ ¥ 4,)*(Ap- ¥ ,,V) =O0.

17 An approach somewhat akin to the asymptotic expansion of the WKB method.
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The solutions to these equations, with the initial conditions given by Egs. (18), are

Fi(r)=PFy(r)=0

(23)

Fy(r)=—(i*/96M?)(Ap- V 1,)*(Ap+ V i, V).

Hence, Eq. (16) may be expressed as

Qu(p,q,7) = exp[ (i/ 1) Ap- q;(hr) J[1— (ir*%*/ 96 M *) (Ap- ¥ ,)*(Ap- V o,V ) +O(2) ],

and inserting this result into Eq. (9) yields

(24)

x(&p,r)=N"13 (exp[ —(i/#)Ap-q:] exp[5Ap- V5, ] exp[ (i/ 7)Ap-q,(#7) ]

where { )rw denotes the phase-space average over py.
Equation (25) is the desired asymptotic expansion. As
shown below, the contribution of O(#%?) from the term con-
taining F3(r) vanishes for randomly oriented systems.
Retaining only the leading term in the asymptotic
expansion, which still contains %, and using the #° term
of p,, gives what we call the “quasiclassical” approxima-
tion.® The first correction is of O(%2%) and comes from the
#? term of p,,. The next term is of O(%4) ; one contribution
comes from the #* term in p,; another comes from Fj
and F,. However, we consider only terms as high as #2.

Note that Eq. (25) still contains an essential singu-
larity which, for the diagonal component of x, is only

X[1=(i#*7%/96)(Ap- V 4,)*(Ap V 5, V) +O(%*) Drw

(25)

apparent since in this case i=j; the term ei/®A4ra jg
canceled out by the first term resulting from a power
series expansion of q;(%7). It can be shown that only in
this case is it possible to have a power series expansion
for x. Hence, the following discussion will be restricted
to direct scattering.

B. Randomly Oriented Systems
If in the term involving F3(7) of Eq. (25) we write

AP'VszlJ'l Apl (8/99,),
where

p=Ap-q;/|Ap| |a;] ,
then

(exp[—(i/7) Ap+q;] exp[5Ap- V , 1F5 exp[ (i/ #) Ap-q;(77) Jrw

it
—_— <u3|AD|3

96M*3

3V [i'rA > l:i‘rApz o). (26)
exp| —Ap-p; — . (26
gt L " p’] oy T ZM]

Moreover, for a randomly oriented system, x(Ap,%r) can depend only on the magnitude of Ap. Consequently,

x(8p,r) =x(| Ap| ir) = (1/4) / (] 8p| ) d% .

It follows readily from this that the first term on the right of (26) vanishes, and (25) yields

Xo(Ap,hir) = (exp[— (i/h) Ap-q;] exp[3Ap- V »;] exp[ (i/ #) Ap-q;(A) Drw+O(%?).

Introducing now the expansion’

pw= fue(l+HA st WAt )

(27

(28)

of the Wigner distribution function into Eq. (27) results in

Xo(Ap,r) = (exp[— (i/ #) Ap-q;] exp[5Ap- V ;] exp[ (i/ ) Ap-q;(Ai7) ))rc
+#%(exp[— (i/ 1) Ap-q;]4» exp[5Ap- V ;] exp[(i/ 1) Ap+q;(h7) Drc+O(hY) . (29)

Here the phase-space average is performed with respect
to the classical joint canonical distribution function
Jw¢, and exp[3Ap- V ,,1q;(¢) is the vector position of the
jth particle at time ¢, subject to an impulse at {=0 of
the force

Fimp= %Ap&(t) .

The above result is extremely useful because the
corrections of order %2 to the “quasiclassical” limit come
only from p,. Note that this derivation is quite self-
consistent in that corrections of O(%%) and higher could
be obtained in principle by straightforward extension
of the manipulations carried out so far. The analysis
becomes laborious, but at least the procedure is well
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defined. However, if correction terms of O(#%%) to our
approximation are important (as is the case for systems
near absolute zero!!), this approach is likely to be poor
anyway. Also, note that by partial integration of the
first term in (29), exp[4Ap- V ,,] can be made to operate
on fy°. As will be seen below, this results in a particu-
larly convenient form for relating the quasiclassical
approximation to the classical singlet particle space-
time correlation function.

M. ROSENBAUM AND P. F.
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C. Corrections of O(%?) to the “Quasiclassical”
Approximation

As previously observed, the second term in Eq. (29)
gives quantum-mechanical corrections to our “quasi-
classical” approximation and contains all powers of #,
the lowest being of O(%?). Note, however, that retaining
terms of order higher than #? is senseless, since these
terms were neglected in the expansions of both Q,, and
pw. Thus, expanding q;(%#7) in this term in a Maclaurin

series and ignoring terms beyond O(#%) yields

#*(exp[— (i/7)Ap-q;]42 exp[5Ap- V 5, ] exp[ (i/ %) Ap-q;(7) ) rc=exp[irAp2/2M (12 A exp[ (ir/M) Ap+p; )rc
— (ih*1%/2M) exp[irAp*/2M J((Ap-V o, V) A5 exp[(ir/ M) Ap+p; re+O(H) .

Again, for a randomly oriented system, the term of O(%8) vanishes and
7*(exp[ — (i/)Ap-q; 142 exp[5Ap- V 5, ] exp[ (i/ 7) Ap-4q;(%i7) )z e
=explirAp?/2M [(#* Ay exp (ir/ M) Ap-p;1)ro+O0(14),
=exp[irAp*/2M (1+#*A 5+ - -) exp[ (ir/M) Ap-p; J)rc—explirAp?/2M Kexp[ (ir/ M) Ap-p; \rc+O0(h4) ,

— explirAp?/2M ] / [ £i(0527) exp[(ir/ M) Ap+p; 18,05~ explirApt/ 2 expl (ir/M)Ap-p; e+ O0H) , (30)

where g \on g .
18 282 (Bp;
0= —— —_— ~ ——1)(VN—1 (q;, 14q;)V,2 CRT
f1(pira5) (%M) eXp[ ZM}[M(%HMM(SM )( ) / n2°(q;, 14+q;) V.2 (r)d*r+ ]

is the singlet specific distribution function evaluated in Ref. 11.
Substituting this formula into (30) and performing the indicated operations yields

h2(exp[— (i/h)Ap-q;]A 2 exp[3Ap- V ;] exp[ (/%) Ap-q;(%7) )re

__Pen— - T4V 2 (1) dr dig+O(he), (31
: 6M> exp 2M:Iexp 2M5]./ [ (a5, TH0) V2 (1) rdig O, (31)

where the classical specific doublet density distribution function #,° has been replaced to first approximation by
the actual doublet density distribution function #, after noting that

7’L2=’}’l20+0(h2) .
It is conventional to rewrite this quantity according to!8

(N—Dns(q), r+aq5)d*rd?q;= (N —1)n(q;)na(q;| r+q;)d?rd?q;,

(N —D)na(g;] t+q,)d%r

is the probability of finding a second unspecified particle in d® about r given that the jth particle is in q; and
n(q;)d?q; is the probability of finding the jth particle in d%g; about q;. In a fluid, %, can depend only on |t+q;—q;| =7
and Eq. (32) simplifies to

(32)
where

(N—=Dng(r)d’rd®q;=n(g;)g(r)d*rd’q;, (33)

where g(r) is just the familiar radial distribution function obtained experimentally from x-ray scattering. Sub-
stituting this expression into (31) and integrating over q; results in

i (exp[— (i/#)Ap-q;]A4 5 exp[5Ap- V ;] exp[ (i/ %) Ap-q;(%7) re

ﬁ( hTAP 2 l:iTA?‘“’ l: T2Ap? ( \ \
— - _ v, d oY, (34
: GM)exp "2 e zMﬁ]/g’) B(Od+0(h). (34)

18T, R. Hill, Statistical Mechanics (McGraw-Hill Book Company, Inc., New York, 1956).
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Thus, the density fluctuation correlation function is given as
Xo(Ap,hir) = (exp[ —(i/%)Ap-q; ] exp[3Ap- V5, ] exp[ (/%) Ap-q;(h7) J)re
2A p?

B(h‘rAp)2 liirA[ﬂ:I [ T
—— exp exp| —
2\ 6M 2M 2MB

D. Placzek Moments!

A consistency check on the above results is provided by the so-called Placzek moments defined by

] / V2SO Er00K) . (35)

n

(es)n= _1)n—x (Ap,Ai7)| 7o (36)
Substitution of Eq. (35) into this expression yields
(es)o=X;(Ap,0)
and
(&) (—i)rHipm—t |: BAP?:K I:ﬁA ] [ iA :I
s)n=—(—1)""'n" exp| ——— | €Xp| —Ap-p; | eXp| ——Ap-q;
€ p . p Y PP, P 2 P-q;
1 i i B hAp\?
x[—pj-vqj—VV'Vp:I [—pf-Ap} eXp[—Ap'qu ——(—i)"< ) / gV e(r)d*r
M M h re 2 6M
6A 2 dn 16 2 A 2
XeXpI:— ? ]——{72 exp[——(r-——) —j—,—]H +0(#), for n>1. (37)
8M Adrn 27 2MBd) 1,

The first few moments may be evaluated by tedious but straightforward application of these equations, and

are given by

. <€s>0= 1
(eh=A4p"/2M ,

2 a2 o 1220 2 ey 22 o
(o= | ]ty Vet 00 [+l = |t o),
4 A 6 h? 2 38
(@ |2 e o, )
8M?
p4 \ APG A?S h2 AP2 , _——_A— \ .
@[t Lt 22 oy S i) ow.

(K here denotes the kinetic energy of the scattering
atom). Equations (38) are indeed correct to O(%2?), as
may be seen by comparison with Placzek’s results.®

E. Time-Displaced Pair Distribution
Formulation

In order to obtain further information from Eq. (35)
on the atomic motions of the scattering system, one may
resort to specific dynamical models leading to a soluble
Hamiltonian. From these models, values for the angular
and energy distribution of the scattered neutrons can
be predicted, and these predictions are then subjected
to experimental test.

However, as indicated in Sec. I, there is an alternate
approach which does not require any assumptions at

1 G. Placzek, Phys. Rev. 86, 377 (1952).

this point on the dynamics of the scattering system. It
is based on the physical interpretation of the classical
limit (#—0) of Van Hove’s space-time correlation
function G(r,t), and the possibility of establishing a
relationship, if only approximate, between the direct
scattering cross section and this “classical” G,%(r,z).

One such relationship was suggested by Vineyard,*
who proposed that the classical limit of the direct
scattering differential cross section could be obtained
by substituting G,°(r,t) for Gs(r,f) in
Sg(Ap,é)

1 00

2rh

—27rh dr f dt exp[ (Ap- r*et)]G (rn). (39

dt e~it/ax (Ap,t) ,
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That this approximation is unsatisfactory may be seen
from the fact that in obtaining G,°(r,f) by setting #=0
in G,(r,t) zero momentum transfer is implied (since
x=Ap/#% and «x is kept finite).® This may be best illus-
trated by considering an ideal gas for which

Gi(r,)=[MB/2mi(1—iBh) 1>
Xexp[—Mr*8/2u(t—iBh)] (40)

and
Be ﬁAP2 ﬁM 1/2
Ss(Ap,e)= exp(—) exp( — )(—————)
2 8M /\2rap?
MeB
Xexpl:-— :I . (41
200

Although in this case the cross section is entirely classical
(in terms of the significant variables Ap and ¢), the
Fourier transform of G,°(r,f) obtained by taking the
limit #— 0 in Eq. (40) yields

Sso(Ap,e) = (BM/2xAp?) V2 exp[ — M 28/2Ap%];  (42)
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ie.,
‘lhln; Ss(Apse)#Ssc(Ap)e) . (43)
Additional evidence of the inacceptability of Vine-
yard’s approximation is provided by observing that the
symmetry condition

Go(1,)=Gs(—r, —1) (44)
implies that the scattering function calculated from
Gs°(r,t) will obey the relation

Ss(Ap,e)=Ss(—Ap, —¢), (45)
thus violating (as shown by Schofield®) the constraint
Ss(Ap,e) =ef<S,(—Ap, —¢), (46)

as well as the Placzek moments. Nonetheless, an im-
proved prescription which relates the cross section to
Gs°(r,t) and does not suffer from the above mentioned
difficulties may be obtained. To this end, we integrate
(35) by parts to obtain

A 2 3 . h .
M h o W/ ze
hrAp\? iTAp? 2A 2
_é( T P) expl:t—r—ﬁ:l epr:——T_E:I/g(r)vrzqs(r)dzr_!_o(h‘i). (47)
Furthermore,
o)l ()
exp) 4 P\ 4 ZMDJ =€exp P P+ q; ; ]
1320 B2 3,2

al

and substituting this expression into (47) results in

Mpz](eXp{ I:qj(hr)—qjcﬁh

i
M

/)

Jli

Xs(Ap,hr)= exp[: — 5

+ - BApET iﬂ2h<A - [ i
exp| — P*Vg;V expl —
Pl sar Jsur R Y
- BApT 82\ B2
+exp| — (‘r?—i-—) <(Ap-
L 8M J 8/16M*
r BAP2— 63h2
—exp| —
L 8M J48M*2

B8

2

hrAp
oM

(

1+_Ap'quV""'-"(Ap'tiV)2_'
M 128M2

<(p-v J(Ap-V,,V) eXp[Ai[(

2
) exp

(p-vq><Ap-vq,-V>+0<h3>] (48)
48 M2

)..
i
voV)? exp[ﬁ(

18
——

2

oD,

e,

T—

3

e,

T——

irAp?
2M

T2Ap?
2MB

] exP[__

jl/g(r)VﬁqS(r)d%-l—O(h"). (49)

[

By the same argument used to justify Eq. (27), it can be shown that for a randomly oriented system the second
term on the right of (49) and terms of O(%#%) will vanish. The third, fourth, and fifth terms can be combined into one
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since the mean values involved are connected by the relation
1
<qulez>T0=g<vqj2V>T0 (50)

which readily follows from applying Green’s theorem to the identity

1 1 1

—Z— //dqdpvw' (e‘ﬂHVQjV)=E //dde(quV' que_ﬁH)"i"Z— //dpdq(e"ﬂHqu2V) . (51)
Thus,

o Yool [ ()]

+(E~~§)(i%) exp[~(f—f§)2 ;jﬁ] [sorviewarton. o

Moreover, due to time translational invariance

R o W

and after a simple transformation of variables, Eq. (52) becomes

iBh Ap? 72 hBAP\? 2Ap2
X3<Ap, hr—l—ﬁ):exp[——ﬁ ? ]{Xsc(Ap,hr)+<—+€)(—ﬁ—-p) expl:—T ? :l/g(r)vr2¢(r)d3r} +0(%Y), (54)
2 SM 8 8/\12M 2MB

where

xsc<Ap,hT)=<exp{%p-[q,-(hr)wj}) . (55)

TC

It is interesting to note at this point that the essential singularity in (55) is only apparent and disappears, as
indicated previously, when expanding q;(%7) in a Maclaurin series. Furthermore, multiplying both sides of (54)
by (1/27) exp(—ier)dr, integrating over all values of 7, and making use of the relation

1 [ 8%
e”ﬂ‘ﬂS(Ap,e) = 2— / dr e““‘x(Ap, hr-}-?) (56)

7r'_00

yields

Be BAp*1 ) * .
Ss(Ap,e)= exp[—] exp[— J—— / dr exp[—Ap- r:] / dr e7*"G*(r,ht)
2 8M 12r /

0

A 2 h 2 6 1/2 2M A 2 M 2
+exp[ﬂ—ﬁ:] expl:——'6 ? :l(—ﬁ) <— ) (1—e 6-{——?—}8) epr:— i ]/g(r)vr2¢(r)d3r+0(h4). (57)
2 su I\12/ \orarap Apr 8M 2Ap?

We thus obtain explicitly the factor exp(Be/2) essential to satisfy the condition of detailed balance. Equation (57)
is our sought for connection between S,(Ap,e) and G;°(r,t). The first term in this expression is the form suggested
by Singwi and Sjélander,2® who speculated that it might be correct because it works exactly for the ideal gas. It
differs from the Vineyard prescription by the factor

exp[Be/2 | exp[ —8Ap*/8M ].

The order of magnitude of this correction is illustrated in Figs. 1-4, where a comparison is made between the direct
neutron differential scattering cross section for some simple systems, as calculated by the Vineyard prescription,
and the cross section obtained from the first term in (57).12 The differences are seen to be significant, particularly
for high incident energy, large momentum transfers and light scatterers. This, of course, is due to the form of the
missing factor.

2 K. S. Singwi and A. Sjolander, Phys. Rev. 120, 1093 (1960).
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For sufficiently high temperatures the second term in (57) is negligible and may be expressed in terms of the
deviation of the free energy from its classical value. Accordingly, we get the following alternate result:

2

3 Ap? B/ BM \'72 MB  Ap? Mg
S,(Ap,e)=exp[—e] exp[_ﬁ_j’_] {Ssc(Ap,e)—F—( o ) (F—F¢)<1—€ b2 6) exp[——e]]+0(h4). (58)
2 8 6\2rAp® Ap | 8M 280

Detailed Balance and Placzek Moments. Because of the symmetry condition [Eq. (44)] on G*(r,t), exp[ —Be/2]
X S:(Ap,e) in (57) is invariant [at least to O(%#2)] when interchanging the initial and final states of the neutron, i.e.,

exp[—Be/215.(Ap,e) = exp[ Be/2]S.(— Ap, —¢). (59)

Consequently, the condition (46) and its corollary, the principle of detailed balance, are satisfied. Furthermore,
as previously indicated, Eq. (57) was derived essentially by adding a given quantity to the first term in (35) and
subtracting the same quantity from the second term. Therefore, Egs. (57) and (58) will also satisfy the Placzek

moments [Egs. (38)] to O(%#?).

F. Other Prescriptions

In the light of the above analysis, it is possible to critically examine various other “prescriptions.”
(1) Schofield’s prescription. From the observation that the time correlation function F(r,t), defined by

142 1 1Bk
F(rt)= <~—~) /dAp exp|:——Ap- rjlxs(Ap, hv-—i——) (60)
2nh 3 2

is real and that its double Fourier transform satisfies the condition (46), Schofield® suggested that this function
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Fic. 1. Differential scattering cross section versus outgoing F1c. 2. Differential scattering cross section versus outgoing

neutron energy for neutrons of incident energy 5X107% eV scat- neutron energy for neutrons of incident energy 0.1 eV scattered
tered at 90° by an ideal gas of mass 18 at 295°K. at 90° by an ideal gas of mass 18 at 295°K.
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be made equal to G,%(x,f). This leads to an expression for S,(Ap,e) which, with the exception of the factor
exp[—BAp?/8M ], is equal to the first term in (57). Therefore, this approximation will be valid only for small
momentum transfers and heavy scatterers.

(2) Letting S,(Ap,e) =S Ap, e— (Ap2/2M)].2* Since (57) is an asymptotic expansion, clearly it will not be
unique. In fact, if instead of integrating

(exp[— (3/h)Ap-q;] exp[3Ap- V 5, ] exp[ (i/#) Ap-q;(A7) Dre (61)

by parts in (35), q;(%7) is formally expanded in a Taylor series and is operated on by exp[3Ap-V,,], it can be
shown that

exp[3Ap- V ;] exp[ (i/ %) Ap-q;(%i7) 1= exp[ (i/ #) Ap-q;(%7) ] exp[i(Ap)*r/2M ]
Xexp[ — (itr%/12M*)(Ap- V ) (Ap- V o, V) [1+J (7,a,4p) ], (62)
where J(7,q,Ap) is of O(%%). In this case, the thermal average (61) becomes

(exp[—(i/#)Ap-q;] exp[3Ap- V ;] exp[(i/ #) Ap-q;(A7) Dre
~onf Sy Kool vaenfamain ]y —Cenf ]

><<exp[ —%Ap-qf] exp[%Ap-q;-(hﬂ}(Ap-vq)(Ap-vq,-V>>T0+0<h4>

[ Kool s Jesfmaco )
=e€xp 3 exp 2 P-q; | exp) P p-q;\nT o

eTAPY AT
— exp[
36M2 oM

expo| ——L [ gtrvsman-rot) (63
2MB

and

A?Z hB 2 B 1/2 GM MB AP2 2
Ss(Ap,e)ZSsc(Apy é——'—>—4(——> ( ) {—I:S—"—(e—_“> jl"l]’
oM 12/ \2oxrap?/)  lapl™ ap?\" 2m

Xexp[—B:A‘; ] exp[ﬂ exp[— Zzﬁ] / ¢V BP0 . (64)

Although Eq. (64) is also correct to (%2) and satisfies the Placzek moments to this order, it differs from Eq. (57)
in that, because of the way the terms are grouped, it does not satisfy the condition (46). This makes (57) preferable.

(3) ¥? Time Approximation. Based on the fact that Schofield’s prescription does not satisfy the zeroth Placzek
moment, it was suggested by Egelstaff?? and Schofield?® that, for an isotropic system, X,(Ap,t) may be obtained from
X,°(Ap,t) by replacing #2 by y?={—1#%i3. In order to establish connection between this recipe and the quasiclassical
approximation, note that for a randomly oriented system, X,°(Ap,f) is real and is given by

Xo?(Ap,t) = X*(| Ap| 1) = (exp[(i0p/ 1) (z:(1) — 2) Drc

= <COS[%(Z]'(1) — zj)jl>m= ni::o ((—2:)) :(%>2n<[zj(t) =z ]*")re, (65)

where z; is the component of q; along the direction of Ap, and Ap is chosen along the z axis. Hence, the formal
expansion in powers of Ap?,

72 B\ /#BAp\? T2Ap? \ e Ap\" Ca(t)
h‘{"s <AP">+(;;+§><@) exp[‘zm]wf V>}1§o(;> e (66)

A M. Nelkin, in Proceedings of the Symposium on Inelastic Scattering of Neutrons in Solids and Liguids (International Atomic
Energy Agency, Vienna, 1960), p. 3.

2 P. A. Egelstaff, in Proceedings of the Symposium on Inelastic Scattering of Neutrons in Solids and Liquids (International Atomic
Energy Agency, Vienna, 1960), p. 25.

B P. Schofield, in Proceedings of the Symposium on Inelastic Scattering of Neutrons in Solids and Ligquids (International Atomic
Energy Agency, Vienna, 1960), p. 39.
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Fie. 3. Differential scattering cross section versus outgoing F1c. 4. Differential scattering cross section versus outgoing

neutron energy for neutrons of incident energy 5X1073 eV scat-
tered at 90° by a system of particles of mass 18 diffusing according
to the Langevin model at 295°K.

neutron energy for neutrons of incident energy 0.1 eV scattered
at 90° by a system of particles of mass 18 diffusing according to
the Langevin model at 295°K.

is justified. The coefficients C,(¢) may be evaluated from (65) by noting that

n 7.2 hBAp 2 TzAP2
Caly= 1n{x,c<Ap,z>+(—+-)(-——) exp| == Jowem) (67)
d(Ap?)» B8 8/\12M 2MB Ap=0
yielding
and
ir 1 / 7262\ 2 1 92V \2
Ci(t)= ——~[ 124 ) (ViV)ret+— <( ) +O(lg)i| (68)
360 BM3 \\9z0z; TC

Lug 3esm\ | 4

for the first two terms. Consequently, Eq. (54) becomes

i3 Ap? 82 B4
lnXS(Ap, h7—|——)= - l:h2(,rz+__)_ (
2 2hBM 4/ 36M

2

2
T2+Z) (v]2 V>TC

hﬁ B2 3 aQV 2
r— (D {(0) ) o [roap) @)
360M2 4 929z;/ 1 r¢

or

2
InX;(Ap,7r) = — [y2—~
2nBM 36M

1 .
YV ) rot+———

(70)

ye 21\ 2
+O(72h8 ]—I—O ApY).
360M2 ((9262J> TC (T ) ( P)
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The coefficient of Ap? on the right of the above equation is, except for correction terms of O(#%?), indeed equal
to the coefficient of Ap? in the series expansion in powers of Ap? of InX,°(| Ap|,y).

Note, however, that the above argument does not constitute a proof of the validity of the y? approximation.
This would require showing a one to one correspondence [at least to terms of O(%2)] between the coefficients of
all powers of Ap? in the series for InX,(| Ap|,f) and Inx,°(| Ap|,y). Such a proof is lacking and even if the y? approxi-
mation were valid it would be at best correct to the same order as the first term in Eq. (54). These facts make
Eq. (54) a superior choice.

(4) The Classical Limit of Ss(Ap,e). In order to investigate the limiting behavior of S;(Ap,e) as #— 0, it is con-
venient to expand X,°(Ap,%7) in Eq. (55) in a power series in #r. Thus,

iT ihr? T
X.s°(Ap,hr)=<eXP|:—Ap°pj]> —— dp-v,V eXp[-Ap-pf]>
M Vilod 2M M TC

Performing the indicated thermal averages gives

h2T4AP2

728M?

- 2AP2
X,5(Ap, ir) = exp *EE}L

Substituting this result into Eq. (57) yields

1h2
<(p Vo) (Ap-v,yTV) exp[—Ap p,:|>
M r¢ SM?

[
exp oM

h27.4

<(Ap vq,V)2exP[EAp p,]>TG—I—O(h3). (71)

2A2

:I/g(r)Vr2¢(r)d3r+O(h4) . (72)

MB \'2 Be LAY BM e
Ss(Ap,e) =( ) expl:—:l exp| — :I expl:— :I
2rAp? 2 L su 2Ap2
M AP% n23?
x| e —(mm-22) | = [soresmay| o, a3
28Ap? 4 8M /136M
where
E=(&MB/Ap2)'2, Hy(E)=E2—1, Hy(E)=E'—6E+3. (74)
From Eq. (74) it immediately follows that
. Mﬂ 1/2 ﬂe ﬂApz 5M62
£1£13 Ss(Ap,e)= (EE) exp[—:l exp|:—— I ] epr:— 2Ap2:| . (75)

That is, the exact classical limit of any system, defined
in this way, is the ideal-gas result. This is physically
understandable since classically the neutron-nuclear
collision is instantaneous; thus the neutron never
samples the potential which binds the scattering system
(since the Fermi pseudopotential is a contact potential).
In fact, since the quantum mechanical corrections in
(73) contain the factor 3, the idealization to a mon-
atomic gas is not far from reality at sufficiently high
temperatures. The rapidity of convergence to this
asymptotic behavior is determined by the factor
(M/BApY)H,(E), and therefore increases with increasing
momentum transfers.

APPENDIX A
In this appendix we prove the identity?*

¢=ea(A+B)=euBeaAI‘(a) s (Al)

2 R, K. Osborn (private communication).

where 4, B are arbitrary operators independent of a»
and T'(a) is defined by the differential equation

ol (a) © (—1)ma"
=¢—a4d Z ———[B,47,e*4T () (A2)
da n=1 n!
and the initial condition
T(a=0)=1. (A3)

To this end, we differentiate (A1) with respect to

o to get
Ae*BeAT (o) =e*BA e T (a) +€*Be24(dT/da). (A4)

Multiplying both sides of (A4) by e~*4¢~*E, and noting
that

» (—1"
e«—aBAeaB= Z

n=0 7.

[B,A ], (AS)
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where

[—B:A]n = [B’[BrA :l‘ﬂ—lj
and
[B,A ]0= 4 )

readily yields Eq. (A2). Q. E. D.
For the case that 4 and B each commute with the
commutator [4,B], Eq. (A2) simplifies to

T'/da= —a[ B,A]T

M. ROSENBAUM AND P. F.

ZWEIFEL

or
T'=exp _%azl:B:A]} I‘(O‘:O):exp{—%Oﬁ[B,A]} )

ie.,

eU+B) = ¢gBed exp{i[A4,B]}. (A6)
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Polarization of Protons Elastically Scattered by Oxygen*

R. A. BLuef aNpD W. HAEBERLI
University of Wisconsin, Madison, Wisconsin
(Received 18 May 1964)

Measurements of the polarization of protons elastically scattered by oxygen have been made between 2 and
12 MeV by double scattering using gas targets. Scattering by helium at 46° was used as the polarization
analyzer for most of the work. In addition, four angular distributions of the cross section were measured
between 2.5 and 3.8 MeV. The experimental results show that away from the known sharp resonances at 2.66
and 3.47 MeV the polarization changes slowly with energy between 2 and 5 MeV. At 3 MeV the polarization
isnegative at forward angles and positive at back angles, the observed extrema being —0.14+0.02 at 45° and
0.434-0.03 at 115°. At higher energies the pronounced resonance structure causes rapid fluctuations of the
polarization withenergy. Angular distributions of the polarization were measured at eleven energies away from
sharp resonances. At 10.7 MeV the observed extrema in the polarization are —0.884-0.04 at 50°, 0.924-0.04
at 65°. and —0.834-0.03 at 133°. A phase shift analysis of the polarization and cross section was made be-
tween 2 and 5 MeV and at four energies between 5 and 7 MeV. The phase shifts obtained differ from those of
Salisbury and Richards by less than 10 deg. The measured angular distributions of the polarization between
8and 12 MeV are also compared with the predictions of the optical model. New results of the polarization for
p-a scattering and p-C scattering between 2 and 4 MeV are also reported.

1. INTRODUCTION tween 2.5 and 5.2 MeV by Harris ef ¢l.® and between 2

and 7.6 MeV by Salisbury and Richards.®

The polarization can, in principle, be calculated from
the phase shifts, but these calculations are seldom
reliable since the polarization and the cross section de-
pend on the phase shifts in different ways. For this

REVIOUS studies of the elastic scattering of protons

by oxygen consisted primarily of measurements of

the differential cross section as a function of energy.'—5
At Wisconsin excitation curves of the cross section have
been measured for several angles. Eppling? made meas-

urements up to 4.6 MeV, Salisbury et al.? from 4.2 to
8.6 MeV, and Hardie ef al. from 8.5 to 13 MeV. In
addition, Hardie measured angular distributions at
thirteen energies between 4.8 and 13 MeV. Phase-shift
analyses of cross-section data have been reported be-

* Work supported by the U. S. Atomic Energy Commission.

t Present address: Ohio State University, Columbus, Ohio.
(1;;{1} A. Laubenstein and M. J. Laubenstein, Phys. Rev. 84, 18
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reason measurements of the polarization provide an
independent test of the validity of the phase shifts
obtained by fitting cross-section data and can be used
in conjunction with cross-section data for a more accu-
rate determination of the phase shifts. Indeed, at higher
energies where there are more parameters to be de-
termined, cross-section data alone is not sufficient to
determine the phase shifts unambiguously.

Previous measurements of the polarization for proton-
oxygen scattering are not very extensive. Early meas-
urements by Sorokin ef al.” near 2.7 MeV and Al-Jeboori

1;652 R. Salisbury and H. T. Richards, Phys. Rev. 126, 2147
( 7 P.) V. Sorokin, A. K. Val’ter, B. V. Gavrilovskii, K. V. Karad-

zhev, V. I. Man’ko, and A. Ya. Taranov, Zh. Eksperim. i Teor.
I(Tiz. 3)3], 606 (1957) [English transl.: Soviet Phys.—JETP 6, 466
1958)7]. ’ ) '



