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A fixed-momentum-transfer dispersion relation is used in a self-consistent calculation of the p meson.
An expansion of the scattering amplitude in terms of a new variable, introduced by a conformal transforma-
tion, forms the starting point of the present calculation, and this expansion converges throughout the
physical region. A self-consistent p-wave resonance is found at 340 MeV. It is concluded that the p meson
is not capable of producing itself self-consistently and that some other mechanism is responsible for the
750-MeV p-wave resonance observed in the - system.

I. INTRODUCTION

E present some solutions to a set of approximate
equations describing the pion-pion scattering
amplitude in the low-energy region. This work is based
on a method developed by Atkinson,! in which partial-
wave amplitudes are projected from an expansion of the
scattering amplitude which converges throughout the
physical region. The partial-wave amplitudes are related
to derivatives of the scattering amplitude, evaluated in
the forward direction, which can, in turn, be found from
forward scattering dispersion relations.
Several years ago, Chew and Mandelstam? introduced
a theory of low-energy pion-pion scattering, based on
the Mandelstam representation.® Although the method
had some qualitative success, it suffers from the diffi-
culty that it employs an expansion of the scattering
amplitude in terms of Legendre polynomials in un-
physical regions outside the Lehmann ellipse, where it
fails to converge. To circumvent these difficulties,
several authors*® have proposed the use of forward or
backward scattering dispersion relations in a Taylor
series expansion of the scattering amplitude in the
cosine of the scattering angle. This expansion converges
only for rather small values of energy, due to the
existence of the double-spectral functions in the
Mandelstam representation.®$
By means of a conformal transformation, Ciulli and
Fischer® have introduced a new variable, in terms of
which an expansion of the scattering amplitude in either
the forward or backward direction converges for all
physical values of energy and scattering angle. Ex-
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tending this formalism, Atkinson! has derived general
expressions for partial-wave amplitudes.

In the present work, Atkinson’s results are used to
obtain partial-wave dispersion relations. These relations
appear to be well suited to a study of low-energy
phenomena due to the occurrence of cutoff functions,
which emerge in a natural way and which suppress the
high-energy behavior of the amplitude. In addition, be-
cause only forward or backward scattering dispersion
relations are used, the effect of the double spectral
functions is minimized, since long-range extrapolations
into regions where they fail to vanish are not required.

We apply this method to a self-consistent calculation
of the J=1, T=1 amplitude (p meson),” in which we
employ elastic unitarity and we approximate the left-
hand cut by a J=1, T'=1 zero-width resonance. In Sec.
II, we describe briefly the work of Atkinson, in Sec. III
we derive a partial-wave dispersion relation for the
p-wave w-m amplitude, and in Sec. IV we present our
numerical results. We conclude in Sec. V with a general
discussion.

II. GENERAL EXPRESSIONS FOR PARTIAL-WAVE
AMPLITUDES

The Taylor series expansion of the scattering ampli-
tude in z about the point z=1 is given by?

o (z—1)" 9”4 (v,3)
A= ————— (2.1)
=0 pl 9" |,
Partial-wave amplitudes are given by the formula
1
Al(u)=5/ dz Pi(2)A(v,3), (2.2)
-1

and on substituting Eq. (2.1) into Eq. (2.2), we have
27p ) "4 (v,3)

A u=°° —1)ntl
)=z (=1 (=D (1) |y

7A. Erwin, R. March, W. D. Walker, and E. West, Phys. Rev.
Letters 6, 628 (1961); E. Pickup, D. K. Robinson, and E. O.
Salant, 707d. 7, 192 (1961); D. D. Carmony and R. Van de Walle,
Phys. Rev. 127, 959 (1962); Saclay-Orsay-Bari-Bologna Collabo-
ration, Nuovo Cimento 15, 365 (1962).

8 Notation: » is the momentum squared of one of the pions in
the c.m. system; z is the cosine of the scattering angle. We take
units #=c=p=1. Throughout this section, we employ the
notation of Atkinson.

. (2.3)
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However, elastic thresholds in the crossed channels give
rise to branch points in the z plane, located at

=14+2/v, z=—1-=2/v, (2.4)

and the cuts are chosen to run along the real axis to
=+ oo, respectively. From TFig. 1, it can be seen that the
expansion (2.1) will not converge for physical z near
z=—1, whenever z;<3; i.e., for »>1. Consequently,
Eq. (2.3) would not be expected to give reliable results
for »2> 1. By expanding the scattering amplitude in both
the forward and backward directions, one can extend
the region of convergence to »< 2. These expansions can
be introduced by rewriting Eq. (2.2) in the form

0 1 1
Al(v)=%/ dzA(V,z)Pl(z)—i-E/- dz A(»,2)P(2),

where in the first term we use the expansion in the
backward direction, and in the second the expansion in
the forward direction.

In order to obtain similar expressions for the partial-
wave amplitudes based on a convergent series, Atkinson
introduced the new variable w(z), where

[(2—2)/ (22— 1) ] =[(21—2)/ (m—1) ]

[(z2—2)/ (32— ) ]2+ (212—2)/ (z1— ) 2
w(1)=0.

“(5)= (2.5)

This transformation conformally maps the entire z

plane into the unit circle, the cuts in the z plane being

mapped onto the boundary of the circle. The Taylor

series expansion of 4 (»,2) in terms of w about the point
w=0,

w© w" "4 (v,2)

A2)=2 ——

n=0 91!

, (2.6)

w=0

ow™

now converges for all physical » and z. Atkinson has
shown that, when this expansion is truncated after N
terms, the first N partial-wave amplitudes are given by
the formulas

"A(v,2)
Ai(v)= Z U mN(v) , (2.7)
where - =t
611 N +1
UlnN(V)—-* 2 Cra® (—a) dz Pi(z)w",
n r=n —1

and a=v/(v+2), 8= (8/v)[(»+1)/(»+2)]; C.,(x) are

Gegenbauer polynomials defined by the series

1 )
=2

=Y WO (),
(= 2204?70

and P;(z) are the Legendre polynomials. It is hoped
that the use of Eq. (2.7) instead of Eq. (2.3) will give a
better approximation for the partial-wave amplitudes.
The question of how many terms we should keep in the
expansion of Eq. (2.6) is discussed later.

FOR PION-PION SCATTERING
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Z PLANE

Fic. 1. The 2
plane, showing the
two cuts of the

scattering amplitude,
starting at z; and 2., 2z, -1 +l z,
and the circle of con- & J

vergence of a Taylor
series expansion of

III. DERIVATION OF p-WAVE DISPERSION
RELATION

the scattering ampli-
tude about the point
z=1.

In this section, we discuss the application of Atkin-
son’s equations to a self-consistent calculation of a
p-wave resonance in the pion-pion system. In terms of
the Mandelstam representation, the three channels of
the -r problem give rise to the same scattering and can
be written in terms of the energy momentum and
isotopic spin of the incoming and outgoing particles as?

(Plya)+ (P276) - (_PZJ 7)+ (_P4J 5) ) (I)

(Pre)+ (Psy) = (— Py, B)+ (= Py, 8), (II) (3.1)
(Pr,a)+ (P4,8) = (— Po, B)+(—Ps, ). (III)
The usual invariant variables are
s= (P1+P)?= (P34 Py)?*=4(v+1),
t=(Py+Py)*= (Po+Po)?=—2v(1—cosh), (3.2)
w=(P1+Py)*= (Po+P3)?= —2v(1+4cosh).
The invariant amplitude is written as
T (s,t,u) = A (5,8,1)00p0y5+ B (5,4,4)8 1855
+C(s,t,)80508,, (3.3)

and the isotopic spin amplitudes are given in terms of
the amplitudes 4, B, C, by the equations

A'=34+B+C,
A'=B—C,
A*=B+C.

(3.4)

For V=3, our basic equation for the p-wave isotopic-
spin-one amplitude is, from Eq. (2.7),

‘ A 11 (V) = I]u3 (V)Al(l) (V)‘l— U123(V)A1(2) (V)

+U1# (1A' (),
where we use the abbreviation
AI(")=6"AI(V,Z)/GZ"],=1. (36)

Each of the amplitudes 4, B, C obeys the fixed mo-
mentum-transfer dispersion relation

1 > lAs(s',l) 1 =
A(s,t)=~/ ds'— +~/
m™J 4 S —3S m™J4

(3.5)

A !
u ’3, 3.7)

u'—u
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and it can readily be shown that the isotopic-spin-one amplitude obeys the relation
1 r= AL () —3AL( D)FFAMS )AL
A‘(s,t):~/ ds,[ L8 244(s',t) ( )]
4 s'—s s'—4+s5+t

™
in which crossing symmetry, implied by the kinematics of the problem, has been used in the second term on the
right. In line with the p-wave approximation, we keep in Eq. (3.8) only the isotopic-spin-one amplitude ; we further
represent the absorptive part of the amplitude in the physical region by the lowest angular-momentum states, in
this case, the  wave, and we have

(3.8)

A )=A4A2(s,0)=0, [074,(s,t)/dt"]=0, n>2. (3.9
To evaluate the derivates A1 we note that
A (y)= (2v)"[3"A (v,) /3] | im0, (3.10)
and then, differentiating Eq. (3.8), and using Eq. (3.9), we obtain
A (s,t) 1 p= 94 /at 1 94,/ ot 1 A
=—/ ds'|: + —= :] , (3.11)
ot N s'—s 25 —4+s+t 2 (sT—4+s+1)?

and in general, for n> 2,
InA(s,t) nl e A/ ot A4
Ay ] -

am 2 J 4 (s'—44s+0D)" (s—4+s+)H

After gathering the results so far, we find that our p-wave amplitude becomes

WwULR(r) 2 [04s/dt 1941/t 1 A (20)2U 15 (»)

_ / ds/l: +- — ]_L

4 s'—s 25 —44s 2 (s'—4+s)?

All(v =

™ ™

® 94,/ ot A1 32vPULE(v) [ 94,1/t A,
X/ ds’I:—- + :|+ / ds’[ — :| (3.13)
4 (s'—44s5)? (s'—4+s)? w s (s'—4+4s5)3 (s'—4+s)"

The next step is to find expressions for the numerators occurring in the integrands of these equations,
dA M (s,t)/dt] 1m0 and A,'(s,t) | =0. Equation (3.9) yields

ImA!® (») =ImA'® (y)=0, (3.14)
and we have that
A (s,1) 1 1
—— =—Im4d'®(y)=——TImA,(»). (3.15)
al t=0 21/ 2VU113(V)
From the third-order isotopic-spin-one s-wave equation,
Ao (1)=0=4"O )+ Vo’ () A'V )+ Vo (1) A'® () +Uos* (1) AP (v), (3.16)
we find
ALO)=—[Uo(»)/UniP(»)] ImA{ (v). (3.17)
Finally, we introduce, as a matter of convenience, a new amplitude a(»), defined by the equation:
a(n)=41)/Un(v). (3.18)

The third-order p-wave equation of our theory is now written:

vy 2 Ima(v) v [ Ima(v') v °  Un®(¥) Ima(v')
a(v)=—/ av’ — d&y'—————F— &y
wJo V(=) 2wy V(Y +v+1) 4r ' +v+1)2
v U () /”d ) Ima(y’) v Uid(v) /“”d IUma(V’) Ima(v')
—_— A7) —_—— 14
Ui(@)Jo V(4 v+1)2 4 Ud(v) Jo (/' +r+1)
33 U (v) /‘”d ) Ima(v') l 38 U (v) f‘"’d ,U013(V/) Ima(v')
— v — .
4 Ui(v) Jo ”,(V,+V+1)3I 8r Uit(v) Jo ’ (V'+V+1)4

(3.19)
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For brevity, we rewrite Eq. (3.19) as

v °  Ima(v')
a(v)=—/ dy'——+B(v). (3.20)

TJo V(v —v)
This equation has the same structure as the p-wave
equation of Chew and Mandelstam,? with cuts along the
real axis for — o <y<—1 and 0<»< . The crossing
relation for Ima(») on the left-hand cut is different,
however. We note that, in terms of a(»), the unitarity
condition reads

Ima(u) = U113(V)<

14

l)mla(v)P, (3.21)

14
and

v 1/2
Im[a(v):]_1= d U113(V>(V+ 1) . (3.22)

14 R U013(VR) 14 R
€
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ImA!(v) is now approximated on the left-hand cut by a
zero-width resonance:

ImA,'(v)=wR6(v—r),

R=15(g/4m)ve,

ve=%1(mg’—4),

(3.23)
where

(3.24)
and

mpg is the mass of the resonance, and g is the prw
coupling constant, defined by its relation to the width of
the resonance I':
1 g (me—dye
r=———«

= (3.25)
12 47

m;ﬁ

Substituting Eq. (3.23) into Eq. (3.19) gives for the
driving term B(») the expression

U123(V) V2

B(»)=

R UoP(ve) Ui (v) 2 o 3R

2rU 1 (vg) vhvs 4 Usd(ve) vn)? 202U (vr) Usd(v) (vtvi)?
U133(V) 1’3 L3R U()13(VR) U133(V) V3

_Z Uid(vr) Ui (v) (1/-{—1/L)3—r 4vrU1(ve) Ud(v) (v+vp)? l 8 Uid(vg) Uid(v) (V+VL)4’

where vp=vp+1.
We solve Egs. (3.19) and (3.26) by the N/D tech-
nique,? setting

a(»)=N(@)/D(»). (3.27)
Then 3} o
N(V)=B(V)+~/ dy’(‘y’—i—l)
B(G')—B(v
><Uu3<u'>zv<u'>—(,—()—:—§3, (3.29)
and v [® vo\12 N(@')
p=1-= [ (=) v) o 6D

i.e., we solve first a linear integral equation for NV (») and
use this result to find D(»). It should be noted that this
procedure requires quantities in the physical region
only.

In the foregoing development we have taken N=3;
i.e., we kept three terms in the expansion of the scat-
tering amplitude. In order to determine the optimum
number of terms to be kept in this expansion, we must
first consider the significance of the parameter N. In
general, the larger IV is, the better will be the repre-
sentation of an assumed amplitude. However, making
N larger also has the effect of minimizing the effect of
the cuts in the z plane shown in Fig. 1. In fact, as
N —w, the effect of the cuts in the z plane would
entirely disappear and we would produce the Chew-
Mandelstam equation which does completely ignore
these cuts. For example, in the present calculation we

(3.26)

are assuming that the amplitude is a pure p wave. We
know that this cannot be correct because a pure p-wave
amplitude would not have the cuts of Fig. 1 that the
amplitude must have. Using the expansion given by
Eq. (2.6), with finite NV to approximate the amplitude,
guarantees that the result will have the proper cuts in z
(although, of course, it says nothing about the dis-
continuity across the cuts). As we make N larger to
extend the assumed amplitude to higher energies it will
also be extended further towards the region z>1 and
look less like a function with the z cut than it should. As »
increases, the cut in the z plane approaches the physical
region at z=1, and we would expect a smooth interpo-
lation between the region z>1 where there is a cut and
the region z<1 where we want to approximate the
assumed amplitude.

0.4

FIGURE 2
Fic. 2. Plot of the functions Uy¥ (v) for N=1, 2, 3, 4.
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TasiE L. Calculated values at Roy¢ versus assumed values of Riqn
as a function of resonance position, for first, third, and fourth
orders.

N VR Ria Rout
1 0.35 (326 MeV) 3.10 3.10
3 0.38 (330 MeV) 1.57 1.28
0.56 (350 MeV) 2.24 2.96
4 0.38 (330 MeV) 1.09 0.90
0.56 (350 MeV) 1.55 1.72

From the foregoing discussion, we conclude that N
should be large enough to approximate the amplitude up
to that energy below which we can believe our assump-
tions, and no larger. A measure of what value of NV to
use is given by the dependence of the U,V (v) functions
on v. As long as the U;,” (v) are close to their threshold
values, the assumed amplitude will be well represented,
so that we pick a value of N that will approximately
preserve the U,V (v) at their threshold values up to the
appropriate energy. In the present calculation we are
assuming that the elastic p wave dominates the total
-1 cross section up to energies just beyond the p mass.
We base this assumption on experimental information
and thus use the experimental value for the p mass. In
Fig. 2 we have plotted U11¥(v), which is the most im-
portant U function for the p wave, for N=1, 2, 3, 4.
N=3 keeps Un"(»v) at approximately its threshold
value throughout the energy region of the p meson and
has therefore been used in the present calculation.

It should also be noticed that there is some internal
consistency to the method in that, once a value of N
has been selected, the cutoff character of the U.Y(»)
would tend to suppress the effects of high-energy
contributions. This is especially important in any calcu-
lation which neglects inelastic contributions which
would be expected to come in at high energies.

IV. NUMERICAL RESULTS

Following the procedure of Zachariasen and Zemach?:
we found self-consistent solutions for N=1, 3, and 4.
The self-consistent conditions are given by the equations

ReD(vz)=0, (4.1)
ImD(vR)
=2(vp+1)VT. (4.2)
1(@ReD(»)/dv)|sesn
From Eq. (3.29), one obtains
ImD (vr)=Us*(ve)[vr/ (va+1)J*N (vr), (4.3)

9 . Zachariasen, Phys. Rev. Letters 7, 112 (1961).
10 F, Zachariasen and C. Zemach, Phys. Rev. 128, 849 (1962).
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so that Eq. (4.2) can be rewritten as

ng(l/R)Z\r(VR)
Rni i

= . (4.4)
dReD(V)/dVI V=R

Our procedure was essentially the following: For certain
vr, R was varied until one R was found, R;,, which
satisfied Eq. (4.1); then, from Eq. (4.4), Rous was
computed. This was repeated for several vg, the result
being a series of points lying on two curves, one Ry,
versus vg, and the other R,. versus vz. The point at
which these two curves crossed determined the self-
consistent solution, i.e., at that point R;,= R,y for the
same vg.

For the case N=1, it was possible to write the
numerator and denominator functions in closed form,
enabling us to determine the self-consistent coupling
constant and resonance position with good accuracy.
Since, for N =3 and 4, it was impossible for all practical
purposes to get exact analytic solutions, we had to
resort to a computer. We found solutions by approxi-
mating the linear integral equation for N () by a set of
simultaneous algebraic equations, which were then
solved by matrix inversion. D(v) was then evaluated by
numerical integration. In order to test the accuracy of
this procedure, the computer solutions were checked for
the case in which B(v) is given by a single pole—a case
known to have an exact analytical solution. The two
solutions agreed to within 29,

For the three cases N=1, 3, 4, we found that a self-
consistent solution existed, and that, for the computer
solutions of ¥=3 and N=4, the self-consistent reso-
nance position fell between two adjacent mesh points,
0.38<»<0.56. The results are shown in Table I. Ac-
cording to the discussion of the preceding section, we
regard N =3 as giving the best solution to this problem.
This case yielded a resonance at 340 MeV with a cou-
pling constant of about 50.

V. GENERAL DISCUSSION AND CONCLUSIONS

We conclude that a zero-width p-wave resonance in
the crossed channel, along with the assumption of
elastic unitarity, does not yield the experimental rho
meson (mass of 750 MeV), although a self-consistent
position and coupling constant are found. It will be
noted that a coupling constant of 50 corresponds to a
width of about 280 MeV by Eq. (3.25), whereas the
position of the resonance is only 60 MeV above thresh-
old. This resonance is anomalously wide and therefore
does not really yield a seli-consistent solution, since a
very narrow (zero-width) resonance is assumed in the
crossed channel. We should like to emphasize that the
only purely mathematical assumption made in this
problem is in the truncation of the initial expansion of
the scattering amplitude, Eq. (2.6) ; the equations which
result are, in principle, soluble.
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These facts indicate that a narrow p-wave resonance
is not the dominant feature driving the pion-pion system
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has been emphasized and is being investigated along the
lines developed in this paper.

and that inelastic and other high-energy effects must be
included, as has been pointed out by several other
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authors.’*12 In particular, the effect of the w-w channel
We wish to thank Dr. Trevor Preist for reading the
manuscript and for several helpful discussions, and also

Dr. Munir Islam for helpful discussions.

11 R, Blankenbecler, Phys. Rev. 125, 755 (1962).
2 R. E. Kreps, L. F. Cook, J. J. Brehm, and R. Blankenbecler,
Phys. Rev. 133, B1526 (1964).

PHYSICAL REVIEW VOLUME 137, NUMBER 1B 11 JANUARY 1965

Asymptotic Decrease of Scattering Amplitudes™

A. P. BALACHANDRAN
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois
(Received 28 August 1964)

The recent analysis by Orear of the large-angle p-p scattering data at high energies indicates that the
scattering amplitude outside the diffraction peak falls off asymptotically like exp[ —c¢(6)s"/2] for fixed angles,
where ¢(8) is some function of the center-of-mass scattering angle 8 and s is the square of the center-of-mass
energy. We show that if the scattering amplitude is O(exp{—c(0)s'2}) as s — « where ¢(§) >0 for some
fixed 8, then the entire scattering amplitude for this 6 is uniquely determined by the function associated with
the left-hand cut in the fixed-angle dispersion relation. The spectral function for the right-hand cut is ex-
hibited as the Fourier transform of an analytic function which is defined by a power series in a certain
domain of its regularity. The power series involves only quantities which are determined by the left-hand cut.
Unitarity is not explicitly used in the proof, so that this asymptotic requirement plus the nature of the left-
hand cut have somehow to imply the unitarity condition and hence the mass spectrum in the s channel
at all energies.

If the scattering amplitude is O[exp{ —c(6)s'/2} Jwhere ¢(6) >0 for a nonzero interval in 6, then the ampli-
tude is uniquely determined by its left-hand cut for all 8 by analytic continuation. In this case, the solutions

of the partial-wave dispersion relations are also unique.

I. INTRODUCTION

ECENTLY, the p-p elastic scattering cross section

was measured by the Cornell-Brookhaven col-

laboration group at energies ranging from 10 to 30 BeV

and various scattering angles.! Orear? has analyzed

these data and finds that outside the diffraction peak,

they can all be fit within two standard deviations by
the simple exponential form

do
—=A exp[—as"/? |sind| ], (T.1)
aQ

where 4 and a are constants, s is the square of the
center-of-mass energy, and 6 is the center-of-mass
scattering angle.

According to Cerulus and Martin,? if the total cross
section behaves like a constant at high energies, and if

* This work is supported by the U. S. Atomic Energy Commis-
sion, CO0O-264-213.
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(1964).

2 J. Orear, Phys. Rev. Letters 12, 112 (1964).

3 F. Cerulus and A. Martin, Phys. Letters 8, 80 (1964).

the usual analyticity assumptions are correct, the
scattering amplitude F(s,s) cannot decrease faster
than exp[—c(0)s'? Ins] as s — o« for 8520 or =:

|F(s,2)| 2 4 exp[—c(0)sV?Ins] as s— . (1.2)

Here, A is again a suitable constant, z=cosf and ¢(6)
is constant times a known function of # which vanishes
for 6=0 or =, and is well approximated by |sinf| for
a wide range of 6*.

As the form (I.1) is not much larger than the form
(L.2), Kinoshita* has suggested that the scattering
amplitude may in fact attain the lower bound in Eq.
(1.2) as s— 0. As it also seems to grow as fast as it can
in the forward direction consistent with analyticity
and unitarity,’ this would then be an indication that
for some ill-understood reason, the scattering amplitude
has many extremal properties at high energies.

4T. Kinoshita, Phys. Rev. Letters 12, 257 (1964). See also
K. Yamamoto, Phys. Rev. 135, B567 (1964).

5 More precisely, the Froissart bound® gives |F(s,1)| > 4s In%s
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using analyticity in s, and it is not unlikely that the In%y factor
can be got rid of by making use of this analyticity.

6 M. Froissart, Phys. Rev. 123, 1053 (1961); A. Martin, zbid.
129, 1432 (1963).



