SUBTRACTION TERMS IN S-MATRIX THEORY

introduction), Martin! has shown that, in some cases, all
partial-wave amplitudes become uniquely determined
by the spectral functions. However, even in these cases
he is not able to conclude that the s- and p-wave physi-
cal amplitudes agree with the partial-wave amplitude
analytically continued from high /. Our example, under
the assumption of an explicit form for the high mo-
mentum-transfer has been explicitly shown to have this
property.

As a final remark, we mention the fact! that if the
asymptotic behavior of the amplitude is of polynomial
type, then it would be impossible to have agreement
between the interpolated and the physical partial-wave
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amplitude. It is clear that terms of polynomial type
introduce Kronecker deltas into the amplitude which
give contributions at discrete values of angular mo-
mentum, which contributions cannot be reproduced by
a smooth connection with higher angular momenta.
This gives the important result! that MASD forbids
polynomial asymptotic behavior of the scattering ampli-
tude in 2.
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For a certain wide class of kernels involving trilinear coupling of scalar particles, the absorptive part of
the Bethe-Salpeter amplitude for forward scattering is bounded from above and below. The bounds are ex-
pressed in the form Bis*1< 4 (s) < B2S*, where s is the squared c.m. energy and B, and B; are positive con-
stants. Expressions for the exponents «; and a; are given as functions of the coupling constant g. For the
straight ladder model, a; and a2 coincide for all values of g, the common expression agreeing with an exact
result of Nakanishi. For the more complicated models, a; and «; do not in general coincide. However, in the
strong-coupling limit g—, we find that as/a; — 1; moreover, the common asymptotic behavior
Q1,2 o, §/4mm is the same for all the models, including the straight-ladder model.

I. INTRODUCTION

SING techniques discussed in two earlier papers,!:?

we consider here the problem of setting upper and

lower bounds on the absorptive part of the forward

elastic scattering amplitude for a certain wide class of

ladder-like models. We deal with theories involving
scalar particles which couple trilinearly.

In general, the absorptive amplitude A4 satisfies a
Bethe-Salpeter equation, as symbolized in Fig. 1. For
an inclusive treatment, one would have to take for the
kernel K a sum over all possible irreducible diagrams;
and for the Born term Ap a similar sum, evaluated on
the mass shell 22=0. But as we shall understand the
term here, a particular model is characterized by the

p k
F1c. 1. Notation
for the integral equa- e +
tion.
p k
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choice of a particular one of the irreducible diagrams
for the kernel K and corresponding Born term 4p. The
class of such models which will come under discussion
here is characterized by the examples shown in Fig. 2
for the irreducible kernels. The heavy lines (spinless
“nucleons”) correspond to particles of mass m, except
for the external nucleons which are taken, for reasons
of kinematic simplicity, to be massless. The wavy lines
represent exchanged particles (“mesons”). In general
terms, the class of irreducible diagrams which we con-
sider consists of those in which each wavy line joins two
solid lines, without further connections (no loops or
self-energy and vertex corrections).

Insofar as the kernel K is concerned, the exchanged
particles are taken to be massless. But in the Born
term A p, which is described by the same diagram as for
K, we suppose that one of the exchanged particles has
a finite mass u. Although we could set u=0 without
embarrassment insofar as the absorptive amplitude is
concerned, we would encounter infrared divergence
troubles for the real part of the amplitude. In order to

I X X X

(a) (b) (c) (d)

F16. 2. Examples
of irreducible dia-
grams.
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deal with models free from this disease in any of their
parts, we retain this one finite mass and drop all
further discussion of the real part of the scattering
amplitude.

The simplest of the models is that corresponding to
the kernel of Fig. 2(a), which generates the straight-
ladder diagrams. It has been widely discussed in the
literature in various limits and approximations.? In
particular, Nakanishi* has recently obtained an exact
solution to the problem for the case where the ex-
changed particles (all but one of them, as above) are
massless. For very large scattering energy s2, the
amplitude grows like s*. According to Nakanishi, the
exact expression for the exponent is given by

—§+[i+ (g/4mm)* ]2, M)

where g is the coupling constant. An #pper bound on «
which we had earlier obtained happens to coincide
exactly with this result.! For later reference, let us note
that the first two terms in an asymptotic expansion for
the strong coupling limit are given by

g0 (g/4em)—5+- - . (2)

In the present paper we consider the more general
class of ladder models which has been characterized
above. For each model we seek both an upper and a
lower bound on the forward scattering absorptive
amplitude, in the form of expressions which again grow
like s« for large energies. In particular, we are con-
cerned with setting bounds on the exponent a. For this
more general class of models, exact results are of course
not available for comparison. However, the following
remarkable result emerges from the present analysis.
The absorptive amplitude 4 (s) is bounded in the form

lea1<A(S)<st"2, (3)

where B; and B, are positive constants and the ex-
ponents a; and a are certain explicit functions of the
coupling constant g, a:>a;. In the strong coupling
limit we find that as/a;— 1; and the leading term in
the asymptotic expansion is

3)
This limiting behavior is common to all of the models
under discussion, and since as/a;— 1 in the strong
coupling limit, we conclude that the leading term (3’)
is in fact exact in this limit. It of course coincides with
the exact result for the straight ladder, Eq. (2).

At the end of the paper we make a few comments on
the problem of setting bounds for the amplitude gen-
erated by including the sum of all irreducible graphs of
the described class in the kernel.

1, Q2 =g (g/4Tm) .

II. PRELIMINARIES

In the notation of Fig. 1, the Bethe-Salpeter equation
for the off-mass-shell absorptive amplitude takes the

3 The literature can be traced from Ref. 1.
4 N. Nakanishi, Phys. Rev. 135, B1430 (1964).
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form

AW
A(B) = A () + / Ko 2H_ g

( 2 /2)2

where £2=0 is held fixed at its physical value. In terms
of the scalar invariants $?, p'% k*=0, and

2m)*

s=(ptk?, '=@'+kr? y=0'—p),
this can be written
A(s,p2 k) = AB(skaZH-—— ! / dpds’
28 s—p?
A(s '2k2)/ KO0y, )
’2)2

At the end, the variable $?* is to be set at its physical
value p?=0.

For a given irreducible diagram involving the ex-
change of # massless mesons, the kernel K has the form

K=2 2|: g :r—l/ digy- - -d*qq6(g?) - - -8(ga?)
=2
’ (2m)® (m2— pi?)(m2— ps?) - - - (mP— pan_o®)

xa(p—p'—i @, (©

where the ¢; are the momenta of the exchanged mesons
and the p; are the momenta of the intermediate nu-
cleons. The Born term is 4 p= %K, with p"?=0; but here,
as mentioned, we take one of the exchanged mesons to
have finite mass u.

Introducing the new variables

x=—?2’ qu—P2:

= _?/2’ u’=s’—p"",

(7

we find that Eq. (6) can be rewritten

1 redd v
A(ux)=Ap (u,x)-}-———/ — dx’'
3278 !

zu’[u
2D f Ky, (8)
’x’ 2
m2+oc')2 ’ 4
where ,
® x
sw=u=at)( 5=2). ©
u u

The fixed quantity £2=0 is not displayed in the above
notation.

It is out of the question to compute exactly the
appropriate kernel function for each model, and to
solve the corresponding integral Eq. (8). Instead, we
seek bounds on the absorptive amplitude. We proceed
from the observation that the kernel K is positive
definite and that Eq. (8) is of the Volterra type. Thus,
as discussed in the earlier papers, the amplitude 4 is
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minorized (majorized) by any trial function A which
satisfies an equation analogous to (8) in which there
appears a minorized (majorized) kernel K and minor-
ized (majorized) Born term Ag. Notice that 4p is just
equal to 3K’; the prime reminds us that for the Born
term the kernel is to be computed for the situation
where one of the exchanged particles has finite mass y.
In effect, therefore, we minorize 4 with a function 4,
for which

dx’

1 redd v
32#3,/,,2 % J 2w/

A:1(u' %) oo
D i,
(m2+x’)2 0

where K;1<K, KY/<K'; and we majorize 4 with a
function A4, which satisfies a similar equation with the
inequality sign reversed and with majorized kernels
K2>K) K2,>K,-

Our first task will be to seek tractable bounds on the
kernel K for the general models under discussion. In
Eq. (6) the denominators D;=m?— 2 vary in a corre-
lated way in the course of integration, the correlation
depending on the details of the diagram in question.
However, we can minorize K (y,x,4") by replacing each
denominator by the maximum value which it reaches
for fixed y, x, #". Similarly we majorize K by replacing
the denominators by their smallest values. Now a
typical momentum p; in Eq. (6) can be written

pi=p—0O1= P’+ Q2,

4 1 (u>x) < %Kl’ (u,x,O)—l—

(10)

where

Q1=i g Q2= i gi.

=1 F=i+1
With Q?=pu?, Q"?=yu,?, we then find

Di=m?— (p—Q1)?
=mP+x—p+ (1/2y) (y—x+2") (9+pl—ps)
— (cos8/2y)[ (y+a' —x)*+-4yx ]2
XL+ pl—p?)2—dyu2 ]2,

where 6 is the angle between the vectors p and Q; in
the center-of-mass frame p— p’=0. For given values of
y, %, and &/, the quantity D; is largest when cosf= —1
and when u; and us are at their smallest possible values,
w1=pue=0. Similarly, D; is smallest when cosf=1 and
again u1=us=0. Thus,

Di< Dmax= m2+%(y+x+xl)

+3L(yt+ata’)i—4xa’ 2, (11)
and
Di? Dmin= m2+% (y+x+x')

—3[(y+a+a")2— 4w’ T2, (117)

Bounds on the kernel K of Eq. (6) can now be ob-
tained by the use of these alternative limits on the de-
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nominator functions. The integration which remains to
be carried out corresponds to that required for the
determination of the phase volume of a system of »
massless particles at squared barycentric energy .
With K;< K< K, we then find

Kl (yrx;x,)
g\ 32° y
=(__) , (12)
4w/ (n—1)1(n—2)! [Duax(y,2,2") Jpn~2
K2 (yyx,x,)
g\ 32x8 y?
_ (_) . a2)
dr/  (n—1)1(n—2)! [Dumin (y,x,2') 2

In connection with the integration over the variable
y in Eq. (10), and the corresponding integration for the
majorizing trial function 4,, we observe that Dy, is
biggest when y is at its maximum value yo; and D,
is smallest when y=v,. Therefore,

Yo yn—Z Y n—1 1
f dy >2 ;
0 [Dmax(3,%,2) P2 n—1 [Drmax (yo,x,2") Jn2
(13)
and
0 yn——2 n—1 1
/ dy < yo ,
0 [Dun(%,2)% 2] n—1 [Dunin(yo,x,2") P2
(13
where
Dinax(yo,2,8") = m*+a' (u/u') , (14)
Diin(yo,2,2") = m2+x(u' /1) . (14"

We shall exploit these inequalities in order to simplify
the arithmetic of the bounding equations for 4; and 4.

Concerning the Born term Az=31K’, we deal with a
similar kernel and similar approximations, except that
here one of the exchanged particles is taken to have
finite mass u. We can still exploit Egs. (11) and (11)
in order to set lower and upper bounds, since the neglect
of this finite mass acts in a direction which conforms to
the inequalities. The Born term is evaluated at a’=0,
and we note that

Dinax (9%, &' =0)=m?+y+x,
Dmin(y;x, x’= 0) = mz.

(15)
(15)

Furthermore, since the phase volume is made larger
when the mass u is neglected, we can in fact simply
take Eq. (12’) as our upper bound for the Born term K’.
To obtain a lower bound, however, we must replace
Eq. (12) by one in which the phase volume reflects the
fact that one of the particles has finite mass u. Minor-
izing the resulting expression further, for later con-
venience, we then adopt the bounds K1’ K’< K¢/, with

Ky'=Ki[1— (u¥/y)]* 1, (16)
Kz,': K2 . (16’)
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III. LOWER BOUND
The minorizing inequality is given by Eq. (10), with
kernel K, given by Eq. (12) and minorized Born term
taken from Eq. (16). We minorize further by exploiting
the inequality (13). For trial function 4, we shall adopt
the expression

Ay=c"'u*(m*+x)~P0 (ur— x)0 (u—uo) , 17)

where (1—7)uo>u2, 1>7>0. We are interested in find-
ing the largest value of the parameter « consistent with
our minorizing equation. Owing to the presence of the
theta functions in Eq. (17), it is clear that we need
only consider the minorization problem for x<ur, %> u,.
The minorizing equation in this range can then be
written

ue (u_ JC) n—2 / ”2 >n—1
< 1—
(m2+x)8  (m*+ u)“*z\ u—2x
v (u—u' )L /u)— (x/u) ]
4+~ du'v'« / dx’ ,
1) wy swia  (mPa" ) mP o (u/u’)
(18)

1

(mi+-2) 3\ /

0 zz
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where
= (16r%/c") (g/4n)? "1/ (n— V) (n—2)1],
A= (g/4mr)?"1/(n—1) 2.

Since our theta functions ensure that

(19)
(19"

u—x2u(1—r) 2 u(1—r)>u?,

it is clear that we can get an absolute lower bound on
the Born term [first term on the right side of Eq. (18)]
in the form

—a )2 2
0<,(% Ot

n—1
¢ 1— ) ,
ur (m2+u)2"‘2\ u—x

(20)

where the parameter ¢ depends on u, 7, and ¢’ [hence
on ¢” of Eq. (17)]. Since these latter parameters are
at our disposal, we can for later purposes choose ¢ as
large as needed. Introducing a new variable of integra-
tion z=1'/u, we now rewrite the minorizing equation in
the following form:

dz zetr1(1—z)" 1 / da’ (o' — x2) " (2 ' )62 (e -/ )~2nH2

1 0
g Cu——a—n_)\/ dg gatn—1 (1_2) n~1/ dx’ (x’—xz) n—1 (m2+x')“5‘2 (mzz-l—x')—2"+2
0 ur;

z

uo/u urz
- f ds zwtnt(1—g)mt / (&' —as) A (P oy (k)22
0

The left-hand side of this inequality depends only on
the variable x and must therefore by itself be nonposi-
tive for all values of x> 0. It is easily shown that this
requirement sets the condition 82 a+n20. However,
it is also easily shown that o will be largest if we choose

the equality
a=B—n. (22)

With this choice, the integral on the left side of Eq.
(21) has the value

1/ f(@)[(n—1) B/m*»(m*+x)F], (23)
with
fl@)=(a+2)(@+3)---
(at+n+1) (@+n) (@tnt+1)-- - (@+2n—1). (24)

The left-hand side of Eq. (21) will then be nonpositive
for all «< &, where & is the largest root of

f@=MN(n—1)F/m*];

up/u

—¢ (m2+x)—-a—n S Cu— e n—)\ (m2)—a—n—2/

0 zz

< Sy~ n—)\ (m2)—a-n——2

(1)

zz

or, from Eq. (19'),
fl@)= (g/4mm)™. (25)

Concerning the right side of Eq. (21), one can show
that the second term is bounded above, for all values
of # and %, by an expression of the form (constant)
Xu~ (et the proportionality constant being a definite
but uninteresting function of A\, @, and #. In the Born
term, we can always choose the coefficient ¢ large
enough so that the Born term dominates the second
term on the right side. Thus, with ¢ some new constant,
still at our disposal, we can rewrite Eq. (21) in the form

1 g 2n
_ — 2 —a—n< Fp—a—n
{1 f(a)(47rm) } iy

up/u urz
—A / dz zetr1(1—g)n1 / dx’ (& —xz) 71
0 z.

2

X (mPa' )62 (ma4-a') 242,

We replace this by the more stringent requirement

0
dz goetn—1 / dx’ (&' — x2) "1 (mPg+-a' )~ 2nt2

(n—1)!
(a+2)(2n—1)--- (n—2)

(1o/u)+? (m2=-x)~7+2,  (26)



BOUNDS FOR CLASS OF BETHE-SALPETER AMPLITUDES

where e=[1/f(a)](g/4rm)?"— 1. This last inequality is
of the form N R"—2— eRet2 L ¢, where R=u/(u+m?)<1.
Thus, for any >0, no matter how small, one can choose
é(e) sufficiently large so that the inequality (26) is
satisfied for all x and % in the range under discussion.
We then conclude that the trial function (20) provides
a lower bound on the absorptive amplitude for any «
arbitrarily smaller than the largest root & of Eq. (25).
Finally, we remark that the physical amplitude, on the
mass shell, is obtained by setting x=0. Then =
=s-4x—s, and we conclude that the physical ampli-
tude is bounded according to

A(5)2 Ax(s)=Bus, 27

where a; is arbitrarily close to & and By is a constant.

For small values of g (notice that « — —2 if #>1),
we have no reason to think that this lower bound on
the exponent is particularly realistic in the general
case.® However, for the special case »=1, which corre-
sponds to the straight ladder model, the solution of
Eq. (25) coincides precisely with the exact solution,
Eq. (1), obtained by Nakanishi.

Moreover, for any of the models (# arbitrary) we
observe that in the strong coupling limit

B 1601

hence

g
1= ——— (n+§)+ - (28)
o= dam,

Thus, for all of the models, the leading term in the
strong coupling limit is the same quantity, g/4wm; and
this coincides with the exact leading term for the
straight ladder model.

IV. UPPER BOUND

To obtain an upper bound 4; on the absorptive
amplitude, we reverse the inequality direction in Eq.
(10) and employ the majorizing inequalities of Egs.
(12"), (13), and (16’). We shall majorize further by
extending to zero the lower limit on the #’ integration.
The trial function is taken to be

As(ux)=c"u*(m*~+x)-8, (29)
where we are now interested in finding the smallest
value of a for which the majorizing equation is satisfied,
with ¢/’ and 8 suitably chosen. In terms of a variable
of integration z=1w'/u, the majorizing equation then
reads

— 2" n_(_z_'}'—lj—:l_)- I
fle)— o) 1+ + ;
g—0 a
. 1 ©
(m2x)—B—\ / dz z27 (1 —2)" 1 (mP4-o0z) 2 H2 / da’ (2’ — xz) " (- )62
0 zz

’

¢
> (u—x)" 2y e—\ /

m4n—4 0

1

We are concerned with x and # in the range: 0< < %,
u2> p?. The quantities ¢’ and A are again given by Eqgs.
(19) and (19').

One now finds that the right side of Eq. (30) can be
made negative for all x and # in the range of interest,
provided that f<a—#n+2 and provided that ¢’ is
chosen small enough (the largest permissible value of
¢’ depends on A, a, 8, # but is of no interest here). To
obtain the smallest value of a consistent with the in-
equality (30) we shall in fact take

a—n+2=30. (31)

Choosing ¢’ small enough, we require now only that the
left side of Eq. (30) shall be nonnegative for all 2> 0.
With the parameters « and B related according to

® We know, in fact, that the amplitude behaves at least like
571 (hence > —1), independent of g. This follows from the study
of the large-s behavior of the type of nonplanar graphs associated
with iterations of our irreducible kernels (»>1). For the asymp-
totics of nonplanar Feynman graphs see G. Tiktopoulos, Phys.
Rev. 131, 2373 (1963).

)

ds gamH (1 — )™ (w2 xz) 2t f dx (x — xz) ™ (P42 )2, (30)
Eq. (31), we find
1 0
/ dg ge—ntl (1 — Z) n—1 (m2+xz)—2n+2/ dx’ (x’__ xz) n—1
0 zz
(n—1)12
X (Mo )t —————— (32)
h(c) m2»(m2+x)8
where
h(e)= (e+Da: - - (a—n+2) (@—n+3)
X(a—n+2)- - (@a—2n+4). (33)

The majorizing equation is therefore satisfied for all
a> a2, where ap is the smallest root, consistent with
B=a—n-+2320, of

h(a)— (g/4am)*. (34)

For the physical amplitude, on the mass shell, we have
A(s)< Bos2, (35)

where B is a constant and o is given by Eq. (34).
For the special case =1, which corresponds to the
straight ladder model, the solution of Eq. (34) gives an
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upper bound ae which coincides exactly with the lower
bound «; obtained earlier, both agreeing with the cor-
rect value of the exponent obtained by Nakanishi. For
the general model, we observe that in the strong
coupling limit®

e s (36)

9% Arom

The leading term in a; is identical to the leading term
for as; i.e., the ratio of upper to lower bound on the
exponent approaches unity in the strong coupling limit.
So the correct exponent is fully determined as regards
the leading behavior in the strong coupling limit. The
result, in this limit, is common to e/l the models under
discussion.

Finally, let us briefly consider including more than
one irreducible graph in the kernel. For instance, we
can include all such graphs of the same order 2z. It is
easily seen that there are at least (n—1)! irreducible
graphs of order 27z (within the class considered in this
paper). We can, therefore, employ the procedure used
in Sec. III for the 2uth order kernel, the only difference
being a factor of (»—1)!. The lower bound on the
corresponding amplitude will then be of the form s* with

fl@)=(n—1)!(g/4mm)*",

6 For »>1, we do not expect az to be a good approximation to
the true exponent for small values of g. In fact in the weak cou-
pling limit we find a2 — #—2, whereas one expects that o — —1.
More generally, it is plausible that a<az where ar=—%
+[ 14 (g/4wm)* ]2 is the known exponent for the straight ladder
model. At least for a subclass of our models, one can in fact show
rigorously that the forward absorptive amplitude is everywhere
bounded from above by that of the straight ladder.
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so that e — #n'2(g/4wm) in the strong coupling limit.
This shows that for the amplitude 4+, generated by a
kernel including all irreducible graphs of all orders the
exponent o must grow faster than linearly in g. Since,
clearly, a lower bound for this kernel is

® g 2n 1 yon—l
K>3 (n—1)I1X 3273<;)

n=l (n_ 1) ! Dinax?"2
=2mg® exp[ (g/4m)*y0Dmax*],
a minorizing integral inequality for A, will then be

A tot (u,x) <7rg25 (S—/J.Q)
4 1 2 (y—
(5] (Y0
dw/ (m24u)? dr/ (mP+tu)?
+(5>2 / W e
A u? U J zuu) (m2+x,>2

l(£)

One can obtain a lower bound on A of the form
u%(x+m?)~F in which a grows quadratically with g in
the strong coupling limit. However, we have no reason
to think that this bound cannot be considerably im-
proved. The point is, of course, that the exponential
kernel is too complicated to permit one to carry out the
integrations even for the simplest kinds of trial functions.
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Corrections due to the 27-plet spurion and the second-order electromagnetic effects are calculated to the
octuplet spurion in the nonleptonic hyperon decays. The 27-plet spurion predicts a relation among small
deviations from the AI=4% rule, namely ((A|p7~)+V2Z(A|nx)) = — ((E~| Az~ )+ VZ(E0|Ax?®)) for the parity-
violating amplitudes. This holds as it stands if the second-order electromagnetic effects are introduced on
the assumption of the octuplet tadpole mechanism. A test of this relation, although still not possible with
present experimental data, has a deep significance for the structure of the weak interactions.

1. INTRODUCTION
UNITARY symmetry®—3 predicts a relation
25| Ar)—=VBEH | prO) (A pr)=0 (1)

among the parity-violating amplitudes of the non-
leptonic hyperon decays on the following assumptions?:
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(a) The strong interactions are fully invariant under
SUs.

(b) The weak interactions are of the current X cur-
rent type®® and are CP-invariant.

(c) Among the spurions arising from the current
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