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To describe a state of # particles it is necessary to construct a matrix element or wave function from the
momentum vectors of the » particles. It is usually possible to write down a simple function having the correct
angular momentum and parity. It is not clear in what sense the choice made is general. This is in contrast to
the two-particle states, where the spherical harmonics form a complete orthonormal set over the phase space.
The spherical harmonics are homogeneous polynomials in the components of the relative momentum of the
two particles. It will be shown that homogeneous polynomials in the #-1 relative momenta of # particles
entering an n-particle state, with a correction term for relativistic kinematics, form a complete orthonormal
set of functions over the #-body phase space and provide a basis for a systematic classification of #-body
states. There are some new quantum numbers (degeneracy indices) that enter and may or may not have
physical significance. The application of these notions to w decay is briefly considered. The basis of this
classification is the determination of a larger invariance group than the rotations for a system of free particles.
The Lie algebra of generators of this group furnishes a complete commuting set of operators, and it is ex-
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hibited. The eigenfunctions of this set are given.

I. INTRODUCTION

N treating several particles covariantly, the usual
approach is to combine a pair and fix its mass and
spin. This pair then behaves under Lorentz transforma-
tions like a particle and the process may be iterated to
give a description for any number of particles.! There
is the problem of what order the particles should be
combined in, and it is possible to introduce recoupling
coefficients to relate the alternatives. This process
seems unnatural when the particles enter symmetrically
as, for example, do the three pions from « decay. Koba
developed a method for treating three- and four-particle
states more symmetrically with nonrelativistic kine-
matics.? The generalization of this method to the rela-
tivistic case is given in the following sections. More
emphasis will be placed on the underlying group-
theoretical notions than was done in Ref. 2.

In a relativistic situation, it is convenient to treat
the particles in a fixed coordinate system (center of
mass) and then construct the general state by making
a pure Lorentz transformation. The essential result is
that an arbitrary Lorentz transformation entails only a
rotation on the center-of-mass states.® These rotations
are called the “little group.” For several noninteracting
particles, the little group is a subgroup of the invariance
group. It is easy to see that the nonrelativistic, non-
interacting Hamiltonian is invariant under phase-space
rotations, as well as the usual spatial ones. This wider
invariance provides the basis for Koba’s classification
of the states of several mesons. It will be shown that the
same group exists in the covariant problem.

The work is carried out in momentum space in
contrast to Koba’s work, which was done in coordinate
space, for two reasons. First, practically, one wants to
display the results as a density distribution on a Dalitz
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plot or similar diagram for more than three particles.
Secondly, the wave function is much more complicated
in coordinate than in momentum space. In an Appendix
the coordinate-space treatment of the two-body problem
is given.

The states considered in the following sections are
always represented as linear combinations of plane-
wave states. This again is for mathematical convenience
and ease of physical interpretation. The experimentally
observable quantities are the distribution of plane waves
in a state. The function specifying the linear combina-
tion is called the wave function, and its determination
is the object of this work. The three-particle state is
treated explicitly for definitiveness, although some
proofs are given for # particles. The generalization to #
only requires some notation.

II. WAVE FUNCTION

A linear combination of three plane-wave states is
sought that will transform according to an irreducible
representation of the Lorentz Group. The plane-wave
state of a particle with mass #, momentum £k, and
energy » will be denoted by |kw). Under Lorentz
transformations, they behave like

Likw)= k'), €Y

where k,’=L,,k,. The two L’s should not be confused;
the one that occurs in Eq. (1) is an operator in Hilbert
space; L,, is a four by four matrix.

The required state y is given by

§b= /d4k1d4k2d4k3F (kl,kg,kg) | k17ﬂ1>| kg'ﬂh)! ks"la) . (2)

The behavior of ¥ under Lorentz transformation follows
from that for |k,w):

L\,b= Id4k1d4k2d4k3F(k1,k2,k3)L l k1w1>Ll kzu)z)L!kza)}. (3)

The function F depends on 12 variables, but seven of
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them are immediately fixed by noting that the state
must have an energy-momentum four-vector K,, and
the mass of each particle is fixed. Thus  may be written

¥= /d4k1d4kzd4k36(k1+k2+k3—K)
><6(k12—m12)6(k22—m22)6(k32—m32)
X f(kikoks) | kiwo1)| kawa)| kaws).  (4)

The domain of integration is just the usual three-body
phase space. For n particles, the analogous integration
would be carried over the n-body phase space. In
general, » masses of the single-particle states are fixed,
and the four variables that describe the energy and
momentum of the n-body system. Since there are 4z
variables, the remaining integral is over 3z —4 variables.
Returning now to the three-body case, integrate out
all the § functions except the energy-conserving one.
The state is described by two momentum vectors p, q;
they may be two of the original three or some convenient
linear combination. Dalitz* and Koba? have used

p=(p1—p2)/2'72,
q= (p1+p.—2ps)/6'2,

and these will be convenient for illustration.

The argument of the energy-conserving & function
may be considered as a multiplication operator ® in a
Hilbert space. In the nonrelativistic theory, this ®
would just be equal to H—E, the Hamiltonian minus
the energy. The wave functions are the solutions of
(H—E)Y=0. In the covariant theory, the solutions of
®¢Y=0 will again be the wave functions, although the
operator is more complicated. If the substitution of
Eq. (5) is used for equal masses, the operator ® is given
in the center of mass by

P pq ¢ 12
(R=< + | {mz)
2 (1212 6
P pq ¢
+{— +—+m?
2 (12w 6

4q? 1/2
-{—(F-[—mz) —M (covariant),

Q)

P ¢
R=3m+—+——M

(nonrelativistic), (6)
2m  2m

where M is the mass of the three-particle state. The
solution of the equation ®y¥=0 involves the energy-
conserving & function times a function of the remaining
variables. The invariance properties of the operator ®
suggests ways to choose this function. For example,
for a single nonrelativistic particle, the operator ® is

( ‘é{. H. Dalitz, Phil. Mag. 44, 1068 (1953) ; Phys. Rev. 94, 1046
1954).
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®= (p*/2m)—E, and the equation is
Gy —L(p%/2m) — EJ=0.

The solution is Yz (p,8,0) =0 (p%/2m)— E]¥ 1n(6,¢).
The choice of ¥, is made because ® is rotationally
invariant. That is, the operators L,, L,, L, commute
with' ® and the solution is a simultaneous eigenfunction
of L and ®. The L’s have the property [L,&]=0 for
this problem. In the more general case, operators JC
such ‘that [3¢,®]=0 are found and used to classify the
solutions. Mathematically, the operators JC are said
to form a Lie alegbra. They are the infinitesimal
generators of the invariance group of the function ®.
That is, they generate infinitesimal coordinate trans-
formations that transform the surface ® equals a
constant into itself.

III. LIE ALGEBRA

Consider a function of # variables F(%1,%2,* * *,%x).
The problem is find a set of operators 3C, such that

[5¢,,F]=0 (commute with the Hamiltonian),
[3C4,3Cs ]=Cap°3C. (form a Lie algebra), ©)
JC.t=3C, (Hermitian).
For the case when F is a sum of squares,
F=x24al+ 4.2 ,
there are n(n—1)/2 operators
Loy=—1(x,9/0x,— x40/ 9%,)
with the commutation relation

[Lab,Lcd] =4 (6acLbd+6deac+ 6adl-w:b_*_abcha) . (8)

This is a simple generalization of the known properties
of the rotation group to the orthogonal group in #
variables O,. For F equal to a sum of squares, the
orthogonal transformation moves a point of the surface
F=constant to another point on that surface. If F is
more complicated, a rotation will move a point off the
surface F=constant. This may be compensated by
making a rotation followed by a radial displacement.
The simplest rotations are those about axes such that
only two variables change:

x{ =2, cosf—x; sinf ,
xf =x; sinf+x; cosf,
x'=x,, sFiorj.
Stated in terms of differentials for a small 8,
x! =x,—x;d0,
.’)Cj’ = xj—l- x,dﬁ y
X =%,

At the new point «/, the function F has changed to
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To return to the surface F=constant, it is necessary to
make a radial displacement such that

dF = —(x;(0F ) dx;) — x;(0F / 9x:))d8,
but for a radial displacement dF = (dF/dr)dr, so that
_xi(aF/axj)~xj(aF/axi)dB‘
dF/ar

¥ =

In terms of Cartesian coordinates, dx,=x.dr/r. The
combined displacements give

dx,-= (—xj——in)d(i,
dxj= (x;— Rx;)d0 ,
dxs= —Rx,d0 s#1,7,

where R= (x;0F/0x;—x;0F/0%x;)/Y o (2.0F/3%,). The
change in an arbitrary function G under this coordinate
transformation is given by

G oG sdx,
dG=Y —dx,=Y ——~(—)d0
0% 0x,\ do
= ’LaB-L]GdB y
Lij=(—1) 2o (dx/d0) (8/0%.)

where

ad 9 2
=(—1) (xz — x;———) +iRxe—
ax]-

axi axa
= Lz]+1qu(6/6xa)
= L;j— Z Rxap,, .

The £, satisfy the same commutation rule as L, and
they commute with F, the first two requirements of
Eq. (7), but they are not Hermitian. The Hermitian
conjugates of £,; is given by

£abT=Lab*_Z PafxafRf
=Lab—PaxaR
:Lub—‘Rxa?a—i_i(a/axa) (xaR)
=£ab+i(a/axa) (xa-R) .
If £,4 is separated into a Hermitian part 3C,; and an

anti-Hermitian part 4,s, both parts commute with F,
and they are given by

Har==Laprt+ (7'/2) (a/axa) (xaR) )
Aop=—(2/2)(8/3%,) (%.R) .
The 3C,p satisfy the same commutation rule as do the
£’s. This may be seen by taking the difference in the
commutators for £ and £f. The commutator for £
written in terms of 3C and 4 is
[gcabyi}ccd]_i"[scab;A cd]+ [A ab,gccd]_"- [A ub;A cd]
=1(8ac¥Coa10543Coct8443Ccs105:3Caa)
+":(6acA bd+5bdAac+6adA cb+abcgcda) .

The term [A4.p,4cq| vanishes. Under Hermitian con-
jugation, the equation splits into two parts: odd and
even. The odd part is just the required commutation
relation for the 3C’s.

From the set of operators L;; or 3C;; it is necessary to
choose a complete commuting set. The larger the num-
ber of particles the more complicated this set will be,
and unlike the two-particle case there is more than one
choice. The number of operators required is 3n—4,
since there are that many variables that are not fixed
by 68 functions. In the three-body case, it has been
conventional to take J,% the angular momentum associ-
ated with the 1-2 pair in Eq. (5); J?, the angular
momentum of 3 relative to the 1-2 center of mass; and
J% and J, the total angular momentum and its z com-
ponent. In addition, Koba introduces an operator A
which is the sum of the squares of the 15 possible L.
This same set will be satisfactory in the relativistic
problem, since the L’s and 3C’s have the same commuta-
tion rules.

The eigenfunction of the set of L’s are like the
spherical harmonics; they depend on the angles of a
point not its radius. It is easy to see that the same
functions are eigenfunctions of the analogous set of £’s,
since the difference between the L’s and £’s is in the
term Y, x,(8/dx), but this is just #(d/9r), and vanishes
for a function of the angles. To find eigenfunctions of
the 3C;, one further modification is necessary. The
eigenfunctions of the sets L and £ are not orthogonal
with the integral /'d™x §(F). If a change is made to
polar coordinates, this integral becomes /" 7"'drdQ 6 (F),
where dQ stands for the (#—1)-dimensional polar
coordinates. If the & function is used to do the radial
integration, the integral becomes

/ dQ rv=1(F) (dF/dr) . 9)

Since the eigenfunctions of L are orthonormal with the
integral dQ, it is suggested that the eigenfunctions of
the set 3¢ will be those of L divided by [»"~1(dF/dr) /2.
If ¢4 are the eigenfunctions of the set of operators L,
then

/dﬂ ©aPB=04B,

where A and B stand for a set of #—1 indices. The

functions
Ya={[%.(0F/0x.]/r"} o'/ (10)

are orthogonal with the integral (9). It is further true
that the functions ¥, are the eigenfunctions of 3C. This
follows from the equation

Jcab(x,, (aF/axa)>”2‘p= (xa (9F/ dx4)

r‘l‘

1/2
) Lave. (1)

7,n

To summarize the results of this section, if F(x;- - %)
=constant is the energy-conserving surface, then the
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operators

LoF i 9 LF
- —{(n)

(r-pF) 2 dx,\ r-pF
commute with F and are the Hermitian generators of
the Lie group that commutes with F. The function ¢4

e <xa(<9F/ 6xa))”2m

r’n

Iap= Lab'—

are the simultaneous eigenfunctions of a complete set
of operators, if ¢4 are the eigenfunctions of the
analogous set of operators for the orthogonal group.

IV. APPLICATION TO o DECAY

One of the great advantages of the Koba wave func-
tions is that they can readily and naturally be classified
according to permutation symmetry. This is true for
the same reason that the spherical harmonics have this
property for two-body problems. The Koba functions
with index A are homogeneous polynomials of degree A
in the components of the vectors p and q, divided by
the radius (p*+ q*)4/2 to make them dimensionless. The
spherical harmonics of order / is a homogeneous
polynomial of degree / in the components of the single
vector describing the two-body system. The Koba wave
functions resemble the spherical harmonics in another
respect that makes them useful for treating collision
phenomena. A partial-wave expansion is useful, because
at moderate energies only the lower partial waves are
expected to contribute significantly. This is because
the wave function behaves like (k7)! at the origin. In a
similar way, the exponent index A measures behavior
at the origin of the wave function. For the three-body
problem, the origin means the vanishing of the quantity

R=[(t1—r2)*+ (r2—15)*+ (r5— )22

at the origin the Koba wave function behaves like
(KR)A. A generalized partial-wave expansion that uses
A as the principal index may be justified in problems
with a low Q value.

In the case of w decay, an antisymmetric spatial wave
function is required since the isospin is 0. In Koba’s
table the first antisymmetric functions occur for A=2
and has J=1. It is easy to construct in terms of the
three momenta p;, ps, ps.

Y= (p1X patp2Xps+DsXp2)/N
=(pXq)/(p*+97.

The equality is always up to constant factors. The
constant IV is given by

N= (Ih“‘ Pz)z‘l‘ (Pz—_ P3)2+ (paf Ih)2

in terms of the three momenta. This is the same as the
matrix element used in the original discussion of
decay.5

§ M. L. Stevenson, L. W. Alvarez, B. C. Magli¢, and A. H.
Rosenfeld, Phys. Rev. 125, 687 (1962).
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On the basis of the preceding discussion, it seems
reasonable to include the relativistic correction. The
function ® is given by

R=witwetws—M
= (9¥/2+p- /3 /6 m) "
+(0*/2—p- 0/3'7+¢/6+m?)1 2
+(2¢*/3+mH)2—M.

The correction factor C is (pdR/dp+qoR/dg)'?/
(p?+ g3~ In terms of the w’s, this is

C=[M—m*(1/w1+1/wst1/ws) ]2/

(w+wd+wd—3m?)32,

where a numerical constant has been dropped. This
factor is almost constant over the Dalitz plot and should
make no change in the earlier analysis. The ratio C at
the center to C at the edge of the Dalitz plot is

NPy M—m\2 M+m
(2) ( M ) <M+3m)'
For a nonrelativistic case, M =3m, and this factor is 1;
for the extreme relativistic case, M/m infinite, the
ratio is (3)3/2.
The second antisymmetric state is a A=J=3
state. It is easy to write down in terms of the three

momenta p;, Ps, Pz as a third-rank tensor. To avoid
subscripts, a, b, and ¢ are used for pi, ps, and ps.

\h,-k = aiajbk+b¢bjck+c¢c,~ak— @;QiCr— bib,'dkaiCjbk
+ aib,-ak-i—bicjbk-{—cia,'ck— @iCiGr— b«;djbk— CibjCk;
+b,<a,-ak+c,'bjbk+ QiCiCr— Ci@iQr— aibjbk— b,-c,-ck
- % (02— b2+ 2a- b—_2a . C) (55jdk+5¢kdj+5jkd¢)
- %— (82“ 02+2b -c—2a- b) (6ijbk+5ikbj+5jkbi)
- % (bZ— a2+2a C— 2b- C) (31;j0k+5;k6j+ Bjkci) .

The identification of the tensor indices with the z
component of angular momentum is difficult but un-
necessary. Since the « sample is unpolarized, the
required quantity is the average over the magnetic
quantum number which is Y. After some calcula-
tion, this is, except for numerical factors, '

27(ps*+p25+p5°)
—109(ps*p+ pi'ps’+ popa*+ pofps'+ P’ s+ p’ps)
—42p2pS’pd,
which may be compared with the experimental distribu-
tion. The successive states may be tested in the same

manner until one is confident that all reasonable
possibilities are excluded.

V. CONCLUSIONS

The states of nonrelativistic particles may, for some
purposes, be classified by using the invariance of the
Hamiltonian under phase-space rotations. The added
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invariance property can be extended to the relativistic
problem. This leads to a complete orthonormal set of
wave functions. The larger symmetry group is not
implied in any dynamical problem. Thus the quantum
numbers associated with the higher symmetry are at
best approximate. The utility of such quantum num-
bers may nonetheless be high, as, for example, the spin
and orbital angular momentum in atomic physics. The
group that arises here is the #-dimensional orthogonal
group; in problems with spin, the group SU, will arise
in a natural way. It seems reasonable to look for the
origins of unitary symmetries in the approximate
quantum numbers found here.
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APPENDIX: POSITION-SPACE TREATMENT
OF THE TWO-BODY PROBLEM

The equations governing the two-body case are
= m? )
p o =ms? )
(prtp2)*=M,

where p; and m; are the four-momenta and mass of the
ith particle and M is the mass of the two-body state.
The p’s are now to be interpreted as differential rather
than multiplication operators. If the last equation is
expanded and the first two used to simplify, the result is

@102— P1° pe=3(M*—mP—ms?),
where &;= (p2+m.?)!/2. This equation is squared again

to eliminate the radicals; the result is a fourth-order
equation for the two-body problem.

PP’ — (p1- p2)*+mopiP+mitps?
+ (mP+ma— M?)py- po=M?p¢?
Po = (M4+m1“+m24— 2M2m12— 2M27ﬂ22—' 2M12M22)/4M2 .

The transformation to relative and center-of-mass
coordinates is made with the change of variables

pi=(wi/M)P+p, P=pitp.,
P2=(wo/ M)P—p, p=(wo/ M)p1— (1/M)ps,
where
w1= (M24mlP—m?)[2M  wy= (M2—mP+m:?)/2M;

and these are the center-of-mass energies of particles
one and two. The change in spatial coordinates is given

by
R= (wl/M)l'1+ (wg/M)l'z ,

Ir=r1;1—Is.

= R+ (wg/M)r,
r:=R— (wi/M)r,

The center-of-mass coordinates are P and R, and the

internal coordinates are p and r. Both of these pairs of
variables are canonical, if pir; and por, are canonical
pairs. In these coordinates, the equation becomes

P2p2— (p- P)2+M2D2—>P2?o = potM?.

The wave function should contain ¢*®*® from general
considerations? so that P may be considered a number,
not an operator. The quantity P?4M? will be called Q2.
With these changes, the equation is

v— (o P/ p¢.
A final substitution,
p=p'+[Q@—M)/PPM](P-p")P,
r=r—[(Q—M)/P¥»](P-r)P,
p'=p+[(M—-Q)/PQ](P-p)P,
U=r+[Q—M)/PM](P-1)P,
reduces the equation to
p’2=?021

the nonrelativistic result. The solution to this equation
is
Y=eF R r) Vi@, ¢).

The substitutions used can be motivated most easily
by studying the two-body system in its center of mass
and then making Lorentz transformations. The follow-
ing alternative approach is also interesting. The vector
P is determined by general arguments about Lorentz
invariance. Thus the forms of p; and p, are

pi=(G+4)P+q,
p:=(3—A4)P—q,
since p;+p.=P. The difference in energy squared is

easily calculated and is needed for the ensuing
argument:

wlz—w22=9(w1—-w2) = 2AP2+2P q+m12—m22 ,

where w;= (p2+m?2)/2. The choice of 4 is made so that
w1+ws is constant:

0= d(w1+w2) = pldpl/wrl- Pzdpz/wz
= (24P2dA+2A4P-dq+P-qdA+2q-dq)
X (1/w1+ 1/w2)+ (P2dA +P dq) (1/0)1‘11/0)2) .
After substituting the above result for wi—ws, this
becomes
[P —2PY) A4 (222 —2PY)P- q+ (m*—m2) P2]dA
+[(222—2P») 4 —2P- q—m>+m*]P-dq=0.
The equation is exact and may be integrated; with an
appropriate choice of the constant of integration, 4
given by
A=[P*(mlP—m?)—2M*(P- q)£2MQ(P- q)]/2M?P?,

which is the preceding substitution.



