SOLUTION TO APPROXIMATE INTEGRAL EQUATIONS

It follows that the one-trajectory coupling equation,
which is obtained from

B(s)
A(s,)= as s—0t, a(0)>—3% (A8)
—a(s)
and (3)
(1/28)=s"24 (s,0*(5))*,
which leads to
s78(s)=Ima(s), s—0%, a(0)>—3,
should be replaced by
AGD=- o o (/B —1],
—afs
¢ s> 0 a(0)<—3. (A9)
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This implies that, except in the neighborhood of a
pole, S(l,s) is given by (A7). When the unitarity
condition (3) is applied to (A9) we obtain

$118(s) — Tma(s)ermit=0+13, a(0)<—}. (A10)
+

This is the correct residue near threshold for «(0)

—1. The “width” of the threshold region depends on
the strength of the interaction. There is therefore no
obvious rule as #o how and at what s one should change
from (A9) to (5) in the coupling equations. If the
expansions (5b) or (5¢) converge in the left-hand !
plane, (A10) should obtain if all the trajectories are
coupled in, but as the discussion of the accumulation
point indicates, it is not likely that any finite set will
lead to the correct threshold behavior when a,(0) < —3.
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Under the assumption of exact SU; symmetry we investigate the force between two degenerate vector-
meson octets due to the exchange of a vector, pseudoscalar, and scalar octet. It is found that many of the
recently discovered particles may fit into this scheme as bound states. However, the model does not re-
produce the well-known pseudoscalar and vector-meson octets which are its input, but suggests a second
octet of each kind at higher mass. It also gives a 0+ and 2+ singlet and octet as wellasa 1+ and a 2~ octet.

I. INTRODUCTION

ECENTLY, several new resonances have been re-

ported in the 7p (4),! 7w (B),? mK*? KK** and
nrm (X°)® system. This indicates that resonances may
cluster to form new particles. In this paper we investi-
gate the force between two octets of vector mesons.
Under the assumption of exact SU; symmetry we calcu-
late the input for an N/D calculation of the vector-
meson-vector-meson scattering amplitude. From the

* This work supported by the U. S. Atomic Energy Commission.
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sign and the magnitude of the Born-amplitude in the
various channels, we conclude what particles may
emerge from the vector-meson system and where their
masses may range. We do not try, however, to deter-
mine the masses and coupling constants by solving the
equations as, for instance, in the models for the m-w
resonance,® since it involves some parameters. A deter-
mination of these parameters by a self-consistency con-
dition as in the bootstrap calculations? seems impossible
in our case since the attraction in the vector-meson
channel is, as we shall see, weaker than the one for
other particles like 1+ and 2+ which have not been
observed at masses below or about the vector-meson
mass. Vector meson scattering as a qualitative model for
SU; symmetry has previously been studied by Cutkosky
et al.® These authors do not, however, study the
dynamical details.
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TasLE I. Connection between the helicity states of two vector mesons and the states of definite parity.

Over-all Coefficients of the helicity states
JrP L factor 00 ++ —— +0 0+ -0 0— + - -+
ot 150 1/V3 —1 1 1
5Dy 1/4/6 2 1 1
0~ 3Py —1/V2 —1
1- 1Py 1/V3 -1 1 1
3P —3 1 —1 1 -1
5P, 1/4/15 2 1 1 3 3 3 3
5Fy 1/4/10 2 5 1 1 -1 —1 —1 -1
1+ 351 1/4/6 1 -1 1 1 —1 -1
3D, —1/V3 1 -1 —% —3 3 3
5Dy 3 1 —1 -1 1
2+ 5Ss 1/4/5 2/4/6  1/4/6 1/4/6 1/v2 1/v2 1/v2 12 1 1
1D, 1/V3 —1 1 1
3Dq —3 1 —1 1 -1
5Ds —1/4/7 2/V3 1/V3 1/V3 3 3 £ 3 —V2 —V2
5Go 1/(35)12 2V3 V3 V3 -2 —2 —2 -2 1/V2 1/v2
2= 3P, 3 1 1 -1 —1
8P —1/4/5 3 -3 -3 3 V2 —VvZ
5, 1/4/5 1 —1 -1 1 —1/v2 1/v2

In Sec. II we proceed to derive the helicity ampli-
tudes, from which we calculate the partial-wave ampli-
tudes in Sec. ITL. In Sec. IV we investigate the sign and
magnitude of the forces and in Sec. V we survey the
resulting particles and their lightest decay products.

II. EFFECTIVE INTERACTION AND THE
HELICITY AMPLITUDES

As is customary, we assume dominance of the nearest
singularities and confine ourselves to the one-particle
exchange graphs shown in Figs. 1 and 2. The scattered
particles are members of a degenerate vector-meson
octet which represents an idealization of the well known
p, K* K* and w-¢ octet. The exchanged particle is a
member of the same vector-meson octet, of the well
known pseudoscalar octet, or of a scalar octet which
emerges from the model. The vector-meson force ap-
pears to be the strongest and most important one. From
an inspection of Table I we find that there are four
possibilities to couple three vector mesons. The corre-
sponding matrix elements in momentum space are (all
three particles outgoing)

(ke—ks)utitagas,, a1’ (ks— k1) u0etasy, aras,(ky— k2) uas*,
and
(kz— k3)>\a1" (k3— kl)uaz"‘ (kl — kz),a3” .

As a consequence of the symmetry between the particles
in our case we remain with only two coupling constants.

\ 1
ay Ky ay Ky
F16. 1. One-particle exchange
graph for the scattering of two
vector mesons.
a K a;,K'

i i

The effective interaction density can be written

Sczfzkl{f[(ayA w avAtu)A kuA 143
_A i,t(ayA kv— aﬂA ku)A 177
’—AivAky (aMA Zv_ravA l#)] (1)

+g(00A 50,400, A 1,— A 59,400,004 1)},
A3.B=03,4-B—A-,B.

If A; were instead the electromagnetic field,® the first
term would correspond to the magnetic moment and the
second and third together to the electric charge inter-
action. The fourth term then clearly corresponds to an
electric quadrupole moment. We shall, however, neglect
this last term since it gives rise to a very singular force
which could lead rather to a kind of hard core than to a
binding.

The coupling of a pseudoscalar to two vector mesons
is unique

= fpdir1€"?°0,A4 50 A nopy. )

For scalar particles we have again two matrix elements
I=diri{ foA inA ruPrt+8:0,4 50,4 a1} (32)

* H=dipifs (8,45.0, 41— 3,4 50,4 1,)P1 (3b)

in case the current coupled to the vector meson is con-
served. With these effective interaction densities we

] 1
9 Ky 9Ky

Fic. 2. Crossed graph to Fig. 1.
a K

1 1
N 9K,

9T. D. Lee and C. N. Yang, Phys. Rev. 128, 885 (1962).
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calculate the scattering amplitude corresponding to
Fig. 1.

For vector meson-exchange we get the following
helicity amplitudes (x=cosf, 6 being the scattering
angle in the center-of-mass system)

loooo="4(1—22) 2R+ 1+2)+ (R—2)°C
L= (1—2*) @—a)+i(1+x)C,
= (1=2) (1—2)+1(1—2)°C,
trroo= (1—a%) (R+4+2)+ (1—2)*+3(1—2?)C,
tiopo=2(1—a) (1—x)—$(R—=) (14+2)C,
troo=—2(1—o") (1—2)—$(R—=)(1—x)C,
trooy=— (1—a%) (R+x)— (1—2)*—3(1—o)C,  (4)
troo= (1—2%) (R+2)— (1—2)*(1+2)+3(1—22)C,
Lpp—=—(1—2")(1—2)+1(1—aC,
o= — (1—a2) (R—4+a) + (1 — x)2(1+2)
—3(1—-29C,
b= — (1= (1+x)+1(1+x)C,
L= (1=2)) (1—2)+3(1—2)°C,
where C=2/R+14x, R=k*/ (k*+m?) and the complete
amplitude is up to the factors of SU;

T=A-1-D, (5)
with
2

D= (x—1—m?/2k?)~, A =f— —k(R2+-m?)~172,
4 8

m is the mean vector-meson mass.

The contribution of the crossed graph in Fig. 2 for the
amplitudes which are symmetric in the final helicities is
simply obtained from (4) and (5) by the substitution
x — —x«. For the other crossed amplitudes the relations

Troro'=Troor (— %),
Tyoo*=Tyoo(—2),

Tho04°=Tyoro(—2),

6
Tyoo-="Troo(—%), ©
Tyyo=Try(—2),
Tyo—yo=Ty ;1 (—x),
hold.
For pseudoscalar exchange we have
20000= by 444 = bpg 4~ = Lpopo=Lyo0=0,
L= =l y=(B4m?) (1—x)?, )

by +00= bpo04 = L00—="14 g0
=[m*/2(F+m?) J(1—2%),
where the complete amplitude is, up to SUj; factors,
T=A4"-t-D, )]
Pl
D'= (x—1—mp?/2k%)1, A'=— —k(k2+Hm?)12,

T O

with
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mp is the mean pseudoscalar meson mass. The contribu-
tion of the crossed graph Fig. 2 is obtained in exactly
the same way as above. Similar expressions are found
for exchange of a scalar meson.

III. PARTIAL WAVE AMPLITUDES

To find the partial wave amplitudes we have first to
project out of (5) and (8) amplitudes with definite total
angular momentum using the elements of the rotation
matrix dm m(x). The states of definite total angular
momentum and parity P are linear combinations of the
helicity states'®

> C(LST;0)N)

A N2

2041\
(JM; LS| = (——)
2741

XC(S1SzS;>\1, —)\2)<]M;>\1)\2I y

where \;, A\, are the helicities of the two particles and
A=A1—Ns. The relation between the two kinds of states
up to J=2 is given in Table I. Using Table I we estab-
lish the relation between the partial wave amplitudes
and the amplitudes with definite J and initial and final
helicities. The partial wave amplitudes thus obtained
provide the input for an N/D calculation. Such a calcu-
lation would actually involve a multichannel problem
since we see from Table I that there are in general
several realizations for each particular J? assignment.
We shall not, however, solve the equations since their
solution involves a number of parameters, but rather
content ourselves with drawing conclusions from a
listing of the input amplitudes. The result of the
numerical calculation of these amplitudes, which has
been performed on the IBM computer 7094 of The
University of Chicago, is exhibited in Figs. 3, 4, and 5.

These figures do not yet include the numerical factors
due to the crossing matrix. Figs. 3(a) and (b) show the
largest partial-wave amplitudes for vector-meson ex-
change versus the center-of-mass momentum % in units
of the vector-meson mass. The plotted amplitude in-
cludes a damping factor 10/ (k*+10) corresponding to a
subtraction. Analogously, Figs. 4 and 5 show the largest
partial wave amplitudes for pseudoscalar and scalar-
exchange, the first one including a damping factor
100/ (k*+10)? to make it decrease for large k.

IV. SIGN AND MAGNITUDE OF THE FORCE

To find in which channels the force is attractive and
what its magnitude is, we have to combine Figs. 3-5
with the crossing matrix. The crossing matrix for octet-
octet scattering has been evaluated by various authors.!!
For the exchange of an octet with antisymmetric
coupling 84 its elements are 1, §, £, 0, 0, —% for the 1,

M. Jacob and G. C. Wick; Ann. Phys. 7, 404 (1959).

1], J. de Swart, Nuovo Cimento 31, 420 (1964); R. E.
Cutkosky, Ann. Phys. (N. Y.) 23, 415 (1963), D. E. Neville,
Phys. Rev. 132, 844 (1963).
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F1c. 3. (a) and (b) show the largest partial wave amplitudes for
vector-meson exchange versus the center-of-mass momentum in
units of the vector-meson mass m.

84, 8s, 10, 10, and 27 channel, respectively. For the
contribution of Fig. 2 everything remains unchanged
“except that the element in the 84 channel changes sign.
Similarly the crossing matrix elements for exchange of
the symmetric octet 8g are 1, 3, —%, —%, —% and ¢,
respectively. Again the sign changes in the 84 as well as
10 and 10 channels for the contribution of Fig. 2.
Putting together the numerical factors from the
crossing matrix with the plots of the partial wave ampli-
tudes we see that the strongest force by far appears for
the scalar singlet 1(0+).22 Since the positive sign means
attraction there may well be a 1(0%) bound state of the
two vector-meson octets. Next follow with decreasing
binding strength 85(0%), 1(07), 84(1%), 85(07), 1(24),
84(17), 85(2t), and 8,(2). While the spacing up to
84(1%) involves approximately a factor 2 in each step,
84(11), 85(07), and 1(2t) lie close together. Then
follows another step by a factor 2 to where 84(17),
85(27) lie together. For 1—, 1+ and 2~ there is no singlet.
For the 10 and 10 representation the crossing matrix
vanishes and for the 27-plet the forces are repulsive.
The pseudoscalar exchange gives attraction for 1(0+)
and 85(0%), repulsion for 85(0~) and small attraction
for 84(27). The force from scalar exchange is numeri-
cally much smaller. Its largest terms give attraction for

Fic. 4. Largest par-

TAex?)

o5

K (m)

tial wave amplitudes
for pseudoscalar ex-
change versus c.m. mo-
mentum. The ampli-
tudes which we have
omitted are much
smaller.

12 We shall denote the states by writing first the representation
in SU;s and then in brackets the spin-parity assignment (JF).

D. FLAMM

F1c. 5. Largest partial wave
amplitudes for scalar meson ex-
R . change versus c.m. momentum.

¥ ol E The above curve accounts only for
S the first term in 3(a). A strongly
01 2 3 45 momentum-dependent form factor
K(mj as in 3(b) might enhance the
amplitude.

1(0%) and 8,4(17) repulsion for 85(0+). The force due to
singlet-exchange (forbidden in the vector case) is de-
pressed by the small value } of the crossing matrix.

V. THE PARTICLES AND THEIR LIGHTEST
DECAY PRODUCTS

How the individual members Yz (¥,I) of the vector-
meson—vector-meson system are built from the two
octets is found from the isoscalar factors of SU3.13 One
finds for the singlet

0.0 =K Ro— BT or)o— 5050

for the symmetric octet

1
88 0,0 L h— K*K* 0 K* * 0
¥55(0,0) \/10[( Jo— (K*K*)o]

1
—(®B)"(pp)o———=(¢0),

45
Yus(1,3) =3 (B[ (K*p) 12— (pK*)1/2]
1
—“2—\75{(1{ o)+ (eK*)],
Yss(—1, 3)=—3 ()" (K*p)12— (pK*)1/2]
1 _ _
— (R K™
2\/3[( o)+ (eK*)],
¥s5(0,1) = — (F) [ (K*K*) 1+ (K*K*)1]
1

\/SE(P@’*’((PP)];

+
and for the antisymmetric octet
1 _ _
¥34(0,0)= 5[ (K*K*)o+ (K*K*)o],

¥84(1,3) =3[ (K*p) y2+ (0K*) 12+ (K*p)— (9K*)],
Ysa(—1, 5 =3[ E*p)12+ (oK*)12— (K* o)+ (0K*)],

1 _ _
8(0,0) =—[ (K*R*)1— (R*K*)1 ]+ (2)2(pp)1.
$00) == LR = R T+ @)

17, J. de Swart, Rev. Mod. Phys. 35, 916 (1963); S. J. P.
McNamee and F. Chilton, Rev. Mod. Phys. 36, 1005 (1964).
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TasLE II. Possible bound states of two vector mesons. Column 7 shows the maximum of the partial wave amplitude as calculated
from the graphs in Fig. 1 and 2 with exchange of a vector-meson octet. Decay modes allowed by G parity but forbidden by 4 parity

are in brackets.

Rep. of Amplitude Lightest decay Possible
SU? Jr Y I G maximum products candidate (Ref. 17)
1 o+ 0 0 + 11.32 2 _ #(400) (Ref. 14)
8s ot 0 0 + 5.66 2, 4r, KK
1 3 5.66 Kr «(725) (Ref. 17)
0 1 - 5.66 (@m), KK »
1 0~ 0 0 + 2.78 4r, (KxK) X0(959) (Ref. 5)
84 1* 0 G — 1.45 (3m), (K=K) H(975) (Ref. 18)
1 1 1.45 (Krr), K3n
0 1 + 1.45 4r, (K=R) B(1220) (Ref. 2)
8s 0~ 0 0 + 1.39 4, (KnK)
1 3 1.39 (Kzr), K3n K#x*(1175 or 1230) (Ref. 3)
0 1 - 1.39 3m), (51), (KxK)
1 2+ 0 0 + 1.39 2, 4, KK 72(1250) (Ref. 19)
84 1- 0 0 — 0.71 (3n), KK E(1415) (Ref. 4)
1 3 0.71 Kr _
0 1 + 0.71 2, 4, KR
8s 2+ 0 0 + 0.70 2r, 4, KK
1 3 0.70 K _
0 1 — 0.70 @m), (6m), KK A,(1310) (Refs. 1 and 4)
84 2- 0 0 - 0.60 (37), (KrK), KrrK
1 1 0.60 (Knm), K3r
0 1 -+ 0.60 4r, (KrK), KrrK

The threshold for vector-meson scattering is 2m, which
lies in the range 1500 to 1800 MeV. The 1(0%), 85(01),
1(07), and 84 (1*) with strong binding force might, how-
ever, lie much lower. The 1(0*) might, for instance,
coincide with the ¢ meson,'* the K7 (725)(x) might be
a member of the 85(0%), and X°(959)% might be the
1(07). 84(1%), 85(07), and 1(2*) might all lie around
1200 MeV, B(1220)? being a member of 84(17%),
7K*(1175 or 1230)% a member of 85(07), and f°(1250)
the 1(2%). 84(17), 85(21), and 84(27) have larger masses
and may possibly coincide with resonances between
1400 and 1600 MeV.

The decay of 0, 1+, 2—, etc. into two pseudoscalar
mesons is forbidden by spin-parity. 3= decay for the
singlets as well as for ¥54(0,0) is forbidden by G parity.!®
Selection rules can also be derived from A parity,®
which is especially useful for decays with photons. The
A parity of all our bound states is even.

Owing to these selection rules the lightest decay

41,. M. Brown and P. Singer, Phys. Rev. 133, B812 (1964).

15T, D. Lee and C. N. Yang, Nuovo Cimento 3, 749 (1956);
M. Goldhaber, T. Lee, and C. Yang, Phys. Rev. 112, 1796 (1958).

16 J. B. Bronzan and F. E. Low, Phys. Rev. Letters 12, 522
(1964).

product for many of the above particles, especially for
0-, 1+, and 2~ are 4 or more, Krr, KnK, and so on,
which may explain why many of these particles have
not been discovered earlier. A survey of the lightest
decay products and the quantum numbers of the
particles which emerge from our model is given in
Table IT.1"" Concluding we want to remark that an
explanation of the original vector and pseudoscalar octet
which served as input lies beyond the scope of this
model. Apart from this many of the recently discovered
particles may be fitted into it.
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