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Electron-Spin-Echo Envelope Modulation*
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If an electron-spin moment is reoriented by a pulse of microwave power at magnetic resonance in a time
short compared to the Larmor periods of neighboring nuclear moments in a solid, the nuclei suffer non-
adiabatic changes in local dipolar field produced by the electron spin. After the pulse, a given nucleus will

precess about a new axis of quantization which is appreciably tilted from its original axis if the electron di-

polar Geld at the nuclear site has an appreciable component perpendicular to an applied external magnetic
Geld. Consequently, a coherent oscillating nuclear dipolar field at the electron site modulates the electron
Larmor frequency at the lower nuclear resonance frequencies of the nuclear neighbor. The depth of the beat
modulation, as it affects the electron free-precession signal, is determined by the magnitude of electron-
nuclear magnetic coupling and the extent to which the new axis of nuclear quantization is tilted from its
original axis after the microwave pulse. The electron free-precession beats are measured conveniently in

terms of the electron-spin-echo envelope modulation pattern obtained from the two-pulse echo experiment.
The theory of the effect is developed for purely magnetically coupled nuclei and is confirmed by electron-
spin-echo measurements of paramagnetic Ce' in CaWQ4, where the 14%-abundant W'~ nuclear isotope is
coupled to Ce'+. The electron-nuclear ligand tensor dipole-dipole interaction is estimated from experiment to
be as much as four times greater than that expected from the point dipole-dipole interaction, and the ligand

hyperfine interaction appears to be small.

I. INTRODUCTION
' '

N electron-nuclear double-resonance (ENDOR)
~ ~ experiments, spin transitions induced by radio-
frequency excitation at nuclear magnetic resonance
(NMR) frequencies are indicated by a change in the
amplitude of the electron spin resonance (EPR) signal.
A sensitive detection scheme for NMR transitions and
the determination of ligand nuclear hyperfine and
dipolar coupling with the electron is therefore available.
We present in this paper the theory and experiment of a
transient electron-nuclear coupling eGect, ' 4 first found

by Mims et e/. , which provides information similar to
that of the ENDOR method. By the transient method
the electron-spin echo is obtained and the echo envelope
exhibits amplitude beat modulation which contains
periods corresponding to the NMR frequencies of
nuclei which are coupled to the electrons. The strength
of the coupling determines the depth of the echo
envelope modulation. An external NMR double-
resonance excitation required by ENDOR is not
necessary in the echo method, but a virtual nuclear
double-resonance eft'ect does occur in the echo experi-
ment because of the sudden pulsed reorientation of the
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electron spins. A sudden change in the direction of the
local fields produced at neighboring nuclear sites by
the electrons is imposed by EPR microwave pulses in
a time short compared to the nuclear I armor period. If
the electron dipolar field is a reasonable fraction of the
total precession field at the site of the nucleus, and if
this field is not in the direction of the externally applied
field, the nucleus will precess coherently about a dif-

ferent axis of quantization immediately after an EPR
pulse. This is equivalent to the onset of oscillating NMR
transitions as seen from the reference frame of the
electron spins. Consequently, oscillations of nuclear
dipolar fields at electron sites produce interferences
among superposed Zeeman electron states, and coherent
electron-echo-envelope modulations appear within times
much shorter than the phase decoherence nuclear
spin-spin relaxation times. No excess Boltzmann
population of nuclear spins is required. The analysis
of this effect and its confirmation by experiment is
reminiscent of the complicated beat patterns displayed

by nuclear echoes in indirect spin-spin coupled systems
in liquids where the exchange parameter J exists. ' The
ENDOR method has the advantage that a single
nuclear transition of a specific set of equivalent nuclear
neighbors can be excited and displayed, whereas the
electron-echo method has as its chief disadvantage that
all close neighboring nuclei, regardless of their resonant
frequencies, will contribute to the envelope pattern.
The echo pattern must be carefully analyzed and
interpreted in order to infer the individual resonance
frequencies. In spite of these disadvantages, there is

' E. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952).
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h, {+)

+IG. i. Dipolar interaction conhguration of electron spin S and
nuclear spin I pieced in the external field Ha. The local field h (+)
produced by S up at the site of I switches to h„(—) after S is
suddently reversed in direction by an EPR pulse. The resultant
nuclear precession field h, (+) switches correspondingly to h (—),
and the precession of I about h„(—) imposes an oscillating local
Geld r&(t) at the site of S.

evidence in cases where weak nuclear moments are to
be detected, and where electron spin-spin diffusion
relaxation times are short, that the electron pulse
method is more sensitive than the ENDOR method if
the electron echoes are reasonably strong.

In this paper, the theory of the experiment is con-
Grmed in detail by the experimental echo beats ob-
served4 in Ce'+ doped Ca%04 single crystals, where the
Ces+ ions are coupled with the 14% abundant tungsten
(W' s) nuclear moments.

II. THEORY

Simple Model

A qualitative picture of the echo modulation effect is
obtained from an inspection of Fig. 1. A nuclear spin I
is placed at a point r from an electron spin S, and a
constant magnetic field He is applied. Each spin
produces a dipole 6eld at the site of the other. For a
distance r=3 A, the electron field at the nucleus is
given by h„=p,/r'= 1000 G, and the nuclear fmld at the
electron is given by h, =p„/r'=1 G. With a field
Hp=3000 G, the electron moment orientations &p,
give rise to corresponding electron dipole fields +h„,
which combine with Ho to give effective nuclear preces-
sion fields h„(&)=Hooch„.Dn Fig. 1 h„(+)corre-
sponds to &h„.g If the EPR microwave pulse turns
over an electron spin in the short time

f„«2n./y„)Hp&h„),

where p is the nuclear gyromagnetic ratio, then the
sudden field changes &h„—+ Wh„ take place, corre-
sponding, respectively, to whether the electron orienta-
tions are initially +p, or —p, . Resultant precession
fields at the nuclei will abruptly transform as h, (&)
-+ h„(+).The nuclei cannot adiabatically follow the
new directions into which h„(W)point, and therefore
one set of nuclei will precess in a cone about h, (+),

and the other set will precess in a cone about h„(—),
at Larmor frequencies p„(h,(+)[ and p„~h„(—)),
respectively. Oscillating components hh+(t) and Dh (t)
of the nuclear dipole fields at the electron sites add in
the direction of Hs, where d,h~(/) is determined by the
difference between the maximum and minimum
projections of the nuclear dipole fields along the electron
s axis of quantization. Excursions in electron Larmor
frequency modulation occur by the amounts V,hh (t)
and y,hh (t), each having an oscillatory behavior deter-
mined by the nuclear Larmor frequencies y„~h,(+) ~

and y„~h„(—) ~, respectively. After a 90' pulse, the
electron free precession signal would display inter-
ference beats between these nuclear frequencies. In
experimental practice, the free precession signal from
the electrons is not observed for reasons due to the
receiver saturation; instead, the spin-echo signal is
observed at t=7- after the application of a second
microwave 180' pulse at time v. The phase relations of
the precessing electrons as indicated in the calculation
to follow, give rise to interference effects not only after
a 90 pulse, but also in the echo amplitude, depending
upon the time v..

It is evident that the electron beat eBect can only
occur here if Ah~(/) is nonzero; namely, when in the
presence of Hp, the nuclear and electron spins have
diferent axes of quantization. Each magnetic state of
the total system must be a mixed state. As the field IIp

is decreased to make Be comparable to )h„~, then
6)'s~(/) increases and the depth of the modulation
pattern is therefore increased. In the limit Hs( ~h„~,
Hp —+ 0, the modulation diminishes toward zero,
although the electrons may remain quantized along the
direction of an internal crystalline Stark 6eld. 6 In this
case, for nuclei coupled only to the electron dipole
magnetic field, a change in the h„direction does not
produce any Dh~(t) field at the electron sites.

The HamiItonian

The quantum-mechanical calculation of the echo
envelope begins by assuming a Hamiltonian that
represents an electron spin S and a nuclear spin I
coupled as an isolated pair in a crystal. The Hamiltonian
has the form7

Xr=pHp g S p„gHp' I+a—I' g'S
+(pp g p/r')[3(r g S)(r I)—r'I g. .Sj, (1)

where p and p„are the electron and nuclear Bohr
magneton, respectively; g„is the nuclear g factor; g is
the electron g tensor which depends on the orientation
of the magnetic field Hp with respect to the crystal axes;
and r is the position vector of the nuclear spin with
respect to the electron spin. The first two terms in the

6 D. E. Kaplan, Bull. Am. Phys. Soc. 8, 468 (1963).
W. Low, in Solid State Physics, edited by F. Seitz and D.

Turnbull (Academic Press Inc., New York, 1960), Suppl. 2, p. 96.
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Hamiltonian pertain to the Zeeman coupling of the
electron and nuclear spins to the external magnetic
field Ho. The effect of the crystal field is accounted for
by the tensor character of the g factor of the electron.
In the case of Ce'+ doped CaWO4, the crystal field has
tetragonal symmetry which gives rise to a gi& along
the C axis of the crystal and a g& perpendicular to the
C axis as the diagonal and only components of the
tensor. The third term is the isotropic hyperfine
coupling energy while the last term arises from direct
dipole-dipole and pseudodipole anisotropic hyper6ne
interactions. The effect of covalent bonding which
leads to these interactions with the ligand nucleus is
discussed by Marshall and others. ~ 8 The constants n
and p—1 are determined by the experiment. The
anisotropic hyperfine interaction is introduced by p —1
which adds to the direct dipolar contribution, where
p&1.' We have neglected the coupling of the para-
magnetic electron with its own nucleus by assuming a
zero spin state of the nucleus.

The Hamiltonian of Eq. (1) can be put in a simpler
form by letting the field Ho and the crystal C axis of
symmetry lie in the xs plane, where the C axis is in
the z direction. Following a series of rotation trans-
formations, ' the transformed Hamiltonian for our echo
calculation becomes

egg-p-pp1 ( 3
&Ac'=

I I (gg g cos8p cos8z+gr2 sin0o
ro ) &gp)

Xsin0z cosppr) (sin8z sing I)

In the above relations, 00 is the angle between the
applied 6eld Ho and the crystal s axis, 01 is the polar
angle between the s or C axis of the crystal and position
vector r to the nuclear spin I, and q I is the azimuthal
angle about the s axis between the xs plane which
contains the 6eld Ho and the position vector r. The
tetragonal symmetry of the crystal 6eld gives rise to
the constants gtt and g~, which accounts for the 00

dependence of the electron Larmor frequency co, in
the case of Ce'+ in CaWO4. The largest term in BC is
Ace,5„and coupling terms which involve S,. and S„
have nonsecular high-frequency variations of the order
of co, which are therefore omitted.

The eigenvalues of the Hamiltonian BC are easily
obtained in a representation in which 5, and I, are
diagonal. Since 3C is already diagonal with respect to
S„we may consider each electron Zeeman level

S,=m, separately. The Hamiltonian is then written as

X=App, ms+A(Ams pre)I.+Bm—sI*
BC=A(u,S,—Apr„I,+AA S,I,+ABS,I„

where Are, =gPIIp,

g =g[t cos 8p+gr s111 0p &

ApI~= gnP~IIo,

A& = (gg.P.Pp/r')L(3/g') (g&i' cos0p cos0z+g, ' sin0,

Xsin0r cosrpr) (cos0p cos8r+sin8p sin8z cosy r)

(2) = exp( —ip2I,,) I Aop,ms+AKI, ]exp (i@I„), (&)

where

K*=exp(i'„)Rexp( —iopI„)

=A1d,ms+AKI. ,

K=
I (dms —oI„)2+Bpms2]'I2,

(5)

(6)

where R(&p) =exp( —ip2I„) performs a unitary rotation
about the I„axis.A new Hamiltonian is obtained,

B2—B~2+Cl 2

+(«'/g-P. Pp) 1], —

egg-p-pp -t ~~
AB'=I —I(gt[ cos0p cos0r+gr si118p s1118z

&g2)

Xsinyr) (cos8o sin0z cosyz —sin0p cosppr)

( Iryp ) (g
2

g
2

+ I
1 II SIn0o cos0o

g'

W. Marshall, Theoretical Physics Division, Atomic Energy
Research Establishment (Harwell, Berkshire, England), Report
No. AERE-T.P. 86, 1962 (unpublished).
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hyper6ne interaction is of the same form and has the same axes as
the classical dipolar interaction. ENDOR experiments to be
described later indicate that the actual situation in CaWO4 is less
simple than this, particularly because lattice distortion can be
involved as well. The use of a more general interaction Hamil-
tonian does not change the essential features of the echo amplitude
calculation, although it will modify the values of the coefficients
A and 8 introduced in Eq. (2).' W. Low, in Solid State Physics, edited by F. Seitz and D.
Turnbull iAcademic Press Inc. , New York, 1960l, Suppl. 2, p. 52.

and tan&p=Bms/(Ams pp ) F—or m.s +12, K——+ and
tan&+ are defined accordingly where E+ and K are
the nuclear resonance frequencies for the two possible
orientations m8=&-,'of the electron spin. The eigen-
values of X',* are

E~r (ms) =AoI,ms+AKmr

and the eigenvectors are

Pexpi qI„]I ms, mz),

where mr=I, I—1, , 1—I, —I. An energy level

diagram, for the case of S=—,'and I=» is shown in

Fig. 2.

The Electron Spin Echo

In a two pulse spin-echo experiment a 6rst 90 pulse
excites the system by inducing spin transitions between
the various spin levels. During the time 7 between the
first 90' and the second 180 pulse, let the initial wave
function fo prepared after a 90' pulse change phase
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) S e(+))=cos2 )++) +sin —(+ -)

( S (+)) =cos —(+ -) —sin —(++)2 2

according to the transformation

y(t) Si(+eee+K+)t)2$

The 180' pulse at t=r transforms P(r) to f(r+t„)
where t„is the pulse width; and the wave function
which contributes to the electron echo at t=v after
the second pulse is given by

f(&) S((+ete+K+) e)SS((+eee+&+)el' —&e(&++)r+) e(t 0)

which contains periods related to the nuclear Larmor
frequencies E+ and E .

The rigorous explicit expressions for the spin-echo
envelope are conveniently obtained from the density
matrix formalism. A snnplihcation is introduced first
by a transformation to the electron rotating frame
Hamiltonian

X„=(expio)g, t)X (exp —io)P,t) =X—Ao)g„(8)
which eliminates the electron Larmor frequency term
in X given by Eq. (2). Prior to the 90' pulse the spin
system is represented by an equilibrium density matrix
in the high-temperature approximation as

ps
——g Xi/kT Tr1=5(e),(g S„/kTTr1),

where the sum is taken over E electrons cm ', and the
electron spin Zeeman energy dominates the contribu-
tion to p0. In the calculations which follow, it will be
understood that all spin operators S pertain to a sum
over Ã electrons cm ', and I pertains to a total of elV
nuclei, where there are e near nuclear neighbors about
each isolated electron. The dipole-dipole coupling
among nuclei is neglected. The time evolution of the
density matrix is given by

p(t) = &(t)po&(t)-'. (9)

In the spin-echo experiment the Hamiltonian has two
forms. In the absence of microwave pulses, K is given

[S (-))=cos- (
—+)+sin- (

—-)
)S (-))=cos- (- -) —sin-

(
—+)2 2

FIG. 2. Energy level diagram for dipolar coupled electron spin
S=$ and nuclear spin I=~s. The eigenstates are denoted by
(&~s(nss)) where + and —correspond to (ssre ms values of
+$ and —-', .

&(t)= &o(t)& (0)&o( )& (0),
where

V'p(t) = exp( —ix„t/k),
1'i (ei) = exp (—iS„n./2),
9"i(es)= exp( —iS„n.),

(12)

(13)

(14)

with o)it„=7r/2=0( and 2o)it„=n.=os. The observed
electron echo signal with its maximum at t=7. is given
by

V(t) =NgP Tr(S+p(t)) (15)

where Sq.=S,=iS„.The trace is taken over both
electron and nuclear spin orientations. From Eq. (9),
using Eqs. (12), (13), and (14),

p(t) = exp —i((AS,—o)„)I,+BS+,)t
Xexp+i((AS, +o)„)I,+BS,I,)r
Xko)P,/(kT Tr1)
Xexp —i((AS,+o)„)I,+BSHE,)r
Xexp+i( (AS, o)„)I,+BS,I,)t—. (16)

Details of the evaluation of the trace stated by Eq. (15)
are given in the Appendix. The echo signal maximum
at t= 7 after the second pulse for S=-,' and I=-,' is

f B(e)n
v(.)=v(0) 1—2~

) z+z-

tE+ ~ )E
Xsin'/ /sin'/ /, (17)E2

where V(0) is the echo signal amplitude in the absence
of nuclear coupling.

The signal V(r) of Eq. (17) as it stands refers to the
coupling between isolated electron-nucleus pairs which
are all identical with regard to the orientation param-

by Eq. (2), and when the pulses are applied the
Hamiltonian becomes

X(t) =X+2AM(Ss cosh)t e (1o)

where 2ko)i gPII——„t,II„tis the amplitude of the applied
microwave field, and 2gP is the effective magnetic
moment of the electron spin involved in transitions
between the eigenstates of K. In the representation
given by Eq. (9), the transformation leading to Eq. (8)
is applied to Eq. (10), and the secular Hamiltonian

X„'=X,+k(0(S„=ko)(S„
is used during microwave pulses. The experimental
conditions co=or„orl»co„,A, 8; and ~,&&co„,A, 8 will

apply, and therefore X„in Eq. (11) can be neglected
during short microwave pulses. The transformation
operator K(t) in Eq. (9) is a product of operators
V';(t)=exp(iX„t/k) or exp(iX„'t/)))), using the form
of Hamiltonians in Eq. (8) or (11), depending upon
whether the microwave pulses are oR or on respectively
during a given time segment. Therefore,



ELECTRON —SPIN —ECHO ENVELOPE MODULATION A 65

eters defined in the Hamiltonian given by Eq. (2).
Assuming identical isolated electron-nucleus pair inter-
actions, if the nuclei have several natural isotope
fractions P, the total signal for a given electron-nuclear
pair orientation is given by a linear superposition of the
signals from each distinct nuclear isotope-electron pair
weighted by the natural isotopic abundance. For
example, if only two isotopes exist such that p is the
fraction of nuclei with spin I&0 and 1—p is the fraction
of nuclei with spin I=0, then the signal voltage for the
pair interaction for the ith nuclear neighbor is

=V(0) 1—2pl
kK,+E,-i

(E' 'I .
Xsin'l lsin'l l, (18)

where Vr(r) is equivalent to V(r) given by Eq. (17)
and Vr p(1—p) = V(0)(1—p). When the nuclei are
distributed over many possible neighboring lattice sites
i= j. to e, about a single electron spin, where each
nucleus interacts independently but simultaneously
with the electron, the number of different ways the
various nuclear sites can be occupied is manifested in a
total signal

PULSE R I MAGNETRON I
irectionoi coupler

A~1 ~
C~D ZI

SYNC UNIT

~ CF
—CF

CF n—CF g

RR

kRRC

DELAY
PULSE

Sweep trift

Cavity Oewor

iNoonetI

KLYSTRON
LO 9.55 kMc y9.3 kMc

BALANCRD MlXRR

250 Mc
PREAMP

250 Mc
IF AMP

300 Mc 300 Mc
LO SALANC ED MIXER

50 Mc
IF AMP

TYPE 5B5
OSCILLOSCOPE

e .
Ol

which is the free precession signal from an inhomo-
geneously broadened spin system. "

III. ECHO ENVELOPE MEASUREMENTS

Ce'+ in Caw04

FIG. 3. Block diagram of the two-pulse electron-spin-ech o
apparatus operating at 9.3 kMc/sec (X band). CF—=cathode fol-
lower; RR —=repetition rate oscillator; RRC =—repetition rate
oscillator control; LO=—local oscillator.

The X-band spin-echo spectrometer used in the
experiment4 produces two 120-W microwave pulses of
0.1 psec duration separated by a time ~. The apparatus
is similar to that developed by Kaplan, ' but is modi6ed
in several respects. A block diagram is given in Fig. 3.
Two negative voltage pulses are applied, coincident
with the magnetron pulses, on the repeller of the receiver
local oscillator klystron so that the receiver is detuned
during the time that the magnetrons are radiating,
which therefore protects the receiver from the high
power radiation of the magnetrons. The over-all band-
width of the receiver is about 70 Mci'sec.

A single crystal of CaW04 containing about 0.01/o
Ce + ions by weight is placed in a low-Q cavity cooled
to liquid-helium temperatures. The crystal symmetry
of CaW04 is tetragonal, " and it is assumed that the
Ce'+ ions are located in Ca'+ sites with the creation of
Ca'+ vacancies in order to provide for charge compensa-
tion. The magnetic field Hp is oriented at an angle ep

with respect to the crystal C axis, and at an angle qp
with respect to the crystal A axis, where yp is taken
arbitrarily as zero in defining Eq. (2). For top finite,
then ppr in Eq. (2) must be replaced by yr —

imp. A
90'-180' microwave pulse pair separated by a tirn. e 7.

is applied to the sample, with H„~perpendicular to Hp.
When the EPR resonance condition is fulfilled, an echo
pulse is observed at a time 7 after the second microwave

In our special case, application of Eq. (18) gives

' ( B,&u„; )B
V(r)=V(0)II 1—2PI

kE,+K,-i
(E,+r~ E;r--

&(sin'l
l
sin' . (20)(2i 2

From the formalism developed for the electron spin
echo in the Appendix, the free precession signal after
a single 90' pulse is given by

—
(A '+B'

+ l

—rp, s (E,+E; )
4

(K;++K; E4+ IC, —
cosl — t—sin lt . (21)

2 i

For B;=0,E,+= (A;/2)+rp„;, and'then

V(0) E;++K; (E;+ —K, —
V(t) = g cos t+sinl

i=1 2 & 2 i

V(t) = V(0) g cosA, t,
i=1

"I.Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957)."A. Zalkin and D. H. Templeton, J. Chem. Phys. 40, 501
(1964).
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TABLE E. Parameters for electron-spin-echo envelope modulation
curve computations. The effective lattice distance is r(A) =rp '",
where r, 81, and qr are lattice values. For Ce'+ in CaWO4, p=4
and n=0; for Ce'+ in CaF2, p=8 and +=0.

FIG. 4. Multiple oscilloscope sweep exposures of electron spin
echoes from Ce'+ in CaWO4. This particular echo envelope
measurement pertains to the plot given by Fig. 6(a). The sweep
rate is 1 @sec per graticule division. The 180' pulse occurs at
the left of the sweep on the 1 @sec time point.

pulse. Since the oscilloscope sweep is triggered by the
second pulse, the oscilloscope displays the second
microwave pulse at the start of the sweep and the echo
pulse appears at a time r later. In Fig. 4, a representa-
tive photograph of the sweep is shown of the echo
envelope, which is obtained by multiple exposure of the
oscilloscope display, where v is changed to a larger
value of each exposure. The data from the photograph
are then transferred to semilog paper and normalized to
compensate for an over-all echo decay function approx-
imated by exp( —2r/Ts). A Ts 16 psec is inferred by
measurements of the echo envelope decay for orienta-
tions in which the beat pattern was not marked. A 7090
computer was programmed to compute the echo signal
V (r) given by Eq. (20). The computer program utilizes
the four nearest tungsten neighbors, the four next-
nearest neighbors, and two next neighbors along the C
axis as shown in Fig. 5. Inclusion of farther out nearest
neighbors proved in later analysis to have less than 2%
effect on the calculation which includes the total above
of 10 neighbors. The assumption that the electron spin
is at a point instead of being distributed about the Ce'+
site introduces an error no more than a few percent.
The known values of g~~, g„percent abundance P,
nuclear gyromagnetic ratio y„,and the effective lattice
spacings r(A) are given in Table I, where r(A) =rp res,

and r, 01, ql are the lattice values. Computations of
Eq. (20) are made for ps fixed at 20' and for 10-deg
increments in the value of 00 from 0 to 90'. The compari-
son of experimental and theoretical spin echo envelopes
are given in Figs. 6(a) and 6(b).

To obtain the best lea,st squares 6t to the data, the
dipolar correction factor p is adjusted to a value p=4.0
&0.5, and the isotropic hyperfine factor o. is fitted at
a=(0.0&0.1)Xgg„P„P/r',where these parameters are
introduced in Eq. (1).The fact that the pseudo dipolar
coupling constant p —1 may vary from ligand site to
ligand site is neglected in our calculation. From a
ca,reful procedure of curve fitting, it is found that
variations in n alter the frequency of modulation much
more than the depth of modulation. In contrast, the
parameter p —1 affects the depth of modulation more
than the frequency of modulation. The error in p is
attributed in part to the"rather imprecise procedure of

Ce'+
gu =2.92
gj ——1.43

y =0.175 Mc/(sec itG)
p =0,14

Ce'+
gl1 ——3.04
gg

——1.40
y =4.006 Mc/(sec kG)
p =1.00

CaWO4

CaF2

~s
90.0
90.0
90,0
90.0
42.6
42.6

137.4
137.4
00.0

180.0

81
45.0
45.0
45.0
45.0

135.0
135.0
135.0
135.0

W sites
CI
45.0

135.0
225.0
315.0
90.0

270.0
00.0

180.0
00.0
00.0

F sites
CI
45.0

135.0
225.0
315.0
45.0

135.0
225.0
315.0

r(L)
2.30
2.30
2.30
2.30
2.36
2.36
2.36
2.36
3.48
3.48

r(X)
2.36
2.36
2.36
2.36
2.36
2.36
2.36
2.36

0
I

I

Cp

I / (~ /

O'
Q

ap

FIG. 5. Crystal lattice
conag uration of tungsten
atoms W about the Ce'+
ion, where Ce'+ replaces
Ca'+ in the normal CaWO4
lattice. The C crystalline
axis passes through the Ce'+
site parallel to c0, and the

crystalline axis passes
through the Ce3+ site paral-
lel to either of the ao
directions.

ap = 5.24K

cp = 11.38K

QCa"
Q vr

~ "M. P. Klein and W. B. Mims, Bull. Am. Phys. Soc. 7, 625
(1962).

normalizing the echo envelope to correct for the decay
due to electron-electron dipolar interactions. The T2
dependence upon g as a function of 8 was not included.
This decay correction function cannot be precisely
determined because neighboring tungsten nuclei in-
huence the electron echo signal unavoidably, even for
crystal orientations where the modulation is at a
minimum, and prevent a clear measure of the monotonic
decay function in the absence of modulation (see also
footnote 9).

Lattice distortions arising from the charge-com-
pensating mechanism can be inferred from the aniso-

tropy of the electron paramagnetic resonance spectrum
given in terms of the g tensor. As discussed by Mims
and Klein, " the Ce'+ sites which are distorted by
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Fro. 6. (a) Semilog plot of electron-spin-echo amplitude from Ce'+ in CaWO4 versus time r after the 180'
pulse for 80=0' and +0=20'. Normalized and measured plots are shown. The over-all monotonic decay time
T2 is determined from the echo envelope plot at 90=80' as representative for all values of 80. (b) Normalized
semilog plots of electron-spin-echo amplitude versus time 7- after the 180' pulse for 10' increments of 80. For
all plots, F 0=20'. The solid plots are from theory and the points are from experiment.

neighboring vacancies are separated in frequency from
the axial sites in Ca%04. The data here refer to Ce'+ at
axial sites for which this gross distortion is absent. It is,
however, possible that the substitution of Ce'+ for Ca'+
causes changes in the length r and in the angles tIq and
p&. Provided that S4 symmetry is preserved at the Ce'+
site, these distortions will not be apparent from the
g tensor, although they will change the strength, and
may modify the axes of the dipolar interaction. It is
likely, moreover, that any pseudodipolar interaction
will be characterized by the axes of the WO4 group
rather than by the axes joining Ce and W nuclei. We
have not attempted to take all these possibilities into
account in fitting the echo envelopes, nor can we
estimate the relative importance of lattice distortions
and pseudodipolar contributions in determining the
magnitude of the over-all interaction. The parameter p
should rather be taken as an approximate measure of
the enhancement of the dipolar interaction due to one or
both causes.

Preliminary ENDOR-type experiments utilizing a
pulse stimulated echo method have been performed by
one of us (WBM) on Ce'+ in CaWO4 at ce,=9.42
Gc/sec. The four nearest nuclei (corresponding to those
at t)r ——42.6' and 137.4' in Table I) have nuclear reso-
na, nce transitions E+/2a. of 605 kc/sec and 320 kc/sec.
From the echo modulation data we infer values of
E+/2~= 580 and 390 kc/sec, respectively, using p=4.0.
ENDOR measurements of the other set of nearest
tungsten nuclei (those at Or=90' in Table I) have
shown that the interaction is similar in magnitude,
although of course different in orientation, to that for
the above first set. ENDOR measurements of the two
nuclei with 01——0' and 180' indicate parameter values

of
~

A
~

=50 kc/sec and
~

8
(
=0 kc/sec whereas from the

echo data, assuming p=4.0, we should infer ~A
~

=200
kc/sec and ~B~ =0 kc/sec. This indicates that p is
considerably smaller for these sites and is close to unity.
It may be noted that the oxygen atoms belonging to the
WO4 groups centered on these nuclei are not amongst
the eight nearest neighbors of the Ce~+ ion, and that
the pseudodipolar interaction may in this case be
expected to be considerably smaller.

Ce'+ in CaF2

The symmetry of CaF2 is cubic and has the character-
istic flourite arrangement, where the 0.01%%u~ Ce'+ ions
appear to substitute for Ca'+ sites, '4 and the Rourine
nuclear moments cause the electron echo modulation.
A computer calculation similar to the one described
above was also performed for CaF2. The theoretical
plot of Eq. (20), using data in Table I, is shown in
Fig. 7. A single echo envelope experimental measure is
shown. Since the Rourine nuclei with spin I=—, are
100% abundant, the echo envelope modulation is very
deep. The modulation beat periods are generally shorter
than the width of the echo signal itself so that accurate
details of the beat pattern due to echo maxima are
obscured if analyzed directly from a superposition of
photographs of the echo amplitude as a function of 7-.

The measurements, in fact, could not be made with the
pulse width condition t„((2s./co, necessary in the theory
of the experiment, but rather with the pulse condition
t„27r/~„because of technical limitations upon the
microwave power and pulse widths that would be

'4 J. M. Baker, W. Hayes, and D. A. Jones, Proc. Phys. Soc.
(London) 73, 942 (1959).
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Fro. 't. Experimental oscilloscope (above) and theoretical
(below) plots of the electron spin echo envelope of Ce'+ in CaF2.
The sweep speed is 0.1 psec per graticule division. The 180'
pulse occurs at the beginning of the trace. Receiver blocking after
the pulse occurs for about 0.25 @sec.

IV. CONCLUSIONS

The detailed structure of electron spin-echo modula-
tion due to neighboring ligand nuclei provides informa-
tion about dipolar and hyperfine interactions with
paramagnetic ions. In the case of Ce'+ in CaWO4, if it is
assumed that the lattice parameters relating Ce'+ to
tungsten nuclei are not distorted from the values given
for the pure CaWO4 crystal, the direct dipole-dipole
interaction between electron and nucleus appears to be
enhanced by a pseudodipolar interaction, at most,
about 4 times as large as the direct interaction. It is

produced. No attempt was made to compare in detail
the echo pattern, as predicted by the theory, to the
actual echo envelope measurements. Because of the
microwave pulse condition t„=(y,H„t) '=1)re„,the Ii
nuclei undergo a cross relaxation with the electrons
imposed by a double resonance condition" p„Hp
=y,H„J, i.e., the Zeeman splitting of the electron
system in the frame of reference rotating at frequency
co, becomes comparable to the Zeeman splitting of the
nuclei in the laboratory frame. This eGect is excluded
by our theory. However, in spite of this discrepancy in
pulse conditions required by the echo envelope and the
actual experiment in this case, the observed Ce'+ echo
modulation in CaF2 has a character similar to the
theoretical modulation curve.

dificult, if not impossible, to infer the crystal symmetry
of the ligands and the directional dependance of the
pseudodipolar interaction from the structure of the
echo modulations. The ENDOR method picks out the
discrete NMR transitions that contribute to the echo
modulations, whereas the pulse method integrates the
effect of different transitions of all close neighboring
nuclei. However, the ENDO'R technique requires that
the EPR saturation be sufhcient to burn and maintain
a hole in the inhomogeneously broadened EPR line,
where the hole in the spectrum is not filled up at an
overwhelming rate by the counteracting process of
electron spin-spin diffusion in the frequency spectrum.
In cases where such diffusion rates are so rapid as to
prevent observations of ENDOR transitions, the
spin-echo method, on the other hand, does succeed if
the EPR line is narrow enough so that it can be excited
reasonably completely throughout its frequency spec-
trum by short intense microwave pulses. In this way,
an echo of sufhcient amplitude can be observed in times
shortcompared to times in which complete echo-envelope
attenuation is caused by electron-spin diffusion.

When electron spins with S&—,'are dipolar coupled
to a nuclear spin I, another Hamiltonian term of the
form D[S s (S+1)/3) ca—n arise due to axial symmetry
of the crystal field which produces a zero magnetic-held
splitting corresponding to the parameter D. The exact
theoretical treatment of the echo modulation in this
case is more complicated than for the case D=O given
in this paper. The added DS,' term shifts the Zeeman
energy levels so that generally the KPR resonance
condition can only be ful6lled between two levels at a
time. Each level, of course, is split in turn by dipolar
coupling to the ligand nuclei, but an added complication
results in that the electron spin states are now generally
admixtures; namely, they are no longer pure states
even in the absence of coupling with neighboring
nuclear moments. Therefore, the axial crystal 6eld
causes the electron spin to be quantized not a1ong the
applied magnetic field Hp axis, but along some other
axis. This tilting of the electron-spin quantization axis
can produce a dipolar 6eld which is not aligned with the
applied 6eld at the ligand nucleus site even when the
nucleus with I=-', is quantized along an Ho direction
which is perpendicular to the plane containing the
nuclear and electron spins. If the nucleus has I&-', , as
in the case for Aisr(I= —', ) in Crs+ doped AlsOs (ruby),
the Cr'+ spin-echo envelope is not only complicated by
the DS,' term discussed above but also includes the
effect that the AP' nuclei themselves can be aligned in
complicated directions determined by the nuclear
quadrupole interactions' if they are comparable to the
nuclear magnetic interaction pHp.

An extension of the theory of the echo-envelope
analysis to the case where the pulse angle conditions
deviate from the ideal 90'—180' sequence shows that

"S.R. Hartmann and E.L. Hahn, Phys. Rev. 128, 2042 (1962). "R.V. Pound, Phys. Rev. 79, 685 (1950).
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the shape of the echo envelope is identical to the ideal
case except that the amplitude of the over-all envelope
signal is reduced by a common factor. This is the case
when the KPR line is so broad that all the spin packets
are not subjected to 90'—180' orientations when the
pulse power is inadequate to excite the entire spin
spectrum.
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The nuclear state my;, pertains to the ith nucleus
belonging to a total of e nuclear neighbors surrounding
the jth electron, where the ith neighbor has the
particular coordinates r;;, 0;;, and q;, with respect to the
electron. Spin variables which appear in operators of
the Hamiltonian [Eq. (1)j and in p of Eq. (9) of the
text are given by

N n

S=PS; and I=+ P I;,.
j=]. i=1

Assuming that all nuclei are of a given 100%%uo abundant
isotopic species, the total echo signal, taking into
account e nuclear neighbors, is given by

APPENDIX

The echo envelope is calculated from the relation

V;(t, r) =gP Tr{p(t,r)S+}
Sj 1ji

=gp p g (ms, mrl p(t, r)$+lms, mr), (A1)
naag=Sg' mI)' Igs

where S identical but isolated electron-nucleus pairs
are interacting. Products of electron-nucleus spin
states for each jth pair over the entire ensemble are
represented as

N

ms, mr= +ms—@sr~~.
j=1

Equation (A1) may be written as

Sj
V;(t,r)=gp Q ((ms+1~$~~ms)

X Q (ms, mr~ p(t, r) ~ms, mr)} ~ (A2)

The summation over j in Eq. (A2) is now carried out,
and p(t, r) from Eq. (16) is substituted. Since all
electrons and nuclei are taken to have the same S, and
I;, respectively, the notation S, I, ms, and my will
henceforth pertain to the single spins. Therefore
Eq. (A2) becomes

where

Xgpka), s
V, (t,r)= Q ((ms+1~$+'~m)G(ms, t,r)},

(2$+1)kT ms=s
(A3)

l
G(ms t r) = (2I+1) ' P (mr

~
exp —i((A,mr ur„)I,+B msI, }—t exp+i{ (A,ms+co„)I,+BmsI„}r

tnI=—l

&&exp+i([A;(ms+1)+~„]I,+B,(ms+1)I }r exp —i{[A, (ms+1) —&o ]I,+ B( m+s1)I,}t
~
mr) . (A4)

The function G(ms, t,r) is evaluated by expressing the exponential functions in terms of rotation operators having
known matrix elements. For example:

expi{ (Ams+cv„)I,+BmsI, }r= expi (e '& ~KI,e+'&'~) r =exp( —iq I„)exp(i—KI,r)exp(iyI|1),

where tany=Bmsj(or„+Ams) and K=[(ru„+Ams)'+(Bms)'J". The subscript i is omitted for simplicity of
notation. Transformation of each exponential term in Eq. (A4) in this way gives

G(ms, t,r)=(2I+1) Q {mr)exp( —i+2 I„)exp(—iK2 I,t)exp(ipp I„)exp(—ip& I„)exp(—iK& I,r)exp(ipx I„)
mg

)&exp (—iyq+I„)exp (iK~+I,r)exp(i@~+I„)exp( —i@2+I„)exp(iK2+I, t) exp (iF2+I„)( mr), (A5)
where

K2 cosy 2
————(o„+Ams, -

E2 sin y2 =81@8~

E1 cosy 1
——~„—A ms,

si.n+1 =~ma,

K~+ cosy q+= —~„—A (ms+1),
K,+ sing, += —B(ms+1),
K2+ cosy2+= —Go~+A (ms+ 1) ~

K2+ sing 2+ =B (ms+ 1) .
(A6)
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Equation (AS) can be further simplified by combining adjacent exp (ipI„)terms and combining the last exponential
operator with the first one as can be done in a trace. Therefore,

G(ma, t, r) = (2I+1) P (mrl exp{i(q2+—y2 )I„}exp{—iK2 I,t}exp{i(q2 —yi )I„}exp{iK—i I,r}

Xexp{i(yi —pi+)I„}exp{+iEi+I,r}exp{i(pi+—p2+)I„}exp{+iE2+I,t} l
mr). (A7)

Explicit formulas are given by Edmonds'~ for the matrix elements of exponential operators involving I„I„and
the rotation angles n, P:

I+m i )I m— ~- 2~+~r+m - ~- 2r—2~—~'—~

(ml exp(ioI„)lm')=d, (r)(n) Pl ll ( 1)r— ' ' cos- sin—
- &I m' ~&—k ~— 2 2

and (m l exp(iPI, ) l
m') =0 ~ exp(im'P). For any electron spin 8 and nuclear spin I the final form for G(ms, t, r) is

G(ms, t,r)=(2I+1) ' Q d &'&(p2+ —y2 )d„.„-&r&(q&2 —yi )

Xd - ""'(qi —pi+)d - "'(pi+—y2+)exp( —iX), (A&)

where

X= (K'2 m' —Kg+m)t+ (Ei m" Ki+m"')r—.

For the case S=-', , I=-'„the relations (A6) simplify to

where we write

Note also that

E2 cosy2 = —N„—zA —El cosyl

Km sing 2 —— B/2=Ei+ sin—pi+,

Ki cos(pi = —ieiee+ gA =K2+ cosp2+,

Ki sinai =B/2=E2+ sinp2+,

K+=K2 =Ki+=f(co + 'A)2+ 'B'j"--
K'-=Ki- ——K2+= L((o.——',A)'+-,'B'ji".

P2 'P2 P2 P1 ~
y

Pl Pl P2 Pl ~j

X=K+(m't —m"'r) —K—(m"r—mt) .

The matrices of the operators for I=—,'are

cosn/2 sinn/2
—sinn/2 cosn/2

exp'/2 0
exp (ejV.)—=

O @(2) .

After matrix multiplication,

-K+(t+r) — -K-(t—r)—
+2 sin'6 cos — cos—

(K+ K )(t-r) —t-—S -(K++K )(t r)---—
G(—,', t, r)=l cos'— cos +l sin' — cos

2 2 k 2 2

+cos
K (t+r) K+(t r)—

cos —cos
K+(t+r) K (-t+r)--—

cos
2 2

(A9)

"A. R. Ednlonds, Angular 3fomentum zn Quaetunz Mechanics{Princeton University Press, Princeton, New Jersey, &957), Chap. 4,
pp. 53—57.
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Upon reinstating the subscript I', and evaluating the echo envelope function at l = r, substitution of Eq. (A9) into
Eq. (A3) gives

(Kc+T fK; T'l
V;(r) = V(0) 1—2 sin'b; sin'~ sin'~

E 2 i 2

) B.;&o. ~' (K,+r~ ]K, T~-
= V(0) 1—2/

/

sin'/ /sin
/

EK,+K;-) E 2 ) & 2

where V(0) =1VgPfiS(S+ 1)oo,/3kT.
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Paramagnetic Resonance Linewidths in Some Rare-Earth Double Nitrates
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We have measured the paramagnetic resonance linewidth 5H at microwave frequencies for the three
trivalent rare-earth iona Ce, Nd, and Sm present in small concentrations in LaeMge(NOe)~e 24HsO. The
linewidths appear to be strongly dependent upon the angle 0 between the c axis of the crystal and the mag-
netic field, and in most cases the observed linewidths seem to be reasonably well explained by a simple theory
which assumes a spatial distribution of paramagnetic resonance g values throughout the crystal.

I. EXPERIMENTAL APPARATUS AND PROCEDURES

K have measured the angular dependence of the
paramagnetic resonance linewidth of trivalent

cerium, neodymium, and samarium in a host matrix of
lanthanum magnesium nitrate. The measurements were
made in the liquid helium temperature range at fre-
quencies around 9 kMc/sec, 23 kMc/sec, and 36
kMc/sec. Four different microwave spectrometers were

used, each being a simple transmission or refiection
system. The derivative peak-to-peak. linewidth was
measured as a function of the angle 8 between the
magnetic field H and the crystalline c axis. The crystals
were grown from a saturated aqueous solution in a
desiccator at O'C, the high-purity rare-earth salts being
obtained from the Lindsay Chemical Company. The
crystals used were clear and visually free from imper-
fections. Concentrations of paramagnetic rare-earth
ions ranged from approximately 0.003 to 0.2 at. %%u~. In
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t' Alfred P. Sloan Research Fellow.

$ Fellow of Consejo Nacional de Investigaciones Cientificas y
Tecnicas, Argentina. Now at Universidad Nacional de La Plata,
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all cases, measurements were made on the single
resonance line arising from the even isotopes.

The measurements on the Sm-doped crystal were
made for a single crystal only, weighing approximately
100 mg, and at the single frequency v=9.25 kMc/sec.
The relatively small g factors of the Sm ion combined
with the limit on the strength of our magnetic field
prevented us from making measurements at higher
frequencies.

Where measurements were made for the same ion at
different frequencies, the same sample was used for all
frequencies, and the angle of rotation about the c axis
was kept unchanged.

II. THEORY AND EXPERIMENTAL RESULTS

Of the several possible factors contributing to the
width of a paramagnetic resonance line, we consider
only two: 6rst, the width caused by the interaction of
the paramagnetic ion with the surrounding nuclei; and
second, a possible spatial distribution of g values
throughout the crystal, perhaps caused by lattice
strains. Lattice strains as a contribution to paramag-
netic resonance linewidths have also been considered by






