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Nonlinear Reactance of Superconducting Films*
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The dependence of the imaginary part of the conductivity (0 s) on current has been measured at various
temperatures for films of tin, indium, and tin-indium alloys. The samples were thin, narrow films so that
both the dc and microwave currents were spatially uniform. The reactance of the samples was measured
with a sma1123-kMc/sec signal while the direct current in the fdm was varied from zero to the critical value.
At reduced temperatures above 0.6, both the magnitude and the temperature dependence of the nonlinearity
were in remarkably good agreement with both the microscopic theory of Parmenter and the phenomenological
Ginsburg-Landau theory. The only adjustable parameter was the penetration depth for each sample.
The values chosen for the penetration depth were in excellent agreement with values computed from
residual resistance ratios. There was also an indication in our data that the boundary scattering in indium
films is highly specular, whereas in the tin films it appears to be diffuse.

INTRODUCTION however, that in many cases its range of validity is sur-
prisingly great. The second theoretical approach is an
extension of the HCS theory by Parmenter' to the case
of finite currents in superconductors with small co-
herence distances. We will compare our results with cal-
culations based on each of these theories.

In the London theory' the current density j is related
to the electric and magnetic fields E and H by

CURRENT flowing in a superconductor increases
the number of quasiparticle excitations in the

superconductor. These excitations cause the high-
frequency conductivity of the superconductor to be a
function of the current. The consequent nonlinear rela-
tionship between the current and electric field in super-
conductors has been observed earlier' and the present
paper reports extensions of these studies. Nonlinearities
have previously been observed by Nethercot and von
Gutfeld' in connection with their studies of the switch-
ing time in superconductors by observing the harmonic
content of high power microwave signals rejected from
the superconductor. Sherrill and Rose' also reported
nonlinearities at microwave frequencies which they
associated with switching.

In the present experiment a filamentary geometry is
chosen where the sample is narrow enough and thin
enough that the direct and microwave current densities
are approximately uniform throughout the 61ament. The
inductance of a superconducting filament is measured
with a very small microwave current as a function of a
much larger direct current through the filament. This is
a direct and simple way to study the nonlinearity. In the
present experiments we have studied tin, indium, and
their alloys.

There are two theoretical approaches to the analysis
of. our data. The 6rst is the phenomenological theory of
Ginsburg and Landau, 4 which is only derived for tem-
peratures near the transition temperature. It is known,

Curlj =- —(c/4nA') H

re /Bf = (c'/4z-X') E,
and

where A is the penetration depth. Assuming an e'"' time
dependence, we may write j=—io&E, where the con-
ductivity ag ls given by

o s = c'/47r(uX' = nes/rnoi (3)

where iz, e, and ns are the number density, charge, and
mass of the electrons. Equation (3) is, of course, just the
conductivity of a free-electron gas in the limit that the
scattering time goes to inanity.

The simple form of the London theory is readily
generalized to the two-fluid model which gives an ex-
cellent physical picture of high-frequency behavior of
superconductors. In this model one considers each elec-
tron to be in either the normal or the superconducting
state. The sam. e electric field is seen by all the electrons
so that theyareallessentially "in parallel. " Each of the
normal electrons is considered to have a resistance
r(=rnL/e'rA) and an inductance l(= rn/Le' )A, where
r is the scattering time in the normal state, L the length
of the conductor, and 3 the cross-sectional area. For
the superconducting electrons, r =0 and l is the same as
for the normal electrons. The equivalent circuit for this
two-fluid system is shown in Fig. 1. I.o is the geometric
or magnetic inductance of the superconductor, and e„
the number of electrons in the normal state, and n, the
number in the superconducting state. If ~l(&r, as is
often the case, n in Eq. (3) can be identified with n, .
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If we neglect the inductive reactance of the normal
carriers, it is easily seen that the net inductance in-
creases as the number of normal electrons increases and
the number of superconducting electrons decreases. In
the two-fluid model of Gorter and Casiniir' the fraction
of the electrons which are superconducting varies as
1—i', where t= T/T, the reduced temperature. T is the
temperature and T, the transition temperature. The
model does not, however, admit any variation in e, or
0-2 with current.

The Ginsburg-Landau theory is an extension of the
London-Gorter-Casimir approach in which e, is allowed
to vary spacially and is assumed to be proportional to
the order parameter

~
4~ ' where 4 is an effective wave

function characterizing the superconducting state. As
we shall see, the solution of the Ginsburg-Landau equa-
tions yields a dependence of + on the applied magnetic
field or current. This, in turn, gives a field and current
dependence to the penetration depth and f72. We assume
that the samples in the present experiment are su%-
ciently small that the density of superconducting elec-
trons is uniform.

In the Parmenter theory one notes that when a cur-
rent is flowing in a superconductor the energy of the
electrons at the forward end of the Fermi sphere is
higher than the energy of the electrons at the back
end by

—,'m(vf+ vg) ' ——,'m(vr —vg) -'= 2pgvg,

where vd is the drift velocity and vr and pr are the Fermi
velocity and Fermi momentum, respectively. The
"optical gap" 2&0 the energy needed to excite quasi-
particles with conservation of momentum, is nearly in-
dependent of current for currents well below the critical
value. However, the energy needed to create quasi-
particles by scattering from the front to the back of the
Fermi sphere is reduced by 2pfvd. Thus one can define a
"thermal-energy gap" 2(ep —pfv&). This is illustrated in
Fig. 2. It is thus readily seen that at any nonzero tem-
perature a current will increase the number of quasi-
particles. Because of this excitation of quasiparticles the
electric field does more than merely displace the Fermi
sphere and the current-field relationship is nonlinear.
At a given thermal-energy gap the number of exci tations
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FIG. 2. Energy gap
versus direction in
a current-carrying
superconductor.

must decrease to zero as the temperature goes to zero.
Therefore, in the Parmenter theory nonlinearities dis-

appear at very low temperatures.

where

d'pp/d P = lt'{—(1—g') p+ pp')

dsg/dP —~pa

(4)

(~)

pp= (X/Xp)P tt'= (2e'/h'c')H 9,
and $=s/X.

A = the vector potential,

t P ~

'= the Ginsburg-Landau order parameter,

II,= the bulk critical magnetic held,

X= the weak-field penetration depth,

) p' ——@ac'/4v. ne'=X' at absolute zero, and

s= distance measured perpendicular to the film

boundary.

a= A/v2H, X,

There are two limiting cases for which solutions can
readily be obtained. They are for ~=0 and ~= ~. For
v=0, Ginsburg and Landau give for the solutions:

THEORY

The Ginsburg-Landau Theory

Since the experimental work involves thin films in
which the current density is fairly uniform, the
Ginsburg-Landau equations are applied to the one-
dimensional problem of an in6nitely wide slab of thick-
ness 2d. In this case the equations4 become

)Lp 'Lo
'I

V'= 0'0)

a= hp coshyp$/yp sinh(pppd/X),

(6)

(7)

=+(
0'p (1—pp ) =-hp

sinh(2 &ppd/X)
X 1+

2 pppd/X

sinh'(happ

d/X) (8)

Fn. i. The two-Quid-model equivalent circuit.

r C. J. Gorter and H. 3 G. Casimir, P.hysik Z. 35, 963 (1934).

where hp
——Hp/V2H. and Hp=(4'/c) jd=the magnetic

field at the film surface due to the current density j.For
suAiciently thin films,
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For lr= De, (1/s')(d'y/dP) =0 and

(p2 $ g2

and
a=ks cosh//sinh(d/) ) for a'&(1.

So for sufficiently thin 61rns,

(10)

cess of the zero-current thermal excitations will exist.
These excitations have a mean velocity vq, which is
opposite to vp such that v= vp+vo and j=nev, the net
current of the superQuid. The existence of this contribu-
tion to the current was first suggested by Bardeen. '
The quasiparticle contribution is given by

p' = 1—(8v'/c') (iX/H. )'j '. (12)

Putting X'= Xs'(1—t') ' and II.=He.(1 t') —where
f=T/T, :

for
(Xp ' 8v. s )pd

0 (lp] i
1 f (f)j ~ (13) where

kX c' Has
for

(Xo)' 8v-' Xo'
1— f„(f)j';(14)

c' Hss
where

.=(3/p. ) ODI-', pp:.3~,

Q(~, &) = s

+1

a+by�)—

1—tanh
I d&,

—1 2

ps ——the Fermi momentum,

P= 1/kT,
P —{e2+e 2 jr/2

2~0 ——the superconducting energy gap.

(20)

(21)

The Ginsburg-Landau expression for the current is

j= —(c/47rks') ~P ~

'A= —(c/4s) ')L1—k'(s) j'gA (15)

where

k'= (8s-'/c')(&od/Hs-') fo(f) or (8rr'/c')() '/Ho') f (f)

fol

If vo is expanded in powers of vs, v becomes

v=v (T)vo—(1/2o)P'p 'V (T)vo'

omitting terms of the order of vo' and higher.

yr(T) = 1—rsP sech'(PE/2)de
0

(22)

(23)

re=0 or

»(T) =P Lsech'(PI~'/2) —ss sech4(PE/2) jde. (24)

j..= (c'/4s-~'(oX')(1 —3k'(s) j'jE
Thus' In the Parmenter theory, js—— ne'A/mc —where

js= revs. Thus if we calculate o.s(0,f)—o.s(j,t) by putting
As will be discussed later, the measurements are pro- jo= joao+ joso and proceed as for the Ginsburg-Landau

portional to the fractional change of 0&. So that theory, we get

which is the BCS expression for the London parameter"
Putting j= js,+j„,where j„~e'"'and is small corn- ~(0)/~(T) and

pared with js, and noting that Ij„=—(1/c)(rig/elf)
we obtain

and

where

-o s(O, f)—o.s(j,t)—

o s(0,0)

-o s(O,t) —o s(j,f)—
os(0,0)

)os(0,f)—os(j,f)7/os(0, 0)= (3/20) p'p&'Ys(f) v, ', (25)
(18)

where

24m' Rod

g.(f)j',
—.=0 c' Ho'

o.s(0,f)= o s(0,0)yr(f),24v'/' Xp

~g.(f)j, (»)
c' lH, j omitting terms in eo' and higher. To this degree of

approximation we can put v =yt(f)vs so that

gs(f) = (1—f')'&'(1 —P)- and g„(f)= (1—fs)-s.

The Parmenter Theory

When the Cooper pairs have a net velocity vo,
Parmenter' shows that quasiparticle excitations in ex-

' It should be noted that it has been assumed that P' can freely
follow the ac Geld. If p is rigid in time, then os(j,t) = (c'/4s. X')
)(LI—k'j'j. In the Parmenter theory, which is treated in the
following section, the same reduction of the coefEcient of j' is
obtained if the assumption of rigidity is assumed.

os(0,t) —os(j,f) 3 Pp' - ys(t)—
(26)

o.s(0 0) 20 n,'e'k'T, ' t'yr'(t)

In the above calculation it has been assumed that eo is
independent of eo. This is not true in the Parmenter
theory. However, in view of the fact that &0 is an even
function of vo, the results are formally unchanged if

s J. Bardeen, Phys. Rev. Letters I, 399 (1958).
J. Bardeen, L. N. Cooper, and J. R. SchrieAer, Phys. Rev.

108, 1175 (1957).
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l00.0 high-temperature theory, not much signi6cance shouM
be given to its behavior near absolute zero. Near (=1,

lo.o— whereas

l.o—

0.10

t t 1 t I I

.l .8 .5,4 .5 .6 .7 .8 .9 I 0
T/Tc

yo(T) is modified to be

56p d fo

PF'. d(ppvo)'

I'"xo. 3. The Gins-
burg —Landau func-
tion (g= ~) and the
Parmenter function
versus reduced tem-
perature.

Thus, even near the critical temperature, a difference
exists between the two theories. The integral of Eq.
(24) was evaluated numerically, and Fig. 3 is a plot of
g„and g„asa function of reduced temperature. It is
noted that in the temperature range to which the ex-
periments were con6ned (0.3(t&0.95) the nonlineari-
ties predicted by the two theories are of the same order
of magnitude. Except very near T=- T,, go is very nearly
equal to g„and has not been plotted.

That the results from the Ginsburg-I. andau theory
difI'er from those from Parmenter's theory even near T,
is implicit in Ref. 5. It is pointed out that the Ginsburg-
Landau equations may be obtained from the Parmenter
theory if the order parameter I tP

~

' is associa ted with

v/vo, providecl

Xsech'(PE/2) —os sech4(PR/2) de,
where

v =Vi(T) vo —
o Lvi'-(T)/v. ']vo',

o.s(O, t) —as( j,t) 3
=—(1.011)'

20o o(0,0)

But eo/kT, =1.75 from the BCS theory and Bardeen"
points out that —,'[4v-Xo'/c']'Lo j,'(0))=Ho-'/Sor so that

j '(0) = is(c'/Sm-')(Hoo/lj, o'). Finally, therefore& the change
in 0.2 becomes

os(0,t) —os( j,t) 24v'(Xo
g„(t)j',

o.o(0,0) c' k Ho
(28)

In the limit of t=O, g„(0)=0 whereas g„(0)=1. How-

ever, inasmuch as the Ginsburg-Landau theory is a

"J.Bardeen, Rev. Mod. Phys. 34, 667 (1962).

where d'eo/d(pl vo)' is evaluated at vo ——0. Over the tem-

perature range of experiment, at least, this correction is

negligible. As T approaches T„.eood'-eo/d(pavo)'g tends
toward zero, although near T, there may be a contribu-
tion to the integral for values of eo near zero. This has
not been calculated.

Parmenter' shows that p&v, (0)= 1.011pi voo= 1.011eo,
where eev, (0) is the maximum current density in a
superconductor at T=O'K. Thus we put j,(0) =ecv, (0)
= the critical current at absolute zero. Then the current
dependence of r2 takes the form

2emv. '=H„.'/Sv .

This is similar to the expansion obtained earlier for
v(vo) I Eq. (22)j.In fact the first term is identical. How-
ever, the difference in the temperature dependence of
the coe%cients of vo' correspond exactly to the differ-
ences noted between g~ and g„.

EXPERIMENTAL

Since there is a nonlinear relationship between current
and electric field in a superconductor, the ac impedance
of the superconductor will depend on thecurrent. The
nonlinear behavior can then be studied by measuring
the impedance with a very small ac signal as the direct
current in the superconductor is varied.

The supercurrent changes the inductance of the speci-
mens used by about 10 "henry. Since this inductance
change is due to the change in the effective mechanical
inertia of the carriers, it cannot be increased by extra
Aux linkages as is the case for the usual magnetic in-
ductance. The inductance is proportional to the length
of the superconductor, but it is not practical to make our
specimens more than a few millimeters long. The total
inductance of the specimen was about 10 ' henry. To
measure such small inductances it is appropriate that
the ac signal be at microwave frequencies. The micro-
wave photon energy should, however, be smaller than
the superconducting energy gap at any of the tempera-
tures of measurement. Unlike the inductance, the real
part of the impedance increases with frequency. In the
present case, even at these very high frequencies the
real part is small compared to the imaginary part, and
only the inductance change was experimentally studied.
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In order to be able to obtain quantitatively Ineaning-
ful results, it is important that the direct current density
be approximately uniform throughout the sample. This
will be the case if the sample is sufficiently small in
dimensions perpendicular to the current Qow. The
samples were therefore thin, narrow 61ms on glass or
quartz substrates. These were mounted so that the
sample formed an inductive post, parallel to the elec-
tric field, in a rectangular TEpy cavity which resonated
at about 23 kMc/sec. The cavity terminated one arm of
a microwave bridge. The change in the inductance was
determined by the change in the resonant frequency of
the cavity.

The problem of a thin post of arbitrary impedance
across a waveguide closed at both ends is treated by
Slater. " If one adds the impedance of the post to his
Eq. (40.6), one obtains the total impedance of the
cavity as seen from a particular set of terminals. The
resonant frequency is independent of the particular
terminals of observation, and one can 6nd this fre-
quency by equating the imaginary part of the im-

pedance to zero. However, since the frequency changes
are small and are caused by small changes in the post
reactance,

do)= FdX= —(I/A)F(dos/os-'), . (30)

where we have assumed that o i'))o is, Xs))(I/A)(1/os),
and o-2)&do-2 which are excellent approximations except
extremely close to the transition temperature or the
critical current.

The experimentally measured quantity is dho(j, I)
whereas the desired quantity is do.s(j,I). Thus to com-
pare with theory Ii must be determined. Although it is

"J. C. Slater, Microwave Transmission (McGraw-Hill Book
Company, Inc. , New York, 1946), p. 300.

where co is the resonant frequency, X is the imaginary
part of the impedance of the post, and F is a constant
which depends on the cavity dimensions, position and
dimensions of the post, and frequency, but is inde-
pendent of current and temperature. We have assumed
that dX((X.The value of Ii could be obtained in princi-
ple from the Slater treatment.

From co.mparison with the theory we wish to relate
X to the complex conductivity of the superconductor.
We may write the impedance of the post Z as the series
combination of the geometric inductive reactance
Xp and the impedance Z, due to the scattering and
the inertia of the electrons in the superconductor:
Z=iXs+Z, =iXs+1/I'„where the admittance of the
electrons is V,= (o i—io s)A/I, and o i and o.s are the real
and the imaginary parts of the electronic conductivity,
2 is the area, and l is the length of the post. We assume
the post is sufhciently thin to be uniformly penetrated
by the microwave Geld. We then have

X=Xo+(I/A)Los/(or +o.s')]=Xs+(I/A)(1/os) ) (29)

impractical to compute the value of Ii for the actual
nonideal cavity configuration used in the experiment,
an effective value may be obtained by measuring the
shift in the cavity resonant frequency with tempera-
ture at zero current. By assuming that os(0,$) is that
given by BCS, one can determine the os(j,t) itself
absolutely, and not just its dependence on j and I,.

The signal S traced by the recorder pen is propor-
tional to the changes in cavity frequency. For the case
where the current is square-wave modulated and the
temperature is constant, Eq. (30) becomes

IF o.s(0,t) —os(j,I)
S =co(jI)—~o(0,t)=-

A os'(0 I)

Since 5, is measured and os(O, I) is calculated from
theory, IF/A is determined. Thus os(j,I) can be com-
puted from the measured S,.

Samples

To have the current distribution uniform throughout
the sample it is necessary that the thickness be small
compared to the penetration depth and that the width
not be very large. The penetration depth in the 61m is
expected to be larger than for the bulk material and a
typical value (chosen to fit the experimental data) was
2000 A. The film thickness was about 500 A. This ratio
of four should insure a suKciently uniform distribution
through the film thickness. The width of the film Inust
be small enough that the crowding of the Aux lines
around the film edge does not produce a nonuniform
distribution across the width. The samples were less
than 15 p, wide. Roughly extrapolating the results of
Marcus, "we believe the current to be reasonably uni-
form. "This conclusion is supported by the fact that

"Paul M. Marcus, Proceedings VII International Conference on
Low Temperature Physics, Toronto, Canada, edited by G. M.
Graham and A. C. Hollis Hallett (University of Toronto Press,
Toronto, 1961),p. 418.' Instead of using an extremely narrow thin 61m one could
insure uniformity by evaporating a thin film on a circular cylinder.
Ho@ ever, if the diameter of the cylinder were very small it would
not be possible to cool the substrate during evaporation. If it were
larger, the fractional change in the inductance would be much
smaller since the inductance due to electroriic inertia is inversely
proportional to the 61m radius while the geometric inductance
varies logarithmically. The current/required also becomes incon-
veniently large for a cylinder as large as 1 mm in diameter.

where we have written differences rather than differen-
tials, with the understanding that the differences are
small. At zero current the temperature is raised, keep-
ing all other system parameters unchanged from the
measurement of S;.The fractional changes in cT2 in this
case are not necessarily small, but since the fractional
changes in co and X are small, Eq. (30) can be used.
Therefore,

IF o s(0,ts) —o.s(O, Ir)
S,= o&(0,ti) —~o(O, Is) =— . (32)

A os(O, Is)os(O, Ii)



A 532 GITTLEMAN, ROSENBLUM, SEI DEL, AN D WI CKLUN D
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Fre. 4. Microphotograph of specimen.

samples with widths differing by more than a factor of
4 give similar results.

A microphotograph of a sample is shown in Fig. 4.
The substrates were optically polished glass plates
0.400 in. )&0.200 in. )&0.0025 in. Platinum soldering tabs
were baked on each end of the substrate. The sample
metal was evaporated to form thin strips 2 mrn. long and
nominally '7X10 4 crn wide and 500 A thick, the last
two dimensions varying among samples. In order to
minimize current density changes along the same strip,
samples with deviations from mean width of the film
greater than 10%%u~ were rejected. The ends of the narrow
sample strip were wide to provide good contact to the
platinum tabs. The platinum tabs and the sample metal
on the ends were then covered by several thousand ang-
stroms of evaporated lead to insure a completely super-
conducting current path to eliminate resistive heating
by the applied currents, which reached 30 mA.

The samples were evaporated through special masks
of 0.0002-in. -thick electroformednickelprovidedby RCA
Electron Tube Division, Lancaster, Pennsylvania. Be-
cause of the extreme thinness of the masks, care was
needed to insure the parallel alignment of edges to
&5&10 ' cm. The mask and substrate were sandwiched
tightly between a copper plate, slotted to leave the mask
center open, and a spring-loaded quartz block. This
sandwich was mounted in a copper block which ~vas,

in turn, bolted directly to the bottom of a liquid-

nitrogen can in a vacuum system. All evaporations were
made at pressures of about 3)&10 ' mm Hg with the
substrates cooled to near liquid-nitrogen teTnperatures.
Evaporation boats were tantalum cones cemented to
molybdenum helically wound boats with a high-
temperature silicate cement. The alloy 6lms were
from an alloy evaporand, which was prepared by melt-
ing together under high vacuum the approximate pro-
portion of constituents desired in the film. Since the
constituents possessed differing vapor pressures, the re-
sulting films were rich in the more volatile constituent
and it was necessary to spectrographically analyze a
film prepared coincidentally with the sample. All 6lms
used were clean and free from any blemish when in-
spected with an 800)& microscope. The penumbra was
always an extremely small fraction of the approxi-
mately 7 p, width.

To determine the 6lm thickness, the residual resis-
tance at 4.2'K was subtracted from the room-tempera-
ture resistance and the difference was taken to be the
room-temperature thermal resistance without imper-
fection and boundary scattering. With this resistance
and the other dimensions of the 61m, bulk. resistivity
values were used to compute the thickness. The
thickness was also determined by measuring inter-
ferometrically the thickness of a specimen made in the
same evaporation as the sample. In our thickness range,
the two methods were in fair agreement.

Before the samples were mounted in the microwave
cavity they were lightly coated with GE-7031 varnish.
The samples were then mounted through 0.015-in. slots
cut through both walls of the constricted portion of the
cavity. The lead covered platinum tabs projected from
the slots leaving only the central strip of the 61m within
the microwave 6eld. Our projecting tab rested on a
shelf which is an integral part of the outer wall of the
cavity. The sample was fixed rigidly to this shelf by
GK-7031 varnish or Hysol Kpoxi-Patch. All wires to
the sample were superconducting for the final 4 in. of
their length to eliminate any heating in the neighbor-
hood of the film. Solid lead wires were used, with the
6nal connection to the sample being made by lead
plated No. 40 copper wire.

Experimental Technique

The inset in Fig. 5 shows a simpli6ed cross section of
the microwave cavity showing the mounted sample.
The cavity was usually operated in a TED» mode. In
the region of the sample the cavity was narrowed in the
direction of the microwave electric 6eld so that only the
narrow part of the 6lm would be in a region of appreci-
able microwave field. The cavitv was made by electro-
forming copper on an aluminum mandrel. It was found
convenient to mount the sample a considerable dis-
tance from an antinode of electric 6eld. This reduced
the signal-to-noise ratio, but allowed observation of the
cavity resonance, even when the sample was normal.
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TABLE I. Sample data summary.

Sample
No.

14-1
13-6

7-4
13-7

13-10

13-14
1-2

Material

Tin
Tln
Tin

Tin+2k'»
(Approx. )

Tin+2'Po In
(Approx. )
Indium
Indium

Width

3.0
13.0
13.0
12.5

12.5

13.0
5.0

Thickness
A

525
540
250
550

260

380
480

R300

R4

4.3
5.7
4.6
1.25

12.7
10.3

3500 2500 2100

770
660

400
400

1000
1100

XO (X)
Ginsburg-

Parmenter Landau Calculated

1780 1130 1400
4000 2350 1170
1700 1600 1350
5400 4130 5000

DISCUSSION AND RESULTS

Figure 6 shows typical recorder traces of the signal or
shift in cavity frequency as a function of the current at
several temperatures. The signal increases somewhat
faster than the square of the current. This is as expected
from both the Ginsburg-Landau and Parmenter theories.

The theoretical treatment above considered non-
linearities only to terms in j'. It is convenient, there-
fore, to assume thatour signalS, has theformS, , =A(t) j'
+B(t)j4+ . To obtain A(t) we plot S,/ j' as a func-
tion of j' and extrapolate the curve to zero j'. In order
to compare the theoretical expression Lo&(O, t) —o.&(j,t) j/
ap(0, 0)j' with the measured A(t), the temperature de-
pendence for op(0, t) is needed. When comparing the

Cl
LLI
l4

~g

K
O

I-„
bc@ J

l

I-„
O

b

FIG. V. Comparison
of experimental data
with Par menter
theory.

0 .I .2 .3 .4 .5 .6 .7 .8 9 I.O

T/Tc

Magnetic shields of Netic and Conetic were wrapped
around the outside of the Dewar to shield the sample
from the Earth's magnetic field. It was found that mag-
netic fields as small as 0.1 G significantly affected our
results. This magnetic effect is the subject of continued
investigation.

data to the Ginsburg-I. ,andau theory we set

o p(O, t) = op(0, 0) (1—t'),

and when comparing with the Parmenter theory we set

op(O, t) =~p(0,0)Vi(t) .

In order to compare the experiment with each of the
theories, the vah&e of the penetration depth at absolute
zero Xo for each sample was considered as an adjustable
parameter. For each sample a value of P 0 was chosen for
best fit to each of the theories. The values used for IIO

were the published bulk values for tin and indium with
the tin values used for the alloys.

Table I is a summary of the properties of specimens
a,nd values chosen for A.o. To compare the experimental
data with the theories, the measured values of 60-2

were normalized by dividing by the appropriate value
of (24m /c ) (Xp/Hp) and plotted as a function of re-
duced temperature t. Figure 7 is a plot for the Parmenter
theory. The solid curve is the function g„(T/T.) which
v as calculated from theory. Figure 8 is a similar plot for
the Ginsburg-Landau theory with ~= ~."

In the temperature range above t=0.6, where the
nonlinearities are relatively large, both the magnitude
and the temperature dependence can be brought into
agreement with either theory with a single adjustable
parameter, the penetration depth ) 0. The values
chosen for Xo to bring the experiment into agreement
with each theory do not diQ'er greatly from each
other and indeed are in good agreement with those
calculated from the dc resistance ratio (R,«/R, ) in

the normal state. Since the systematic error in the
absolute calibration of our signal may be as high as
50%%u~, the value of the penetration depths chosen for a
best fit to each theory cannot form a basis for a prefer-
ence between them.

The values of ) 0 labeled "calculated" in Table I were
obtained from equations discussed by Pippard, "
"Comparison with the case & =0 is not shown. The values of XO

required to fit the data was much less than for the x= ~ case and
the temperature dependence was indistinguishable in the experi-
mental range, Indium was the exception. In this case the same
values of ) 0 were obtained for it: =0 and it; = ~.

"A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953).
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Tinkham ' and Douglass "Thus Xo is given by

Xii ——the penetration depth for the bulk (pure) material

at T=O'K,

$p
——the Pippard coherence distance,

1/$= 1/(p+1/l,

where
3= the electron mean free path.

The values for Xii and $p are those listed by Lynton. "
The mean free path was calculated from the residual
resistance ratio and the values of pl listed by Olson. "
The calculated electron mean free paths for the tin
films containing the indium impurities werc less than
100 A and far less than the film thickness. This is reason-
able if the indium atoms were the dominant electron
scatterers, as expected. The mean free paths for the pure
tin films were about equal to or somewhat less than the
film thickness. Thus the coherence distance for the tin
films seems to be dominated by the scattering from the
boundary. Boundary scattering from our tin 6lms, there-
fore, seems to be largely diffuse, although strains or some
unknown impurity which is accidentally present in all
specimens have not been ruled out.

As can be seen in Table I, the residual resistance
ratios of the indium 6lms are considerably greater than
the ratios for the others. These ratios lead to mean free
paths which are large compared with the film thickness.
Thus boundary scattering in indium films appear to be
highly specular in contrast with the tin 6lms. The same
inference can be drawn from the values of Xo obtained
by fitting the microwave data. The conclusion con-
cerning the indium films is consistent with results ob-
tained by Serin" from measurements of the penetration
of transverse magnetic 6elds into indium films.

At temperatures below about 1=0.5 the nonlinearity
predicted by the Parmenter theory decreases rapidly.
This is best seen in the logarithmic plot of Fig. 3. This
rapid decrease would be expected from any theory in
which the mechanism for the nonlinearity is the thermal
excitation of quasiparticles, There is a systematic de-

parture from the Parmenter theory for temperatures be-
low about 0.6 T, for all of the specimens. Below about
0.4 T, the nonlinearity becomes temperature insensi-
tive for all specimens. For the specimens of Table I the
lowest temperature at which measurements were made
was about 0.3 T.. However, some lead specimens, from
which uncalibrated data were obtained, exhibited tem-
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G-L THEORY

FIG. 8. Comparison
of experimental data
with the Ginsburg-
Landau theory.
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perature independent signals down to 0.17 7', . Un-
fortunately the rapid oxidation of the lead 61ms
produced erratic results and prevented us from ob-
taining data as good as those obtained for tin, in-
dium, and their alloys. It may be noted that this
temperature-independent nonlinearity is predicted by
the Ginsburg-Landau theory. However, there is no
reason to believe this theory to have validity in pre-
dicting the nonlinearity at low temperature, and we are
inclined to seek the source of the excess low-tempera-
ture signal in the "experimental problem" or in an
over simplification in the microscopic theory. Maki"
has also considered currents in short coherence dis-
tance superconductors. In his treatment nonlinearity
remains at T=O for currents considerably less than the
critical value. This is due to the vanishing of the
"thermal gap" at about half the critical current. But
this theory, too, becomes linear in the limit of zero cur-
rent and cannot explain the observed low-temperature
nonlinearity.

Evaporated films, particularly those of the soft metals
with thicknesses under 1000 4, are generally treated
with suspicion. Might the temperature-independent
signal be due to "dirt" or oxides which formed a myriad
of tiny junctions as the islands of tin grew together
when the film was deposited' These junctions, carrying
Josephson currents, might cause a nonlinear behavior.
One should also keep in mind that the Parmenter
theory assumed that the superconductor had a spherical
Fermi surface. The actual metals have extremely com-
plicated Fermi surfaces. If, in each of these metals,
there were a group of electrons whose thermal-energy

'7 M. Tinkham, Phys. Rev. 110, 26 (1958).
' D. H. Douglass, Jr., and R. H. Blumberg, Phys. Rev. 127,

2038 (1962)."E. A. Lynton, Sz~Percondzfctinity (Methuen k Company, Ltd. ,
London, 1962), pp. 5 and 63.

~0 J. L. Olsen, l'."tectron Transport in L1etals (Interscience
Publishers, Inc. , New York, 1962), p. 84."3. Serin (private communication).

l--- 4 gk
I l t. l I I I I

0 .I . .2 9 4 $,6 .7 .8 9 l.p
n'Tc

pm K. Maki, Progr. Theoret. Phys. (Kyoto) 29, 333 (1963).
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gap was much smaller than the average value (or per-
haps even zero), such a temperature-independent non-
linearity at those low reduced temperatures would be
expected. The small thermal gap could result from a
smaller optical gap for this group of carriers or from a
very large Fermi momentum. In any event the tem-
perature-independent nonlinearity is small compared to
the nonlinearities at higher reduced temperatures.

In summary, the following conclusions may be drawn
from these measurements:

(1) In a local superconductor, o&(j,t) decreases with
increasing current and temperature. From 0.6 T, to
the highest temperature at which measurements were
made (approx 0.9 T,), the current and temperature de-
pendence of the present data agreed remarkably well
both with Parmenter's microscopic theory and the
Ginsburg-Landau theory. If a conclusion about the dif-
ferences between the two theories is to be drawn from
experiment, the measurements will have to be extended
to higher temperatures, or their precision will have to

be increased, or both. Below 0.6 T, the nonlinearity
does not decrease as rapidly as predicted by Parmenter.

(2) The values of Xs determined from fitting the data
to theory, and the measured residual resistance ratios
suggest that boundary scattering is more specular in
the indium films than in the tin films.

(3) It is interesting to note that if P in the Ginsburg-
Landau theory, and v, in the Parmenter theory were
assumed to be rigid in the microwave field, that the
values of Xo would have been larger than the given ones
by a factor of v3. Thus, calculated electron mean free
paths would have been smaller by a factor of 3. For tin
and the alloys this appears to us to be quite unreason-
able. Therefore, using the nomenclature of Ginsburg
and Landau, the order parameter can follow an ac 6eld
up to frequencies of 25 kMc or more.

ACKNOWLEDGMENTS

We are grateful to R. H. Parmenter and W. H. Cherry
for many valuable and helpful discussions.

PHYSICAL REVIEW VOLUME 137, NUMBER 2A 18 JANUARY 1965

Theory of Optical Frequency Mixing Using Resonant Phenomena*

A. JAVAN AND A. SzoKEt

Physics Department, Massachusetts Instztzde of Technology, Cambridge, Massachzzsetts

(Received 11 September 1963; revised manuscript received 31 August 1964)

The nonlinear interaction of two intense optical waves with three energy levels of an atomic system is
analyzed theoretically. The frequencies of the applied 6elds are assumed to be on or near two of the reson-
ances involving the three levels. Particular attention is given to the generation of power at the difference
frequency of the two applied fields where their frequency separation lies in the far-infrared range of the
spectrum. In the limit of large input 6elds where atomic transitions are driven to saturation, the generated
diGerence-frequency power is no longer proportional to the product of the two input powers. It is shown
that, in this limit, the total rate of emission of photons at the difference frequency may, in principle, approach
a value given by re/T, where X is the total number of atoms, T is the average time of coherent interaction of
atoms and the radiation field, and r is a factor which in favorable cases approaches unity at low temperatures.
Also, a number of additional eRects are encountered due to coherent double-quantum transitions among
various levels which may be ignored only for weak input powers. These effects are highly dependent on the
modes of relaxations of atomic levels and the details of the line shape. The results are applied to several
cases, in which the resonance condition yields large efficiency in nonlinear frequency mixing.

I. INTRODUCTION

~ &HE generation of power at the sum or difference
frequency of two optical waves by a nonlinear

medium may be described in terms of multiple quantum
transitions due to interactions of the incident fields with
energy levels of the mixing material. If the frequencies
of all the interacting fields are far removed from the
resonance transitions of the mixing material, the excited
atomic states enter into the interaction process as virtual

*Work supported by the National Aeronautics and Space
Administration.

t On leave of absence from the Weizmann Institute, Rehovot,
Israel.

states. In these cases, the nonlinearities of the medium
may be generally attributed to the real part of the sus-
ceptibility. Since the process is nonresonant, the
nonlinear coupling constant is not generally large. And
the generated power at the sum or difference frequency
is proportional to the product of the two input powers.

Appreciable enhancement of the nonlinear coupling
coefFicient is expected, however, if the frequencies of the
applied 6elds approach resonances o'f the material. ' In
these cases both the real and the imaginary parts of the
susceptibility play important roles. Additional effects
are also encountered when the intensities of the applied

' A. Szoke and A. Javan, Bull. Am. Phys. Soc. 8, 381 (1963).




