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Population Distributions in Charge Exchange. I. Proton Capture Cross
Sections for Levels n =1 Through n =15
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The charge-exchange capture cross sections are calculated for captures into all states of the hydrogen
atom for levels through n=15 using the Brinkman-Kramers matrix element. These expressions are suf-
ficiently general to simulate captures from all the elements, assuming only one electron is active.

1. INTRODUCTION

g J E( TRON capture by protons passing through
~ gases is known to result in captures into all states

of the atom. Early calculations" had shown that, at
high-proton velocities, captures into s states pre-
dominate, and had indicated a population distribution
which varied inversely with the third power of the
principal quantum number. Later work'4 has shown
that in general the population distributions will be
functions of five parameters involved in the capture
process: the effective charges of both the target and the
incident projectile, the principal quantum number and
angular momentum of the active electron, and the
relative velocity of the incident projectile and target.
Although expressions for electron-capture cross sections
through principal quantum level e=4 have been
available, 4 there has been little explicit discussion in the
literature of the dependence of the population distribu-
tion on the above-mentioned parameters.

For the most part, discussion of excited-state
capture has been based on the Born matrix element,
and the Brinkman-Kramers (BK) approximation to the
Born expressions. ' ' While these approximations are
known to give poor results for absolute values of the
capture cross sections, there is some evidence to suggest
that the BK matrix element will prove reliable for
ratios of the capture cross sections. In recent experi-
ments with thin hydrogen targets, Riviere and Sweet-
man' have found the population distributions follow
closely an m ' distribution for levels e= 9 through e= 23,
and agree with the BK ratio for captures into the e= 14
level for energies above 40 keV.

An interest in the population distributions for hydro-
gen has arisen recently in conjunction with experiments
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designed to produce thermonuclear plasmas. Beams of
excited energetic hydrogen atoms are expected to play
an important role in contemporary neutral injection
experiments. '—"In these injection experiments the
excited levels below e= 6 are not expected to contribute
significantly because of their relatively short radiative
lifetime, " while those levels above about m=15 are
generally not of interest because of their rather low
electric ionization thresholds. " It is this group of
approximately ten levels, from m=6 through v=15,
which, at the present time, appears to be of primary
interest for neutral injection.

Earlier, an impact-parameter method" was used to
calculate the s-state capture cross section for the ten
lowest levels of hydrogen in the case of a lithium or
cesium neutralizer. '4 The use of lithium vapor as a
neutralizer had been proposed previously as a means for
enhancing the population of the H(2S) state. " An
experiment by Futch and Damm' using protons
incident oli lithium vapor has shown that excited-state
populations for levels e= 8, 9, and 10 exhibit an
increase similar to that indicated by the theory. Since
the impact parameter method is based on physical
assumptions similar to those leading to the BK matrix
element, their experiment suggests that for purposes of
comparing the population distributions for different
neutralizers the BK approximation may be useful for
energies as low as 20 keV. A difhculty with the impact-
parameter method as applied to charge exchange is that
in general it does not as readily lead to closed expressions
for the cross sections as does the BK method. Only in
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the limit of high energies, corresponding to small
impact parameters, can the integrals be easily evaluated
without recourse to numerical methods. " For this
reason, the BK matrix element would appear to be
more suited as a basis for a theoretical survey of
neutralizers than would the impact-parameter method.

In this paper is discussed the capture cross sections
for all states through the v=15 level in the case of
protons incident on various atomic gases. Capture cross
sections are presented which are derived using the BK
matrix element and for a range of effective nuclear
charge Z, target principal quantum level n, and angular
momentum /, su%.cient to simulate all the elements in a
one electron approximation. It is believed these cross
sections will aid in elucidating those regions of the
periodic table where significant population enhancement
might occur, and will give some indication of the
magnitude of the population enhancement. In previous
papers dealing with excited-state calculations the
relevant integrals have been evaluated by means of
parametric differentiation. " The extension of these
calculations to the very highly excited levels using this
method would involve considerable labor. Here we

utilize the fact that the integrals can be expressed in
terms of momentum eigenfunctions which in turn are
readily generated using recursion relations.

The masses 3fj, M2, and m are the target nuclei, proton,
and electron Inasses, respectively.

Introducing a new integration variable

y
—npa p+ a2 —ppa 2+$2

where a=Z/v, b= 1/n, and ap the Bohr radius, Fq. (1)
can be written

o (vX —nl) = (4x-appp'e4) ' IXI 'dy. (3)

p'= (mt~;apk ')',
1p2+1(a2+$2)+ ($2 a2)2/4p2

The momentum eigenfunctions are defined as"

C (nlm) = (2m) P" P(nlm)e '" "dr'

For a Coulomb potential these functions can be written

e(ntm) =F(nl) V (tm), (5)

here the upper limit is taken. to be infinite as a matter of
convenience. The quantities p' and x are defined bv

a(vX nt)= (27r—) ' M' -k'(v r/~v)

where

I
5K

I

'd (cos8), (1)

IBRI'= $(A)(e'Z/r)expin. rdr

2. QUANTITATIVE DISCUSSION

In this section is considered the electron-capture
cross sections for protons incident on an atomic neutral-
izer in which it is assumed that only a single outer
electron is active. The BK expression of the cross
section for capture into the state m, l of the hydrogen
atom from a state v, t of a neutralizer in which the
electron is moving initially in a Coulomb potential
with effective charge eZ, is given by4

l~l'= l0(») I'IX*(») I'

and comparing Eqs. (2), (4), and (5), we see that

Using'0
I x*(nl) I

'= 2''(2l+ 1)ap'F'(nl)

IlP(vtt) I'= (4ap') 'e4y'Iy(vent) I'

{6)

(7)

the expression (3) for the capture cross section can be
written

o. (vX —nl) =m'ap'(2l+1) (4p'Z') —'

where the F(lm)'s are the spherical harmonic and the
general form for the function F(nl) is given by Bethe
and Salpeter. "

Writing Eq. (2) as

X g*(nl)expip sds . (2) X y'F'(A) F'(nl) dy. (8)

The angle 0 is the angle between the initial and final

velocities 8; and 8~, and M is the reduced mass. The
other quantities are defined by

n =kg+ k,M t/(M t+m);

P= —k,—kgMp/(Me+ m);

k;= v,h '(M,+m)M, /(M, +-M,+m);
kf ——e,a-'(M, +m)Mt/(M, +M,+m) .

'~ M. H. Mittleman, Proc. Phys. Soc. (London) 81, 633 (1963).
"E.Corinaldese and L. Trainor, Nnovo Cimento 9, 940 (1952l.

Expressions for the cross sections have been obtained
using Eq. (8) for all n, l states through the n= 15 level
and for v, X states 1s—& 7s, 2p —+6p, and 3d —+Sd,
inclusive. Following Bates and Dalgarno (BD),' advan-
tage is taken of the fact that considerable compactness
can be achieved by expressing these cross sections as

» H. A. Bethe, and E. E. Salpeter, Quantlm 3Eechunics of One
and Two E/ectron Atoms (Springer-Verlag, Berlin, 1957), p. 39.

N. Sneddon, Ii ourier Transforms (McGraw-Hill Book
Company, Inc., New York, 19S1),p. 380.
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simple integrals. Writing Eq. (8) in the form not initially in the is state can be derived from

o (vX m—l) =2ra82P 2D(vX n—l) G(vX n—l)dy, (9)
D(2s—ml) =2-'D(1s—ml);

G(2s—ml) =y
—'(y —2a')'G(1s —ml) .

the appropriate quantities are

D(1s ms—)= 2'Z'n

On writing s=y '(y —2b') and deining the Gegenbauer
polynomial, C„2+~'+', (Ref. 19, p. 39), the expression
for G becomes

G(is—is)=y 'C
Continuing,

D(1$—mp) = (3)2"Z'm (n —1) 'y

G(is—2p) =y '(y —b2)C~22.

D(1s—md) = (5)2' Z'm '(m' —4) '(m' —1)-'
G(is 3d)—=y "(y b')'—C

D(1s—nf)= (7)2"3'Z'm "(n'—9) '(n2 —4) '(m' —1) '
G(is—4f) =y "(y—b')'C 4'.

D(1s—mg) = 28834Zsm 22L(n —5) .'jL(m+4) lj ';
G(is Sg) =y—'4(y b')4C —88

D(is—mlt) = (11)2'4325 Z'm ' E(n—6)!1L(n+5) 1$ ';
G(1s—6h) =y "(y—b')'C

D(1$ mi) =—(13)2~3'5'Z'n "P(n—7)!]I(n+ 6)!$ ';
G(1s 72) =y "—(y b')'C—

D(1s—nk) = (15)(7 i)'2"Z'n "$(n—8)!)L(n+7)!]';
G(1s—Sk) =y "(y—b')'C 8'.

D(1s—ml) = (17)(SI)'2~Z'm "L(n—9)'jP(n+8) 3 ~i

G(1$ 9l) —
y 22(y b2)8C 2

D(1s—mnt) = (19)(9!)'2~Z'n "L(n—10)!/L(n+9)!1 '
G(1s—10m) =y "(y—b2)2C~&8".

D(1s—mm) = (21)(10!)'2 Z'm 4L(n —11)!)L(m+10)!j '
G(is—11n)=y-"(y—b') "C

D(1s—mo) = (23)(11')'2"Z'm 28((n—12)IJL(m+11)!$ ';
G (1$—12o)=y (y—b2) "C„

D(is—mq) = (12!)228852Z'n 28$(n —13)IjL(m+12)!j ';
G(1s 13q) =y "(—y b2)"C~&828—

D(1s—mr) = (13I)'2"3'Z'm 88((m —14)!jL (n+ 13)!g—',
G(is—14r)=y "(y—b2)"C„g4".

D(1$—mt) = (29)(14!)2284Zsm 82((n —15)!$L(m+14)!j'
G(1s—15t)=y ~(y—b') "C„xs".

Defmjng w=y ~(y—2a2), the capture cross section
for those neutralizers in which the active electron is

D(3s—ml) =3—'D(1s—ml);

G(3s—ml) = (4w' —1)'G(1s—ml) .

D(4s —ml) =4 'D(1s—nl);

G(4s —ml) = (Sw' —4w)'G(1s —ml) .
D(5s—ml)=5 'D(1s—nl);

G(5s—ml) = (16w' —12w'+1)'G(1s —ml).

D(6s—ml) =6 'D(1s—ml);

G(6s ml) =—(32w' —32w'+6w)'G(1s —ml) .

D(7s—ml) = 7—'D(1s—ml);

G(7s—ml) = (64w' —80w'+24w' —1)'G(is—ml).

D(2p ml)—=2 '3 'Z'D(1s ml)—;

G(2p —nl) =y
—'(y —a') G(is—nl) .

D(3p—ml) = (2)3 'Z'D(1s —ml);

G(3p —nl) =y-'(y —a') (4w)2G(1$ —ml) .

D(4p —ml)=2 "3 '5 'Z'D(1s —ml);

G(4p —ml) =y '(y —a') (12w' —2)'G(is —ml) .
D(SP—ml) = (2)3 ' 5 2Z2D(1$ nl) . —
G(SP—nl) =y '(y —a') (32w' —12w)'G(1s —ml) .
D(6p —ml)=245 '6 27 'Z'D(is —nl);

G(6P—ml) =y (y —a ) (80w —48w +3)'G(1s—ml) .
D(3d—ml) =223 25 'Z4D(1s —ml)

G(3d —ml)=y '(y —a')'G(1s —ml).

D (4d—ml) = 2 "3—'5 'Z'D(is —nl) .

G(4d nl) =y—4(y a')'(6w—)'G(1s ml) . —
D(5d —ml) =2'3 '5 '7 'Z'D(is —ml) .

G(Sd nl) =y 4(y—a')'(24w' —3)'G(1$ m—l)—
Explicit expressions for these cross sections have

been given elsewhere. " In labeling these states the
spectroscopic notation given in Condon and Shortley"
has been used. It is easily verified that the above
expressions reduce to those given by BD for states
through e=4.

In a subsequent paper explicit results of the popula-
tion distributions for a variety of neutralizers will be
presented. Here we restrict the discussion to a few
semiquantitative remarks based on the general form of

»y. R. Hiskes, Culham Laboratory Report CLMP-43, 1964
(unpublished)."E.U. Condon, and G. H. Shortley, Theory of Atomic Spectra
(Cambridge University Press, New York, 1959), p. 113.
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the capture cross sections as given by Eq. (8). First,
for a sufficiently high incident-proton velocity and for
all neutralizers we have the well-known result that the
s-state capture distribution varies as n ', as deduced
from the coeKcient of the asymptotic form for P'(mE).
Second, captures into the very high angular-momen-
tum states are in general not expected to contribute
appreciably to the total cross section since the magni-
tude of P'(rsE) is dominated by the coefficient

2'E(E!)'L(e—E—1)Ij'L(m+E)!j '.

reported by Butler and Johnston" at p'=1 is not
reproduced in these calculations.

Note added its proof: This resonance has been dis-
cussed further by S. T. Butler, R. M. May, and I. D. S.
Johnston, Phys. Letters 10, 281 (1964).
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The "linear" theory of configuration interaction has met with considerable success in giving a phenom-
enological description of the energy levels of equivalent-electron systems. In the present paper the general-
jgation of the "linear" theory to configurations containing nonequivalent electrons is examined from the
point of view of second-order perturbation theory. It is shown that most second-order electrostatic inter-
actions can be phenomenologically described by the first-order terms of a set of effective two-body scalar
interactions. The significance of these interactions in atomic energy-level calculations is considered.

I. INTRODUCTION

'T is well known' that the solutions of the Hartree-
~ - I ock equations for complex atoms or ions yield

multiplet energy separations that are considerably

larg er than those found experimentally. The dis-

crepancies are usually so great that these calculations

are of little value in the prediction and correlation of
atomic energy levels. As a result, atomic spectroscopists
have tended to correlate their observations with theo-

retical energy levels calculated by constructing the

energy matrices for the relevant electron conhgurations

and then treating the radial integrals as phenomeno-

logical parameters. ' The parameters are usually found

to be substantially smaller than the Hartree-Fock radial

integrals. The agreement between the theoretical and

experimental energy levels has frequently been strik-

ingly close considering that in most cases configuration

interaction has been explicitly ignored. It is as if the

parameters have adjusted themselves so as to accom-

modate part of the effects of configuration interaction.
The "linear" theory of configuration interaction has

been a natural outgrowth of an early paper of Bacher

*Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

~ J. C. Slater, Quantum Theory of Atomic Structure (McGraw-
Hill Book Company, Inc. , New York, 1960), Vol. I.

2 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra
(Cambridge University Press, New York, 1935).

and t oudsmit' who demonstrated that most, though
not all, of the second-order electrostatic interactions
can be added linearly. Originally Bacher and Goudsmit
used linear relations to express the unknown energy
levels in terms of the observed energy levels of the atom.
and its ions. Later developments by Trees' ' and
Racah"—"have sought to replace the second-order
effects by the first-order terms of an effective two-body
interaction. A detailed analysis of the physical content
of these interactions in /~-type conhgurations has been
given by Rajnak and Wybourne. ' ' The use of effective
two-body interactions has found extensive application

' R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 94g (1934).
4 R. E. Trees, Phys. Rev. 83, '756 (1951).
~ R. E. Trees, Phys. Rev. 85, 381 (1952}.
' R. E. Trees, J. Res. Natl. Bur. Std. 53, 35 (1954).
R. E.Trees and C. K. Jgrgensen, Phys. Rev. 123, 12'?8 (1961).' R. E. Trees, Phys. Rev. 129, 1220 (1963).
R. E. Trees, J. Opt. Soc. Am. 54, 651 (1964).

zo G. Racah, Phys. Rev. 85, 381 (1952)."G. Racah, L. I'arkas Memoria/ Volume (Research Council of
Israel, Jerusalem, 1952), p. 294."G. Racah, Lunds Univ. Arsskr. Avd. 2 50, 31 (1954)."G. Racah and Y. Shadmi, Phys. Rev. 119, 156 (1960}.

14 K. Rajnak and B. G. Wybourne, Phys. Rev. 132, 280 (1963)."K. Rajnak s,nd B.G. Wybourne, Phys. Rev. 134, A596 (1964)."K. Rajnak and B. G. Wybourne, J. Chem. Phys. 41, 565
(1964).
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